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PREFACE 


This book had its inception in the spring of 1939 in a graduate course in 
radio communication which included a variety of topics, among them 
antennas. The fact that it proved to be impossible to present this subject in 
a scientific manner led first to a series of individual investigations and 
ultimately to a systematic program of research. It is a pleasure to acknowledge 
that an important early stimulus to the scientific analysis of antennas was a 
paper entitled “Theoretical investigations into the transmitting and receiving 
qualities of antennae,” by Professor Erik Hallen. In addition, the criticism 
of other workers in the field, especially that of Dr. S. A. Schelkunoff, provided 
a continuing and helpful challenge. 

Originally it was hoped to publish an advanced textbook on the broad 
subject of antennas as Volume II of Electromagnetic Engineering. Volume I, 
“Fundamentals,” treated general electromagnetic theory. This plan was 
interrupted by the war, which brought with it the need for a comprehensive 
but elementary treatment of antennas for use in training programs in radar. 
Extensive research was devoted to the preparation and continual improve¬ 
ment of mimeographed notes for this purpose and they were ultimately 
published as a chapter in the book Transmission lines, antennas, and wave 
guides. Following the war the generous support of a Joint Services Contract 
for fundamental research under the Office of Naval Research opened the way 
for an extensive and systematic study of problems in electromagnetic 
radiation and microwave optics. A sequence of graduate courses, including 
one on electromagnetic radiation, provided the background in the training 
of students planning to write doctoral dissertations in the field. 

In 1948 a set of “Notes on antennas” was prepared and used as a text in 
the graduate course. These notes were expanded and revised and ultimately 
developed into the manuscript for this book. However, instead of a textbook 
on the broad subject of antennas, it had become a treatise on the linear 
radiator. This evolution in its scope and level necessitated a change in 
publication plans and in title. 

The preparation of this volume has been a long and in some of its details 
a tedious task. Primarily, however, it has been a pleasure and a privilege. 
In many respects it has been a cooperative enterprise. Some of the theoretical 
and much of the experimental work reported was done by students working 
for their doctorate and by other members of the research and academic staffs 
in the Cruft Laboratory. Although many of their individual contributions 
are recognized throughout the book, it is appropriate to acknowledge here the 
generous cooperation and valuable contributions of the following present or 
one-time students and members of the Cruft Laboratory research group: 

A. L. Aden, H. W. Andrews, D. J. Angelakos, T. Chang, P. Conley, 

B. C. Dunn, C. E. Faflick, J. V. N. Granger, C. W. Harrison, Jr., E. O. Hartig, 
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R. M. Hatch, W. Kelvin, Phyllis Kennedy, D. D. King, R. D. Kodis, 
D. Middleton, T. Morita, C. Moritz, W. E. Owen, C. H. Papas, D. K. 
Reynolds, T. E. Roberts, R. V. Row, J. Sevick, S. Stein, J. E. Storer, C. T. 
Tai, C. C. Tang, J. Taylor, K. Tomiyasu, D. G. Wilson, T. W. Winternitz, 
T. T. Wu. Credit is also due to Professors L. Brillouin and P. Le Corbeiller 
for helpful discussions and to Professor E. L. Chaffee, Director of Cruft 
Laboratory and of the Joint Services Contract. Special credit belongs to 
Dr. C. T. Tai for graciously preparing a first draft of Secs. 5 through 8 in 
Chap. VIII. 

The computation of numerical results was carried out by Misses Betty 
Finn, Phyllis Kennedy, Julie Klimas, Suzanne Knight, and Mary Lee 
Richardson. 

Most of the drafting was done by Mr. Elmer Rising and his assistants. 
Misses Polly Horan, Sylvia Fry, and especially Adela Pokorna. A number 
of drawings were made by Mrs. Thais Carter and Miss Phyllis Kennedy. 

The manuscript was typed in part by Mrs. Virginia Haydock and Miss 
Mary O’Neill but principally and most expertly by Miss Phyllis Kennedy. 
Valuable editorial assistance for the first part of the manuscript was given by 
Miss M. K. Ahern and for the whole book by Mr. Joseph D. Elder, science 
editor of the Harvard University Press. 

The proofs of the entire volume were read by Mr. Tai T. Wu. Thanks to 
his careful and constructive work, both the accuracy and the clarity of the 
presentation have been enhanced. 

A major part of the illustrations was first published in Cruft Laboratory 
Technical Reports under Contract N50RI-76, T.O.l, between the President 
and Fellows of Harvard College and the Office of Naval Research or in 
Doctoral Dissertations at Harvard University. Subsequently many appeared 
in papers published in technical and scientific journals. The writer is 
indebted to the editors of the Journal of Applied Physics and the Proceedings of 
the Institute of Radio Engineers for permission to reproduce figures appearing 
in papers that originated at Harvard University and to make this general 
acknowledgment. Actually, all such illustrations were made from originals 
retained at Harvard, and none was obtained by direct reproduction of 
illustrations in journals. 

The following figures are reproduced by permission of the Controller 
of H.M. Stationery Office, and British Crown copyright is reserved: in 
Chapter VI, Figs. 4.9a, 5.3, 5.4, 5.5, 5.6, 5.7, 5.8, 5.9, 5.10a, 5.10*, 5.13, 
5.14, 5.15, 5.16, 5.17, 5.18, 5.19, 7.2, 7.3, 7.4; in Chapter VII, Fig. 27.2. 

Acknowledgment is made to the Institution of Electrical Engineers for 
permission to reproduce Figs. 6.2, 6.3, and 6.4 in Chapter VI. 

Figures 10.1, 10.2, 10.3, 10.4, 10.5, 10.6 and 11.1 in Chapter VI are based 
on or reproduced from figures in the Bell System Technical Journal for 
January 1943, by permission of the associate editor. 

Figures 4.9* and 4.13 are taken from the Wireless Engineer by permission of 
the editor. 

The writer is grateful to the Navy Department (Office of Naval Research), 
the Signal Corps of the U.S. Army, and the U.S. Air Force for supporting his 
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research program and to Harvard University for a sabbatical leave of 
absence which permitted him to complete most of the final draft of the 
manuscript. He is also most appreciative of the help and cheer of Justine 
and Christopher King who lived with the ever-growing manuscript and 
skilfully and happily kept it from becoming a tyrant. 

Ronold W. P. King 
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INTRODUCTION* 


A BRIDGE FROM MATHEMATICS TO ENGINEERING 
IN ANTENNA THEORY 


The first radio transmitting system was 
constructed in 1887 by Heinrich Hertz for the 
purpose of verifying experimentally the exis¬ 
tence of the electromagnetic waves that had 
been predicted mathematically by Maxwell 
two decades earlier. Hertz’s transmitter con¬ 
sisted of a straight copper wire end-loaded 
with large spheres or cylinders of metal and 
driven by a spark discharge across a gap at 
its center; its resonant frequency was 53.5 
Mhz. As a receiver Hertz used a small rect¬ 
angular loop of wire with a micrometer spark 
gap in the middle of one side. A faint dis¬ 
charge across the gap as observed in a 
darkened room constituted “reception.” With 
this simple equipment Hertz verified Max¬ 
well’s predictions and laid the experimental 
foundations for practical radio transmission, 
which Marconi introduced to the world in 
1896. Thus, inspired and advised by Helm¬ 
holtz and guided by his own theoretical in¬ 
sight and experimental skill, Hertz built a 
bridge from mathematics to engineering, from 
the differential equations and boundary 
conditions of Maxwell to the wireless trans¬ 
mission of Rutherford and Marconi. 

Marconi’s transmitter resembled that of 
Hertz. It consisted of a grounded vertical 
wire several meters long and driven by a 
spark discharge across a gap near its base. 
The receiver was a similar wire with the gap 
replaced by a magnetic detector. Since the 
only conducting path from the transmitting 
antenna tb ground was by way of a spark 
across the gap, the oscillations in the antenna 
were highly damped. This undesirable feature 
was improved by F. Braun in 1898 when he 
patented a circuit in which the spark gap 
was in a separate primary circuit in series 
with an appropriate coil and condenser. This 
tank circuit was coupled inductively to a 
secondary consisting of the antenna in series 
with a coupling coil in which the driving 
electromotive force was induced and which 


provided a continuous conducting path from 
the antenna to ground. Except for the later 
insertion of a transmission line between the 
antenna and its coupling coil, in order to 
permit the generator to be located at a con¬ 
venient distance from the antenna, the Braun 
transmitter provided the complete electrical 
equivalent of the modern base-driven broad¬ 
cast antenna. 

In view of the fact that the fundamental 
electrical structure of the simplest radiating 
circuit has been known essentially in its 
present form for over fifty years, it seems 
natural to assume that all of its properties 
have long ago been investigated in complete 
detail both theoretically and experimentally. 
But this is not the case. Indeed, the publi¬ 
cation of this volume was postponed for 
several years in order to achieve a hitherto 
unknown correlation between theory and 
experiment and with it to obtain a more com¬ 
plete understanding of the wire antenna 
driven from a transmission line. The reasons 
for this long delay in the acquisition of funda¬ 
mental knowledge about antennas appear to 
be twofold. First, the structural simplicity 
of a wire driven from a transmission line is 
misleading; an exact analysis of this circuit 
is extremely difficult both theoretically and 
experimentally. Second, there have been few 
serious attempts until recently to bridge in a 
complete, quantitative sense the gulf between 
the extensive and highly successful practical 
know-how of the engineer and the radio 
amateur on the one hand, and the intricate 
and idealized analyses of theoretical physicists 
and applied mathematicians (with results that 
are neither consistent nor operationally 
significant) on the other. 

An illuminating example of the manner 
in which the interests of the mathematician 
may be at cross purposes with the needs of 
the practical engineer may be found in the 
problem of the antenna gap. Although the 


* Papers referred to in the introduction are included in the bibliographies at the ends of the appropriate 
chapters. 
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original antennas of Hertz and Marconi 
included a series gap across which the driving 
voltage was impressed, this gap was eliminated 
by Braun, so that since 1898 practical trans¬ 
mitting systems have consisted of a con¬ 
tinuous conducting path from one end of the 
antenna, around the transmission line (if there 
is one) and a coupling coil, back to the other 
end of the antenna or to ground. Notwith¬ 
standing this complete absence of a gap in 
actual antennas, some contemporary mathe¬ 
maticians maintain that a gap is “an essential 
part” of every antenna. Indeed, they go so 
far as to state that no antenna can radiate 
without a gap. Upon this hypothesis they 
have based extensive mathematical studies of 
the so-called “gap problem in antenna 
theory” which are interesting but somewhat 
removed from reality. 

To be sure, the gulf between theory and 
practice is seldom as great as in the example 
of the gap. However, a common character¬ 
istic of the purely mathematical approach is 
to regard physical reality as much less im¬ 
portant than considerations of mathematical 
convenience, rigor, or even interest. After all, 
the mathematician is accustomed to pre¬ 
determine the boundary conditions of his 
problems in a manner that facilitates their 
solution according to his own high standards 
of rigor. And he prefers a rigorous solution 
subject to a hypothetical set of boundary 
conditions to an approximate solution subject 
to the actual boundaries of the problem 
requiring solution. Since practical circuits 
involving transmitting systems are far too 
intricate to permit of rigorous solutions, the 
method of the mathematician is, in effect, to 
substitute a similar, but actually different and 
much simpler, problem for the actual one. 
This he solves rigorously and then assumes or 
implies that his results apply to all similar 
practical arrangements for which he would 
substitute the same mathematical model. 
Since differences in actual circuits are not 
contained in his idealized boundary con¬ 
ditions, their effects can not appear in the 
final solution, its rigor notwithstanding. 
Indeed, he may even regard a method that 
takes account of such differences as inferior 
to his apparently more general theory. This 
is illustrated, for example, in the introduction 
to one theoretical paper in which may be 
found reference to “another method with the 
unfortunate property that the fundamental 
integral equation requires re-solution for 
each new way of driving the antenna.” 


Although the comment is not strictly true 
for the method it seeks to criticize, the impli¬ 
cation is clear: if differences in the driving 
conditions enter into the formulation of an 
antenna problem, it must be a fault of the 
method of analysis. If this were true, which it 
is not, it would follow as a necessary conse¬ 
quence that general formulas and universal 
curves that do not depend on how an antenna 
is driven are theoretically meaningful and, 
therefore, a logical goal of mathematical 
investigations and a legitimate request of the 
practical engineer. Actually, the measurable 
characteristics of an antenna depend greatly 
on the detailed construction of the driving 
circuit, and a theory that takes account of this 
fact of observation is superior to one that does 
not. To be sure, such a theory can not provide 
a general formula, but this does not mean that 
it is more special. Surely, the most specialized 
result is the one that is limited in its “gener¬ 
ality” to the boundless range of the hypo¬ 
thetical but has not even a single actual and 
physically meaningful application. 

Since the ideal of complete exactness in the 
formulation and in the solution of practical 
antenna problems is unattainable, an alterna¬ 
tive to the mathematical technique of simply 
solving a different problem must be found. 
Evidently, what is required is a method that 
sacrifices a measure of rigor in the solution in 
order to achieve greater accuracy in the 
formulation of the boundary conditions. It 
is only by requiring the assumed boundary 
conditions to fit the actual conditions closely 
that account can be taken of essential dif¬ 
ferences characteristic of particular structures. 
For example, antennas driven from a variety 
of transmission lines with different con¬ 
nections must not be replaced one and all by 
antennas uniformly driven by a hypothetical 
voltage maintained across an equally hypo¬ 
thetical gap. It is quite natural that this 
method does not appeal to the mathematician, 
since usually he is not prepared to introduce 
physically reasonable simplifying approxi¬ 
mations at the proper place. The requisite 
judgment to make such approximations 
requires a careful study and complete under¬ 
standing of the experimental problem of 
making measurements on each particular 
circuit. The plotting of experimentally de¬ 
termined points with a theoretical curve is 
largely meaningless unless a study has been 
made of the correlation between the hypo¬ 
thesis underlying the theoretical analysis and 
the physical structure on which measurements 
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were made. In particular, the operational 
significance of theoretically defined quantities 
for which experimental analogs are to be 
measured must be assured. The admonition 
attributed to Hansen, that “the impedance 
concept is no substitute for thought,” must 
always be borne in mind in the very general 
sense that no mathematically convenient 
definition of any concept or quantity is 
physically meaningful unless it is operation¬ 
ally significant, that is, unless the definition 
includes an expressed or implied method of 
measurement. 

Both the theory and the practice of radio 
transmission have made great strides in the 
last half-century at the hands of brilliant 
mathematicians and skilled and inventive 
engineers. There have been many disciples of 
Maxwell and of Marconi, but few of Hertz. 
Consequently, relatively few bridges have 
been built to join the realm of mathematical 
models with the world of actual structures 
made of copper wire. In order to illustrate 
that the basic problem of systematic coordina¬ 
tion of theory and practice has been neglected, 
and at the same time to furnish a critical and 
historical background for the material pre¬ 
sented in this volume, the following dis¬ 
cussion is provided. It must be emphasized 
that no complete history of the antenna in 
radio communication is to be outlined. What 
is intended is a summary of the highlights in 
the development of those phases only that 
have a direct bearing on the relatively re¬ 
stricted subject matter of this book. 

ISOLATED ANTENNAS 

1. Free Oscillations 

Since the original radiators of Hertz and 
Marconi were excited in their natural modes, 
it was to be expected that early studies of 
antennas should concern themselves primarily 
with free oscillations, with no concern for 
the method of excitation. The first antenna 
investigated was the Hertzian dipole, con¬ 
sisting essentially of an oscillating filament of 
current of very short length between two 
metal spheres. Hertz himself determined the 
complete electromagnetic field of such an 
oscillator in 1888 under the assumption that 
its dimensions were vanishingly small so that 
it became what might be called a mathe¬ 
matical doublet. The field of Marconi’s 
antenna was approximated by that of half of a 
Hertzian dipole over a perfectly conducting 
infinite plane, a so-called Abraham oscillator. 

The analysis of cylindrical wires of finite 


length rather than of infinitesimal dipoles 
was begun with the determination by Abra¬ 
ham in 1898 of the natural modes of a thin 
ellipsoid. For obvious mathematical reasons 
in formulating simple boundary conditions 
this shape was preferred to the cylinder. Six 
years later a complete discussion and numeri¬ 
cal tabulation of the proper vibrations of a 
prolate spheroid over a wide range of eccen¬ 
tricities from the sphere to the thin ellipsoid 
was prepared by Marcel Brillouin. In the 
same year, 1904, Hack represented the electro¬ 
magnetic field of thin ellipsoids oscillating 
in each of several modes in the form of 
expanding waves corresponding to Hertz’s 
representation of the field of the doublet. 
Other analyses of the free oscillations of 
spheres were made by Mie in 1908 and 
Debye in 1909. In all of these studies of 
proper modes the theory naturally was based 
on a determination of the complete field in 
the vicinity of the antenna with proper 
boundary conditions on the surface. 

Owing to its less attractive shape from the 
mathematical point of view of formulating 
simple boundary conditions and determining 
the complete field as a set of characteristic 
functions, the cylinder was analyzed more 
advantageously using the retarded-potential 
method described by Pocklington in 1897, and 
discussed by Rayleigh in 1912 and by 
L. Brillouin in its application to radiation in 
1922. The natural oscillations of cylinders 
were treated by Oseen in 1913-14 and by 
Hallen in 1930. A rigorous justification of 
the use of the retarded-potential method with 
cylindrical conductors of finite radius with 
currents distributed transversely according 
to normal skin effect was given by Zinke in 
1941. 

2. Forced Oscillations and the Poynting- Vector 
Theorem 

The development of powerful generators 
of undamped oscillations over a wide band of 
frequencies brought with it the possibility of 
maintaining large currents in antennas at 
frequencies other than the natural frequency 
of the antenna circuit itself. The problem of 
forced oscillations in cylindrical conductors 
thus arose. Since it involves not only the 
boundary conditions on the metal surfaces 
but also the driving conditions, this problem 
is much more formidable than that of free 
oscillations. Indeed, the simplest practical 
circuit, consisting of a cylindrical antenna 
driven from an open-wire or coaxial line, is 
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so uninviting from the point of view of formu¬ 
lating boundary conditions that no attempt 
was made to analyze it. In its place a variety 
of mathematically more acceptable, physi¬ 
cally hypothetical sets of boundary and 
driving conditions were studied. These were 
all more or less closely related to the actual 
antenna-transmission-line problem, yet dif¬ 
fered from it in essential details. It is instruc¬ 
tive to consider some of them in turn. 

Perhaps the simplest and most powerful 
theoretical tool for determining the power 
radiated from a transmitting system is the 
Poynting-vector theorem. This expresses the 
total power transferred from sources within 
a closed surface of arbitrary shape to the 
universe outside in terms of the integral of 
the normal component of the Poynting 
vector over the closed surface. It is this 
theorem that served as a basis for many 
methods used in the study of antennas in 
which forced oscillations were maintained. 
Since the current in the antenna is the actual 
unknown, the Poynting-vector theorem logi¬ 
cally leads to an integral equation in the 
current. But this is not the traditional manner 
of applying the theorem to radiating circuits. 
The usual procedure was to replace the actual 
antenna with its driving circuit by a super¬ 
ficially similar but fundamentally different 
one in which the driving mechanism was 
ignored and the total power radiated was 
expressed in terms of a radiation resistance 
and an assumed current in the antenna at a 
convenient reference point. 

Since the electromagnetic field at great 
distances from an antenna is much simpler 
than in its vicinity, the Poynting-vector 
theorem is most conveniently applied to a 
great sphere enclosing the transmitting system 
in its radiation zone. Using this method, the 
power radiated by a Hertzian dipole was 
determined by Hertz in 1888, and the power 
radiated from a thin ellipsoid with an essenti¬ 
ally sinusoidal distribution of current by 
Abraham in 1898 and 1901. In 1908 Riiden- 
berg derived a formula for a top-loaded 
antenna that bears his name, and this was 
generalized in 1917 by Van der Pol. In 1920 
G. W. Pierce computed the radiation resistance 
of an inverted L-antenna erected on a per¬ 
fectly conducting plane earth. He assumed the 
antenna to be so driven that the distribution of 
current along the horizontal and vertical 
members was a continuing sinusoid. 

When the Poynting-vector theorem is 
applied to the cylindrical surface of an 


antenna instead of to a great sphere, it is 
called the emf method. This was employed 
by Pistolkors in 1929, by Bechmann in 1931, 
by Carter in 1932, and by Labus in 1933 to 
determine the self-impedance of a linear 
radiator with an assumed sinusoidal distribution 
of current. In defining the self-impedance the 
antenna was assumed to be center-driven 
from a transmission line. Actually, a sinu¬ 
soidal distribution of current requires a con¬ 
tinuous distribution of sources of electro¬ 
motive force along the entire antenna, with 
amplitudes and phases adjusted properly for 
each size and shape of antenna. On the other 
hand, a center-driven antenna can not have a 
sinusoidally distributed current since this 
distribution leads to an electromagnetic field 
on the surface of the antenna that violates the 
boundary conditions. Since it was precisely 
the field on the surface that was used in the 
evaluation of the complex power by the emf 
method, it is not surprising that only a rough 
approximation of the input impedance was 
achieved. This approximation was best when 
the input current was large, as with antennas 
near resonance, and poorest when the input 
current was small. 

The complete electromagnetic field of an 
antenna with a sinusoidal distribution of 
current was given by Bechmann in 1931, and 
in more complete form by Riazin and Brown 
in 1937. A detailed study of the far-zone field 
of a linear radiator with sinusoidal current 
was made by Carter, Hansell, and Lindenblad 
in 1931. 

Since the far-zone field of an antenna is 
much less sensitive to differences in the 
assumed distribution of current than the field 
at the surface of the antenna, far-zone field 
patterns and the radiation resistance referred 
to the maximum current of antennas driven 
from transmission lines are determined more 
accurately from the sinusoidal distribution 
than is the input impedance. Note, however, 
that the input resistance of a resonant, 
perfectly conducting antenna is equal to the 
radiation resistance referred to maximum 
current. 

3. Cylindrical Antennas and Equivalent Trans¬ 
mission Lines 

Since the circuit properties of a center- 
driven antenna could not be determined 
accurately by the emf method and an assumed 
sinusoidal current except when the antenna 
was very thin and had a length near resonance, 
other methods of investigation were sought. 
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In particular, the attempt was made to 
replace the center-driven antenna by an 
“equivalent” transmission line in determining 
its impedance properties. Thus, in 1934 
Siegel and Labus distributed the power 
radiated from an antenna along an open-end 
section of two-wire line as if it were the 
power dissipated in the ohmic resistance of 
the wires. They were able to show that the 
input impedance of such a section of line with 
artificially increased attenuation resembled 
that of an antenna of equal length more 
closely than did the input impedance cal¬ 
culated by the emf method, especially near 
antiresonance where the latter method fails 
completely. In some particulars the agreement 
was quite good, in others, notably the resonant 
and antiresonant lengths, it was poor. A 
similar transmission-line formula was devised 
by Wells in 1941. 

Considerably greater success in constructing 
a hypothetical transmission line with imped¬ 
ance properties that resembled those of a 
centre-driven antenna was achieved by 
SchelkunofF in 1941. Using as a point of 
departure the thin biconical antenna (for 
which a rigorous representation in trans¬ 
mission-line form is possible), Schelkunoff 
investigated the properties of a tapered 
two-wire line with a varying characteristic 
impedance and an end-load appropriately 
defined to dissipate the radiated power. 
He found that his first-order approximation 
of the impedance properties of this line re¬ 
sembled those of the cylindrical antenna 
quite closely, notably near antiresonance. 
Near resonance the correspondence was less 
satisfactory. It was shown by Tai in 1950 
that when Schelkunoff’s first-order formula 
for impedance was expanded by including 
second-order terms, it led to impedance 
curves that were quite different in magnitude 
and even in shape for moderately thick 
antennas from those of the first-order theory. 

In 1948 Hallen made a direct analysis of the 
cylindrical antenna using the retarded- 
potential method in which he expressed the 
distribution of current in the well-known 
transmission-line form of traveling waves 
multiply reflected at the ends. This investi¬ 
gation showed that reflection coefficients 
which are constants characteristic of the ends 
in a transmission line are functions of the 
number of reflections experienced by the 
traveling waves in the antenna. This indicates 
that, since the cylindrical antenna evidently 
is not equivalent to a transmission line with 


constant reflection coefficients, it is likewise 
not equivalent to a transmission line with a 
lumped load at the ends. 

4. The Antenna as a Boundary-Value Problem 

The several methods of treating a driven 
antenna so far discussed have been concerned 
primarily with obtaining satisfactory engin¬ 
eering formulas to characterize the impedance 
and field properties of an antenna. In order 
to treat the forced oscillations in an antenna 
according to the rigorous methods of solving 
boundary-value problems, it was natural 
that a thin ellipsoidal antenna should be 
chosen, just as in the study of free oscillations, 
because of its mathematically attractive 
boundaries. However, in order to maintain 
forced oscillations in a prolate spheroid 
and preserve spheroidal symmetry for the 
complete electromagnetic field in the vicinity 
of the antenna, the method of driving had to 
be selected with care. Two mathematically 
acceptable methods of excitation were sug¬ 
gested. Of these the simplest was to immerse 
the entire spheroid in a uniform electric 
field parallel to its long axis. The second 
method assumed an impressed, rotationally 
symmetric electric field maintained across a 
gap or belt at its center. 

Page and Adams in 1938 and Ryder in 1942 
studied the prolate spheroid immersed in an 
axial electric field. It is evident that an antenna 
excited in this manner differs fundamentally 
from an antenna center-driven from a trans¬ 
mission line. In particular, no input impedance 
can be defined in the conventional sense of 
electric-circuit theory, since the antenna has 
no terminals. The analysis of such an antenna 
also has no bearing on the related problem 
of reception. Although a receiving antenna is 
immersed in a uniform field if it is at some 
distance from the transmitter, this field need 
not be parallel to its axis. Moreover, in order 
to be used to receive a signal the antenna 
must be connected to a load by a transmission 
line, and the presence of such a line and load 
alters completely the distribution of current in 
the antenna. It follows that the analysis of 
the spheroid in a uniform field has little 
application to the practical problem of 
transmission and reception. On the other 
hand, it does apply to the unloaded antenna 
used as a scatterer or reradiator. But for this 
purpose one isolated antenna is not very 
useful. A single parasitic antenna must be 
quite close to a transmitter in order to be 
effective, and for scattering or reradiating 
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many antennas more or less close together 
must be used. In both of these cases the 
presence of other antennas destroys the 
symmetry and makes the results inapplicable. 

The spheroid center-driven by a belt or 
gap at the equator across which a rotationally 
symmetric field is impressed was analyzed 
by Stratton and Chu in 1941. This method 
of driving obviously does not correspond to 
the picture of two half spheroids at the ends 
of a two-wire line which actually illustrated 
the theoretical paper. A rotationally sym¬ 
metric electric field at the edge of a gap can 
be maintained only if the antenna is driven 
from within by a radial transmission line. 
Such a transmission line was not considered 
by Stratton and Chu, who defined the imped¬ 
ance of the antenna at the outer edge of the 
gap without specifying how the voltage was 
maintained or how the current crossed it. 
It was this “gap problem” that was discussed 
by Infeld in 1947. If it is recognized that the 
sides of the supposed gap are necessarily 
the two conductors of a radial transmission 
line leading to a generator in the interior of 
the antenna, the gap problem is replaced 
by a transmission-line problem with end-effect. 
This radial transmission-line problem is as 
essential a part of the analysis of an internally 
driven antenna as is the two-wire line of an 
externally driven one. If the radial transmission 
line is made biconical, a mathematically 
attractive situation is achieved in that the 
generator may be assumed concentrated at 
the apex of the two cones forming the con¬ 
ductors of the transmission line. Needless to 
say, such a generator has no practical counter¬ 
part. But for the mathematician a source 
that can be represented by a singularity in 
the electric field is ideal. By using a sphere 
instead of a prolate spheroid the metal 
surfaces of both transmission line and antenna 
are represented conveniently in spherical 
coordinates. By opening the biconical line 
wider a biconical horn or antenna is obtained. 
Such a horn was investigated by Barrow in 
1939. 

The analytical advantages of the apex- 
driven biconical structure was recognized by 
Schelkunoff, who studied the biconical antenna 
without end caps in 1941 under the assumption 
that the current vanished at the edges of the 
cones. This condition is never exactly 
satisfied, but it is a satisfactory approximation 
if the cones are thin enough. The formulation 
was developed further by Schelkunoff in 
1946 and especially by Smith and Tai in 1948, 


who formulated the problem rigorously, 
taking into account all boundaries including 
spherical end-surfaces. A particularly inter¬ 
esting feature of the biconical antenna is the 
fact that its dominant mode is a true trans¬ 
mission-line mode with constant characteristic 
impedance. By taking advantage of this fact 
Schelkunoff was able to formulate the driving- 
point impedance at the apices of the cones 
in the form appropriate for an end-loaded 
transmission line. (His formula for the end- 
loaded, tapered transmission line as an equiva¬ 
lent for the cylindrical antenna was based 
on this representation.) 

Although the biconical structure has great 
mathematical advantages in permitting the 
convenient formulation of both boundary 
and driving conditions, the application of the 
theory to a practical antenna is not obvious. 
Generators that are equivalent to a singularity 
in the electric field do not exist and are difficult 
to approximate. Needless to say, the pictures 
of two cones driven from a two-wire line 
that illustrated the theoretical papers have 
little connection with the problem analyzed. 
The finite separation of the cones and the 
presence of the two conductors of the line 
destroys the biconical-spheroidal symmetry 
and introduces end- and coupling effects that 
are ignored completely in the theory. An 
important step toward obtaining an oper¬ 
ationally significant impedance for a trans¬ 
mitting system in which a cone is the radiating 
element was made by Papas in 1949, following 
a suggestion by L. Brillouin. It consisted in 
driving the cone from a coaxial line over a 
conducting plane, with the dominant mode 
in the coaxial line matched to the dominant 
mode in the biconical line-antenna by making 
their characteristic impedances equal. By 
determining the apparent load impedance as 
seen from the coaxial line a measurable 
quantity is defined. 

The direct analysis of the cylindrical 
antenna as a boundary-value problem was 
made by Zuhrt in 1944 but not published until 
1950. The structure analyzed was an infinite 
collinear array of cylinders, each center-driven 
by a discontinuity in scalar potential. The 
individual units were separated by a finite 
distance, which ultimately was allowed to 
become infinite to leave only the central unit. 
The driving voltages were equal in magnitude 
and alternated in sign from one unit to the 
next adjacent ones. By representing the current 
distribution in each antenna by an odd 
cosine series with undetermined coefficients, 
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expressing the field inside and outside an 
infinite cylinder of radius equal to that of the 
antennas, and matching these fields across 
the cylinder, Zuhrt determined the coefficients 
and thus solved the problem. Since he did 
not take account of the fields inside the tubular 
antennas but assumed the current to vanish at 
their edges, his analysis is limited to thin 
cylinders. Moreover, since the distribution of 
current on cylindrical antennas can be repre¬ 
sented by a small number of terms in an odd 
cosine series only when the antenna is short 
or its length is near resonance, and very many 
terms are required near antiresonance, the 
method is practical only in a restricted sense. 

5. Retarded Potentials and Integral Equations 

The first attempts to solve the problem of 
the cylindrical antenna directly rather than 
by substituting for it a different problem were 
made independently by L. V. King in 1937 
and by Hallen in 1938. King analyzed a vertical 
cylinder separated from a perfectly conducting 
horizontal plane by a narrow gap. It was 
driven by a voltage maintained between the 
ground and a hypothetical ring around the 
antenna at a short distance above the gap. 
Since no mechanism was specified for main¬ 
taining the voltage and no conducting path 
was provided for the flow of charges from the 
base of the antenna to ground, the generator 
was a mathematical abstraction resembling 
that assumed by Stratton and Chu in the 
analysis of the spheroidal antenna. By 
assuming a sinusoidal current plus an added 
term with coefficients to be determined so 
that the field maintained by the total current 
satisfied the boundary conditions, King 
derived an integral equation which he solved 
approximately essentially in reciprocal powers 
of the quantity llntlhjd), where h is the 
length and a the radius of the antenna. 
If an error in neglecting significant terms is 
corrected, L. V. King’s solution corresponds 
to that derived by Hallen a year later by a 
different method. 

Hallen derived an integral equation for the 
axial current in a cylinder, using essentially 
the retarded-potential method of Pocklington. 
Beginning with an antenna center-driven from 
a two-wire line, Hallen eliminated the line 
by assuming, in effect, the antenna to be an 
unbroken conductor with a short section at 
the center coupled to a parallel, conducting 
bridge terminating the feeding line. The 
induced emf was then assumed to be con¬ 
centrated as a discontinuity in scalar potential 


instead of distributed over a short but finite 
length. Note that there is no gap in the 
antenna and that the emf is induced from the 
outside. Simultaneously, Hallen treated the 
center-loaded cylindrical antenna in an 
arbitrarily oriented uniform electric field. 
Hallen solved his integral equation by a 
method of iteration in reciprocal powers of 
the same parameter used by L. V. King. Since 
no account was taken of the ends of the 
antenna, the analysis applied to thin cylinders. 
A simplification of Hallen’s formulation and 
extensive computations from his formulas 
were made by R. King and Blake and by 
R. King and Harrison as applied to both the 
transmitting and the receiving antenna in 
1942-1945. The integral-equation formulation 
was investigated by Synge in 1942 and, with 
special consideration of the problem of the 
end-surfaces, by Brillouin in 1943. Other 
methods of carrying out the iteration in 
Hallen’s integral equation using different 
expansion parameters in order to achieve 
more rapid convergence were introduced by 
Miss Gray in 1944 and by R. King and 
Middleton in 1946 as applied to the trans¬ 
mitting antenna. A similar modification for 
the unloaded receiving antenna was made by 
Van Vleck in 1947. A variational method for 
solving Hallen’s integral equation was deve¬ 
loped by Storer and extended by Tai in 1950. 
The results of this method were in close 
agreement with those of King and Middleton. 

The failure of all existing analyses to take 
account of the actual driving conditions of 
practical antennas driven from transmission 
lines, and the interesting but disconcerting 
fact that there seemed to be little difficulty 
in obtaining carefully measured experimental 
data to substantiate the widely divergent 
results of different theories, led to a systematic 
theoretical and experimental study of antennas 
driven from various types of transmission 
lines in different connections and orientations 
by R. King and Winternitz in 1948 and 1950, 
by R. King, Tomiyasu, and Conley in 1949, 
and by Hartig in 1950. These investigators 
found that transmission-line end-effects and 
the coupling between antenna and line affect 
greatly the apparent impedance of an antenna 
as a load terminating a line. They achieved 
complete quantitative correlation between 
antenna theory and experiment by combining 
theoretical impedances determined from the 
expansion of R. King and Middleton or 
the variational solution of Storer and Tai 
with lumped, terminal-zone networks designed 
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for each type of transmission line and each 
different connection. Widely different 
measured impedances for the same antenna 
but connected to a different line or to the 
same line with a different orientation were 
thus correlated with theory. It was shown that 
if the apparent impedance of an antenna 
terminating a transmission line of any type 
and connected to the antenna in any manner 
is measured repeatedly as the spacing of the 
conductors of the line is decreased pro¬ 
gressively, and the values so obtained are 
extrapolated to zero line spacing, the values 
at zero spacing may be identified with those 
calculated from either the King-Middleton or 
the variational formula when the driving 
source is assumed to be a discontinuity in 
scalar potential, that is, a so-called slice 
generator. In this way an operational signifi¬ 
cance is given to the properties of antennas 
driven by slice generators without gap. Since 
the impedance of an antenna driven by such 
a hypothetical generator is independent of a 
transmission line, it may be represented by 
general formulas and universal curves which 
depend only on the length and diameter of 
the cylinder. Although they do not represent 
measurable quantities, since a discontinuity 
in scalar potential does not exist as a practical 
driving source, they are useful in conjunction 
with appropriate terminal-zone networks 
which transform the ideal theoretical value 
into a measurable apparent value. 

The problem of determining the electro¬ 
magnetic field of a linear radiator in terms of 
the actual distribution of current instead of 
an assumed sinusoidal current has received 
relatively little attention. This is owing in 
part to the fact that far-zone fields computed 
from a sinusoidal current are quite satisfactory, 
in part to the presence of other factors that 
are at least as significant in their effect on the 
field. An example is the earth with its finite 
rather than infinite conductivity. The first 
far-zone field pattern for a linear radiator 
with finite cross section was derived by L. V. 
King in 1937. In 1943 Harrison and R. King 
determined the far-zone field of a linear 
radiator using an approximate distribution 
of current that included a sinusoidal quad¬ 
rature component and a component in phase 
with the driving voltage. An accurate represen¬ 
tation of the far-zone field was achieved by 
the same investigators in 1944 by application 
of the reciprocal theorem to obtain the far- 
zone field characteristic of an antenna with 
finite radius from its complex effective length. 


COUPLED ANTENNAS 

6. The emf Method 

The analysis of coupled antennas may be 
divided into two principal groups: those 
which assume a sinusoidal distribution of 
current in all antennas in an array in order to 
determine mutual impedances and electro¬ 
magnetic fields, and those which seek to 
determine the actual distribution of current 
and the associated self- and mutual 
impedances and electromagnetic field. 

Most of the early and many of the more 
recent studies of coupled antennas in a variety 
of configurations fall into the first group. This 
includes in particular the extensive work of 
Carter in 1932 and of Brown in 1937. More 
recent work using the sinusoidal assumption 
was carried out by Walkinshaw in 1946, by 
Cox in 1947, and by Barzilai and by Stamecki 
and Fitch in 1948. Most of these investigators 
made use of the emf method. Since the current 
is accurately sinusoidal only when each 
antenna is driven by a continuous distribution 
of electromotive forces of proper amplitude 
and phase along the entire length, and since 
it is a moderately good approximation for 
antennas driven from or loaded by trans¬ 
mission lines only when the antennas are 
short or near resonance and quite thin, 
the practical application of self- and mutual 
impedances determined by the emf method is 
limited. However, most practical multi¬ 
element arrays make use of half-wave elements 
for which the results of the sinusoidal theory, 
although quantitatively approximate, are 
useful. 

The far-zone fields of uniform arrays of 
linear radiators of short or half-wave elements 
with sinusoidally distributed currents were 
studied particularly by Southworth in 1930 
and by Sterba in 1931. The radiation re¬ 
sistances of parallel arrays referred to 
maximum current as obtained from the far- 
zone fields by application of the Poynting- 
vector theorem were determined by Bontsch- 
Bruewitch in 1926 and by Papas and R. 
King in 1948. Nonuniform arrays were 
treated in a comprehensive paper by Schel- 
kunoff in 1943, by Dolph in 1946, and by 
Taylor and Whinnery in 1951. 

7. The Retarded-Potential Method 

The mathematically convenient boundaries 
of isolated spheroidal or biconical antennas 
cease to be attractive when two or more 
arbitrarily placed antennas are involved. 
Indeed, the entire method of determining a 
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complete field in terms of proper functions 
and satisfying appropriately chosen boundary 
conditions is unavailable for coupled antennas. 
The fundamental reason for this is that there 
are no systems of coordinates in which the 
complicated boundary conditions can be 
expressed simply and in which the wave 
equation is separable. Therefore, analyses 
of coupled antennas paralleling the mathe¬ 
matically elegant studies of isolated spheroidal 
and biconical structures have not been carried 
out. 

It is particularly in the analysis of coupled 
antennas that the retarded-potential method 
of Pocklington demonstrates its power. 
This method was first applied to two parallel 
antennas, each center-driven by a discon¬ 
tinuity in scalar potential of arbitrary magni¬ 
tude and phase, by R. King and Harrison 
in 1944. Using the method of symmetric 
components, they determined the distributions 
of current in the antennas and the self- and 
mutual impedances. By replacing one 
generator by a voltage drop across an arbitrary 
impedance, the case of a driven antenna with 
a single tuned parasite was analyzed. The same 
method was applied to the folded dipole 
by R. King in 1945. Essentially the same prob¬ 
lem of two coupled antennas was solved 
independently by Bouwkamp in 1948. The 
formulation of R. King and Harrison was 
improved by Tai in 1948 and extended by him 
to three antennas at the vertices of an equi¬ 
lateral triangle and to the corner reflector. 
The analysis was generalized further to 
N parallel antennas by R. King in 1950. 
The vector-potential method was applied 
to two collinear antennas by Harrison in 
1945; the formulation was improved and 
extended to include antennas coupled by 
sections of transmission line by R. King in 
1950, by Andrews in 1953, and by Faflick and 
Tang in 1954. The practical problem of coupled 
antennas individually driven from transmission 
lines with finite spacing is treated in this 
volume for the first time. 

The theory of the V-antenna and the 
practical problem of driving it from a two-wire 
line was developed by R. King in 1950. 
The asymmetrically driven antenna was 
analyzed by Synge in 1942 and by Hallen 
in 1948, using the method of traveling waves. 
An alternative formulation and its application 
to the sleeve dipole was given by R. King 
in 1950. An extensive study of the sleeve 
dipole was made by Taylor in the same year. 
He determined distributions of current and 


impedances experimentally and theoretically, 
using Storer’s variational method. 

Experimental studies of coupled antennas 
and the correlation of theory with experiment 
have not progressed as far as in the case of 
the single isolated antenna. McPetrie and 
Saxton in 1946 and Starkey and Fitch in 1950 
measured the front-to-back ratio for an 
antenna with a single parasite and compared 
their results with the corresponding ratios 
determined theoretically by R. King in 1948 
using the first-order self- and mutual imped¬ 
ances computed by Tai. The apparently poor 
agreement led these investigators to develop 
an “engineering” formula based on an arbi¬ 
trarily end-loaded transmission line that has 
no theoretical foundation. Actually, the 
front-to-back ratio is so sensitive to small 
changes in reactance that account must be 
taken of the finite transmission-line spacing 
and of end-effects if satisfactory agreement 
is to be obtained. It is shown in this volume 
that theoretical results corrected to approxi¬ 
mate the actual conditions of the apparatus 
are in good agreement with experimental 
values. This is another illustration of the 
importance of taking account of actual 
rather than idealized boundaries and driving 
conditions. The correct correlation of theory 
with experiment involves more than the 
placing in juxtaposition of the measured 
results for a practical circuit and the theoretical 
results of an abstract set of boundary and 
driving conditions. 

Measurements of the distribution of current 
and the impedance of an antenna with a 
coupled parasite and of a folded dipole were 
made by Morita and Faflick in 1949. Their 
results are in good agreement with the corre¬ 
sponding theoretical quantities when account 
is taken of the properties of the actual circuits, 
including especially transmission-line end- 
effect and coupling effects. More extensive 
measurements on coupled antennas of various 
types driven from different transmission lines 
in several connections and orientations are 
required before a complete understanding 
of the significance of the many complications 
arising in the coupled-antenna problem is 
achieved. A theoretical study of a large 
variety of folded antennas was made by 
Harrison in 1953. 

8. Antenna Over Conducting Earth 

The practically important problem of the 
electromagnetic field of an antenna over the 
earth is complicated by the curvature of the 



10 


THEORY OF LINEAR ANTENNAS 


[Introduction] 


earth and by the ionosphere. Since these 
factors are a part of the study of wave pro¬ 
pagation around the earth, which is a major 
field in itself, and since they may be treated 
in a manner quite independent of the antenna 
problem, it is sufficient in considering this 
latter to deal with antennas over a plane 
earth. The first study of horizontal and 
vertical Hertzian dipoles over a plane con¬ 
ducting earth was made by Sommerfeld 
in 1909 and extended by von Hoerschelmann 
in 1912. In 1919 Weyl reanalyzed the same 
problem by a different method and obtained 
Sommerfeld’s solution but without one term 
that was included in Sommerfeld’s result 
and that was represented as a surface wave— 
the so-called Zenneck surface wave. Since that 
time the problem has been examined by many 
investigators, including especially Sommerfeld, 
Strutt, Van der Pol, and Bremmer. The 
question as to the existence of the surface 
wave that occurred in Sommerfeld’s solution 
has been the subject of much controversy. 
It has finally been resolved by Ott, who showed 
that the solution may be expressed in a form 
involving a term that is a space wave at 
sufficiently great distances but becomes a 
Zenneck surface wave very near the source. 
This conclusion has been confirmed and 
supplemented by Banos and Wesley. However, 
the contribution to the electromagnetic field 
by the surface wave is negligible even close 
to the antenna. The reduction of Sommerfeld’s 
and Van der Pol’s theoretical results to 
practical use has been carried out primarily by 
Norton, who has prepared extensive charts 
dealing with ground-wave propagation. 
Norton’s formulation includes a term desig¬ 
nated as a surface wave, but this is not the 
Zenneck surface wave. 

Most of the investigations of antennas over 
a conducting earth have been concerned with 
the determination of the potential or the 
electromagnetic field of Hertzian dipoles or 
of antennas with sinusoidally distributed 
currents. In only a few papers, notably in 
those by Niessen in 1935 and by Sommerfeld 
and Renner in 1942, has the radiation resist¬ 
ance of a Hertzian dipole over a plane 
conducting earth been investigated. Experi¬ 
mental measurements of the radiation 
resistance of antennas of finite length over a 
conducting earth were made by Proctor in 
1950. However, there have been no funda¬ 
mental theoretical studies to determine the 
input impedance of an antenna over or on 
a conducting earth. No analysis of the 


impedance of a base-driven antenna with a 
ground system buried in a conducting earth is 
available. Obviously, these are mathematically 
very intricate problems, and it can not be 
anticipated if or how soon they may be solved. 

Closely related to the problem of the 
antenna erected on the earth is the problem 
of the vertical antenna base-driven over a 
highly conducting ground screen of finite 
size. Measurements of impedances of antennas 
erected on circular and square ground planes 
by Meier and Summers in 1949 showed that 
both resistance and reactance vary signifi¬ 
cantly as the size of the plane and its shape are 
changed. Leitner and Spence studied the 
problem theoretically in 1950, using a quarter- 
wave antenna over an oblate spheroid. 
Since their solution was in series form that 
converged slowly for large screens, Storer in 
the same year derived a simple formula for 
the difference between the impedance of an 
antenna of arbitrary length on a large but 
finite ground screen and on an infinite ground 
plane. 

ELEMENTS OF A CONSISTENT THEORY 
9. Theory and Practice 

Problems in electromagnetic radiation are 
difficult from both the experimental and the 
theoretical points of view because infinity 
must be one of the boundaries and because 
essential structures must have dimensions of 
the same order of magnitude as the wavelength. 
These requirements make unavailable the 
analytical simplifications that are possible 
in the theory of wave guides and cavities, 
where the entire field is enclosed in highly 
conducting walls, or in conventional electric- 
circuit theory, where the dimensions of the 
circuit are small compared with the wave¬ 
length. As a consequence, the general problem 
of radiating circuits that are unrestricted in 
shape or size has hardly been touched. The 
study of antennas that are not required to 
be sufficiently thin to permit an essentially 
one-dimensional analysis so far has been 
limited to isolated structures of very simple 
shape with highly idealized driving mechan¬ 
isms. On the other hand, the problem of two 
or more coupled radiators has been handled 
only for antennas that are sufficiently thin 
to make a quasi-one-dimensional analysis a 
satisfactory approximation. It is clear, there¬ 
fore, that a consistent theory of antennas 
which is to include a complete quantitative 
treatment of radiating and receiving systems 
formed of single antennas or arrays is 
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restricted to an essentially one-dimensional 
analysis of linear radiators. By a complete 
quantitative treatment is meant an analysis 
that begins with the Maxwell field equations 
and ends with the quantitative determination 
of operationally significant quantities in 
important practical systems. What is desired 
is a theory for determining the power trans¬ 
ferred to the load of a transmission line that 
is driven from a receiving antenna in terms of 
the power supplied to another transmission 
line that feeds an antenna or array of antennas. 
Since the formulation and development of 
such a theory is an extensive and complicated 
task even for linear radiators, the scope of 
this volume has been appropriately restricted. 
This does not mean that types of antennas 
other than those discussed are less important 
or less interesting. It means simply that that 
type of antenna that permits a systematic and 
comprehensive investigation has been selected 
and the investigation carried out as completely 
as the present state of theoretical and experi¬ 
mental knowledge permits. 

Although other methods of analysis are 
included, the essential formulation of the 
theory of linear radiators necessarily is made 
in terms of the retarded-potential method of 
Pocklington, which leads to an integral 
equation. No other approach permits the 
analysis of isolated antennas, coupled antennas 
of various types, receiving antennas, and the 
associated transmission-line problems by a 
single straightforward procedure. In spite 
of the advantages of variational methods 
in solving integral equations, the method of 
solution preferred in the systematic analysis 
is the iterative procedure of successive 


approximations. This has the attractive pro¬ 
perty of leading directly and simply to a 
zeroth-order solution which corresponds to 
the results obtained by the emf method using 
a sinusoidal current, and at the same time 
providing a procedure for obtaining higher- 
order solutions of greater accuracy. 

The systematic formulation of antenna 
theory and its application presented in this 
volume is directed neither to the mathe¬ 
matician whose primary interest is rigor, 
nor to the practical engineer who desires only 
a final working formula or a set of charts. 
Much as Hertz created the original connecting 
link from Maxwell to Marconi, so this volume 
seeks to provide a bridge from the mathe¬ 
matician to the practical engineer. As such, 
it is addressed to the applied scientist who is 
concerned with physical phenomena of prac¬ 
tical importance and their mathematical 
representation in a form that provides both an 
insight into the physical aspects of the problem 
and reasonable quantitative accuracy in their 
numerical evaluation. It is to be anticipated, 
nevertheless, that the obvious inadequacy of 
available mathematical techniques in the 
solution of integral equations, and in par¬ 
ticular in the solution of simultaneous 
integral equations, may prove a challenge to 
the mathematician. Similarly, the emphasis on 
experimental measurement and the correlation 
of theory with experiment should appeal to 
the practical engineer, if only in terms of the 
utility of the extensive, mutually consistent, 
and well-integrated charts and numerical 
tables of values of important quantities as 
determined both theoretically and experi¬ 
mentally. 



CHAPTER I 


ESSENTIALS OF ELECTROMAGNETIC THEORY 


The systematic study of antennas presented 
in this volume depends upon general macro¬ 
scopic electrodynamics as formulated in 
detail in the literature. 31 ’ 43 * 49 ’ 51 For con¬ 
venience, important symbols, formulas, and 
equations (written in terms of complex 
amplitudes for a periodic dependence upon 
the time in the form p inst = pe J " J( ) are given in 
this chapter together with brief definitions or 
descriptions. 

1. Density Functions 

The average electrical properties of matter 
are described mathematically in terms of six 
characteristic functions or densities that are 
assumed to be slowly varying from point to 
point in a body or region. The six densities 
with a qualitative description of their 
significance follow. 

The volume density of charge, p, in coulombs 
per cubic meter, is a scalar point function that 
measures the average density of charge in the 
neighborhood of every point in the interior of 
the body or region. Its complex amplitude is 
P in Pinst = P^"' 1 - 

The surface density of charge, rj, in coulombs 
per square meter, is a scalar point function 
that measures the average density of charge in 
a thin surface or boundary layer of atomic 
thickness. Its complex amplitude is rj. 

The volume density of polarization, P, in 
coulombs per square meter, is a polar vector 
point function that measures the average 
density and direction of a distribution pi 
dipoles or their equivalent in the interior of the 
body or region. Its complex amplitude is P. 

The volume density of moving charge or of 
current, i, in amperes per square meter, is a 
polar vector point function that measures the 
average magnitude and direction of non- 
random flow of charges across each unit area 
in the interior of the body or region. Its 
complex amplitude is i. 

The surface density of moving charge or of 
current, I, in amperes per meter, is a polar 
vector point function that measures the average 
magnitude and direction of nonrandom flow of 


charge across each unit width of a thin surface 
or boundary layer of atomic thickness. Its 
complex amplitude is 1. 

The volume density of magnetization, M, in 
amperes per meter, is an axial vector point 
function that measures the average magnitude 
and direction of microscopic current whirls in 
the neighborhood of each point in the interior 
of a body or region. Its complex amplitude 
is M. 

2. Essential Density Functions 

Since the volume and surface densities p, rj, 
P; i, I, M, are not all independent, but actually 
involve in their statistical definitions the 
manner in which the body or region is sub¬ 
divided into volume and surface cells, it is 
desirable to introduce essential densities or 
characteristics that are independent of the 
mode of subdivision. Their complex amplitudes 


are defined as follows: 

P = p - div P, (1) 

P^v = i + curl M + ji oP, (2) 

rj = rj + n • P, (3) 

rj^v = I — n X M, (4) 


where n is a unit outwardly directed normal, 
n • P = (n, P) is the scalar or dot product, and 
n x M = [ii, M] is the vector or cross- 
product. The vector operators used in (1) and 
(3) are the divergence and the curl, defined by 

I n • P do 

div P = V ■ P = lim -, (5) 

Ar->0 At 

n x M da 

curl M = V x M = lim —— -. (6) 

A T _>0 At 

3. The Equation of Continuity 
The fundamental postulate of conservation 
of electric charge is expressed mathematically 
in the following complex form for periodic 
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phenomena at points in the interior of a body 
or region: 

div i + ju>r\ = 0. (1) 


In a surface or boundary layer of atomic 
thickness the corresponding equation is 


div 1 + jcoi) — n • i = 0. 

(2) 

The shorthand notation 


I = ll + ®2» 

(3a) 

n = *h + r) 2 , 

(36) 

* = *i + h 

(3c) 


is used, the subscript 1 referring to the region 1 
on one side of the boundary, the subscript 2 to 
the region 2 on the other side. The unit vector 
n carries the same subscript as i; it is external 
to the region indicated by the subscript. In 
longhand form (2) is 

div (lj + 1 2 ) + yto(rj x + r) 2 ) - rq - h 

- n 2 ■ i 2 = 0. (4) 

Equations (1) and (2) may be expressed in 
terms of the essential densities as follows. 

div p^v + ycop = 0, (5) 

div ruv + j<or\ - n ■ p^v = 0. (6) 

In a cylindrical conductor carrying a total 
axial current of complex amplitude I z and a 
charge per unit length of complex amplitude q, 
the equations of continuity combine into 

§ +M = 0- (7) 

4. The Field Equations and the Boundary 
Conditions 

The action of charges in one body or region 
on those in another is expressed in two steps, 
of which the first defines the electromagnetic 
field at all points in space due to the charges 
and currents in one body, and the second 
defines the force and torque on the second 
body in terms of this field. The electromagnetic 
field consists of the vector point functions E in 
volts per meter and B in volt seconds (or 
webers) per square meter. Their complex 


amplitudes are defined by 

e 0 div E = p, (1) 

curl E = —ja> B, (2) 

”o curl B = p^v + j<ue 0 E, (3) 

div B = 0, (4) 


where e 0 and v 0 are universal constants 
determined experimentally. e 0 > s the funda¬ 
mental electric constant (dielectric constant or 
permittivity of space); v 0 is the fundamental 
magnetic constant (diamagnetic constant or 
reluctivity of space). The reciprocal of the 
magnetic constant is the permeability, denoted 
by Mo- Numerical values are 

t 0 = 8.854 x 10 -12 farad/meter 

= x 10~ 9 farad/meter, (5) 

v 0 = 7.95 x 10 5 meter/henry 

= i X 10 7 meter/henry, (6) 

— = 1.129 x 10 11 meter/farad 
e o 

== 36n- x 10 9 meter/farad, (7) 

— = go = 1.257 x 10 c henry/meter 
v o 

= 47r X 10 -7 henry/meter. (8) 

At a boundary between regions 1 and 2 
where p and p m v are discontinuous the 
complex field equations for amplitudes reduce 
to 


E„n • E = -ij, 

(9) 

ti X E = 0, 

(10) 

von x B = - tj^v, 

(ID 

n B =0. 

(12) 

In longhand these are 


t 0 ni • Ej + ton2' ^2 = —i)i - 

- %> (13) 

ni x Ei + n 2 x E 2 = 0, 

(14) 


v 0 ni x Bj + i'()7i 2 x Bo — rjm'i 

- *)mV 2 , (15) 

n 2 • B 2 + n 2 • B 2 =0. (16) 

The normal component of the electric vector 
and the tangential component of the magnetic 
vector are discontinuous, while the tangential 
component of E and the normal component of 
B are continuous across a boundary. 

5. Auxiliary Field Vectors and Constants 
The auxiliary electric vector D in coulombs 
per square meter and the auxiliary magnetic 
vector H in amperes per meter are often 
convenient shorthand symbols. They are 
defined by 

D = «oE + P, (1) 

H = vqB + M. (2) 
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At points in space where P and M vanish, D 
and H differ from E and B by constant factors 
only. 

The following combinations of the universal 
constants € 0 and v 0 are also useful: 



= 3 x 10 8 meter/second, (3) 

Co - /- = J- 

V Vo V *0 

= 376.7 ohm = 120n- ohm, (4) 

where % is a velocity said to be characteristic 
of space, and £ 0 is a resistance, also said to be 
characteristic of space. 

6. The Force and Torque Equations 

In most circuit problems it is not necessary 
to calculate forces acting on charges because 
interest is primarily in the pointer readings 
of meters which, while specifying a condition 
of equilibrium between mechanical and 
electrical forces, are calibrated directly in 
terms of electrical quantities such as current 
and potential difference. That is, the final step 
in a calculation that determines the condition 
of equilibrium of electrical and mechanical 
forces and torques in terms of currents and the 
constants of springs or the expansion of heated 
wires is contained in the calibration of the 
meter. It is important to bear in mind that the 
calculation of the current or potential 
difference must take into account the effect of 
the meter in the circuit. If this is expressible 
as a simple equivalent impedance, this is 
readily accomplished and the calculation of 
current or potential difference is sufficient for 
comparison with experimental pointer read¬ 
ings. In all cases the calibration of a meter and 
a specification of its impedance apply to a 
particular frequency or a more or less limited 
range of frequencies. If a pointer reading is 
noted at frequencies outside this range, it is 
necessary to reexamine the condition of 
equilibrium and its effect in the network in 
terms of the construction of the meter and the 
physical and geometrical properties of the 
network, as discussed in chap. VI of reference 
31. 

The equations of equilibrium are 

F m + F = 0, (1) 

T m + T = 0. (2) 


The electrical force F and torque T on a volume 
t characterized by the essential densities p, rj, 
p^v, and are 




F = I (pE + p m v x B) dr 

(r)E + w X B) da. 


L 


(3) 


T = f r X dF T dr + j r x dF a da, 


(4) 


where E and B are the electromagnetic fields 
at the elements of integration due to all charges 
and currents except those in and on r and r is 
the vector from an arbitrary origin to dr or da. 
In (4) dF r is the integrand of the first integral 
in (3), dF c the integrand of the second integral 
in (3). F m and T m are mechanical force and 
torque. 

7. Potential Functions ; Potential of Axial 
Current in Cylinder 

The complex amplitudes of the scalar 


potential <J> in volts and of the vector potential 
A in volt seconds (or webers) per meter are 
defined by 


—grad <t> = E + jca A, 

0) 

! curl A = B, 

(2a) 

| divA = -j — 4», 

\ CO 

(2b) 

\ 

with 

Pi = VJ \l v o = («*/».o) 2 - 

(3) 

The potential functions so defined satisfy the 
general wave equations, 

v 2 <t> + /?o4> = -p/e 0 > 

(4) 

V 2 A + Pi A = -pfy/v 0 . 

(5) 


Particular integrals of these equations are 
called Helmholtz integrals. They are 



where R [ = V(x—x') 2j r{y—y') 2 +(z—z') 2 ] is 
the distance between the element of integration 
(dr' or da') at point P' (primed coordinates) 
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and the point P (unprimed coordinates) where 
the potential is calculated. 

If (6) and (7) are applied to a cylindrical 
conductor of length 2 h and radius a placed 
along the z-axis with a total axial current of 
amplitude I' z and charge per unit length q', 
they reduce to 

4>=-Lf %€-#• R dz\ ( 8 ) 

J-h R 


A = z A z ; A z 



e iPo R dz'. 


(9) 


The total axial current and charge per unit 
length in the conductor of cross-sectional area 
5 and circumference s are given by 


I'= \' fz dS’ = 2 tt \j z r dr 
Js Jo 


for rotational symmetry, (10) 

= J r\j ds' = 2ttot\j 

for rotational symmetry. (11) 


The subscript / denotes free charge. The 
distance R is measured to the element dz' on 
the axis. It is assumed that the following 
inequality is satisfied: 


/V < 1. 02) 


In the far zone, wave zone, or radiation zone 
defined by 

1, (13«) 

«>6, (136) 


and denoted by a superscript r, (8) and (9) 


reduce to 


1 e~JPo^o f 9 , j , 

<t> r = -— —-— q e ]l ‘o R o' z dz , 

4ire 0 R 0 J_a 

(14) 

1 e~JP» R o £ 

A T Z = -—— 1 Te J P o R o' 2 ' dz', 

4^0 Ro J-h 

(15) 

where R 0 is measured to the center 
conductor. 

The polar components A r Q , AA r R 
vector potential in the far zone are 

of the 

of the 

A r Q = — A' sin 0, 

(16a) 

A% = 0, 

(166) 

A r R = A\ cos 0. 

(16c) 


The electromagnetic vectors can be cal¬ 
culated from the potential functions. Ap¬ 
propriate general formulas are 

E = —grad 4> —ja >A 

= —sr (grad div A + $A), (17) 

P o 

B = curl A. (18) 

It is seen from (17) and (18) that the complex 
amplitudes of E and B can be determined 
entirely from the vector potential. 

In the important special case (9) when all 
currents that contribute significantly to the 


vector potential are parallel to the z-axis the 
vector potential has only a z-component. 
Thus, A = z A z . Then 

E = (grad IF + 

(19) 

and 

B = curl z A z . 

(20) 

The components of the field in cylindrical 
coordinates are 

v —jo> 32 A z 

T ft\ drdz ’ 

(21a) 

_ >1 

9 PI r dOdz’ 

(216) 

*■- 

(21c) 

n 1 

(22a) 

R 3A > 

B9= "1F’ 

(226) 

B z = 0. 

(22c) 


When rotational symmetry obtains, the terms 
involving differentiation with respect to 6 
vanish. 

In deriving the one-dimensional integrals (8) 
and (9), which involve the charge per unit 
length q' and the total axial current T 2 , from 
the volume and surface integrals (6) and (7), 
which are expressed in terms of the volume 
and surface densities of charge and current, 
the condition i? > a was originally imposed 
in addition to (12). It was then shown (ref. 31, 
Sec. IV.4) that for a sufficiently long conduc¬ 
tor (8) and (9) are good approximations even 
at points just outside the surface of the con¬ 
ductor at r = a if (12) is satisfied and rotational 
symmetry obtains. Although the proof in 
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(ref. 31, Sec. IV.4) is quite adequate, it does 
not show how the contributions to A z at a 
point z depend upon the distance | z — z' | 
when this point is just outside the surface at 
r = a of the conductor. A detailed study of 
this dependence has been made by Zinke 8 for 
a cylindrical conductor in which the radial 
distribution of current density is that required 
by skin-effect theory (ref. 31, chap. V). The 
results of this intricate analysis, which involves 
integrals of elliptic integrals, show that (9) is 
indeed valid just outside the surface of the 
antenna if R has the form 


R = R e =V(z- z'f + /•? (19) 

instead of 

R = V(z - z'f + a 2 , (20) 


where r e is an effective radius that depends 
upon (z — z') and the skin depth. For 
| z — z' | >6 a this effective radius is in¬ 
dependent of | z — z' | and is given by 
r e = V2 a, but since R = R e = \ z — z' | for 
values as large as this, it is immaterial whether 
the effective or the actual radius is used. At 
| z — z' | = 0.45a, r e = a. At | z — z' [ = 0, r e 
depends upon the skin depth, d s . Thus for 
dja= 10 -1 , 10~ 2 , 10 -3 , respectively, rja= 0.62, 
0.43, 0.33. Curves showing a/R e for dja— 10 _1 
and 10 -2 are shown in Fig. 7.1 together with 
the curve a/R. Clearly, the vector potential at z 
is actually more completely determined by the 
current I z than is indicated if R is used instead 
of R e . However, subject to (12), variations in 
the current I' z , are essentially negligible over 
distances | z — z' | that do not exceed small 
multiples of the radius a, specifically for 
| z — z' | g 10a. Since retardation also is 
negligible over such distances, the correct 
value of A z as given by 


A 


i P r t e-w ° v (*-*'>*+»■; 

4irt> 0 J_a V(z — z') 2 + r\ 


( 21 ) 


is well approximated by 

i Cz-lOa J' e -j0 o \z-z'\ 

^4^ 0 L \ z ~ z '\ 

— c 

4wv 0 -JZ 


*z+ 10a 


+ 


+ 


4 7rt 'o V(z — z') 2 + rj 

1 P I'e-rt . !*-*'! 

4m’ 0 Jz + i 0 a \z ~ z'\ 


dz'. (22) 


Alternatively, if A z is approximated by 


] P /' e -jP„f(z-z‘) 2 + a 2 

- - , - dz', 

4^0 J-h V(z - z'f + a 2 


(23) 


the corresponding expansion is 


„ 1 £ z ~ 10a /' e -iP<> l z _ 2 'l 

*~ 4 nvj-, |Z - Z'| 


dz' 


1 2 f z+10a dz' 

+ 4ff» 0 J s _ 10 a V(z — z'f + a 2 

+ -Lf* 

4™ 0 -'z + 10 a r 2 I 


(24) 


The difference between (22) and (24) reduces 
to the difference between the second integrals 
in (22) and (24). This is simply the difference 
between the areas under the curves for a/R e 
and a/R in Fig. 7.1. For two values of dja 
shown, this difference is less than 1 percent for 
| z — z' | > 2.5. It follows that for lengths 2h 
that are large compared with a, (24) is an 
excellent approximation to (22), which is 
equivalent to stating that (23) is an excellent 
approximation to (21). In the analysis of 
antennas and circuits involving conductors 
that are very long compared with the radius, 
(23) will be used as a good approximation of 
(9). Similarly, (8) will be used with R given by 
( 20 ). 

It has been shown that the vector potential 
at a point P on the surface just outside a 
straight cylindrical conductor of radius a is 
independent of the cross-sectional distribution 
of the axial current provided the point P 
is not within a distance 5 a of the end of the 
wire. It will be shown now that if the cylinder 
is not of circular cross section but has an 
arbitrary shape, the total axial current is the 
same as that in an equivalent circular cylinder 
of radius a where the equivalent radius a is 
defined in terms of the cross-sectional dimen¬ 
sions and shape of the actual cylinder. 
Evidently, if this can be proved, the solution for 
the total current in a circular cylinder of radius a 
solves at the same time the problem of cylinders 
of all simple cross-sectional shapes. It must be 
required, however, that the maximum cross- 
sectional dimension 2 u satisfies the conditions, 

h»€U «<C h, (25) 

where h is the half-length of the cylinder. 
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The proof* proceeds from the general 
volume integral (7) specialized to apply to a 
cylindrical conductor of length 2 h and 
arbitrary cross-sectional area S with a cir¬ 
cumference s. If the z-axis passes through the 
cylinder parallel to its sides, the axial com¬ 
ponent of the vector potential at a point on 
the surface of the conductor is given by 


A z 


1 

4^0 


r r jj£** 

J-h JS R 


dS' dz'. 


(26) 


The total axial current J 2 (z') in the conductor 
is defined by 

Liz ) = I i fl (x\y',z')dS' 

Js 

= I L(z')fix', y') dS', (27) 

where f(x',y') is a function of the cross- 
sectional coordinates only and J 2 (z') is assumed 
to be independent of these coordinates. 
Clearly, fix', y') must satisfy the condition 

| /(*',/) rfS'= 1. (28) 

Js 


The vector potential (26) can be expressed as 
follows:! 


*-£[(L + L + LH 

x J s fix', /) -g- dS' dz' I , (29) 


where d ~ 10a and 


never nearer than d to the point P(x , y, z) 
where A z is calculated. It follows that in these 
integrals 


R = \z — z 




(x-x'Y+(y-y’Y 
(z - z'f 




Since ujd < 1 and /? 0 a < 1, it follows that in 
both amplitude and phase factors 


R = | z — z' | (316) 


in the first and last integrals. On the other 
hand, in the second integral with respect to z', 
R can not exceed 2d, so that with (30a) the 
exponential may be replaced by its leading 
term, unity, and J 2 (z') = J 2 (z). With these 
several conditions, (29) becomes 


A >=r~ 

4nV n 


a *~ d f h \ e-iW-O 

-» + l + >' , |7^7T‘ fc ' 

+ dS' *']. (32) 


Since each contour s around a cross section S 
of the conductor is an equipotential line for 
both the scalar potential and the axial com¬ 
ponent of the vector potential, it follows that 
on the cylindrical surface A z is a function of z 
alone. Therefore, the last integral in (32) must 
be independent of the transverse coordinates 
x' and y'. That is, 


R = V(X - x'f + (y - y'f + (z- z'f. 

The following inequalities are consequences of 
(25): 

P Q d<l, (30 a) 

d 2 > a 2 ^ (x - x'f + (y - y'f. (30 b) 

In the first and last integrations with respect to 
z' in (29) the axial element of integration dz is 


* A similar discussion is given by F. Bloch and 
M. Hammermesh, Report 411-TNU25, Radio Re¬ 
search Laboratory; an outline is also contained in 
E. Hallen, reference 11.24. 


t The notation ^ J + J f(x) dx is used 
rb rd 

shorthand for I f (x) dx + \ f (x) dx. 


f + f f {x '- v) dS' dz' = const. (33) 

Jz-d JS R 

The z'-integration may be carried out directly. 
It gives 


t z+d d£ 

Jz—d R 


2 sinh -1 

= 2 In 


V(x-x'f + ( y-y'f 
2d 


v'(x-x'f + (y-y'f 
With (34), (33) becomes 
2d 


(34) 


i 


2 In 


's V (x - x'f+(y-y'f 


=,/(*'>/) dS ' 


= const. (35) 
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Since the constant on the right is independent 
of the shape of the cross section, it may be 
evaluated for a circular cylinder of radius a. If 
the 2 -axis coincides with the axis of the cylinder, 
rotational symmetry obtains. Moreover, it has 
been shown that the vector potential on the 
surface is independent of the radial distribu¬ 
tion of the axial current. In particular, 
therefore, it may be assumed concentrated 
along the axes. In this case P(x, y) is on the 
surface, P'(x, y') on the axis, so that 
V(x — xf + (y — y'f = Vx 2 + y 2 = a. 
With this value and (28), (35) reduces to 
2 In 2 d/a. It follows that the equivalent radius a 
of the circular cylinder that may be substituted 
for a cylinder of arbitrary cross section S is 
defined by the relations 

In a = I 1" V(x-x') 2 +(y ~y'f fix ',/) dS', 
JS 

(36 a) 


Similarly x',y' may be expressed in terms of 0 ': 
x' = b e cos 0', y = a e sin 0', (386) 


J / (*'» /) ds ' = 


I- (366) 


ds' = Vdx' 2 + dy' 2 

= Vb% sin 2 0' + a\ cos 2 0' dd'. (38c) 
With f(s') = g(Q'), (37 a) and (376) become: 

f 2 " 

2 In a = J In [6f (cos 0 — cos 0') 2 

+ a 2 (sin 0— sin 0') 2 ] 

( g(0')'V / 6| sin 2 0'+a 2 cos 2 8' d6', 
(39 a) 


Once the equivalent radius a has been deter¬ 
mined, the analysis of the axial distribution of 
total current I z in a cylindrical cross section of 
arbitrary shape is reduced to the analysis of an 
equivalent cylinder using the formulas (8) 
through (11). 

The solution of (36a) subject to (366) is 
most readily carried out if it is assumed that 
the axial current is confined to a thin sheet 
along the surface. Owing to skin effect this 
closely approximates the situation usually 
encountered in practice. This means that 
f(x',y') is zero except along the contour, 
where it has the value / (s'). The region of 
integration reduces to the contour j of the 
cross section S. With this change (36a) and 
(366) become 

2 In a = Cpln [(x—x') 2 +(y—/) 2 ]/(.s') ds', 

(37 a) 

(p f (s') ds' = 1. (376) 

A generally useful cross-sectional shape is 
the ellipse of semimajor axis a e along the 
y-axis, semiminor axis b e along the x-axis, 
and eccentricity e e = bja e . If the cylindrical 
coordinate 0 is measured from the positive 
x-axis, the coordinates (x, y) of a point P on 
the ellipse may be expressed in terms of 0 
using the following transformations, which 
characterize an ellipse and are readily verified 
in Fig. 7.2: 

x = 6 e cos 0, y — a e sin 0. (38a) 


| g(Q'Wb% sin 2 0'+a| cos 2 0' dd' — 1. 

Jo 

(396) 

It is evident that the following function 
satisfies (396): 

g(8’) = 1 /2-n-V b 2 sin 2 0' + a 2 cos 2 0'. (40) 

If (40), substituted in (39a), is independent of 0, 
it satisfies all conditions and is the true cross- 
sectional distribution function. The following 
formulas defining <f> and y> are needed: 

cos 0 — cos 0'= —2 sin £(0+0') sin £(0 —0') 

= —2 sin 4> sin y>, (41a) 
sin 0 — sin 0' = 2sin£(0 — 8')cos\(6+8') 

= 2sinv»cos^. (416) 
With (40) and (41a, 6), (39a) becomes 


i a = f I 

Jo 

if 


4tt In a — | In (4 sin 2 <f>) d<f> 

2 I In (6 2 sin 2 y+af. cos 2 vO dy. (42) 


By the standard formula 

*12 

In sin x dx = —(■*/ 2) In 2, 


Jo 


the first integral in (42) vanishes. The second 
integral is readily evaluated as follows: 

27rlna= I In a 2 [(I —e 2 ) cos 2 v’+c 2 ] dy, 

Jo 

so that with the standard formula 

In (a + 6cosx) dx = -n In |(a+v / a 2 +6 2 ), 
Jo 

1 f 2 ” 

In — = r— In (|(1 + e 2 ) 
a e 2 tt Jo 

+ |(1 -e 2 ) cos u] du = In i(l + e e ). (43) 
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Thus, the equivalent radius of the ellipse is 

a = %a e ( \+e e ) = k(a e +b e ). (44) 

For a circle, this reduces to a = a e as it should. 
For a flat strip with rounded edges b e a e , 

a = ia e = Jw, (45) 

where h> is the width of the strip. 

The equivalent radii of other cross-sectional 
shapes may be obtained in a similar manner or 
by conformal transformation. For regular 
polygons of n sides each of length w they are 
given in Table 7.1. 


Table 7.1 


n 

2 

3 

4 

5 

6 

ajw 

0.25 

0.42 

0.59 

0.76 

0.92 


8. Polarization and Magnetization Potentials 
The polarization or Hertzian potential n e 
(the symbol Z also is used 31 ) and the magnetiza¬ 
tion* or Fitzgerald potential II TO (the symbol 
Y also is used 31 ) are defined in general to 
satisfy the following equations: 

curl curl n e - ftll e + grad/ = P/«r 0 , (1) 

curl curl U m - ftn m + grad g = M/v 0 . (2) 

The scalar functions / and g are arbitrary. The 
polarization and magnetization potentials are 
related to the electromagnetic field vectors by 
the formulas 

E = -grad/ + ftU e -jw curl II m , (3) 

B = -gradg + ftR m +j~ curl n e . (4) 

The part of the field computed from n e is said 
to be of electric type , the part computed from 
n m of magnetic type. Since n e and II m are 
mutually independent, fields of electric and 
magnetic types are independent. 

Except for use in a few problems, the general 
definition of the polarization and magnetiza¬ 
tion potentials implied in (1) and (2) may be 
specialized as follows: 

-div n e =/=$, (5) 

—div n m = g, (6) 

* This potential is also called a Hertzian potential 
by many writers. 


[1.7] 

where «J> is the scalar potential. Subject to (5) 
and (6), (1) and (2) reduce to the wave equa¬ 
tion if use is made of the vector identity 


grad div II — curl curl II = y 2 H. (7) 

Thus 


v 2 n e + ftn e = —P/e 0 , 

(8) 

v 2 n m + /sgn m = — m/v 

(9) 

Particular integrals of these equations are 

n -~ 

(10) 

""-4iij, 

(ID 

It is implied in (1) to (11) that by appropriate 
choice of subdivision or of physical model it is 
possible to set 

p' = —div P', 

(12) 

PW»' = curl M' + jw P'. 

(13) 

The specialized polarization and magnetiza¬ 
tion potentials that satisfy the wave equation 
(8,9) are related to the scalar and vector 
potentials by the following relations: 

4 > = -div n e , 

(14) 

A = 7 ^3 He + curl n m . 

(15) 

The electric and magnetic vectors E and B are 
derived using the following formulas; the two 
types of field are written separately this time: 

Electric type 


E = grad div n e + /?*n e , 

(16a) 

B = / — curl n c ; 

CO 

(166) 

Magnetic type 


E = —j<x> curl n m , 

(17a) 

B = grad div II m + ftIl m . 

(17 b) 

The H-field at points in empty space is obtained 
from the B-field by the simple relation 

H = v 0 B. 

(18) 
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9. Integrals of the Field Equations 
General integrals of the field equations 
(4.1)-(4.4) are obtained using (7.1) and (7.2a) 
with (7.6) and (7.7). They are 



X p m r dr' + S B . (2) 


In these equations S E and S B are surface 
integrals obtained from the respective pre¬ 
ceding volume integral by writing a for r and 
for p. Corresponding expressions for the 
electromagnetic field of a cylindrical conductor 
with total axial current I' s and charge per unit 
length q' are: 



x Ids'. (4) 


The near-zone or induction-zone field is 
given by the 1 jR 2 terms in (3) and (4). The 
far-zone or radiation-zone field is given by 


E r = v 0 B r x R, (5) 

fi 0 R> l 

B r = —Jfio R x A r , (6) 

with A r defined by (7.15). In polar coordinates, 
with © measured from the axis, R from the 
center of the conductor, 

E r = -joAAljQ + A^S), (7) 

B r = - A&). (8) 


If rotational symmetry obtains about the axis 
of the conductor, A r 0 vanishes in (7) and (8). 


Here S is the complex Poynting vector given 
by 

S = ’-° E x B* = JE x H*, (2) 


where B* is the complex conjugate of B. In 
terms of the far-zone field of one or more 
cylindrical conductors, S is real and is given by 

O) 2 a 

s = rr- {A r @ A' @ * + A^*}R 0 . (3) 

A dimensionless radiation function referred 
to a reference current I v is defined by 



+ A%A r f*). (4) 

In terms of the radiation function, the total 
time-average transfer of power across a great 
sphere of radius R in the far zone is 

Kp(Q, <h) sin 0 d& d<b. (5) 

The radiation resistance R e v referred to 1, B is 

^ - i&jr r ® ,si " 

( 6 ) 



The absolute directivity in the direction 0 m , 

is 

n ... to fTl 

4 r, R% ■ 

11. Simple Media 

A simple medium is homogeneous and 
isotropic and electrically so constituted that 
the following constitutive relations between 
complex amplitudes of the density functions 
and the field vectors are satisfied. 


p = («, - l)e 0 E = (« - e„)E, (1) 

-M = (v r - 1 >oB = (v - »' 0 )B, (2) 

i f = oE. (3) 

The dimensionless complex parameter 


10. Energy Functions 

The total time-average power transferred 
across a closed surface 2 in space is given by 

the real part T r of the complex energy transfer 
function T: 

T= n-S do. (1) 

Jt (closed) 


e r = 4 —J4 ( 4 > 

is the relative permittivity or relative dielectric 
constant of the simple medium; the product 
e = e 0 e r is called the absolute permittivity or 
absolute dielectric constant. 

The dimensionless complex parameter 

v r = v' r —jv" r 


(5) 
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is the relative reluctivity of the simple medium; 
the product v = r 0 v r is called the absolute 
reluctivity. In dielectric media encountered in 
the study of antennas, v r is real and practically 
equal to unity. The complex parameter 

o = o' — jo” (6) 

is the complex conductivity of the simple 
medium. It is measured in reciprocal ohm- 
meters or in mhos per meter. 

The combination o + jcue occurs frequently. 
It is denoted by 

jco% so| juie (7a) 

or 

? = « — ^— = ( *' — — ) — - (o' + we"); (lb) 

§ is called the complex dielectric factor of the 
medium. The real part of (lb) is the real 
effective permittivity or dielectric constant e e - 
the factor o' + o>e" is the real effective 
conductivity. Thus, 



o e s a' + toe", o e = o' + coe 0 e". (86) 
All equations and solutions written for points 
in empty, unbounded space are correct for an 
unbounded simple medium if v is written for 

*> 0 , % for e 0 . The complex phase constant 

P = ft - j«s “ (9) 

appears in the formulas for simple media 
wherever the real phase factor 

ft -- coV e 0 lv g ( 10 ) 

occurs in the formulas for points in empty 
space. In most media it is possible to assume 
v r to be real. In this case 

P = ft —j*s = o)VeJv V1 — jh e , (11) 

where 

, Ge G e Cl Tv 

h e = — =- (12) 

OJ€ e 0 )€q€ er 

is called the loss tangent. The factor V 1 —jh e 
may be separated into real and imaginary 
parts using the f(h)- and ^(6)-functions 
tabulated in ref. 31, Appendix II. Thus 

p = coV7Jv(f(h e )-jg(h e )l (13) 

with 

f(h)=$(V 1 + h 2 + l)]i = cosh 4 sinfr 1 6), 

(14a) 

g(h)—[\(^ 1+/: 2 —1)]1 = sinh (£sinh _1 6), 

( 146 ) 


so that the real phase constant ft and the real 
attenuation constant a s are 


ft = a>VeJvf(h e ), 

(15) 

“s = oyVf e /vg( h e ). 

(16) 

Good dielectrics are defined by 


h 2 e <1, 

whence 

(17) 

/(ft) = 1 ; g(h e ) = | , 

(18) 

so that 

Ps = = (i)jv e . 

(19) 

■ Ge 1 _ 1„ y 

a s -f /— 

2 Vv€ e 

(20) 

The effective phase-velocity characteristic of 
the simple medium is given by 

= V vle e ; 

(21) 

the effective characteristic resistance 
simple medium is 

Vve e 

of the 

(22) 

Good conductors are defined by 


ft ^ f 1 > 

whence 

j ~— 

(23) 

f(h e )^g(h e ) = 

(24) 

so that 

/ 


. « . 0)0 1 
“ s “ ~ V 2v ’ 

(25) 

In a charge-separating region 
electrical generator) the constitutive 
(3) is conveniently replaced by 

(or an 
relation 

\ f = o(E + E f ) = oE + \ e , 

(26) 


where E e is the impressed field maintained by 
the generator. Independently maintained 
densities of current are called impressed 
densities of current and are denoted by i e . 

12. The Magnetic Dipole 
In the investigation of the electromagnetic 
field of linear radiators over a conducting 
earth in Chapter VII the magnetic analog of 
the Hertzian or electric dipole or doublet is a 
convenient tool. Physically, the magnetic 
dipole or doublet consists of a loop of wire 
that is sufficiently small compared with the 
wavelength so that the amplitude of the current 
around its contour is essentially uniform and 
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equal to I d . The complex magnetic moment 
of such a closed ring of current is given by 
[ref. 31, Eq. (1.26.6)], 

m z = I 0 S, (1) 

where S is the area of the loop which lies in the 
xy-plane. The electromagnetic field of a 
magnetic dipole or small loop antenna is 
determined in Chapter VII, beginning in 
Sec. 3. 

The impedance of a small loop is given by 
(ref. 31, chap. VI), 

Z = R + jX — R e + R‘ + j((oL e + X'), (2) 

where R e is the radiation resistance, R‘ the 
ohmic resistance, L e the external inductance, 
and X i the internal reactance. For a single¬ 
turn loop these quantities are given by 

R e = 20$S 2 , R l = (fir 1 ds, (3) 


X 1 = (j) x‘ ds, (4) 

where/3 0 = a>/v 0 = 2ir/A 0 , S is the area enclosed 
by the loop, r l is the ohmic resistance per unit 
length, x ' is the internal reactance per unit 
length of the conductor forming the loop, and 
R is the distance from the element ds' on the 
axis of the cylindrical conductor to the 
element ds on the surface of the conductor. 
The integrals are taken completely around the 
closed loop. At high frequencies r* == x' 
== (1 /2Tra)V co/2v 1 a 1) where a is the radius of the 
conductor, = 1/^ is the absolute reluctivity 
(or reciprocal permeability), and a, is the 
conductivity of the wire. 

The following conditions of the quasi-near 
zone are assumed to be satisfied: 

(4) 




CHAPTER II 


LINEAR RADIATORS AS CIRCUIT ELEMENTS 


A transmitting antenna is a device in which 
periodically varying distributions of current 
and charge are so disposed that significant 
electromagnetic forces are exerted on electric 
charges at great distances, as, for example, in 
the wires of receiving antennas. Usually an 
antenna consists of an arrangement of con¬ 
ductors of appropriate shape and adequate 
size. In order to maintain alternating currents 
in the conductors of an antenna these must be 
connected to a circuit including an electric 
charge-separating region or generator, or they 
may be coupled as a secondary to a current- 
inducing circuit excited by a generator. An 
antenna with its driving generator and the 
necessary connecting network constitutes a 
complete transmitting system. 

Important properties of an antenna as a 
circuit element are the distributions of current 
and charge in it. The current at specified 
terminals is proportional to the admittance 
looking into those terminals. The currents 
throughout the conductors of the antenna 
determine the electromagnetic field, and it is 
this field at distance points which characterizes 
the radiating properties of the antenna. In its 
simplest form, the linear radiator, it is a 
conductor or wire of sufficiently small cross- 
sectional size to make a one-dimensional 
analysis, analogous to that familiar in con¬ 
ventional electric-circuit theory, a satis¬ 
factory approximation. This chapter is con¬ 
cerned with the behavior of a single linear 
radiator as an element in an electric circuit of 
conventional type—in particular, as the load 
for a transmission line. 

Antennas with cross sections that are large 
compared with the wavelength require a three- 
dimensional analysis. They are not investi¬ 
gated in this volume. 

ANTENNA AS TRANSMITTING SYSTEM 

1. Theory and Experiment: Discussion of the 
Problem 

The complete study of a problem in applied 
electromagnetism, such as the determination 
of the electrical properties of an antenna, is 


composed of three parts. These are, first, a 
theoretical analysis consisting of a more or 
less exact solution of the Maxwell-Lorentz 
equations subject to appropriate boundary 
conditions; second, an experimental investi¬ 
gation involving a suitably designed apparatus 
and tables of observed pointer readings; and 
third, a coordination of the postulates and 
predictions of the theory with the conditions 
and observations of experiment. Ideally, the 
boundary conditions in the mathematical 
model must correspond closely to the geo¬ 
metrical and physical properties of the ap¬ 
paratus used in experimental measurements if 
a precise check of the theory is desired. 
Unfortunately, such close correspondence is 
seldom achieved in the study of radiation, in 
which both mathematical and experimental 
complexities are great. This serves to empha¬ 
size that on the one hand the boundary 
conditions postulated in the theory, and on the 
other hand the design of the apparatus and the 
technique of measurement, are not only 
significant individually in providing, respec¬ 
tively, solvable mathematical and experi¬ 
mental problems, but of primary importance 
jointly when the attempt is made to establish a 
direct and simple correspondence between 
predicted and observed pointer readings. In 
most problems in applied physics a com¬ 
promise must be sought which assures (1) a 
theoretical problem that is not so intricate 
that it defies solution with available mathe¬ 
matical methods and computational facilities; 
(2) experimental requirements for which 
adequate apparatus and accurate techniques of 
measurement can be developed; and (3) a 
correspondence between the boundary condi¬ 
tions of theory and the geometry and physical 
properties of the apparatus that does not imply 
excessive idealization on the one hand or too 
great a departure from the practically import¬ 
ant and generally useful on the other. 

Specifically, for the problem of determining 
the circuit properties of an antenna, a structure 
must be selected that is typical and generally 
important in practice and that may be analyzed 
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in terms of a theoretical model which fulfills the 
following requirements: it must be a fair 
representation of physical reality; it must be 
susceptible to mathematical analysis that is 
sufficiently simple in its final form to permit 

(a) the computation of useful results, and 

( b ) the interpretation of these results in terms 
of the essential geometrical and physical 
characteristics of the antenna. While the 
immediate purpose of a mathematical theory 
for an antenna is to compute theoretical 
pointer readings that agree with the experi¬ 
mental observations on a particular and 
carefully arranged physical model, in broader 
perspective such agreement is merely verifica¬ 
tion that the theoretical model does approxi¬ 
mate the physical one and hence that the 
theory has useful application. The broader 
function of an experimentally checked mathe¬ 
matical theory is to provide insight into the 
problem as a whole, in both a qualitative and a 
quantitative sense. The purpose is to find 
answers for questions like these: What is the 
general significance of the several variables 
and parameters involved? How may they be 
modified to achieve special conditions appro¬ 
priate to a variety of practical needs? How can 
the results of the simple structure actually 
studied be generalized, at least qualitatively, in 
order to gain some understanding of the 
properties of more complex arrangements 
that do not lend themselves so well to mathe¬ 
matical investigation, or, at least, that have 
not yet been analyzed? 

The general procedure to be used as a guide 
in the systematic study of the circuit properties 
of linear radiators ideally involves the 
following: 

1. The selection of one or more relatively 
simple structures with associated circuits and 
generators that are suitable for both theoretical 
and experimental investigations. 

2. The formulation of the mathematical 
problem in terms of fundamental electro¬ 
magnetic principles involving, in particular, 
appropriate boundary conditions which des¬ 
cribe a more or less idealized model including 
a “theoretical” antenna with its associated 
circuit; the analytical solution of the mathe¬ 
matical problem; and the evaluation, display, 
and interpretation of significant theoretical 
results. 

3. The design of an “experimental” antenna 
and of associated apparatus for obtaining 
useful pointer readings; a description of 
experimental procedures and techniques with 
a discussion of the accuracy of measurements; 


and the display and interpretation of signi¬ 
ficant experimental results. 

4. A critical review of the correlation 
between theory and experiment for the 
particular structure investigated. Such a 
correlation is not necessarily or advisedly 
merely a concluding retrospect. It should be 
a continuous process illuminating the entire 
study. 

5. Generalization of the theoretical and 
experimental methods and results obtained 
for a particular structure and circuit to a class 
of related structures and circuits. 

2. Definition of an Antenna 

The essential purpose of a radiating circuit 
is to maintain a significant electromagnetic 
field at distant points. Every periodically 
varying electromagnetic field is defined in 
terms of associated distributions of current 
and charge. Thus, the electromagnetic field 
of a circuit is due to the currents and charges 
strictly in all parts of the circuit. However, 
in different circuits the contributions to the 
electromagnetic field in the radiation zone 
due to currents in the several parts may vary 
widely. In some circuits the currents in all 
parts may contribute about equally so that 
the entire circuit is both an antenna and a 
complete transmitting system. In others, 
the contributions to the far-zone field by 
currents in most of the circuit may cancel 
and so become negligible compared with the 
contributions from currents in a readily 
specified part which is designated as the 
antenna; obviously, this part is not in itself 
a complete transmitting system. Thus, the 
criterion defining an antenna is the requirement 
that it contain distributions of current that 
contribute directly and significantly to the 
electromagnetic field at distant points. 

It is important to note that the electro¬ 
magnetic energy-transfer function (defined 
as the real part of the integral 

T = f (n, S) do (1) 

J £ (closed) 

over a completely closed surface of the normal 
component of the complex Poynting vector) 
may not be used to define or locate an antenna. 
For, if the surface of integration, E in (1), 
is progressively contracted and moved to keep 
the real part of T the same as when S is a great 
sphere, the discovery is made that it is always 
the generator and never the antenna that 
is located. The real part of T when E is a 
surface that completely encloses an antenna 
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but does not contain a generator is always only 
the net energy transferred into the antenna to 
supply dissipation in ohmic resistance. Clearly 
the transfer function T is useful in specifying 
the net transfer of energy from or into a closed 
region. It may be used to define a complete 
transmitting system but not to locate an 
antenna, if this is only a part of such a system, 
as is usually the case. 

3. Antenna as a Circuit Element 

An antenna of very simple structure 
consists of two straight, collinear cylindrical 
conductors each of length h and small radius a, 
separated in the middle by a gap of half- 
length <5. At the center of the structure is 
located the origin O of a system of cylindrical 
coordinates, r, 0, z, which has its z-axis 
coincident with the axis of rotational symmetry 
of the conductors. The axial distance from the 
origin to each extremity is denoted by h, so 
that h = h + <5. The geometrical arrangement 
is shown in Fig. 3.1. 

The antenna of Fig. 3.1 is a circuit element 
in the same sense as the combination of coil 
and condenser in Fig. 3.2. If the ends A and 
B in each of the two elements are maintained 
at different alternating potentials ^ and <Jj g by 
a generator connected to them in some manner, 
there will be currents in the conductors. In 
Fig. 3.2 the currents are in the conductors of 
the coil and are directed to charge alternately 
and oppositely the adjacent surfaces of the 
condenser; in Fig. 3.1 the currents are in the 
conductors of the antenna so directed that 
the outer surfaces of the halves are alternately 
and oppositely charged in a manner yet to be 
determined, but necessarily in accordance 
with the general principles deducible from the 
equation of continuity (ref. 1.31, Sec. 1.25). 

The properties of the coil and condenser as a 
circuit element include a determination of the 
current in the coil, the charge on the condenser, 
and the impedance Z AB . In the conventional 
literature the impedance of a circuit element 
between points A and B is made to depend 
only on the geometric configuration and the 
properties of the materials between these 
points. It may be shown (ref. 1.31, chap. VI) 
that this is true approximately in the more 
common special cases, but that rigorously and 
in general the current in such an element, and 
hence the very definition of its impedance, is a 
function of the shape and structure of the 
entire circuit of which it forms a part, including 
the generator. Therefore, it is clear that the 
phrase, circuit properties of an element, actually 


is meaningful only if the element is connected 
in an appropriately designed circuit. This 
presents no real problem in near-zone circuits 
in which the amplitude of the current in a 
series circuit is the same at all points (ref. 1.31, 
chap. VI). On the other hand, if a two-wire 
line is in the circuit and its length is appreciable 
in terms of the wavelength, the circuit pro¬ 
perties of an element depend greatly upon 
whether it terminates the line or whether one 
of the conductors of the line is cut and the 
element is connected in series. Indeed, a 
meaningful impedance can be defined in 
general only if the element is a symmetrical 
load at the end of the line so that the currents 
at its terminals A and B are equal and opposite. 

Since an antenna cannot be restricted to 
the near zone, and its structure must be one 
that distributes currents and charges in a 
manner to maintain relatively large forces at 
great distances, the question whether it can 
be treated as a circuit element with properties 
that are independent of the circuit that 
maintains the potential difference across its 
terminals requires careful study. The pro¬ 
perties in question include the distribution of 
current and charge, and the impedance. To be 
sure, the analysis of the antenna of Fig. 3.1 
may be attempted simply by postulating a 
potential difference V BA = 4>« — <t>, without 
specifying how it is maintained. Alternatively, 
a rotationally symmetric electric field E AB may 
be assumed to be maintained between A and 
B, by an unspecified mechanism as shown in 
Fig. 3.3. The physical and practical significance 
of such analyses then depends upon whether 
it is possible and practicable to maintain the 
postulated potentials or the assumed electric 
field even approximately. If not, the analyses 
are at best mathematically interesting exercises. 
Here, therefore, is an illustration of the import¬ 
ance of studying the coordination of theory 
with experiment before an analysis is under¬ 
taken. Is it possible to drive the simple 
symmetric antenna of Fig. 3.1 in such a 
manner that its properties as a circuit element 
are independent of the connecting circuit and 
the generator? 

4. Transmitting System with Simple External 
Generator 

A practical transmitting system consists of 
an antenna, a generator, and the connecting 
network necessary to maintain currents in the 
conductors of the antenna. The antenna is that 
part of the system in which are all the currents 
that contribute significantly to the radiation 
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Fig. 3.1. Cylindrical antenna 
as a circuit element. 



Fig. 4.1. Antenna with 
oscillating magnet as 
generator. 



Fig. 4.2. Antenna coupled 
to primary circuit. 



Fig. 3.2. Coil in series with 
condenser as a circuit element. 



Fig. 3.3. Arbitrarily assumed 
field E e AB in gap at center of 
antenna. 



Fig. 4.3. Graph of function mS^z)= 77 /( 77 2 +z 2 ). 
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field. In practical transmitting systems, the 
generator and antenna usually are completely 
separate structures connected electrically by a 
transmission line that may be short or many 
wavelengths long. The generators are vacuum- 
tube oscillators of various types which are 
often replaced analytically by idealized 
“theoretical” generators that combine a 
highly localized or “concentrated” emf with 
a “lumped,” that is, physically dimensionless, 
impedance. Often the equivalent series imped¬ 
ance of the generator is combined with another 
impedance already included in the circuit, so 
that the generator is virtually treated as a 
source of pure emf. 

Many theoretical analyses treat antennas as 
though they were in themselves complete 
transmitting systems. Actually this implies a 
self-contained generator which, in effect, is 
equivalent to a source of emf. Before con¬ 
sidering the important and intricate problem 
of an antenna driven from a transmission line, 
it is instructive to examine a physically 
possible but wholly impractical structure 
which actually combines antenna and generator 
into a single, simple unit. The circuit is shown 
in Fig. 4.1. The antenna is a straight, cylindrical 
conductor extending from z — —hioz — h. 
The conductor is made of copper from —h to 
—<5 and from <5 to //, as in Fig. 3.1. Flowever, 
there is no gap at the center. The space 
between — <5 and 6 is filled with a magnetic 
conducting disk of very high permeability and 
low retentivity. A magnetic field By varying 
periodically at a frequency / is maintained 
across the cylindrical sides of the disk by 
external means. For simplicity, the mechanism 
for maintaining this magnetic field, is shown in 
Fig. 4.1 to be an oscillating horseshoe magnet. 
In practice, better methods could be devised, 
but since none is actually useful, the structure 
shown will serve to illustrate in simplest form 
the principles involved in practical systems 
such as that in Fig. 4.2, where a part of the 
antenna is looped into a coil and the varying 
field is provided by a coupled primary 
connected to a generator. In both cases there is 
no gap in the continuous conductor. 

From the point of view of an observer in 
the disk between the surfaces A and B, the 
uniform magnetic field By of the permanent 
magnet moving back and forth across the 
disk with an instantaneous velocity v x pro¬ 
duces an impressed electric field E\ ; ns t directed 
axially along the cylindrical surface of the disk. 
It is given by 

(E e z inst)r = a = Ry v x inat- (1) 


The superscript e denotes an externally 
maintained or impressedfield that is independent 
of the currents and charges in the entire 
conductor, including the disk. 

Let it be assumed that the pole pieces of the 
magnet are so shaped that E e z | nst varies 
sinusoidally in time with amplitude £|: 

E\ inst = Real part £| e**. (2) 

If the magnetic disk is of thickness 26 between 
A and B and it is assumed that By is negligible 
except in the disk, the amplitude of the emf 
induced in the antenna is defined to be 

f (E'f) r=a dz = f (E% =a dz. (3) 

J-h J-6 

Note that V e is the emf of the complete 
transmitting system; it is not the potential 
difference between the surfaces A and B at 
z = ±6. However, since the system is a 
continuous straight conductor and the currents 
in both the magnetizable and the nonmagnetiz- 
able parts contribute significantly to the 
radiation-zone field, it follows that the antenna 
coincides with the transmitting system. 

The potential difference across the surfaces 
between magnetizable and copper conductors 
at A and B may be expressed using the rela¬ 
tions (1.7.17) and (1.11.26), namely, 

E = —grad 4> — ycoA, (4) 

i f = ff(E + E e ). (5) 

Solving (5) for E e and substituting for E from 
(4) leaves 

E e = — + grad 4* + jcuA. (6) 

In one-dimensional form for points at the 
surface r = a, (6) is 



If the radius of a cylindrical conductor 
satisfies the inequality 

< 1 . ( 8 ) 

the transverse distribution of current in the 
conductor is essentially independent of the 
axial distribution and it is a good approxima¬ 
tion to set 



where I z is the total axial current and z‘ is the 
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internal impedance per unit length. If rota¬ 
tional symmetry obtains. 


h 


f° • 

2t 7 t fz r dr. 


( 10 ) 


General formulas for z l are given in ref. 1.31, 
Sec. V.7. At the high frequencies used in 
antennas, the Rayleigh formula [ref. 1.31, 
Eq. (V.7.13)] is a good approximation. It is 




(ID 


where v is the absolute reluctivity and a is the 
conductivity of the conductor. With (9) and (7), 
the general, one-dimensional equation that 
is the electromagnetic foundation of electric- 
circuit analysis is 

E‘ — I 2 z< + + j(oA z . (12) 


If (12) is substituted in (3) the result is 

(Y‘)r=a = f /.***+ f (</<Mr-« 

J-d J-A 

+ j m \ A ( Az)r=a dz ‘ ^ 

The scalar potential difference between the 
surfaces A and B at z = ±<5 is 

(P^-a-[«*»)-♦(-%-. 

= (»"),-. ~ ]_ /,** dz 

-jmj (AJr. u dz. (14) 

Let the internal and external impedances of 
the generator be defined by 

(m 

and 

<,5 « 

respectively. Note that Z® in (156) depends on 
the z-component of the vector potential on the 
surface at r = a between z = —S and z = +6. 
This component is determined primarily by 
the current I z between z = —<5 and z = +6, 
but not entirely. The currents in the conductor 
beyond z = ±6 also contribute, so that the 
impedance 

z g = Zj + Z* (15c) 

is not a property of the structure of the 


generator alone but depends upon the external 
circuit. 

With (15a, 6, c), (14) reduces to 

v, = v* ~ I 6 Z a , ( 16 ) 

which states that the potential difference at the 
terminals AB of the generator is equal to the 
generated emf minus the voltage drop in the 
generator. If (16) is divided by I 6 , and the 
thickness 2<5 of the generating region is 
sufficiently small to make 


It- 

(17) 

a good approximation, the result is 


V V e 

Za - y = r - Z g = Z 0 - Z„ 

(18a) 

where Z d is the impedance of the external 
circuit and Z 0 is the impedance of the complete 
transmitting system, given by 

Z B — z 6 + z 9 . 

(186) 


Note that this definition of Z 0 is independent 
of the thickness or length 2 S of the generating 
region in which the externally maintained 
field E® is active so long as 26 is small enough 
to make (17) a good approximation. Hence, 
if V‘ is defined by the first integral in (3), that 

is, by F® — I (E£) r=a dz, 6 in (15a) through 
J —h 

(18 b) serves merely to denote the boundary 
between the part of the circuit that is defined 
to be the generating region and the part 
designated as the external circuit. Actually, 
from the point of view of the radiation field 
this is an artificial distinction that may be 
eliminated simply by shifting the boundary by 
setting <5 = 0. As a consequence Z g vanishes 
and Z 6 , since it now involves the entire 
circuit from —h to h, increases to Z 0 . 

An alternative and mathematically con¬ 
venient interpretation of Z 0 is useful. Suppose 
the magnetizable disk of thickness 2 S and the 
oscillating magnet could be made thinner and 
thinner while the permeability of the disk 
and the field B\ due to the magnet are increased 

P 

so as to keep V e = I (E e z ) dz constant. 

Although physically unattainable, the follow¬ 
ing can be defined in the limit as <5 -> 0: 

V S ->V 0 = V e , Z g -> 0, Z 6 -> Z 0 . 

09) 

The impedance Z 0 in (19) is the same as that in 
(186). On the other hand, V e , instead of being 
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interpreted as due to a physically realizable 
impressed field maintained over a small 
distance 2<5, is interpreted as due to an equi¬ 
valent fictitious impressed field which is 
maintained at an infinite magnitude in a 
region of zero length, and which has a line 
integral across the region that is finite and equal 
to V e . A disk generator of vanishingly small 
thickness corresponds to an ideal, completely 
localized emf. It is called a belt or slice 
generator or a delta-function generator. The 
name delta-function generator for an idealized 
emf originates with a convenient mathematical 
definition of a function like V 0 which has a 
finite magnitude and is defined in an infinitely 
narrow region. This definition depends on the 
Dirac delta function which, for the case at 
hand, is denoted by (5(z). The essential pro¬ 
perties of this function may be represented by 
a number of mathematical expressions. A 
convenient one for present purposes is 


where 


6(z) = lim <5 (z), 
*?->o 


w \ 1 

<5 (z) = - - 2 — 

' -T T 


TT if + Z i 


(20 a) 

(20 b) 


Evidently b n (z) is a function of the type shown 
in Fig. 4.3. As rj is made smaller and smaller, 
<5„(0) becomes greater and greater. However, 



1 [ Aln du 2 . h 

n J-h/n 1 + ir it ij 


( 21 ) 


Therefore, as approaches zero. 



(5(z) dz 


r 

— lim I <5 (z) dz — 1, 
o J-h 


(22 a) 


<5(z) = lim (5 (z) 
o 


0 if z ^ 0, 

(22 b) 

oo if z = 0. 


The function <5(z) is convenient in the 
definition of the driving voltage or emf of the 
idealized slice generator. By setting 

(E;)r= a = F<<5„(z), (23a) 

an impressed field is defined which, for 
sufficiently small values of ?/ in (20 b), rises 
very rapidly to a high maximum at z = 0. In 
the limit of a slice generator, 

(E')r=. = V e d(z), (23 b) 

which defines an impressed field along a 


distance of zero length that is infinite in 
magnitude but that is so constituted that its 
integral along any path including z = 0 is 
finite. Thus, with (3) and (Tib), 

v a = f (£(),.=„ dz = f V e 6(z) dz = V e . 

J —A J—h 

(24) 

This is a correct analytical representation of 
the emf of a slice generator. 

The impedance of the external circuit is 
defined by 

Z d = V s jl 6 (25 a) 


when <5 is finite. For a slice generator, <5 = 0 so 
that 


Z 0 = VJI 0 . (25 b) 


Is is obtained by setting z = 6, I 0 by setting 
z = 0 in the expression for current. General 
equations for determining this current are 
formulated readily using (12) and the special 
form 


^+^* = 0 

dz to 


(26a) 


of the general equation of continuity for the 
potential functions, namely, 

div A +■!—$ = 0. (266) 


Since the only significant currents in the simple 
transmitting system studied in this section are 
axial, A g = 0, A r = 0, so that (26 b) reduces to 
(26a). By eliminating 4> from (12) with the aid 
of (26a), the following equation is obtained: 


E e z = h* 




(27) 


By solving this differential equation for A z and 
equating the solution to the integral 


_I 

4ttI' ( 






R 


dz' 


R = V(z — z') 2 4 - a 2 , 


(28) 


an integral equation is obtained for the current. 
The solution of this equation is begun in 
Sec. 11. 

An equivalent but formally somewhat 
different integral equation is obtained by 
integrating (27) directly, to give 
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By substituting the integral (28) for A z in (29) 
an integral equation for the current is obtained. 
Alternatively, (27) may be multiplied on both 
sides by I z and then integrated. With (22 a, b) 
and (24) the result is: 

f E e z I z dz = F 0 / 0 = f z*7f dz 
J-h J-h 

+ MLh Iz (a? + Az dz ' (30) 

By substituting (28) for A z , another somewhat 
different integral equation is obtained for the 
current. Division of (29) by 7 0 and (30) by 
transforms these equations into expressions 
for evaluating the impedance. The solution of 
(30), which has important advantages com¬ 
pared with (29), is considered in Sec. 39. 

Since antennas with simple slice or delta- 
function generators are not available in 
practice, the complications introduced by 
transmission-line feeders must be considered 
in order that a practically significant problem 
may be formulated and solved. A study of 
this problem when the transmission lines are 
conventional open-wire or coaxial lines is 
carried out in the following sections. The 
theoretically interesting problem of an idealized 
complete transmitting system consisting of a 
cylindrical antenna driven from within by a 
short biconical transmission line excited by a 
point generator is considered in Sec. 12 of 
Chapter VIII. 

ANTENNA AND TRANSMISSION LINE 
5. Two-Wire Line with Symmetric Impedance 
as End Load 

A simple and useful method for driving a 
symmetric load is with a two-wire line 
coupled to a balanced generator. Several 
arrangements are shown in Fig. 5.1: in (a), 
generator and line are coupled by coils; in 
(b), by single-turn loops; and in (c), directly to 
a symmetric u.h.f. oscillator. Application of 
Thevenin’s theorem* at CD or use of the 
general coupling theorem 37 shows that all the 
circuits are equivalent, under suitably fixed 
conditions, to the symmetrical circuit of 
Fig. 5.1(<7), in which impedanceless slice- 
generators each with emf J FJ are concentrated 
at C and D with an appropriately defined 
impedance Z 0 in series with them. For the 
present, let the load impedance Z, be con¬ 
ventional in the sense that an internal imped¬ 
ance per unit length, z\ can be defined 

* See, for example, W. L. Everitt, Communication 
engineering (McGraw-Hill, New York, ed. 2, 1937). 


continuously along its contour between A and 
B. An antenna as load (Fig. 5.2) is not of this 
type and is considered at the end of the 
section. 

The general equation fundamental to one¬ 
dimensional circuit analysis is 14 (ref. 1.31, 
chap. VI) 

di t> 

El = I s z l + — + ja>A s , ( 1 ) 

where E e s is the impressed field maintained 
along a specified section of the conducting 
surface at r = a, I s is the total current in the 
conductor, z 1 is its internal impedance per 
unit length, A s is the component of vector 
potential tangent to the surface at r = a, and 
s is a variable along the surface parallel to the 
axis of the conductor. Equation (1) is the same 
as (4.12), with the general contour variable s 
replacing z. 

If (1) is integrated completely around the 
circuit of Fig. 5.1(<f), and note is taken of 

(£</<{> = 0, (2) 


the result for counterclockwise integration is 
V e = (t E e . ds = d) 7,z‘ ds 


+ jto j) A s ds. (3) 


If the integration is only from C to D, and 
since E e s vanishes except between C and D, the 
following is obtained: 

J 'D CD 

El ds — I s z ’ ds 

c Jc 

CD CD 

+ J d<t> + jto J A s ds. (4) 


The impedance Z 0 between C and D is 


defined by 



Z 0 -Zi+ Zq, 

(5) 

with 

1 



Z'o = \ T* 1 ds 

(6) 


Jc 


and 

Zo ~ ^r~ f D (A s ) r = a ds. 

A *c JC 

(7) 


The integration is carried out along the surface 
of the actual contour of the conductor 
forming Z 0 . It is assumed that the currents 
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at C and D are equal and in the same direction 
around the contour; hence, they are equal and 
opposite transmission-line currents. For the 
transmission line, I sc = The impedance Z 0 
is formally independent of the current in the 
load Z BA — Z s if the line is long enough so 
that the contribution to A s in (7) by this 
current is negligible compared with the 
contribution by the current in Z # itself. 
Similarly, Z 0 is formally independent of the 
currents in the two-wire line if the actual 
geometrical structure of Z 0 is sufficiently 
symmetrical so that the contributions to A s in 
(7) by the currents in the two wires of the line 
are zero or cancel in the integration. 

Using (5) to (7) in (4), the result is, 

v = Isc Z 0 + V»c , ( 8 ) 

where V DC is the scalar potential difference 
across CD and is defined by 

V dc - <►* - 4»r = - f °d*. (9) 

Jd 


If (4) is subtracted from (3), and (9) is used, 




I,z* ds 

+i 


jio (j) A, ds-j(i> J" 


A s ds (10) 


or 


rc rc 

y dc = I s z i ds + jo) A s ds , (11) 

Jd Jd 


where the integrals in (11) are evaluated along 
the path DBAC. The input impedance of the 
line is defined by 

Z DC = Z\ c + Z% c 9 YfS. , (12) 

l sc 

where 

1 C c 

Z\c = T I ^ ds ’ ( 13 ) 

1 > e Jd 

Z%c= J r ( C Asds. (14) 

Jd 

The input impedance Z uc of the line is formally 
independent of the impedance Z 0 under the 
same conditions, stated above, that make Z 0 
formally independent of the currents in the 
outside circuit. 

The terminal impedance of the line, 
Z BA = Z s , is defined by repeating (4) to (14) 


with the integration from A to B. Thus, 
integrating along the path ACDB, 



(•13 CB 

+ J d$ + jcu J A s ds. (15) 


By subtracting (15) from (3) the following is 
obtained: 


V BA = 4»^ - <t>^ 



( 16 ) 


Yra = O 1 S Z { ds - f 
J Ja 


I.Z' ds 


+ jo <j)A s ds — jv> j A s ds, 

V BA = f I s z' ds + jco f A s ds, 
Jb Jb 


(17) 

(18) 


where the path of integration is from B to A 
along the surface of the conductor in 
Fig. 5.1 (d). 

The impedance is given by 
Z s = Z BA = Zj; A + Z£ a = t (19) 

J SA 

with 

% = v ba = t f i° z<ds ’ (20 > 

Jb 

Z°=Z% A = p \ A A s ds. (21) 

*sa Jb 


It is assumed that complete symmetry is 
maintained so that I SB = I SA = I s . It is 
significant to note that the impedance Z« A =Z S 
can be defined entirely in terms of the currents 
in the conductors between B and A only if 
these are sufficiently far from Z 0 at the other 
end of the line and, in addition, are all 
perpendicular to the conductors of the line, 
or are symmetrically placed to provide 
cancellation in the integration. 

An internal impedance per unit length, z‘, 
can be defined for a continuous conductor 
connecting A and B, and for a conductor in 
series with a parallel-plate condenser, the 
plates of which are sufficiently closely spaced 
so that the electric field due to the charges on 
their adjacent surfaces is confined essentially 
to the dielectric between them. If the terminat¬ 
ing impedor is so constructed that there exists 
no continuous path between A and B along 
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which z* may be defined, it is not correct to 
write (3) and (4). This means that (16) to (21) 
are no longer useful for impedors such as the 
antenna in Fig. 5.2. 

An alternative procedure that is applicable 
to terminations in general, including those for 
which a continuous z* does not exist, may be 
developed as follows. Instead of integrating (1) 
around a closed contour as in (3) for the 
circuit of Fig. 5.1 (d), (1) may be integrated only 
along the surface of the conductor on the path 
ACDB in Fig. 5.2. This gives 

V* = J* (IgZ* + jwA a ) ds + 4 a - * A (22) 

The scalar potential difference 4>s — <K can 
be expressed in terms of the distributions of 
charge per unit length, q(s), in all conductors. 
Thus, 

Iff r b 

V BA - - * A = 4^ o { J <?(*') -jiT 

f e~Wo r a 1 

- I q(s') ds'\, (23) 

where R A is the distance from the point A to 
the element ds', and R„ is the distance from B 
to ds'. The integration is extended over all 
conductors in the entire circuit, including the 
antenna (Fig. 5.2) or other load; ds ' is an 
element along the axis of the conductor. The 
charge per unit length in (23) may be expressed 
in terms of the total current !,(/) using the 
equation of continuity in the form 

d/,(s') 

-tf- + MU/) = 0. (24) 

With q(s') replaced by — in (23), and this 

substituted in (22), an integral equation is 
obtained in the total current / s . If this is 
known, the impedance of the entire circuit is 
readily defined as the ratio of V e to the 
current entering or leaving the generator. 

A formal definition for the impedance of 
the termination is 

Zba = V B JI A . (25) 

In general, Z BA is not a characteristic 
of the termination alone, but depends 
on the circuit of which it is a part. 
However, if the distance AB (which is the 
separation b of the conductors of the trans¬ 
mission line. Fig. 5.2) is made sufficiently 
small (fi 0 b = 2tt 6/2 0 < 1), the coupling be¬ 
tween the charges in the antenna and those 
in adjacent parts of the line is reduced so 


that Z BA for the antenna reduces approxi¬ 
mately to Z 6 in (4.18a) with 6 -*■ 0. A general 
condition is formulated as follows: Z BA may 
be treated as an impedance that is independent 
of the circuit to which it is connected when 
AB is sufficiently small so that Z BA differs 
negligibly from Z B , A ,, where Z B , A , is the 
impedance of the termination (antenna) in 
series with a short section of line of length 
comparable with AB (Fig. 5.2). Note that this 
condition is always implied in the definition 
of so-called “lumped” circuit elements in 
conventional electric circuits. (Ref. 1.31, 
Sec. VI. 18). In effect, the condition is equiva¬ 
lent to replacing the scalar potential difference 
across terminals that are separated by a 
finite distance by a discontinuity in scalar 
potential across terminals that are separated 
by a vanishingly small distance. All loads are 
thus assumed to be equivalent to “lumped” 
loads. 

The formal analysis of electric circuits by 
the contour-integral method based on the 
fundamental relation (1) is unique and 
unambiguous. It is as exact a formulation 
as is possible in one-dimensional form. 
Except when applied to circuits in which the 
current amplitude is the same at all points as 
in conventional circuit theory, the actual 
solution of an integral equation of the form 
(3), (4), (18), or (22) with (23) and (24) for 
the distribution of current is difficult, and each 
circuit configuration must be analyzed separ¬ 
ately. For a few circuits, other, more or less 
approximate, methods are available. An 
important example is the two-wire line. 
In the following analysis of the antenna 
center-driven from a two-wire line as in 
Fig. 5.2, (22) is replaced by a transmission-line 
equation involving V BA which, in turn, is 
expressed by an integral equation essentially 
equivalent to (22). 

6. Two-Wire Transmission-Line Theory, 
Generalized Equations 

Instead of attempting to evaluate the intri¬ 
cate integral equation (5.3) or (5.4) for the 
current in the transmission line of Fig. 5.1(d), 
or Fig. 5.2, it is possible to derive a pair of 
differential equations—the conventional trans¬ 
mission-line equations—that may be solved 
for the current. However, the rigorous 
derivation of these equations from funda¬ 
mental electromagnetic theory involves as¬ 
sumptions and approximations that are 
often overlooked but that are of great im¬ 
portance in the definition, the theoretical 
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Fig. 6.1. Two-wire line with V antenna as load. Fig. 6.2. Graphs of c„(w), and R c (w) as 

functions of wjb with bja as parameter. 
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determination, and the experimental measure¬ 
ment of impedances terminating the line, 
especially if these are antennas. One method 
of obtaining the transmission-line equations 
is given in ref. 1.31, chap. VI for a two-wire 
line of finite conductivity immersed in an 
imperfect dielectric. While entirely adequate 
for deriving the conventional equations and 
the conditions limiting their validity, this 
derivation does not separate end effects and 
coupling effects between the line and a load 
from radiation, since all of these are neglected. 
In order to analyze conditions near the end 
of a line terminated in an impedor such as 
an antenna, a more detailed analysis is 
required in which only radiation is made 
negligible. Although present interest is in 
lines in air, the more general formulation 
for lines immersed in an imperfect dielectric 
may be carried out with negligible added 
complication. 

The electromagnetic foundations of the 
transmission-line equations are the defining 
equation for the scalar potential <J>, 

E = —grad <}> — j<o A, (1) 

and the equation of continuity for potentials, 
B 2 

div A + /' — 4> = 0, (2) 

J OJ 

where 

p 2 = <o 2 ?/v; ? = e e -freh. 

If the two-wire line is parallel to the x-axis 
in the xz-planc with the jc-axis midway be¬ 
tween its two conductors, as shown in Fig. 5.2, 
only the jc-component of (1) is required, 
namely, 

d<b 

E x = z l I x = - -- juA x . (3) 


Let (3) and (4) be written successively 
with subscripts 1 and 2 for the two conductors 
of the line and subtracted, to give 

a 

— ( < t > l — 4*2) = Z \Ilx ~~ Z 2 ^ 2 x 

+ M A lx - A ix), ( 5 ) 



The potentials and their derivatives in (5) 
and (6) are defined on the equipotential 
surfaces of the two conductors 1 and 2 with 
their respective centers at (x, 0, 6/2), ( x , 0, 
—6/2). Let it be required that the two con¬ 
ductors of the line be identical and sym¬ 
metrically driven and loaded. That is, the 
impedors terminating both ends of the line 
must be so symmetrical in their structures that 
the currents in the two conductors are equal 
and opposite. It follows that 

Z 1 = 4 « z ‘/2, (7) 

In — —Ilx — ~Ix> ( 8 ) 


where z i is the internal impedance per loop 
unit length of the two-conductor line. The 
^--component of the vector potential is cal¬ 
culated from 


— A x 


1 fr exp(-ypK) 

4 nv J ^ R 


dx'. 


(9a) 


so that with (8), 


A 2x — A ix‘ (96) 


In Cartesian coordinates (2) is 


dA x dA v dA z j p 2 . 

-=-* + -=-* + ~ + — 4> = 0 . 

ox ay az (o 


( 4 ) 


The components A y , A z , and their derivatives 
dAyjdy, dAjdz are zero everywhere on the 
surfaces of the two conductors of the line 
if this is infinitely long or has open ends. 
The components A y , A z , or both A v and A z 
and their derivatives may differ from zero 
near the end of a line terminated in a coil, 
a straight wire, an antenna, etc., in which 
there are currents perpendicular to the jc-axis. 
Hence, dA y jdy and dAjdz may not be omitted 
from (4) without first verifying that they are 
zero or negligible, if the resulting equations 
are to be valid near the end of the line. 


If there is a z-component of current in the 
symmetrical terminations, it must be an even 
function of z, and hence the z-component of 
the vector potential must be an even function. 
Thus, 

7 z (-z) = Ifz); Af-z) = Afz). (10o) 

This means that interchanging —z and z has 
no effect in (10a), so that 

3A 2 (z) 3A 2 (-z) dAf—z) 

-§r~ = -^“ = — (10 ^ 

It follows that 
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Note that (106) requires that 



(£L - °- <l<k ' , 


since only zero is equal to its negative. 

In addition to (8), let the symmetry of the 
load permit the following condition: 



For the antenna in Fig. 5.2, A y and its deri¬ 
vative are zero everywhere. With the notation* 

v = «t>i - <l> 2 = 2 <J>!, ( 12 a) 

W x = A lx - A 2x = 2A 1X , (126) 
W z = A u - A 2z = 2A U , (12c) 


and with (10c) and (11), the equations (5) 
and (6) become: 


potential differences due to charges and cur¬ 
rents on both the line and the termination, 
so that 

V(w) = V L (w) + Vj(w)\ 

W x (w) = W XL (w) + W XT (w). (14) 

Since there are no currents in the z-direction 
in the line, W z (w) = W ZT (w). The subscript 
L denotes the transmission line, the subscript 
T the termination. Referring to Fig. 6.1, the 
components of the vector potential differences 
between the points P Ll and P L2 on the 
equipotential surfaces of the line conductors 
at a distance w from the load are given by 

W XL (w) = 2A lxL (w) 

= 2^ J Ixl( w ’)I‘S w - m'0 dw', (15a) 

W XT (w) = 2A lxT (w) 


dV 

— — = z‘I x + jwW x , (13a) 


cos w r n „ 

-j-~ I UT (u')P T {w,u')du\ (156) 


dx (O dz 


(136) 


The general application of these equations 
to the terminal zone of a transmission line 
may be studied using the circuit of Fig. 6.1, 
in which the termination begins as a V, 
without specializing the formulation to this 
particular configuration. For convenience, the 
distance w — s — x measured back along 
the line from the line-load junction is used as 
independent variable instead of x, the distance 
from the generator. Since d/dw= —d/dx, 
(13a) and (136) become 

= zi hM + P>W x (w), (13c) 


W x (w) = & + 9W,(w) 

dw co Sz 


(13 d) 


W ZT (w) = 2A 1zt (w) 


sin v> C h 


I uT (u')P T (w, u) du. (15c) 


Note that 


W u T (w) = V W\ T (w) + Wj T (w) 


= — r 

2 -Jo 


J UT (u')P T (w, u ) du'. 


(15rf) 


The corresponding scalar potential differences 
are 


V L (w) = 2<M*') 

= 2^1 j o 9x( H '')P i (H’, w') dw', (15c) 
V T (w) = 24 > 1T (w) 


The subscript L is added to I x , and the point 
w at which it is evaluated is indicated explicitly, 
in order to distinguish the total current in 
the positive ^-direction on the transmission 
line at a distance w from the load from the 
jc-component of the current in the load. 
Note that V(w) and W x (w) are, in general, 


* Conventional transmission-line theory arbi¬ 
trarily assigns a positive direction to its current that 
is the opposite of that logically derived from the field 
equations. Hence, it is necessary to set k= 4> 1 -4>, 
instead of V = 4>i — 4*i as 1S usual - 


= 2 ^| J QAu')P t (u, u ) du'. (15 f) 

In (15a-/), 

P ( w w ') = ex P (~iW _ exp (-/W , 

L\ y J n D 9 

D /. *\ exp(—yp/f lr ) exp (—yp/? 2I .) 

r T \w,u) - - . 

Ajji x\2 T 

(1%) 

In general, the angle y> is a function of «' 
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and must be written under the signs of 
integration in (156, c). In the circuit in 
Fig. 6.1 and in applications to be studied in 
this volume, y is a constant. The distances 
from the respective elements of current 
I XL {w') dw' on each line wire and I UT (u') du' 
= VI 2 T (u') + I 2 T (u') du' on the termination 
to the point of calculation at w on the line are 

R a = V (>/ — tv) 2 + a 2 ; 

R b = V(V - h -) 2 + 6 2 , (16a) 

R 1t = V (w + u' cos y ) 2 + (u sin y) 2 + a 2 ; 

R 2r = V (w + u' cos y ) 2 + (u sin y + b ) 2 + a 2 , 

(166) 

where z = 0 in R lr and z = —6 in R 2T . 
In R 2T , a 2 is negligible compared with b 2 
and it is assumed that points P a and Pit 
in Fig. 6.1, where the potentials are calculated, 
are at coordinates (x; y — a; z = 6 / 2 ) in¬ 

stead of at (x; y = 0 ; z = Tb/2 T a) as 
shown. The formulas in (16a) for R a and R b 
are the same for all terminations, but R 1T 
and R 2t depend upon the configuration of 
the particular load. The formulas in (166) 
apply specifically to the V section shown in 
Fig. 6.1. With y = n/2 they apply to the 
antenna in Fig. 5.2. The length s of the 
transmission line is assumed to be very great, 
so that 

7?a( M ' /=s )— R-bW— s) so that P L (w, w'=s)==0. 

(17a) 

The length of one half of the termination is h. 
It is assumed that one of the following 
conditions obtains at u = h: 

I ZT (u'=h) = 0 or R lT (u'=h) = R 2T (u'=h) 

so that P T (w, u'—h) = 0. (176) 

At the line-load junction (w' = 0 ,u' = 0), 
charges and currents are continuous, so that 

<h = <1l(V -> 0 ) = q T (u' -* 0 ); 

h “ I X S W ' -*■ 0) = I UT (u' 0 ). (17c) 

The scalar potential differences in (15c,/) 
could be evaluated from (13c/) by setting 

= - -J-f I hi (V) y~, P l O. O dw’ (18a) 
o> J 0 dw 


and 


< is » 

- 2T5.I[“"'i 

3 1 

— sin y — P T (w, u) du’ 
3zJ 

= -2-L f‘ 

to IttS, Jo 


LM') P T ( W > «') du'. (18c) 


Use has been made of the relation 31 dw — 
— dj dw' in (18a) and of cos y 3/ dw — sin y dj 3z 
= ( 3/dw)(dwjdu') + (3/dz)(dzjdu') = 3/du' in 
obtaining (18c). These relations follow from 
(16a, 6 ). Integration of (18a) by parts, using 
(17a) and the equation of continuity in the 

, , „ 1 dI XL (w') 

form q L {w) = — -j^— > gives 

V it w) = <h^') P ii^> w ') dw’ 

+ ~ P L (w, 0). (19a) 


Similarly, integration by parts of (18c), using 
(176) and the equation of continuity in the 

1 dI UT (u') 

form q 7 („)=-__^ r -,g 1 ves 

Y t (w) = 2^5 J o <It(u )P t (w, u') du' 

-^PrK 0) . (196) 


In (19a) and (196), with (17c), 


Q(0) = hM = h 

jet) jeo ’ 
P L (w, 0 ) = P T {w, 0 ). 


( 20 a) 

(206) 


Comparison shows that V L (w) in (19a) 
differs from V L (w) in (15e) by the added 
constant term Q(0)P L (w, 0)/2ir^. Correspond¬ 
ingly, V T (w) in (196) differs from V T (w) in 
(15 f) by the subtracted constant term 
0(0)P T (w , 0)/2tt$. Since the constant terms 
are equal, the sum V(w) = V L (w) + V T (w) is 
the same. 

The appearance of the extra constant terms 
in the expressions for V L (w) and V T (w) when 
these are calculated from (13 d) arises from 
the fact—already explained in ref. 1.31, 
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Sec. IV. 11—that integrals like those in (15) 
are physically meaningful only when applied 
to an electrically complete system enclosed 
by boundaries that are not traversed by 
currents. This is not true of the separate 
integrals for V L (w) and V T (w)' y it is true for 
their sum. The contributions which appear 
in (19a) and (196) are those of fictitious, 
infinitely thin, adjacent layers of charge of 
opposite sign and magnitude Q on each side 
of the plane through the conductors at w — 0, 
u = 0. With these layers the line and the 
termination are independently electrically 
complete, and no current crosses the boundary 
between the infinite capacitance they charge. 
Since these charges do not actually exist, they 
can contribute nothing to the solution of the 
problem of the line and its termination. 
Whether they are included or omitted in the 
expressions V T (w ) and V L (w) is immaterial in 
the final results. 

Partial differentiation with respect to w of 
the first-order equations (13c) and (13c/) and 
use of (18) yields the following second-order 
equations: 


d 2 V(w) 
dw 2 


+ &V L { W ) 


= [*'4z M +>>W'*2'(H')], 


(21a) 


&W XL (w) 
dw 2 


+ pW x {w) 




(JO 


z i 4i(*9 — 


dV T (w) ~\ 
dw J 


(216) 


Equations (21a) and (216) are integro- 
differential equations for determining the 
current I XL (w) in the transmission line. Since 
the current I UT (u) in the termination is in¬ 
volved in W XT (w) and V T (w), it is not possible 
to determine I XL (w) without a knowledge of 
I uT (u). Since—as is shown in later sections— 
l UT (u) must be determined by solving similar 
equations that involve I xl (w), it is clear that 
the determination of the currents in the line 
and the load involves the solution of a pair of 
simultaneous integro-differential equations. 
An exact solution of such a pair of equations 
is no less involved than a solution of the 
integral equation obtained from the contour 
integral (5.4) when applied to the transmission 
line and its load. 

It is significant to note that for perfect 
conductors for which z‘ = 0 and at distances 
from the termination at which the terms in 
W T (w) and V T (w) are negligible, the vector and 


the scalar potential differences W x (w) and 
V(w) individually satisfy the homogeneous 
wave equation, since the right-hand members 
of (21a) and (216) vanish and V(w) = V L (w), 
W x (w) = W XL (w). Note that no restriction 
has been introduced to make radiation 
negligible. 

Unlike the potential functions, the total 
current I XL (w) satisfies the homogeneous 
wave equation only if radiation is made 
negligible by imposing the following condition 
on the distance 6 between centers of the 
conductors of the transmission line: 


|(36|<1. (22a) 

This restriction is sufficiently severe to make 
radiation play a negligible part in determining 
both the amplitude and the distribution of 
voltage and current along the line even when 
not loaded. That is, radiated power is 
negligible compared with power dissipated in 
heating the conductors. For a line with a load 
impedance, and even for determining the 
approximate distribution of voltage or current 
on an unloaded line, condition (22 a) is more 
severe than necessary. So long as the radiated 
power does not exceed that dissipated in heat, 
and the ohmic resistance per loop unit length 
is small compared with the inductive reactance 
per loop unit length, the effect of radiation is 
quite small. This may be expressed quantita¬ 
tively by requiring the average radiation 
resistance per loop unit length to be small 
compared with the inductive reactance per 
loop unit length. Thus, since the radiation 
resistance of a resonant line does not exceed 
(£/4 tt) 5 2 6 2 for a section of length A/2 or 
longer, the condition for a line in air is 


Jr W? ' j- < <°lo = — In - . 

4w An t tv a 


This reduces to 


$6 2 <47rln-, 

a 


(226) 


which is less severe than (22a). 

In carrying out the analysis of the transmis¬ 
sion line it is assumed that (22a) must be 
satisfied, but that for qualitative purposes, 
and quantitatively for estimating orders of 
magnitude, larger values of /56 may be used 
than are actually permitted by the restriction 
(22a). This restriction is equivalent to putting 
all parts of the transmission line effectively 
in the near zone with respect to one another 
regardless of the length of the line. As a 
result of the requirement (8) that the currents 
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in the two conductors be equal in magnitude 
and opposite in direction, it follows that the 
electromagnetic forces on the current and 
charge in any element dz' at z' in one conductor 
due to the currents and charges in an opposite 
pair of elements dz x and dz 2 at z, are virtually 
equal and opposite for all distances | z — z' | 
that exceed a few multiples of b. Hence, 
elements separated by distances [(z—z'^+i 2 ]*, 
which are comparable with b or small multiples 
thereof, are in the near zone as a result of (22a). 
Elements for which | z — z' | exceeds small 
multiples of b contribute forces that cancel for 
opposite pairs. Thus, if (22a) is satisfied, it is 
a good approximation to apply conventional 
near-zone circuit theory to differential elements 
of a two-wire line. This is the basis of the 
usual methods of deriving the transmission¬ 
line equations by treating each differential 
length of the line as equivalent to a lumped- 
constant circuit. This may be shown to follow 
directly from (13a, b). 

In the derivation in ref. 1.31, chap. VI, an 
expression like (15a) for W x (x) is expanded 
in the form 


In the present analysis a more general 
procedure is followed. Since the contributions 
to W x (w) and V(w) at a distance w from the 
end of the line due, respectively, to currents 
and charges at w' in the line and at u in the 
termination are significant only for distances 
| w' — w | and u' + w that are not large 
compared with b , it is a good approximation 
to expand the currents I XL (w') and I UT (u') in 
terms of I XL (w) and the charges per unit 
length q L (w') and q T (u') in terms of q L (w) 
and retain only the first two terms. Thus, 

q L (^f = qM + W - w) , (24a) 

Ixl( w ') — 4iO) + W - «9 ~~J~’ (24b) 

q T (u') = q L (w) - (u' + w) , (24 c) 

KM') = I X lM - ("' + »9 ~jj~- ( 24rf ) 

Note that 

= I u t(u) cos if, (24e) 


Wjx) = I x (x)z e (x)lj<ii, (23 a) 

with 

ze(x)= &L f(x ’ x,) 


exp (-jpRg) 

Ra 


and 


exp (- jPR b Y 
R b 


dx' 


(23 b) 


I(x, x') = I x (x')/I x (x). (23c) 

The integral is then written in two parts as 
follows: 


= f 

2nv 


■.a-*)* 


+ 


j; 


fix, x') exp (-;p/? 0 ) - 1 
Ra 


f(x, x') exp (~j$R b ) - 1 

R>, 


dx'\. (23 d) 


In the first integral the distribution function is 
assumed to be unity and retardation is 
neglected. The second integral takes account 
of both nonuniformity in the distribution of 
current and retardation. To derive the con¬ 
ventional line equations the second integral 
is neglected and the first integral is approxi¬ 
mated by its value at distances from the ends 
of the line that are large compared with the 
separation of its conductors. 


where I UT (u') is the total axial current at «' in 
the termination and v» is the angle between the 
direction of the current at «' and the z-axis. 
The derivatives in (24) may be replaced by 
introducing the equation of continuity, 

- jmqf w) = 0, (25a) 

and its first derivative, 


d2 IziM 

dw z 


-j°> 


d qfw) 

dw 


= 0 . 


(25 b) 


Since the first-order terms in (24) are small if 
jib is as small as required, it follows that only 
the leading terms need be considered in 
evaluating dq L (w)jdw in (24a) and (24c). That 
is, for use in a small correction term it is 
adequate to use the value of I XL (w) obtained 
by neglecting ohmic losses in the line, end 
effect, and inductive coupling to the termina¬ 
tion. Thus, in (21 b) all terms on the right may 
be neglected, and W z (w) may be approxi¬ 
mated by W XL (w). The principal part of 
is obtained from (15a) by replacing 
u w') by I XL (w) and treating the integral as a 
constant; this yields the conventional trans¬ 
mission-line equations, as is shown later. With 
W x (w) = W XL (w) ~ I XL (w), it follows that 
(21 b) reduces to 

+ PIxlM = 0. (26a) 
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This equation is only a rough approximation, 
since it corresponds to lossless-line theory, but 
it is adequate for use in a correction term. 
With (26a) it follows from (25 b) that 

dq L (w)ld w = 13? I xl (w). (26 b) 

CO 

Substitution of (25a) and (26 b) in (24) gives: 

ja>q L (w') = jwq L (w) - (w' - w)P 2 I xl (w), (27a) 

IxlW) = I X lM + O' - w)jt»q L {w), (27 b) 

joiqju') = j«>q L (w) + (u + w)P 2 I xl (w), (27c) 

luM') — IxlM - (“' + w)j<uq L {w). ( lid) 

Substitution of (27) in (15a, b) and (15c./) 
gives the following expressions for W x (w) 
= W XL ( H>) + W XT (w) and V(w) = V L {w) 
+ V T (w): 


Wj.w) = — y XL (w)[k 0 (w) + k 0 Jw)] 

+ 7"giO)[*iO)+*irO)]/pl, (28a) 


-M 


<?i(tv)[* 0 ( H ’) + * 0 r(*’)] 


+ ^I xL (w)[k 1 W+k' 1T (w)] , (28 b) 


where, 


k 0 (w) = P L (w, h-') dw’ 

k) 


* exp (-yp/? a ) - 1 

Jo . R a 

exp(-jW-l1 ^ 
^ b j 


_ S E. ( _ -JW _ - l ] (29a) 

^l(w') = P | (w' — w)P L (w 9 w') dw' 

Jo 

+P JV-» ) [ »p ( -y- 1 

expc-yw-il ^ {m 

J 


*or(^) = f P t( w , «') du 

-iik-kh 

+ pr exp(-yp/t lf ) - 1 

JO L P\T 

_«p(-y„)-ii ^ (29c) 

J 

*17(*0 = -P (a'+w)P T (H>, «') fifa' 

Jo 

= -P JV+MO (~ - J-) du’ 

Jo \^ir ^ 27 / 

rv+K.) - ■ 

Jo L -*M T 

-exp f-yp^- n ^ (29d) 

R%r J 

With v» a constant, as here assumed, 

*07 O) = *07 O) cos y; 

*170) = *irO) cos ip- (29c) 

The second integrals on the right in (29 a-d) 
take account of radiation from the transmis¬ 
sion line. They are negligibly small when 
O' — w) or («' + w) is large compared with b, 
since R a = R b or R lT = R 2T . On the other 
hand, when O' — w) or («' + w) is of the 
order of magnitude of small multiples of b or 
less, | p R a | and | p/f b | or | p/? lr | and | ^R ir \ 
necessarily are small compared with unity if 
(22a) is satisfied. If the exponentials are 
expanded in series, all terms below those of 
third power cancel. Hence, subject to (22a), 
these integrals and, hence, radiation are 
always negligible compared with the first 
integrals in (29 a-d). This is shown by direct 
calculation in ref. 1.31, Sec. VI.24. 

The first integrals on the right in (29a) and 
(29 b) are readily evaluated. Since the second 
integrals are negligible, the results are: 

w w 

k 0 (w) — k 0 (w) = sinh -1 -sinh -1 — 

a b 


+ sinh -1 - — sinh -1 7 . 
a b 


Or, alternatively, 


F(w)= 


k 0 (w) = 2 In - - In F(w), 

a 


(Vw t +tf t +wXY , x i +b t +x) 
(V H' 2 +a 2 +M')(V x i +d i +x ) 
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Similarly, 


Note that 


feiO) = (3(V w 2 4- 6 2 — Vw 2 + a 2 

- V x 2 + b 2 + V x 2 + a 2 ). (31) 


V L (w) = y 0 \w)[j(oq L (w) - p/^uOpoM], 

(34c) 


Note that for 


w 2 > b 2 
x 2 > 6 2 


■ ^o( w ’) = A:«( °o) = 2 In • 


whereas for 

u> = 0 
x 2 = s 2 > 6*. 


*i(h-) = 0, (32a) 


} : *o< 


,(0) = ±k 0 (co) = In' 


*i(0) = (3(6 - a). 


(32 b) 


Evidently the largest possible value of the 
ratio k l {w)jk 0 (w) is for w = 0. Hence, 


PoM = 


fei(H') . fe^O) p(6 - a) 

k 0 (w) ’ k 0 (0) In 6/a 


(32 c) 


Since In 6/a always exceeds In 2, the ratio 
I fe 1 (»v)/A: 0 (u’) | is always small if the condition 
| P6 | <§51 is satisfied. Even subject only to 
(226), it is usually possible to neglect 
| k 2 (w)lkl(w ) | compared with unity, that is, 


I PlM | = 


k 2 (w) 


k&w) 


< 1. (32</) 


Let the following symbolism be introduced: 
l e (w) = l e 0 (w) + l' T (w) 

= [^o(>*’) + k 0T (w)]l2TTV, (33 a) 

jojyrHw) = jco[yg 1 (w) + 3’7 1 (w')] 

= tw + k' 0 r(w)]l2rri, (336) 


y(w) = gW + jo)c(w), 

b( X a + fe lrO) 

k(j(w) + ^ 0 r( w ') ’ 


p\w) = 


k x (w) + k' 1T (w) 
k 0 (w) + k' aT (w) ‘ 


(33c) 
(33 d) 

(33c) 


Note that 

P 2 sto 2 ?/v= - joj%(w)y 0 (w). (33/) 

With this symbolism substituted in (28a) and 
(286), these become: 

F(w) = yrHw^pq^w) -$I XL (w)p’(w)], (34a) 
W x (w) = l e (w)[I x ,(w)+jojq,(w)p(w)lp]. (346) 


W XL (w) = r a (w)[I XL (w) + jojq L (w)p 0 (w)l£]. 

(34 d) 

The following functions for a line in air 
(§ = f 0 > v — v o) are shown in Fig. 6.2:* 
IqM = k 0 (w)/2nv 0 ; c 0 (tv) = 2rrejk 0 (w), R c (w) 

= [/oM/coO)] = ^0 (**’)•The functions k 0 (w), 

kiMIPob> and p 0 (w)IPob are shown in Fig. 6.3.t 
With the formulas (34a) and (346) for 
V(w) and W x {w) the general nonhomogeneous 
equations (21a) and (216) may be reduced to 
approximate homogeneous forms in F(w) and 
W XL (w). This is accomplished by introducing 
the following dimensionless ratio functions to 
characterize the capacitive and inductive 
coupling between the line and the load. Thus, 
let 

<Pi = <p x (h>) = V L (w)l V(w ); 

«i = a,(w) = W x (w)l W XL {w). (35 a) 


Note that when <p,(>v) = 1, V(w) = V,(w), 
F r (iv) = 0, so that there is no capacitive 
coupling. Similarly, when a x (w) — 1, W x (w) 
= W XL (w), W XT (w) — 0, and there is no 
inductive coupling. 


_ yW |~ 1 + P'(h’)H(h’) 1 
‘Pit”') - y 0 (n,) j + P # (h')H(h>)J ’ 


= P^xW ^ £9x0* 0 /£h\ 
j°>qM P <hM ’ 


(356) 


l e (yv) 1" 1 + p(w)G(yv) I 
aiM ~l e 0 (w) [1 + Po(h-)G(h-)J ; 

C( t = j m< hM _ Sl XL (w)ldw 

H P IxlW PIxlM 


(35c) 


If the rates of change of charge and current 
within distances w ^ 106 along the line and 
u Si 106 along the termination are sufficiently 
small, satisfactory approximations of tp^tv) 
and ^(w) are obtained from their leading 
terms. These are equivalent to assuming charge 
and current sensibly constant along the line 


* See p. 34. 
t See p. 48. 
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and the termination near their junction. 

<Pi(w’) = y(w)ly 0 (w) 

— * 0 (h')/[*o( h ')+ ^ 0 f( H ’)] = T’/hO 
= c(w)/c 0 (w) for^ small, (35c/) 

<*i( w) = l e (w)/r 0 (w) 

= [k 0 M 4- k 0T (w)]lk u (w) = a^w) 

= z(w)/z 0 (w ) for 2 * small. (35c) 

If the charges and currents differ consider¬ 
ably in the adjacent parts of the line and the 
termination, (356) and (35c) may be used with 
approximate values of F(h>) and G(w). 
Alternatively, values of V L (w) and V T (w), or 
of W xl (w) and W XT (w) may be calculated 
using approximate average values of q,_{w') 
and q T (u') or of I XL (w') and I UT (u') that are 
not necessarily equal. From these the ratio 
functions are readily evaluated. 

Substitution of (35a) in (21a, 6 ) gives: 


In differentiating (38a) partially with respect 
to w, it is a satisfactory approximation to 
neglect variations in correction terms. That is, 
a^w) = a l may be treated as a constant, so 
that 


ir, j < m ] 

3F(w)j 


\i a i z d w )\ 

Bw j 


-fi- 

j(vT 0 (w) 

B 2 V(w) 

~ L 

a i 2 o( M '). 

Bw 2 


Substitution of (38c) for the right-hand 
member of (36a) and rearrangement of terms 
gives at once 

F( h) 

—^2 -Y 2 (vv) V(w) = 0, (39a) 

where, using (33 f), 

2 E . _ P 2 ai(w)*P|(w)Zo(w) 

HIM 


+ (3 j < Pi (h')F()v) = ^ {***«» 

+ jwW x (w)[l - 1/ajJ , (36a) 

32 W B X J W) + POiMW'A w) 

= ^I XL (w) -^[(1 — <pr)F(w)]j. (366) 

Since the terms with 2 ! , the internal impedance 
per unit length, as a factor are extremely 
small for good conductors, it is adequate if 
only the leading part of (346) is used in such 
terms and if coupling effects are neglected. 
That is, let 


= 2 0 (>r)>’o(H’)ai(w)cp 1 (w). (396) 
A similar manipulation of (366) gives 
d 2 W (w\ 

-g p- ■ - y~iw)W XL {w) = 0, (39c) 

where y 2 (w) is as in (396). 

Instead of determining I XL (w) from W XL (w) 
as given in (39c), it is convenient to obtain 
an explicit expression for I XL (w) in terms of 
V(w), so that I XL (w) may be derived directly 
from solutions of (39a). The desired formula 
for l XL (w) is derived by substituting j”>q L (w) 
from (34a) into (346) to obtain W x (w): 

W X (W) = /»{[1 + p(w)p'(w)\I xl (w) 

+ J(w)P(h>)F(h’)/P}. (40a) 


z<I XL ( w ) = z'W x (w)/t'(w). (37) 


Substitution of (37) in (13c) and (36a) and the 
subsequent elimination of W x (w) from (36a) 
gives for the expression in braces in (36a): 


f dV(w) Z { 
l Bw lj>J)l‘ Q (w) 



-W\j& 

JoAqM 1 £F(vv)j 


+1 

(38a) 


where 


z 0 (w) = z { + jwl'oiw). (386) 


Substitution of (40a) into (13c) and solution 
for I xL (w) using (33/) gives 


= 


1 


Z(w)[l + p(w)p'(w)] 

\dV(w) l e (w)y(w) 


Bw lo(w)y 0 (w) 


PP(>r)F( 


a)j, 


(406) 


where 

z(h’) = 2 * + ju>l e (w). (40c) 

With the notation in (35c/) and (35e) and 
subject to the condition 

|p(wOp'(w)| < 1, (41) 
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I xl (w ) in (406) reduces to 


J xl( w ) 


1 BV(w ) 

z(**0 Sw 


+ POi(h')<p 1 (h')P(h')F(iv) 


(42) 


This equation [or (406)] and (39a) are the 
final forfnulas for the loaded transmission line. 
They are valid at all points, including the 
region near the load and the generator. 
A similar expression for W x (w) in terms of 
V(w) may be obtained by substituting (42) 
in (13c). However, since the term in z* is 
very small in good conductors, (13c) without 
this term is a good approximation. 

At distances from the ends of the line 
specified by 


*v 2 > 6 2 , x 2 > 6 2 , (43) 

the general equations (39a), (39c) and (42) 
reduce to conventional form. With (43) the 
following relations are good approximations: 


k 0 (w) = fc 0 (oo) = 2 In ^ ; 

*i(wO = 0; 

(44o) 

^or(H') = 0 ; 

k' 0T {w) = 

0 ; k 1T (w) 

= 0 ; 

(446) 

O 

J 

II- 

O 

p(*v) = 0 

; PW = 

0 ; 

(44c) 

«t*i(»*') = 1 ; 

^.(vv) = 

V(w); 

(45a) 

0 x 0*0 = 1 ; W XL (w) = 

Hence, 

= W x (w). 

(456) 


—J^T ~ y 2 Y(w) = 0, (46a) 

- V 2 W X (W) = 0, (466) 


where 


1 dV(w) 

hit") = - ■ 

2 


Bw 


(47) 


Y 2 = zy = (z‘ + j(ol&(g 0 + j<oc 0 ), (48a) 

,e = I in i ■ c = n€ ‘ ■ „ = "O' 

0 irv a ’ 0 In ( 6 /a) ’ in ( 6 /a) 

(486) 


These are the conventional equations and 
constants for a two-wire line. It follows 
directly from (34a, 6 ) that 

V(w) = jwq L (w)ly 0 = q L ( w )l c o if go = 0, 

(49) 

W x (w) = I XL (w)lfy (50) 

Hence, the scalar potential difference is 
linearly related to the charge per unit length, 
and the axial component of the vector 
potential difference is proportional to the 
current. Evidently, q L {w) may be substituted 
for V(w) in (46a) and I XL {w) for W x (w) in 
(466). The distributions of charge and scalar 
potential difference are the same, as are the 
distributions of current and axial vector 
potential difference except near the ends of the 
line where these simple proportionalities are 
not true. 

Subject to the condition 

a 2 / 6 2 < 1, (51) 


(46)-(50) are the formulas for conventional 
transmission-line theory. The results obtained 
subject to (51) are readily generalized to 
permit unrestricted values of a /6 by sub¬ 
stituting h e for 6 as given in ref. 1.31, p. 468: 

b e - | 6[1 + Vl - ( 2 a/ 6 ) 2 ]. 

Conventional line theory assumes (46)-(50) 
to he valid for all values of w and x including 
those that violate (43). That this leads to 
serious errors whenever /36 is not vanishingly 
small is shown in the following sections. 

Expressed in terms of the first-order 
equation (136), the conditions (43) upon which 
conventional line theory depends are related 
to the following inequality: 





(52) 


Since A z is to contribute nothing to the 
transmission-line problem, it may be assumed 
that the derivatives of the two sides of (52) 
must satisfy the same inequality. Thus, 



to dz j 


(53) 


The general equation satisfied by A z in the 
dielectric is [ref. 1.31, Eq. (III. 14.346)], 


3 2 A Z 

Bx 2 


^ ^ + P 2 A Z = 0. (54) 


For most terminations, including especially 
antennas, the term ( B 2 A z jBz 2 \ is larger than 
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or at least as large as ( 3 2 A J Bx\ or ( d 2 A J 3y 2 ) 1 
at z = 6/2 near the termination. Therefore, 
the correct order of magnitude is given by: 
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where 


[ 77.71 


( *A, 

\ 3z 2 


With (55), (53) reduces to 


M..I <£• 


(55) 


(56) 


But since 


(56) is equivalent to 

\<oA u \ <\YE\ z + «Mi, 


or 


| 10 A lz | | E u |. 


rW 2 


E z dz. (60) 


3 2 V(w) 

dw 2 


- y 2 (w)V(w) = 0, 


( 1 ) 


4i (*0 = 


[^T + PPWaiMviMFwj. (2) 

The generalized propagation “constant” is 
rKw) = ■fa 1 (w)<p 1 (w), (3a) 


Y 2 = 2 0 ( H ’)3'o(>*’) = z y\ 

CPl(H’) = 


„ / W x (w) 
l() W xl (wY 


V L (w) 

V(w) 


Ob) 


k<fw) 


Zo(h') = z* + jcol°(w) = (z*‘ + jwlg) 

k<f,w) 


- z 


k 0 (cc)’ 


(4a) 


( 57 ) SoM = goM + jo>c 0 (w) = (g 0 + jmc 0 ) 




£ 0 (°°) 


k 0 (<x>) 

k 0 (w) 

(46) 


(58) 


(59) 


It follows from (59) that conventional 
transmission-line theory is valid only at dis¬ 
tances w = s — x from the termination that 
are sufficiently great so that the vector 
potential contributes negligibly to the scalar 
potential difference on the line, that is, 

(■bl 2 

F = <J>! - <t >2 = (E z +j(oA z ) dz 
J—6/2 


k 0 (w) ’ 

z(h') = z* + jcol e (w) 

= z 0 (w)a 1 (H'), (5a) 

y(H’) = ^(w) + jajc(w) 

= (go + j<°c 0 ) [at 0 (k’) + AtL(h')] 

= 


r k 0 (w) i 

LW + *0r( w )J 

= Jo( H ’) t Pi(*v). 


- 6/2 

Evidently, this is only another way of requiring 
the coupling of the line to the termination to 
be negligible in those parts of the line where 
conventional line theory is assumed to apply. 

7. Approximate Solution of the Generalized 
Transmission-Line Equations 

The generalized transmission-line equations 
that are to be solved for the scalar potential 
difference V(w) and the current I XL (w) are 
summarized below: 


( 56 ) 


When z’ and g 0 are ver y small, as with good 
conductors immersed in a near-perfect 
dielectric, 

Z(w) = jtoT(w) = jwl^(w)a 1 (w), (5c) 

y0*0 = j<oc(w) = jwcoiw^fw). (5 d) 

Throughout, the variable w — s — x is 
measured from the actual impedance 
Z t = V s jl s at x — s or tv = 0. Note that 
Z t is defined as the ratio of scalar potential 
difference across the terminals when separated 
by a distance 2d = 6 to the current I d entering 
and leaving these terminals. 

The solution of (1) cannot be carried out 
directly, since Y^tv) is not a constant parameter 
independent of w in the terminal zones of 
length d defined by 


0 ^ tv ^ d ' 


106, 

106, 


( 6 ) 
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but is a complicated function of x or w, 
different for each termination. However, 
Y 2 (h>) does reduce to the constant y 2 at all 
points outside the terminal zones. For 
distances b between the conductors of the line 
that satisfy (6.22a), namely, |(3/>|<1, the 
length d of the terminal zone does not exceed 
small multiples of b. Accordingly, if the 
solution of (1) along the principal line outside 
the terminal zone is expressed in the form 

F’(u') = A cosh y w + B sinh yw, (7) 

A, B, and y are constants outside the terminal 
zones. In the terminal zones a solution in the 
form (7) is not helpful, since A, B, and y 
would have to be complicated functions of 
the variable w (or x). This suggests the fol¬ 
lowing method for determining an approximate 
solution of (1) at all points outside the ter¬ 
minal zones. The physical basis of the method 
is straightforward. It involves reducing (1) 
and (2) to conventional form at all points 
along the line by replacing y 2 (w), z(w), and 
p(w) by the constant values these functions 
have outside the terminal zone, namely, 
y 2 , z, and zero. This substitution is exact 
outside the terminal zone; it is increasingly 
in error as the terminal zone is entered and 
the terminated end of the line is approached. 
This error is distributed over a distance that 
is short compared with the wavelength,* so 
that it is a good approximation to compensate 
for it by using appropriately defined lumped 
elements connected in parallel or series with 
the actual terminal impedance Z s . (The 
discussion is confined to the load at w = 0 
or x — s.) In other words, the analytical 
procedure is equivalent to replacing the 
actual terminal zone with its terminating 
impedance Z 6 by an equal length of con¬ 
ventional line with constant parameters and a 
fictitious, apparent load Z sa that is a combin¬ 
ation of lumped elements in parallel or series 
with Z 6 . The next step is to define these lumped 
elements. 

The effect of the scalar potential difference 
that is maintained across the conductors of 
the line by the charges in the termination is 
equivalent to a change in the admittance per 


* In (6) the length of the terminal zone is chosen to 
be d = 106. This is to make terms of the form 
(d 1 +a a ) l,a -(d 2 +6 2 ) 1,a ] negligible. However, coupling 
between the load (for instance, an antenna) and the 
line may extend beyond 106. Coupling is best approxi¬ 
mated when d = 0.U for the antenna load in Fig. 5.2, 
as discussed in Sec. 8. 


unit length of the line from y 0 (H>) to y(w>) 
= yoMViC*’)- If y 0 is substituted for y(w), 
no significant error is made outside the 
terminal zone. In the terminal zone the error 
per unit length is given by y>(w>) — y 0 . The 
total error in admittance in the entire terminal 
zone of length d is 


-r 

I 


LyM - dw 


= b’o(*’)'f>i(H') - y 0 ] dw. 


(8 a) 


In most practical cases g 0 is negligible so that 
Y t in (8a) is equivalent to j<oC T , where 


-I' 

I 


[c(w>) - c 0 ] dw 


= W^Ww) - C 0 ] dw. 


m 


That is, a constant distributed capacitance 
per unit length c 0 and a lumped capacitance 
C T at w = 0 are assumed to be approximately 
equivalent to a distributed capacitance per 
unit length c(w). Since C T takes account of 
the coupling between the termination and 
the line, it can be evaluated only if the struc¬ 
ture of the termination is given. Its evaluation 
for simple antennas is in Secs. 8 and 9. 

The next step is to replace z(w) by z and 
evaluate an appropriate lumped element to 
be connected in series with Z e at w = 0. 
Thus, if z is substituted for z(w), no error is 
made outside the terminal zone; in the 
terminal zone the error in impedance per 
unit length is z(w) — z, and the total error in 
impedance is 

Z T — f [z(w) — z] dw 
Jo 

= f [z 0 ( H ')°i( M ') - Z 1 dw, (9a) 
Jo 


Since a small error in z* is insignificant if 
confined to the terminal zone, Z T in (9e) is 
practically equivalent to jwL T , where 


- [ i«») - « 

-r 

Jo 


[l f 0 (w)afw)-lS)dw. 


(9b) 


Thus a lumped inductance L T must be assumed 
connected in series with Z a ; or, more sym¬ 
metrically, a lumped inductance \L T must be 
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connected in series with each of the two 
conductors of the line at w = 0 if the constant 
parameter z is substituted for the actual, 
variable parameter in zfiv). 

In general, the lumped series inductance 
defined in (9b) depends upon the termination. 
Only if this is at right angles, so that y> = w/2 
(as in the case of the simple antennas con¬ 
sidered in Secs. 8 and 9), or if all currents in 
the termination are distributed to provide 
canceling vector potentials, is L T readily 
evaluated. With (5a) and (6.30 a), (9b) has 
the following value for a^w) = 1 as with 
V = w/2; it is assumed that the dielectric is 
air so that v — v 0 : 


, = J_ 

JT 2wv 0 Jo 


sinh -1 — — sinh 1 ^ 
a b 


sinh -1 - — sinh 1 ^ 
a b 


- 21n- 


dw. 


(10a) 


Near the end w = 0 or x = s, x is very great 
compared with b and a, so that 


“iMI [ s 


sinh -1 - — sinh -1 ^ 
a b 


- d "' s) 

The integration gives 


dw 

(106) 


L t - l-[d\n b{d+ - V d 2 +a 2 

2«’ol a(d+Vd 2 + b 2 

+ Vd 2 + b 2 + a — b — d\n -J . (10c) 


For 


d 2 > b 2 , 


(10 d) 


this reduces to the simple form: 

Lt ~~ ) ‘ (V = w/2) ° 0e) 

Up to this point, the approximate method 
of solving (1) and (2) is equivalent to replacing 
the actual transmission line with variable 
parameters by a fictitious line with fixed 
parameters and a modified termination. 
The two lines are completely equivalent 
outside the terminal zone and in maintaining 
the same ratio of scalar potential difference 
to current across the load. 


The equations for the fictitious line are 
d 2 V(w) 


dw 2 


I X M = 


y 2 F(h>) = o, 


i r 9 P(h0 


;t 


Bw 


(ID 

( 12 ) 


where 


Y 2 = yz = j(oc 0 z, z = z* + /W«, 

z* = r* + jcol\ (13) 

Evidently, the substitution of /<; for T(w) and 
c 0 for c(w) implies the establishment of 
conditions for which 0 must be substituted 
for p(w). 

The scalar potential difference at w is given 
by (7). The current is obtained from (12) 
using (7). In differentiating V(w), A and B 
are assumed to be constant, since V(w ) 
already is in the form appropriate to con¬ 
ventional line theory. Thus 

I x (w) = - (.<4 sinh y>v + B cosh y>v]- (14) 

z 


In conventional line theory the ratio yjz is, 
by definition, the characteristic admittance Y c ; 
its reciprocal is the characteristic impedance 
Z c . For wires in empty space, 


Z* 


z _ z 

Y Vja>C 0 Z 


where 


jiocQ “ ^ 

(15) 


Re = V/«7c«; 4> c — r'12(01% 

when (r'/co/g) 2 <1. (16) 


Except for certain problems involving very 
short lengths of line, the distortion factor 
<t> c is negligible for good conductors and good 
dielectrics, as here assumed. Accordingly, 


Z c = R c , Y c = G c . (17) 

The input admittance, Pin(>v) = Uin(H') 
+ jB in(w), of a section of line of length w, 
is obtained by dividing (14) by (7): 


Pinin') = 


Ix(w) 

V(w) 


= U, 


A sinh yw + B cosh yw 
A cosh yw + B sinh yw 


(18) 


The potential difference across the apparent 
terminal admittance Y sa consisting of the load 
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admittance Y s in parallel with C T and in 
series with L T is obtained from (7) by setting 
w = 0. Thus 

Vsa = A. (19) 

The apparent terminal current into the 
admittance Y sa is obtained from (14) with 
(15) and (17) by setting w = 0. Thus, 

40 = 0) = 4 a = G C B, 

B = I sa R c = (20) 

Substitution of (19) and (20) in (7), (14), 
and (18) gives the following conventional 
formulas: 


parameters applied, provided a lumped 
capacitance C T is connected in parallel with 
the series combination of the actual load Z d 
and a lumped inductance L T . The equivalent 
circuit of the terminal zone is shown in 
Fig. 7.1a. The complete apparent load ad¬ 
mittance Y sa = 1 jZ sa , which is the effective 
termination of the fictitious line with uniform 
parameters throughout its length, is related 
to the load impedance Z 6 = \/Y d by the 
following formulas: 

Y sa = y 1 . , + j(0C T , (26) 

Z 6 + jo)L t 


V(w) = V sa [cosh + Y sa R c sinh Y*'], 

( 21 ) 



(27) 


4M = F sa C c [sinh yh> + Y sa R c cosh yw], 

( 22 ) 

v , , = I x< w) 

y in( M,) - V(w) 


= r f sinh YH 1 + Y sa R c cosh Y*' ] 

c cosh y*v + Y sa R c sinh y^J ' * 

These relations are valid for w ^ d where 
d ~ 10/). The corresponding formulas for 
the axial vector potential difference and the 
charge per unit length are derivable from 
conventional equations. Thus, 


W x (w) = I x (w)r n 

V 

= — [sinh y w + Y sa R c cosh y**'], (24) 

v o 

q( w ) = F(w)c 0 

= F, o c 0 [cosh y w + Y, a R c sinh Y^l (25) 

It is to be noted that the load admittance 
Y d and the apparent terminal admittance 
Y sa consisting of Y d in combination with 
L t and C T are not in themselves independent, 
measurable quantities. They are merely 
convenient symbols to represent ratios of 
scalar potential differences to current that are 
involved in determining the measurable 
input admittance of a section of line that is 
longer than the terminal zone and is terminated 
in Y 6 . Specifically, if the length of the section 
is 2/2, and its losses are negligible compared 
with those in Y„, the input admittance is 
precisely Y sa . 

For determining the scalar potential dif¬ 
ference and current for the line outside the 
terminal zone, or for the actual admittance Y s , 
it is possible to treat the terminal zone as 
though conventional line theory with constant 


Rationalization of (26) and solution for R sa 
and X sa gives 

Rsa = 4s{l — 2ojC T (X t> + lqL t ) 

+ o?C%Rl + (X s + coL t )*}}-\ (28) 

N$a = 

(X s + a>L T ) —coC r [/?| + ( X s + o>L t ) 2 \ 

1 -2coC T (X s +<oL T )+co*C}[R 2 6 + (X d +coL T ) 2 ]' 

(29) 

For a line with sufficiently small spacing, 
L t = 0, C T = 0, 

Rsa = Rs, Xsa = 2T,. (30) 

For the circuit of Fig. 7.16 the equations 
corresponding to (26) and (27) are obtained 
from (26) and (27) by setting L T = 0 and 
adding ojL t to the right-hand member of (29). 

For use in conjunction with an “image line” 
as discussed in Sec. 10, the circuit of Fig. 7.2 
is convenient. It is equivalent to Fig. 7.16, 
but with elements so arranged that they are 
symmetrical with respect to a plane midway 
between the wires of the line. 

The lumped series inductance L T com¬ 
pensates for the use of a constant inductance 
per unit length /„ in the terminal zone in place 
of the variable l e (w). It includes the variation 
in inductance per unit length near the end of 
the line as contained in /q(w) and the effect of 
inductive coupling as represented by a^w). 
When y> = w/2, a^w) = 1 and L T is negative. 
The lumped parallel capacitance C T may be 
positive or negative, depending upon the 
structure of the termination. For Fig. 5.2 
it is negative. It corrects for the use of a 
constant capacitance per unit length c„ in the 
terminal zone instead of the variable c(w). 
The function c(w) includes the variation in 
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Fig. 7.1. Equivalent circuits for terminal zone. 


Fig. 8.1. Symmetric center-driven antenna. 
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capacitance per unit length near the end of 
the line as contained in c 0 (w) and, in addition, 
the effect of coupling between the line and 
the termination. 

To summarize the approximate solution 
of the generalized transmission-line equations, 
the following steps may be listed: 

1. Replace the terminal zone of the actual 
line by an approximately equivalent lumped- 
constant network consisting of an inductance 
L t in series with the actual load impedance Z a 
at w — 0 and a capacitance C T in parallel 
with it as shown in Fig. 7.1a. The arrangement 
shown in Fig. 7.16 may be used if more 
convenient. 

2. Use the resultant impedance Z sa (com¬ 
posed of Z a in series with L T and in parallel 
with C T ) as the apparent terminal impedance 
for a fictitious line that has no terminal zone. 

3. Apply conventional line theory with Z sa 
as the terminal impedance at w = 0. 

4. Use (26) or (27) to obtain Y d from Z sa 
or Z sa from Y d . Note that theoretical analyses 
of impedance usually determine Z d = 1 jY t , 
whereas all experimental'methods based on 
line theory determine Z sa = 1 /Y sa . 

It is interesting to interpret the approximate 
solutions obtained using a lumped, terminal- 
zone network in terms of the general equations 
(1) and (2) in the special case with y> — tt/2, 
a^w) = 1. The most significant observation 
is that account has been taken of the variable 
propagation constant y(w) in the terminal 
zone by a shift in the entire voltage-distribution 
curve (corresponding to the added effect of 
combining L T and C T as lumped elements 
with the load) while retaining its essentially 
sinusoidal nature. Actually, the distribution 
curve is distorted from the sinusoidal in the 
terminal zone in a manner to provide the 
same voltage across the load, when C T and 
L t are not present. Since the vector potential 
difference is given quite accurately by (6.13c) 
in the form W x (w) = (l ljoj)[dV(w)l dw], the 
behavior of W x (w) is readily visualized from 
that of V(w). 

The behavior of the current in the terminal 
zone is more intricate. Its principal term 
varies as dV(w)jdw divided by z(w) ==jwl^(w). 
Since l p n (w) is given by outside the terminal 
zone and by ilfi at the load, it is clear that this 
part of the current increases to double the 
value it would have if linearly related to 
WJw). The second term of the current in (2) 
has F(w) as a factor, but the product p(tv)<Pi(*') 
that increases rapidly from zero outside the 
terminal zone to a rather large value at the 


load is primarily significant in determining 
the contribution to the current in the terminal 
zone. Usually, this term is important only 
when the amplitude of the current in the 
terminal zone is small compared with that 
in other, relatively near parts of the line. 
This is true whenever the terminal impedance 
is large compared with the characteristic 
impedance of the line. The simplest case is 
the open end. For this, <|> 1 (w') = 0 and the 
current actually vanishes at w = 0. Neglecting 
line losses, the approximate solution includes 
V(w) = V sa cos (/ 3 0 w +«!»,), (31) 

SV(w)l dw = - V aa {) 0 sin OV + <K), (32) 

where is determined by the positive value 
of C T for the open end. The approximate 
solution for the apparent terminal impedance 
assumes that the current in the terminal zone 
is sinusoidal and proportional to dV(w)/dw; 
it does not vanish at w = 0. In so far as the 
current and voltage in the line outside the 
terminal zone are concerned, this solution 
is entirely adequate, since C T has been chosen 
to make them approximately correct there. 
In effect, the correct sinusoidal distributions 
outside the terminal zones have merely been 
extended through the terminal zones and a 
termination provided to fit. 

A picture of the actual distribution of 
current in the terminal zone is obtained when 
both terms in (2) are considered. Evidently, 
the second term contributes precisely that 
part required to reduce the sinusoidal current 
of the first term to zero at w = 0 as is actually 
the case. Vanishing current at w — 0 gives 

p(0) = tan (33) 

When the termination is a high but not 
infinite impedance, the second term in (2) 
reduces the current to the actual value 
entering Y d at w = 0 and eliminates the need 
for C T . 

The term with dV(w)/dw in (2) is propor¬ 
tional to the vector potential W x (w) which, in 
turn, is determined largely but not entirely by 
I x (w). If the current I x (w) is small at a point 
w in the terminal zone, W x (w) and dV(w)/dw 
at this point are larger compared with I x (w) 
than at points on the line where the current 
is great. Thus, the second term in (2) compen¬ 
sates for the fact that I x (w) == W x (w)ll a (w) 
gives too large a value where I x (w ) is small. 

The difference between the current given 
by (2) and that given by I x (w ) == W x {w)ji a 
is essentially the current into C T . This includes 
the effect of the second term in (2) as well as 
of the variable l a (w). 
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The distribution of charge is readily 
visualized from I x (w ) since q(w) = (—y'/cu) 
[dl x (w)ldw]. Clearly, q(w) is not proportional 
to V(w) in the terminal zone. 

8. Antenna Terminating Two-Wire Line 

The rigorous one-dimensional analysis of 
the circuit consisting of a completely balanced 
two-wire line terminated in a symmetric 
center-driven antenna (Figs. 5.2 and 8.1*) 
requires the solution of simultaneous integro- 
differential equations for the distributions 
of current both in the antenna and in the 
two-wire line. Since the antenna and the 
transmission line are significantly coupled 
over distances along the antenna and along 
the line comparable with small multiples 
of the finite separation b of the conductors 
of the line, the definition of an input impedance 
Z BA (Fig. 8.1) that is characteristic of the 
antenna alone and independent of the feeding 
line is not possible. An impedance in the sense 
of conventional transmission-line theory can 
be defined only for a sufficiently long section 
of line terminated in the antenna. Thus, 
Z B , A , can be defined if the distance A' A in 
Fig. 8.1 is large compared with the spacing b. 
In the language of the preceding section, 
a true transmission-line impedance can be 
defined only for points outside the terminal 
zone. Note, however, that the impedance 
Z B , A , of the section of terminated line to the 
right of B'A' is not independent of the 
presence of the line to the left of B'A'. The 
assumption is implicit in the definition of 
every impedance on a transmission line that 
the uniform line continues in both directions 
from the points of definition B'A'. 

In order to obtain an approximate expression 
for the impedance of an antenna terminating 
a two-wire line, the method described in the 
preceding section may be used. In effect, this 
considers the characteristics of the section 
of line to the right of B'A' (Fig. 8.1) in three 
parts, which, although interrelated, do have 
a measure of independence. These parts 
concern themselves, respectively, with charac¬ 
teristics that depend primarily upon (1) the 
transmission line, (2) the antenna, and (3) 
the coupling between them. 

Since all significant coupling is confined to 
distances from the junction of antenna and 
line that are of order of magnitude b, the 
condition /5 0 6 1 assures essentially near¬ 

zone coupling, which, in general, may be 


* See p. 48. 


inductive, capacitive, or both. In the present 
problem of the symmetrical center-driven 
antenna, conditions of symmetry and perpen¬ 
dicularity completely eliminate inductive 
coupling between the currents in the line and 
in the antenna. The principal approximation 
in the actual procedure is to replace the 
equivalent of a distributed capacitive coupling 
between line and antenna by a concentrated 
coupling in the form of a lumped capacitance 
in parallel with the antenna at its junction 
with the line. In the preceding section, the 
effect of capacitive coupling between antenna 
and line is eliminated and, in addition, the 
capacitance per unit length of the line is 
corrected to take account of the fact that 
the line ends at the junction instead of con¬ 
tinuing indefinitely, as implied in conventional 
line theory. These are both accomplished by 
setting <p 1 (h>) = V L (w)/V(w) equal to unity 
along the entire line up to the junction point 
and introducing the lumped capacitance C T 
in parallel with the antenna across the junction 
of antenna and line. With this substitution for 
the distributed coupling of an approximately 
equivalent effect localized at the junction in 
the form of a lumped capacitance, the trans¬ 
mission-line problem (1) and the antenna 
problem (2) are made effectively independent 
of each other except for the common potential 
difference across the terminals at the junction 
points and the requirement of continuity for 
the current at these terminals. 

In the preceding section, the quasi-indepen¬ 
dent transmission-line problem (1) is analyzed 
approximately. It involves corrections to take 
account of the ending of the transmission 
line and to permit the use of conventional 
formulas. These corrections are contained 
in the lumped elements L T and C T . This last 
also includes the effect of coupling. It is the 
purpose of this section to evaluate C T for the 
center-driven antenna as end load for a two- 
wire line. 

Beginning in Sec. 11, the antenna problem 
(2) is analyzed by determining the input 
admittance Y s of the antenna. This is defined 
as the ratio of current 1$ entering and leaving 
the terminals of the antenna from and to the 
line at w = 0, z = ±d — ±ib, to the scalar 
potential difference V s maintained across 
them, Y g = I 6 I V h (Fig. 8.2). 

The determination of the lumped capacit¬ 
ance C T defined by 

C T = f - cj dw (1) 

Ja 
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involves the prior evaluation of the function 
[c 0 (h')<p 1 (h') — c 0 ]. Its general form is 


[CoMViO) - c 0 ] = 



VAw) 
V(w) 



V(w) 



where V L {w) is the contribution to the scalar 
potential difference V(w) across the line due 
to the distribution of charge q L (w) on the 
line alone. Note that V T (w) is the contribution 
due to the distribution of charges on the 
termination—in this case the antenna: 


V(w) = V L (w) + V T (w). (3) 

The function V L (w) is defined in general as 
follows (Fig. 8.2): 

V L {w) = 


1 f* 


r q j R a 

e~ jPoRb 1 

(4) 

2;7f 0 Jo 

q(w') 

[ *. - 

* ]*'■ 

where 






Ra 

-- V (w' — 

wf + a\ 



R> 

= V(w' - 

wf + b\ 

(5) 

and 





w=s 

- x , W 

= s — x'. 

(6) 

The charge per unit length on the upper 

con- 


ductor of the line at w from the antenna is 
q(w'). The charge per unit length on the lower 
conductor is the negative of that on the upper 
for a balanced line. The function V, .(w) is 
defined in general as follows (Fig. 8.2): 

V T (w) = 

where 

R u = vV - ibf +w i + a\ 

R 2S = V(z' + ibf + w 2 + a 2 , (8) 

and q(z') is the charge per unit length on the 
upper half of the antenna. The charge per 
unit length on the lower half of the antenna 
where z' is negative satisfies the condition 

q(-z') = -q(z'). (9) 

The condition of symmetry is considered in 
detail in Sec. 12. In evaluating (7), <5 may be 
replaced by lb. 

The evaluation of VJw) and V T (w) in the 
general formulas given in (4) and (7) is 
intricate. Fortunately, subject to the condition 


~e~e~j , 
R u R%t 


(7) 


(6.22a), < 1, the integrands in both (4) 

and (7) become extremely small when w' 
or z' exceeds small multiples of b, since R a 
and R b in (4) and R u and R 26 in (7) then differ 
negligibly. This means that significant contri¬ 
butions to the integrals in (4) and (7) come only 
from the integrands when evaluated at 
distances from the junction that are not large 
compared with b. With p 0 b 1, that is 
equivalent to stating that only the near-zone 
parts of (4) and (7) are significant. Accordingly, 
the exponentials may be replaced by their 
leading terms of unity, and the upper limit of 
integration may be made infinite. With these 
approximations (4) and (7) become 





dz'. 


(ID 


The quantity q t (w) is the charge per unit 
length at w on the upper conductor of the line 
in the terminal zone. Similarly, q T is the aver¬ 
age charge per unit length on the upper half 
of the antenna in a short region near the 
junction point. It is to be noted that the 
approximations made in obtaining (10) and 
(11) from (4) and (7) are essentially the same 
as those implied in the derivation of the con¬ 
ventional line equations. Since V T (w) and 
V L (w) are involved only in correction terms, 
these approximations are equivalent to higher- 
order errors. The integrals in (10) and (11) 
may be evaluated directly. Thus, 

yjw )= 


2we 0 


sinh -1 



— sinh -1 



• ( 12 ) 


o 


The indeterminate form is readily evaluated 
if the inverse hyperbolic sines are replaced 
by the natural logarithm. The result is 


[sinh -1 - — sinh -1 ^ + In-1. 
2tt£q \_ a b a] 

(13) 

VM) = , (14) 

c 0 (h-) 
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where q L is an average value of qjw) in the 
terminal zone. Similarly, 


V T (w) = 


Qt 

2tte 0 


sinh" 


z' - \b 
V w 2 + a 2 


— sinh 


i b 


or 


V T (w) = ~ sinh- 1 

2tte q 


Vtv 2 + a 2 
b 


\b 


V W 2 


(15) 

(16) 


In order to evaluate [^(wOtp^wO — c 0 ] it is 
necessary to substitute (14) and (16) in (2). 
For convenience, let the charge-ratio factor 
k q be defined as follows: 

= q T lqL- (i7) 

Thus, 

Mm')<Pi(h') - c 0 ]lc 0 = 

sinh -1 - — sinh -1 y + fe^sinh -1 - £ = —In - 
a b V w 2 +a 2 a 

sinh -1 - —sinh -1 ^+fe,,sinh- 1 - - ^- |-ln - 

a b Vw 2 +a 2 a 

(18) 


This may be written in logarithmic form using 
the relation between the inverse hyperbolic 
sine and the natural logarithm, namely, 


sinh- 1 — = In 


w + V w 2 + a 2 ^ 

a 


The evaluation of (18) is possible only if k q 
is known. In the following it is assumed to 
be real, k Q = k a \ then<p 1 (H>) = f^w). 

Although the order of magnitude of k q 
is readily established, the determination of 
an approximate numerical value involves 
certain difficulties, since it really presupposes 
at least a fair estimate of the distributions 
of charge on the conductors of the antenna 
and the line near their junctions, where the 
simple equations do not apply. The simple 
and obvious approximation, which is certainly 
satisfactory in all cases subject to < 1, is 
to assume that the average charge per unit 
length on the line is approximately the same 
in line and antenna over the relatively short 
distances from the junction that yield signifi¬ 
cant contributions to V L (w) and V T (w). 
This is equivalent to the approximation 
involved in conventional line theory and gives 
directly 

K = 1 . ( 20 ) 


A better approximation is to use the 
distribution of charge obtained in a later 
section for the isolated cylindrical antenna 
together with the conventional transmission¬ 
line distribution on the line. With these values 
it is found that when the concentration of 
charge near the junction is a maximum and 
the effect of capacitance in parallel is large, 
the approximation q L = q T is a good one. 
When the maximum charge is not at or near 
the junction, values of k Q differing somewhat 
from unity are obtained. In order to permit 
the use of other values of k, t than unity, the 
symbol k Q is carried along explicitly in the 
formulas. In the following discussion 
numerical calculations are made only for 
k Q = 1. 

The function — [c 0 (h , )«Pi(h’) — c oll c o as de¬ 
fined in (18) is shown plotted in Fig. 8.3 
with b/a as parameter and w/b as independent 
variable, in the range from w/b = 0 to 
w/b = 20, with k Q — 1. The area under each 
of these curves from w = 0 to w — d multiplied 
by — c 0 b = - W 0 /(ln b/a) is the desired 
lumped capacitance C Te for each value of b/a 
and an appropriate choice of d when plotted 
against a linear scale. Note that tp 1 (w) === 9 > 1 (m’). 

Cre = f [c 0 ( M ')9’i(w’) - C 0 ] dw. (21) 
Jo 

The choice of the length d of the terminal 
zone is complicated by the coexistence of 
both a transmission-line end effect and of 
coupling between the antenna and the line. 
Whereas the former becomes negligible for 
d 5b, as can be seen from the manner in 
which c 0 (w) approaches c 0 in Fig. 6.2, this 
is not true of the effect of coupling. Note 
that in (18) the bracket on the right is well 
approximated by bj[2w In (6/a)] when w ^ 5b. 
If this quantity is substituted in (21), C Te is 
found to be given by a logarithm that in¬ 
creases indefinitely with d. As suggested by 
T. T. Wu, this is avoided by retaining the 
exponentials in (7) in the form, exp ( —jP 0 R ld ) 
== exp (— P 0 Rm) — exp (when w ^ 5b. 
The real part, cos P 0 w, may be retained as a 
factor in (18) when w equals or exceeds 5b, 
so that (18) becomes 


Po w 

["COS P 0 w' 

2 In (bja) 

[ Po w 


(The imaginary part, sin P 0 w, contributes to a 
mutual resistance term, not to the capacitance.) 
If this expression is substituted in (21), the 



54 


THEORY OF LINEAR ANTENNAS 


[II.8] 


contribution to the integral by the range 
between p 0 w = 0-6165 (or w = 0095A„) and 
infinity is zero. Therefore, it is necessary 
merely to integrate over a distance d = 0 095/. 0 
= 0-U 0 . Thus, when 6 — 0-01A 0 , d=\0b, 
when b = 0 005/. 0 , d = 20 b. Values of C Te 
obtained from (21) by numerical methods 
are in Fig. 8.4 as a function of 6/a for d — 10 b 
and d = 20 b. 

For the rapid evaluation of C T , a closed 
formula is desirable. Since for many purposes 
only the correct order of magnitude of C T 
is required, it is proposed to replace [c 0 (»v)<Pi(w) 
— c 0 ]/c 0 withcpjfH') real by a simple approxi¬ 
mate formula that is directly integrable. 
This can be done very readily. The shapes of 
the curves obtained in Fig. 8.3 suggest a 
function of the form 


where 


sinh 1 1 — sinh 1 \ + k q sinh 1 
b 

6 

aVY 

(256) 

3b 

: sinh -1 - sinh -1 3 

a 


+ ^ slnh V 9 6 2 + a 2 ‘ 

(25c) 

= 1 these reduce to 


1-228 -a/6 

1 2 ln 6/a + 1-228 -a/6’ 

(26a) 

0-327 

2 2 ln 6/a + 0-327 ' 

(266) 


( 22 ) 

where K and k are arbitrary constants to be 
assigned values that will make (22) a good 
approximation. 

If (22) is substituted in (1), a simple ex¬ 
pression for C Te is obtained at once. Thus, 

C d Kb 

T v+'w *’ 

- -coMTsinh-i-i.. ( 23 ) 


With d = 106, 


Equating —H x and —H 2 to the right-hand 
member of (22) with w — a and w = 36, 
respectively, gives 

K = 7/, V(a/b) 2 + k 2 , (27) 

K = H t V9 + ft 2 . (28) 

These two equations are readily solved for k. 
The result is 


/ QHjH.f - (a/6) 2 
V 1 - WH x f 


(29 a) 


Substitution in (27) and neglect of (a/6) 2 
compared with 9 gives 


C Te = -c 0 6/: sinh- 1 (10/ft). (24) 

In order to determine K and k, the function 
— kbI V w 2 + ft 2 6‘ 2 must be fitted to [c 0 (w)93 1 (w) 
— c 0 ]/c 0 in the range of w from zero to 
d = 106. This may be done by requiring (24) 
to be satisfied exactly at two suitably chosen 
points in the range. Reference to Fig. 8.3 
suggests that since the principal contributions 
to the integral are for values of w less than 56, 
reasonable points for exact matching are 
w = a and tv = 36. 

Let the value of the bracket in (18) be 
denoted by H l when w = a and by H 2 when 
w = 36. With ft, = k Q real, 

H _ \ A - ln zr _ \ B - In (bla )j 

1 [a + ln (6/a)J ’ 2 L -® + In (6/a)J ’ 

(25a) 


K = 3HJV 1 - (HJHJ 2 . (296) 

For given values of 6/a, H x and H 2 and from 
these k and K are readily evaluated for use 
in (23). Curves showing the approximate 
function —C Je /6c 0 as evaluated from (24) 
are given in Fig. 8.4 together with the same 
function determined from (18) by numerical 
integration. The agreement is seen to be fair, 
with the approximate curve falling between 
the curves for terminal zones of length d = 106 
and d = 206. Since the proposed represen¬ 
tation of a distributed effect by a lumped 
capacitance is in any case far from exact, 
the values of C Te taken from the simple 
integrated formula (24) are satisfactory. 

If ln {bla) is sufficiently great so that it is 
the leading term in the denominator of (18), 
(21) may be integrated into 

C Ie = — 3c 0 6/[2 ln (6/a)] 


(30) 
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As a specific numerical example, consider 
a line for which 6/a = 7-4 or In bla = 2. 
Then, with k Q = 1, 

H = 0-215, H 2 = 00755, (31a) 

k = 1-11, *=0-24. (316) 


Substitution of these values in (24) gives 

C Te = —0-70c 0 6. (32) 


Evidently the order of magnitude of Ore is 
that of a section of uniform line of length 
equal to the line spacing b. Even though 
In {bja) is only 2, (30) gives C Te = — 0-75c 0 6, 
which is a good approximation of (32). 

Throughout the above discussion the con¬ 
dition a 2 <€ b‘ L was assumed. This condition 
may be removed and the final results general¬ 
ized approximately to more closely spaced 
lines by substituting 


b e = i6[ 1 + Vl - (2a/6) 2 ] (33) 

for 6. 

Summarizing the analysis of the two-wire 
line terminated in a center-driven antenna, 
the following may be said. The apparent 
impedance Z sa terminating the two-wire 
line—which is the actual impedance looking 
toward the antenna from a point on the line 
(assumed lossless) one-half-wavelength from 
the antenna—may be determined using the 
circuit of Fig. 7.1a and formulas (7.28, 29) 
if the ratio of scalar potential difference to 
current at the terminals of the antenna, 
namely, Z d = V 5 /I d , is known. In Fig. 7.1a 
or Eqs. (7.28, 29), 


(6 - a) 

2nv 0 ’ 


(34) 


[ d 

C Te = I [c 0 (w) l p 1 (w) - Cq] dw 


= —Kc 0 b sinfr 1 (djkb), 


(35) 


where k and K are given in (29 a) and (296). 
The subscript e on L T and C T identifies the 
values for an end-loaded line with antennas 
in the plane of the line; L Te in (34) is from 
(7.10e). 

The remaining problem is to evaluate 
Z 6 = V d II d by treating the antenna as if 
isolated with a scalar potential difference V s 
maintained across rings around the adjacent 
ends and currents I s entering and leaving 
the symmetrical halves. This analysis is begun 
in Sec. 11. In Sec. 9 the theory developed in 


this section is modified to apply to arrange¬ 
ments that are experimentally more con¬ 
venient but that do not greatly change the 
relative positions of, and hence the coupling 
between, the transmission line and the 
antenna. In Sec. 10 other methods of center¬ 
driving an antenna from a two-wire line are 
considered, including arrangements in which 
the line is not coupled to the antenna directly. 

9. Antenna as Mid-Point Load for Sym¬ 
metrically Driven Line; Antenna as End Load 
with Stub Support 

The circuit of Fig. 8.1, in which a center- 
driven antenna terminates a balanced two-wire 
line, has several practical shortcomings if 
interest lies in the accurate measurement 
of the impedance of the antenna. One of the 
difficulties in this apparently simple circuit is 
to support the antenna and line at or near 
their junction. A common method is to use 
a piece of dielectric material as shown in 
Fig. 9.1. However, a piece of dielectric at 
this critical location necessarily introduces 
added complications* which, in the simplest 
case of a sufficiently thin piece, involve the 
determination of an equivalent added lumped 
capacitance in parallel with the antenna. 
The theoretical or experimental determination 
of the actual added capacitance due to a 
dielectric support and not merely the apparent 
added capacitance is sufficiently complex to 
make the accurate evaluation of the contri¬ 
bution to the load by the dielectric support 
difficult. In practice, to be sure, it is usually 
only the apparent combined impedance ter¬ 
minating the line that is of interest, and this 
is readily measured directly in each case. 
On the other hand, a complete, even though 
perhaps quantitatively only approximate, 
understanding of the several factors that 
contribute to the apparent impedance of a 
termination requires a separation of the effect 
of a dielectric support from those effects 
characteristic of the configuration of con¬ 
ductors. 

An interesting and very flexible structure 
which provides both a means of support for 
the line at its junction with the antenna and 
complete symmetry is the circuit shown in 
Fig. 9.2. Instead of being connected to the line 
as an end load, as in Fig. 8.1, the antenna is 
attached to the center of a symmetrical line 


* In the laboratory these complications may be 
avoided if materials like Styrofoam or Polyfoam are 
used, but these materials lack the strength required 
in most practical installations. 
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Fig. 9.4. Graphs of — [c 0 (>v)yi(H') — c 0 ]/c 0 as a function of wjb with bja as parameter. 
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that is driven from both ends by identical 
generators. In this circuit the currents in the 
two lines are equal in magnitude and opposite 
in direction at corresponding points measured 
from the antenna. On the other hand, the 
charges per unit length at these points are the 
same in magnitude and sign. Specifically, 

/£>(*) = ~I?X2s - x), (In) 

q a >(x) = q l2l (2s - x), (lb) 

where l£\x) is the current in the positive 
^-direction in the left-hand line, numbered (1), 
at distance x from the origin, and T 2 \ls — x) 
is the current in the .x-direction in the 
right-hand line, numbered (2), at distance 
2s — x from the origin. The corresponding 
charges per unit length are q a) (x) and 
q (2, (2s — x). With distances measured from 
the junction point x = s, expressed in terms 
of w = 5 — x, (la, b ) are equivalent to 

/£>(*) = -I (2) (-w), (2a) 

q a, (tv) = q l2 '(—w). (2b) 

The currents at the junction point w = 0 
combine into the antenna current J 2 (<5). Thus, 

I z (6) = ISH.W = 0) - /<?>(*- = 0) 

= 2/«)(w = 0). (3a) 


On the other hand, the charge per unit length 
on the antenna very near the junction point 
is equal to the charges per unit length on each 
of the two line conductors very near the 
junction: 

q(z = <5) = q a) (w = 0)= qW(w = 0). (3b) 


If the impedance Z d of the antenna is 
defined formally as the ratio of the scalar 
potential difference V t at the junction point to 
the current I Z (S), 


z = Jj_ = <W)-4>(-<5) 

a m m 

it follows with (3a) that 

Z = V * 

6 2 I£\w = 0 ) ’ 


(4) 


(5) 


Hence, if complete symmetry is maintained, 
each line may be treated as though ter¬ 
minated in an impedance 


2Z„ 


I£\w = 0) -/<?>(* = 0) • 


( 6 ) 


Therefore, the entire analysis of Secs. 6-8 
applies, except that the lumped elements L T 


and C T must be reevaluated since the two 
parts of the line are coupled not only to the 
antenna but also to each other. 

In order to determine L T for the sym¬ 
metrically driven line it is first necessary to 
evaluate /„( w ), which is given by 



where 


R a = V(w' - w? + a 2 , 

R b = V(w' - wf - b 2 , 

as shown in Fig. 9.3. The negative sign in front 
of the second integral in (7) is a consequence 
of the fact that the current in the right-hand 
line is opposite to that in the left-hand line. 
Since the current actually leaves the con¬ 
ductors of the transmission line to enter the 
antenna between w = a and w — —a, the 
limit 0 in the integrals in (7) is an approxi¬ 
mation. Probably it would be more accurate 
to use average distances between w = 0 
and w = ^a, but the error introduced by 
using 0 instead of a distance less than a is 
negligible. Since (7) is readily shown to reduce, 
subject to the condition s 2 > b 2 , to the form 

E(w) = — (sinhr 1 - — sinh -1 ^, (8) 

m- 0 \ a b ] 

it follows from (7.10a) that L T for the sym¬ 
metrically driven, center-loaded line is just 
double the value for the end-loaded line. 
Subject to the same approximation (7.10rf) on 
the size of the terminal zone, the result is 

Ltc= ~{^w)- (9) 

Note that L TC in (9) is the lumped inductance 
to be connected in series with each half of 
the symmetrical line with uniform constants. 
The subscript C identifies the center-loaded 
line. 

It remains to evaluate C TC . This is done as in 
Sec. 8, but with the following modified 
expressions for V t (w) and V T (w), which must 
now include the effect of the additional 
feeding line: 

w-iX* (i-£)*'■ <"» 

<ll> 
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These integrals are 

= — In -, (12) 

7re 0 a 

Y t (w) = ~ sinh -1 b — . (13) 

2tte 0 Vh > 2 + a 2 

As before, let 

k Q = q T lq L , (14) 

where q T is the average charge per unit length 
on the antenna near the junction with the 
line, and q L is the average charge per unit 
length on one conductor of each of the two 
lines near the junction. As for the end-loaded 
antenna, numerical evaluation is limited to 
k g =l. (15) 


Here K and k are obtained by evaluating (17) 
in (19) at w = 0 and w = 3 b. 

If the bracket in (17) is denoted by H 1 and 
H 2 when w = 0 and w = 3 b, the following 
formulas may be derived: 

= k Q In 26/a . 

1 (k q + 2) In 26/a - 2 In 2 ’ V ’ 

for k q = 1 (20) reduces to 

= In 6/a + 0-693 

1 3 In 6/a + 0-693 ’ (21) 

and 

0-329A:, 

2 2 In 6/a + 0-329A:, ' 


4 ‘ The formulas for K and k are like those of 

Substitution of (12) and (13) in the funda- (8.29) with a = 0: 


mental formula (8.2), 

, , , ^ . qM 

CqWvM) - Co = yr-j 


c 0 (m ; )<Pi(h') - c 0 


-[ 


k Q sinh 1 b/V w 2 + a 2 
2 In (b/a) + fe 9 sinh -1 b/Vw 2 -f 


k = (3 HjHJlVl - (NJINf, 
K = kH lt 

The integral of (19) is 

C TC = —c 0 f d KlV(wlb) 2 + **dw 
Jo 

== —cJ}K sinh -1 (d/kb). 

With d = 10 b, 


Formula (17) for the symmetrically driven, 
center-loaded line corresponds to (8.18) 
for the end-loaded line. Curves of —[c 0 (“') t Pi(^) 
— c 0 ]/c 0 for k Q = 1 are shown in Fig. 9.4. 
Comparison with Fig. 8.3 shows that for the 
center-loaded line [c 0 (vt')<p 1 (w) — c 0 ]/c„ is ap¬ 
proximately equal to its value for the end- 
loaded line except at very small values of 
w/b. For k Q and<p l (n') real, C TC is given by 

C TC = I" [c 0 (h’)?i 1 (h’) - c„] dw. (18) 
Jo 

Curves giving Etc as a function of bla are 
shown in Fig. 9.5 as evaluated from (18) 
with (17) by numerical methods with d = 106 
and d = 20 b, corresponding to 6 = 0-12„ and 
b == 0-052 0 since, in the absence of end effects, 
d == OTA as shown in Sec. 8. Fig. 8.4 shows 
that C Te and C TC are roughly equal. 

Since the general shapes of the curves of 
[c 0 (h')<?) 1 (h') — c 0 ]/c 0 for the center-loaded line 
are the same as for the end-loaded line except 
near w/b = 0, they may be evaluated as before 
by setting 

foOMO) - c oV c o — -K/V(w/b) 2 + k 2 . 

( 19 ) 


C TC = —c g bK sinh -1 (10/A:). (25 b) 

Curves of —C TC /bc 0 as calculated from (25 b) 
are shown in Fig. 9.5 with the same function 
calculated from (18) with (17) and k Q = 1. 

When 2 In (b/a) is sufficiently great so that 
it is the leading term in the denominator of 
(17), (18) may be integrated to give the fol¬ 
lowing approximate value: 

C TC = — 2c 0 b/[\n (b/a)]. (25c) 

As a numerical example, consider a center- 
loaded, symmetrically driven line for which 
In b/a = 2 or b/a = 7 4. With k Q = 1, (20) to 
(24) give 

H x = 0-402, H 2 = 0-076, (26a) 

k = 0-585, K = 0-236. (26 b) 

Substitution in (256) gives 

C TC = —0-83c 0 6. (27) 

This is numerically only slightly greater than 
the value —0-70c 0 6 given in (8.32) for C Te 
for the corresponding end-loaded line. The 
approximate value given by (25c) is 

C TC = Cgb. 
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To conclude the discussion of the sym¬ 
metrically driven line, attention is called to 
the circuit of Fig. 9.6 a, which must replace 
the antenna as center load if conventional 
transmission-line theory is to be a satisfactory 
approximation. In actual use, the circuit of 
Fig. 9.6 b, which is equivalent to Fig. 9.6a, is 
convenient. Since no current crosses the 
central axis of symmetry, the two connections 
between the two loads 2 Z 6 may be removed 
and each side treated separately. Alternatively, 
the circuit may be arranged as in Fig. 9.6c, 
which is convenient when an “image line” 
is used, as discussed in Sec. 10. 

Since L TC for the center-loaded line is 
exactly twice L TC for the end-loaded line 
(Sec. 8), but is connected in series with 2 Z 3 
in Fig. 9-6 b, the inductive corrections are the 
same for the center-loaded and end-loaded 
lines. Since C TC is approximately the same 
for the center-loaded as C Te for the end-loaded 
line, C TC in parallel with 2 Z s for the center- 
loaded line is effectively double C Te in parallel 
with Z s for the end-loaded line. The apparent 
terminal impedance Z sa of a particular 
antenna must, therefore, be different when 
determined for the antenna as end load from 
its value for the same antenna as center load, 
unless C T is negligible. 

With all elements in the equivalent circuit 
of both end-loaded and center-loaded lines 
determined, it remains to evaluate the im¬ 
pedance Z 6 = V d II d of an antenna with gap 
2d across which a scalar potential difference 
V 6 is maintained and in the terminals of which 
is a current I 6 . Note that account has been 
taken of the coupling between antenna and 
line in C T , so that the effect of the charges 
in the line on the charges in the antenna 
(which is simply the other half of the effect 
of the charges in the antenna on the charges 
in the line), may be ignored in evaluating Z 6 . 

Instead of the dielectric support mentioned 
at the beginning of this section, a so-called 
“stub” support consisting of a high- 
impedance, antiresonant section of trans¬ 
mission line may be used (Fig. 9.7). In order 
to achieve a sufficiently high impedance, 
losses in the stub must be very small and hence 
the adjustment to antiresonance is very 
critical. A practical procedure is to determine 
accurately with a sensitive probe the location 
of the voltage maximum with the antenna 
absent, and then to attach the antenna 
exactly at this point. If the stub is so con¬ 
structed that the impedance of the stub is 
very large compared with that of the antenna, 


the current in the stub near the junction with 
antenna and line is very small, so that the 
inductance per unit length of the transmission 
line differs only negligibly from that deter¬ 
mined in Sec. 7 for the unsupported line and 
antenna. Hence, the same value of l e 0 (w) and 
L T — L Te may be used. However, the con¬ 
centrations of charge on the sections of the 
stub near the junction point are by no means 
negligible compared with those on adjacent 
sections of the antenna and the line proper, 
so that a considerable modification in c(w) 
and, hence, of C T is required. Owing to lack 
of symmetry, the charge-ratio factors involved 
in their calculation are more difficult to deter¬ 
mine. Since the capacitive correction is most 
effective and important when there is maxi¬ 
mum voltage across the terminals of the 
antenna, the estimation of an approximate 
value is best carried out for this condition. 
When there is maximum voltage at the ter¬ 
minals of the antenna, the distribution of 
voltage and charge along the transmission line 
including the stub is essentially the same as 
the distribution for the symmetrical, center- 
loaded line discussed earlier in this section. 
Accordingly, the value of C T must be the same 
and equal to C TC for the coupling between 
antenna and line on each side of the antenna. 
However, in this instance, the impedance 
terminating the line is not 2 Z 6 but simply Z 6 . 
This means that the equivalent terminal-zone 
network is that shown in Fig. 9.1b. No 
inductances are required on the right, since 
the current into the high-impedance stub is 
always small. Since L Te is small, the two 
capacitances may be combined as in Fig. 9.7c 
without significant error. It is well to bear in 
mind that the capacitance C TC on the right in 
Fig. 9.1b is due entirely to coupling between 
the antenna and the stub, so that it can not 
be compensated by adjusting the stub with 
the antenna removed. It is for this reason 
that it must be included in the circuit even if 
the stub is adjusted experimentally to put a 
voltage maximum at the load terminals 
before the antenna is connected. 

10. Antenna Center-Driven from a Two-Wire 
Line with Minimum Coupling; Image Methods 
of Driving an Antenna Using Open-Wire and 
Coaxial Lines 

The analysis of an antenna that is center- 
driven from a two-wire line may involve all 
or several of the following complications in 
the terminal zone. 

1. The inductance per unit length is not 



Fig. 9.5. Graphs of — C T Jbc 0 as a function of bja. 



Fig. 9.6. Equivalent circuits for terminal 
zone of line with antenna as center load. 


Fig. 9.7. Equivalent circuits for terminal 
zone of line with antenna and stub 
support as end load. 
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constant and equal to /J as assumed in line 
theory. This is due to the difference between 
the forces acting on the currents ip the line 
in the terminal zone and at a distance n^/2 
back along the line where conventional line 
theory applies. Such differences may be 
ascribed (a) to the line alone if the currents 
in the antenna maintain no component of 
vector potential axially along the conductors 
of the line, as when antenna and line are 
mutually perpendicular; (b) to the line and 
inductive coupling between currents in the 
line and antenna if the conditions in (a) are 
not satisfied. Correction for a variable 
inductance per unit length involves a lumped 
series inductance L T , which may be negative. 

2. The capacitance per unit length is not 
constant and equal to c 0 as assumed in line 
theory. This is due to differences between the 
forces acting on the charges in the line in the 
terminal zone and at a distance n2J2 back 
along the line. Such differences may be 
ascribed (a) to the transmission line alone if 
c 0 (r') =£ c 0 in the terminal zone and the charges 
in the antenna do not contribute to the scalar 
potential difference across the conductors of 
the line as in arrangements described later 
in this section; ( b ) entirely to capacitive 
coupling between the antenna and the line if 
c 0 (w) = c 0 in the terminal zone and the charges 
in the antenna contribute significantly to the 
scalar potential difference across the con¬ 
ductors of the line as in the symmetrically 
driven, center-loaded line described in Sec. 9; 
(c) to both the line and capacitive coupling 
between antenna and line if c„(hO ^ c 0 and the 
charges in the antenna contribute to the 
potential difference across the line as in the 
end-loaded line discussed in Sec. 8. Correction 
for a variable capacitance per unit length 
involves a lumped shunt capacitance C T that 
may be negative. 

3. The antenna and line are supported at 
the junction points by a piece of dielectric, 
a high-impedance stub, or both. Dielectric 
supports introduce the equivalent of a lumped 
capacitance in parallel with the load. Such a 
capacitance is difficult to calculate and usually 
must be determined experimentally. A stub 
support involves changes in capacitance 
and inductance per unit length of line so that 
its effect is normally included in (1) and (2). 
Since currents in the stub near the junction 
points with the antenna and the line proper 
are very small, their effect usually is insignifi¬ 
cant so that the contribution to L T is negligible. 
On the other hand, the charge per unit length 


on the stub near the junction is large so that 
the contribution to C T is important. If the 
impedance of the stub is sufficiently high, its 
presence may just compensate for the capaci¬ 
tive end effect of the line alone, so that C T 
reduces essentially to the capacitive coupling 
between antenna and line. This condition 
may be achieved with both a dielectric 
support and a stub so adjusted that the im¬ 
pedance of the parallel combination is very 
high. 

The conventional method of center-driving 
a symmetrical antenna as an end load on a 
two-wire line (Sec. 8) involves all the com¬ 
plications as listed except that inductive 
coupling is eliminated by having the antenna 
perpendicular to the line. The symmetrically 
driven, center-loaded two-wire line (Sec. 9) 
avoids complications (3) and (4), reduces (2c) 
to (2b), and leaves (1) unchanged. Thus, 
capacitive coupling between antenna and line 
is highly significant with the antenna both as 
end load and as center load. In both, inductive 
coupling is absent if the antenna is perpen¬ 
dicular to the line. 

Antennas with no coupling to the line. In 
order to eliminate all coupling between 
antenna and transmission line it is necessary 
to orient the antenna so that the vector and 
scalar potentials due to currents and charges 
on the transmission line vanish at all points 
along the antenna. In the end-loaded and 
center-loaded lines the vector potential due 
to currents in the line is zero on the surface 
of the antenna, since antenna and line are 
mutually perpendicular; however, the scalar 
potential on the surface of the antenna due 
to charges on the line does not vanish. In 
order to make this zero on the antenna, 
opposite points on the two conductors of 
the line must be made equidistant from each 
point on the axis of the antenna. If this is done, 
the contribution to the scalar potential at any 
cross section of the antenna by the charges in 
one conductor of the line is canceled by the 
scalar potential due to an identical distri¬ 
bution of charge of opposite sign on the second 
conductor of the line. One method of accom¬ 
plishing this cancellation is shown in Fig. 10.1 
for an antenna driven as an end load. In the 
circuit of Fig. 10.1 the antenna is perpendicular 
to all other conductors, so that only currents 
in the antenna itself contribute to the com¬ 
ponent of the vector potential tangent to the 
surface of the antenna. Accordingly, there is 
no inductive coupling between the antenna and 
the line or the antenna and the short bridges 
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PERFECTLY CONDUCTING PLANE 


Fig. 10.4. Antenna and single line over an 
infinite conducting plane. 



Fig. 10.5. Antenna base-driven from coaxial line 
over conducting plane with symmetric equivalent. 




Fig. 10.3. Antenna in series with one conductor 
of line. 


Fig. 10.6. Conventional method of base-driving 
antenna from coaxial line. 
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connecting the antenna to the line. This 
means that the inductive end effect is due 
exclusively to the absence of an infinite line 
just as in the more conventional circuit 
analyzed in Sec. 8. Therefore, the same value 
of L t may be used. 

In the conventional end-loaded line the 
correcting capacitance C T combines the 
effect of nonuniformity in the capacitance 
per unit length of line with coupling between 
line and load. In the arrangement of Fig. 10.1 
this latter effect vanishes so that C T is sim¬ 
plified to the extent that direct coupling 
between the two parallel conductors of the 
line and the antenna is eliminated. If the two 
short conductors connecting the ends of the 
line to the terminals of the antenna were 
exactly perpendicular to the antenna the scalar 
potentials due to the equal charges of opposite 
sign on them would cancel exactly. Evidently 
this is possible only in the idealized case of 
zero gap. For a finite gap the potentials due 
to the charges on the short connecting sections 
do not quite cancel, so that a small capacitive 
coupling between antenna and connecting 
conductors exists. Since each of the con¬ 
ductors is essentially of length 6/2, the magni¬ 
tude of the coupling is very small and approxi¬ 
mately equivalent to a small lumped 
capacitance connected across the terminals 
of the antenna. 

The equivalent lumped constants for the 
compensating terminal-zone network for the 
circuit of Fig. 10.1a include L T just as given 
by (7.10c) and C T , which differs from (8.1) 
in that <pi(w) — 1. This is equivalent to 
V T — 0 or k Q = 0. Hence, (8.18) becomes 

rd rd 

C T = [c 0 (tv) - cj dw = c 0 fdw, (1) 

Jo Jo 


where 


/= 


'In (6/a) —sinh 1 (iv/a)+sinh l (w/b)' 
In (6/a)—sinh^ 1 (w/a)- sinh“ 1 (iv/6) 


Note that the integrand in (1) is a positive 
quantity, so that C T is also positive. The 
function [c 0 ( w) — c 0 ] in (1) is the difference 
between c 0 (iv) and c 0 in Fig. 6.2. The area 
between the curve [c 0 (iv) — c 0 ] and the straight 
line c 0 is C T when a linear scale is used. It may 
be obtained by numerical or other approxi¬ 
mate methods. The conductors connecting 
the antenna to the line are not included 
in Z d or in the transmission line. The inductive 


contribution by these conductors with co- 
directional currents is given by [Eq. (VI. 11.22) 
of ref. 1.31] 



where a b is the radius of the conductor 
forming the connecting bridges. This in¬ 
ductance may be combined with L T . The 
capacitive contribution may be approximated 
by calculating the static capacitance between 
the two connectors and adding this as C b to 
C T . Since this usually involves a dielectric 
support or spacer, C b is not evaluated readily. 
On the other hand, since none of the three 
capacitances involves significant coupling to 
the antenna, their combined capacitance may 
be determined experimentally if the antenna 
is removed. Application of conventional 
transmission-line techniques and equations 
gives C T + C b directly. With C T + C b and 
L t + L b known quantities, the apparent 
terminating impedance Z sa may be determined 
from Z 6 using the equivalent network in 
Fig. 10.16. 

Instead of measuring C T 4- C b , their 
shunting effect may be canceled effectively 
by connecting an inductive stub across the 
line as in Fig. 10.2. By adjustment of the stub 
with the antenna removed, the shunting 
impedance of the capacitance C T + C b and the 
inductive stub may be made very high com¬ 
pared with the maximum impedance of the 
antenna by locating a voltage maximum 
across the line at the connectors. It is then 
not necessary to determine C T + C b explicitly. 
Furthermore, since L T is a small negative 
inductance and L b is positive, a proper choice 
of the cross-sectional size of the connectors 
between antenna and line makes L T + L b 
negligibly small. This is true when 

6[In (2 b/a b ) - 1 ] = b - a, (3a) 
or 

a b — 2be~^ 2 ~ a l b ' > (= 0-276 for a < b). 

(36) 

These adjustments serve to compensate for 
all end effects and the effect of the connectors. 
Hence, 

Zsa = Z s . (4) 

Another method of driving the antenna 
with very much reduced coupling to the line 
is shown in Fig. 10.3. This circuit is first 
connected as in Fig. 10.36, with the antenna 
removed and the points A A' in Fig. 10.3a 
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connected together at A in Fig. 10.36. The 
stub length is then so adjusted that a current 
maximum occurs at A and B, so that the 
impedance looking to the right at AB is 
extremely small compared with the impedance 
of the antenna for all except very short lengths. 
With this adjustment completed the antenna 
is connected as in Fig. 10.3a where, in effect, 
the antenna and the stub are in series and 
not in parallel as in Fig. 10.2. The imped¬ 
ance measured from the main line is again 
essentially Z 6 , except for the small coupling 
between the antenna and the short curved 
sections which connect it to the line. Unfor¬ 
tunately, the series arrangement of Fig. 10.36 
does not satisfy the fundamental requirement 
of symmetry, so that the currents in the line 
are unbalanced and the line contributes to 
the radiation. 

The experimental study of antennas center- 
driven from a balanced two-wire line may be 
facilitated in some instances if use is made of 
the theorem of images (see ref. 1.31, Sec. 
IV.20) to provide equivalent structures 
which provide a shield for the observer. For 
the conventional end-loaded line (Sec. 8) 
or the center-loaded line (Sec. 9) (but not for 
the circuits of Figs. 10.1 and 10.2), the plane 
z = 0 perpendicular to and bisecting the 
rectangle formed by the line is a plane of 
symmetry for the entire circuit (Fig. 10.4). 
On this plane the tangential component of the 
electric field is zero everywhere, so that 
nothing is changed electromagnetically if a 
perfectly conducting sheet is placed to coincide 
with the plane z = 0. Such a sheet completely 
isolates the halves of the circuit and the fields 
associated with their charges and currents, 
so that one half may be removed without 
disturbing the other. Each then consists of 
one conductor of the original two-wire line 
parallel to a perfectly conducting sheet at a 
distance 6/2 and one half of the original 
antenna perpendicular to the sheet as shown 
in Fig. 10.4 for the center-loaded line. 
According to the theorem of images, the 
electromagnetic field and the distributions 
of current and charges in the upper half-space, 
z = 0, are unchanged. However, the theorem 
of images does not apply to the scalar and 
vector potentials, as is readily verified. For the 
two-wire line, <J> and the components A x and 
A v vanish in the plane z = 0 as a result of 
cancellation of contributions from equal and 
opposite charges and currents on the sym¬ 
metrical halves of the line. For the single line 
over the infinite conducting plane (Fig. 10.4) 


A x , and A y may differ from zero along the 
perfectly conducting plane owing to contri¬ 
butions from surface layers of charges and 
current on the plane. Since 

A x , (5) 


deb 

Ey=-—-jojA v , (6) 

both E z and E v can be zero everywhere at 
z = 0, while <|>, A x , and A v are not. 

The scalar potential difference at the cross 
section x between the two conductors of the 
line is given by 

V b = 4>(*, 0, 6/2) - 4>(x, 0, -6/2) 

CH 2 p/2 

= E z dz + joj A z dz. (7) 
J—6/2 J—6/2 

The scalar potential difference between the 
plane z = 0 and the conductor at z = 6/2 is 
one-half this value. It is 


V bl2 = <*>(*, 0, 6/2) - 4>(*, 0, 0) 


p/2 p/2 

= J E z dz + y'wj A z dz. 


( 8 ) 


This formula also gives the potential difference 
between the single conductor and the perfectly 
conducting image plane. Since the electric 
field for z ^ 0 is the same for the two- 
conductor line as for the single conductor 
over the conducting plane, the first integral 
in (8) is the same in the two cases. But this 
is not true of the integral of A x . At z = 0, 
the value of A z for the single line over the 
conducting plane is exactly half that for the 
two-conductor line. For 0 <zS 6/2, there 
is no simple relation between the values of 
A z in the two cases. The difference is merely 
the contribution to A z by the current in the 
lower half of the antenna. Although this is 
the same as the current in the upper half, 
the distances from corresponding elements 
to points in the range 0 < z g 6/2 are not 
the same, so that the resultant A z differs in 
phase and magnitude. It follows that in general 
V bl2 for the two-wire line is not the same as 
V b/2 for the single line over the conducting 
plane. The two are approximately the same 
at distances w = s — x from the antenna 
(at x = s, w = 0) that are sufficiently great 
so that the following inequality is true: 

l p/2 | | ni 2 

|J rfz | > | J jwA z dz 


( 9 ) 
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Accordingly, the impedance of a section of 
two-wire line of length w terminated in the 
symmetrical antenna is double the impedance 
measured on the line with half the antenna 
over the conducting plane only if w is suf¬ 
ficiently large to make the contribution of 
/* 6/2 

joi I A z dz to the scalar potential difference 

Jo 

negligible. But this restriction is the same as 
that obtained in (6.60) for the two-conductor 
line. It is nothing more than the statement 
already made in Secs. 8 and 9 that an inde¬ 
pendent impedance cannot be defined for an 
antenna terminating a two-wire line, since 
the antenna is coupled to the adjacent parts 
of the line. An impedance in the sense of 
conventional transmission-line theory can be 
defined for a section of line, only with respect 
to points that are sufficiently far from the 
antenna to make the direct coupling between 
the main line and the antenna negligible. 
The condition (9) is essentially equivalent to 
this, so that the impedance on the line with 
image plane is one-half the impedance on the 
two-wire line for the entire range over which 
an independent impedance can be defined for 
the two-wire line itself. The use of the single 
line over a highly conducting plane in making 
impedance measurements is discussed in 
Sec. 35. 

Base-driven antenna over conducting plane. 
Instead of using half of a two-wire line over 
a conducting image plane to drive an antenna 
perpendicular to this plane, it is often con¬ 
venient to use a coaxial line of which the inner 
conductor and the dielectric pierce the plane 
while the outer conductor is connected to it. 
A possible arrangement is shown in Fig. 10.5a, 
and a more usual one in Fig. 10.6. According 
to the theorem of images, the electromagnetic 
field and the distributions of current and 
charge in the upper half-space z S 0 are the 
same for the circuit of Fig. 10.5a as for the 
physically impractical, symmetrical, center- 
driven circuit of Fig. 10.56. In order that the 
scalar potential difference driving the antenna 
in the circuit of Fig. 10.56 be twice that in 
Fig. 10.5a, the terminal surfaces must be 
sufficiently close together to make a condition 
corresponding to (9) a good approximation. 
Such a condition is 


V m 


«t>(6) - «j>(0) = 



( 10 ) 


Under these conditions it is immaterial 
whether the terminal surfaces actually have 


the form of a hole in the conducting plane 
as in Fig. 10.6 instead of a slit around the 
surface of the antenna as in Fig. 10.5a. The 
corresponding requirement in this case is 

= <t>(6) - $(a) = ( h E r dr (11) 

Ja 

Since the circuit of Fig. 10.6 is of great 
practical importance and the equation (11) 
often is not satisfied, an investigation of the 
contribution to the apparent impedance of 
the half-dipole antenna by a finite line spacing, 
6 — a, is desirable. Although a rigorous mathe¬ 
matical analysis of this problem is theo¬ 
retically much more attractive than the corre¬ 
sponding problem for the dipole center-driven 
from an open-wire line, it is nevertheless so 
intricate that it has not been achieved. 
For present purposes an approximate analysis 
paralleling that carried out for a dipole as 
end load on a two-wire line is adequate and 
may be carried out by a simple extension of 
the method of Secs. 7, 8, and 9. This involves 
an approximate determination of the in¬ 
ductance l e (w) and capacitance c(w) per unit 
length of the coaxial line as a function of 
the distance w from the end where it joins 
the antenna and the conducting plane. In the 
terminal zone w ^d — 10(6 — a) trans¬ 
mission-line end effects and coupling between 
the antenna and the line may be significant. 
Outside the terminal zone, l e (w) and c(w) are 
well approximated by the conventional 
constant values l„ and c 0 for a uniform line 
obtained by allowing w to approach infinity. 
The integrated differences 

L t = f [T(w)-Qdw, C T —[ Mu') -cj dw 
Jo Jo 

( 12 ) 

are the lumped series inductance and shunt 
capacitance of the terminal-zone network 
which, when combined with the theoretical 
impedance cf the half-dipole when isolated, 
constitutes the apparent impedance of the 
antenna as measured on the line at a distance 
w = Afl/2. In the circuit of Fig. 10.6 the 
theoretical impedance is simply Z 0 /2, where 
Z 0 is the impedance of the isolated antenna 
with its image when center-driven by a 
discontinuity in scalar potential, that is, by a 
slice generator. In order to determine L T , it 
is necessary to evaluate l e (w) as given by 

/V) = WMHU w), (13) 

where W z (w) = A lz (w) — A 2z {w) is the vector 
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potential difference between the twoconductors 
of the coaxial line at r = a and r = b, and 
I UL (w) is the total current in the inner con¬ 
ductor of the line. The vector potential in 
the coaxial line of length s due to the current 
I ut (w') in the inner conductor of the line 
(0 < w' < s) and due to the current I lzT (w‘) 
in the cylindrical antenna of length h(0> w' > 
—h) is given by 

1 f* e-iP« R r 

A z (w) = -— I lz (w') —s— dw\ (14) 

4m> 0 J-h R r 

where 

R r = V ( w' — w) 1 + r 2 . (O^ifg s; 

a Si r ;S b) (15) 

Since the inner radius b of the outer conductor 
of the coaxial line is assumed to be small 
compared with the wavelength, so that the 
inequality 

l%b* < 1 (16) 


is a good approximation, the principal 
contributions to the vector potential difference 
between the inner and outer conductors of 
the coaxial line come from elements of current 
for which ( w' — w) is small. Since R a and R b 
approach each other as w' — w is increased 
to greater and greater values, the contributions 
of distant currents are negligible, no significant 
error is made if retardation is neglected, if the 
current amplitude at all points w' on the 
antenna and line is assumed to be equal to 
that in the line at w, and if the limits of 
integration are replaced by infinity. Thus, 
the vector potential difference at w due to the 
currents in the inner conductor and on the 
antenna is 


W z (w) = A u (w) - A 2 z (w) 


IuM r /_ 1 _ 
^ 7rv o J — co \ Ra 


2ttv 0 




dw' 


(17) 


The vector potential difference (18) is the 
same in form as that between an infinitely 
long conductor of radius a carrying a uniform 
current and a coaxial infinite cylinder of 
radius b. It is immaterial whether this is a 
conducting cylinder, or simply a mathematical 
cylinder in space, since the vector potential 
due to currents on the inner surface of a 
metal cylinder is constant with respect to r 
for a ^ r ^ b, so that they contribute nothing 


to the vector potential difference (or to the 
magnetic field). It may be concluded that 
currents on the sheath of the coaxial line con¬ 
tribute nothing to W z (w). Since the currents on 
the conducting image plane are radial they 
contribute nothing to W z (w). Hence (18) 
gives the entire z-component of the vector 
potential difference. Comparison with (13) 
shows that 


Hence, 


lf w ) = l° 0 = 


1 

2ttv # 



(18) 


L t = 0. (19) 

The evaluation of C T may be carried out 
in an analogous manner by evaluating c(w ) 
as defined by 


c(w) = q t (w)IV( W ), (20) 

where 


^ifw) — ‘W*’) = *V) = V L (w) + V T (w) 

( 21 ) 

is the total potential difference at the cross 
section w due to charges q L (w) on the line 
and charges q T (w) on the termination, which 
includes the cylindrical antenna and the metal 
image plane. 

Corresponding to (17), and subject to the 
same approximations, the scalar potential 
difference between the two conductors due to 
charges on the inner conductor of the line and 
on the antenna is 


Vfw) = <h l0 (w) - <t> 16 (w) 

4 7re o 


r 

I — 00 Rh/ 


dw' 


OuM ln b = OilM 

2rre 0 a C 0 


( 22 ) 


The scalar potential difference in (22) is the 
same in form as that between an infinitely 
long cylindrical conductor of radius a with a 
static charge and a coaxial infinite cylinder of 
radius b. It is immaterial whether this is a 
conducting cylinder or merely a mathematical 
envelope in space, since the scalar potential 
due to a static charge on the inner surface of 
a metal cylinder is constant with respect to 
r for a ^ r ^ b, so that it contributes nothing 
to the scalar potential difference (or to the 
radial electric field). It may be concluded that 
the charges on the sheath of the coaxial 
line contribute nothing to Vfw). 

Unlike the currents on the image plane, 
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which contributed nothing to the axial vector 
potential difference, the charges on the image 
plane do contribute to the scalar potential 
difference. The scalar potential at a radius r 
at a distance w from the end of the coaxial 
line due to the total charge q 2T dr' in all rings 
of radius r’ and width dr' on the plane is 


4>2r( H ') = 



q 2T (r') e-^o R r 
2-rrr' R t 


X r’dr’dd’, (23) 


where R r is drawn from dr' in Fig. 10.7 to a 
point at radius r between P x and P 2 . If it is 
assumed that the total charge on a ring of 
radius r' and of unit width on the image plane 
is equal to the total charge per unit length 
on the inner surface of the coaxial sheath at 
w, it follows that 


q 2T (r') = q 2L (w) = -q lL (w), (24) 

so that 


4> 2r (H>) = - 


<hM f 2n f 

8 ^% Jo J/> 


R t 


dr'dd'. 

(25) 


The quasi-stationary potential difference at yv 
in the line due to the charges in the image plane 
is 


V 2 (w) = 4> 2a (H') - <t> 26 (H') 


where 




dr'dd’, 

(26) 


When (29) is solved for c(h>) it follows directly 
that 


c(w) 


- '_ 1 _1 (31) 

y + 2 in ( bja)\ ’ 


so that the lumped shunt capacitance C T is a 
negative quantity given by 


-f" 

Jo 


Cr = I [c(w) - c 0 ] dw 


C d 

= -c 0 — T~TT~r h T\ dw ■ ^ 

Jo Lv» + 2 In (bid) J 


The numerical determination of C T requires 
first the evaluation of the integral for and 
then the integration of (32). 

The exact evaluation of y> as defined in (30) 
leads to complicated integrals of elliptic 
integrals. Fortunately, an approximate evalu¬ 
ation of y> is possible. This is accomplished 
by dividing the range of integration with respect 
to 0 into four regions in each of which the 
function is assumed to be constant at a middle 
value. Thus, choosing the middle values in the 
full range of 2n at 6 — 0, vr/2, w, 3 tt/ 2, the 
integral in (30) may be approximated as 
follows: 



-MO) I 

-!_lf 

R U ( i 77 ). J it 


dd' 


o 

3<r/4 


dd' 


+ 


1 

R 2 t(~) 


1 

R 1t (tt). 



dr' 


R 2t = + b 1 — 2 r'b cos 6' + w 2 , (27) 

R it = Vr' 2 + a 2 - 2 r'a cos 6' + w 2 . (28) 



1 

V(r' -b) 2 + w 2 


It follows that the total potential difference 
between the two conductors of the line at a 
distance w from the load end is the sum of 
(22) and (26). Accordingly, 

V(w) = _J_ = /j__ 

q u ( w ) c(w) \c 0 4 t7 ej 

= i( 21n ^ + V )’ (29) 

where 


V(r' - of -r w 2 


+ ■ 


If 

4 Jb 


r 1 

|_W 2 + 

b 2 + h- 2 



1 


V. 

> 

' 2 + a 2 4- w 2 _ 

- 


1 

_V(r‘ 

' + 

b) 2 + w 2 



1 1 


VV + af - 


dr' 


¥ 


dr'. (33) 
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Fig. 10.7. Notation for antenna with coaxial drive Fig. 10.8. Graphs of — [efw) — c 0 ]/c 0 as a 

over conducting plane. function of wjb with bja as parameter for the 

coaxial line. 



b/a 


Fig. 10.9. — C t /6c 0 as a function of bja for the coaxial line. 
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These integrals may be evaluated directly. 
Thus, 

1 6 — a 1 b 

w = - sinh -1 -— - sinh -1 

4 w 2 


Vb 2 + tv 2 


1 , b 

- sinh -1 —— 

2 Va 2 4 


1 , 2 b 

■ - sinh 1 — 
4 tv 


4- \ sinh -1 - . (34a) 

4 tv 

By transforming to the natural logarithm, 
using sinh -1 ( x/a ) = In (x 4- V* 2 4- a 2 ), the 
following alternative expression is obtained: 


• 1 • u-l b ~ 

y> = - sinh 1 - 

4 tv 


- 4- i In 
2 


b 2 4- tv 2 


1 


In 


a‘ 4- tv 2 
V2b 2 + tV 2 1 


2 lb 4- Vb 2 + a 2 + 


— In 
4 


2b + V 4b 2 + tv 2 


.b + a + v (6 + a) 2 4- tv 2 


(34 b) 

Since the arguments of the last two logarithms 
differ only slightly from unity even when 
tv = 0, these terms may be neglected. The 
resulting final expression is: 


» = }[»! 


The function 


h — a 6 2 + tv 2 

sinh -1 -b In -w——; 

tv a 1 + tv 




1 ~ (alb) 
wjb 


-(' + ?) 
- to (£ + £)]• (55) 

M 


obtained by 


substituting (35) in (31) is shown in Fig. 10.8 
with w/b as variable and 6/a as parameter. 
Although curves are shown for values of 
bja < 7, these are not accurate for deter¬ 
mining C T , since (22) is adequate only when 
the integration is carried over distances that 
are at least five times the radius a, as is shown 
in Chapter I. Since c(w) differs significantly 
from c 0 over distances of the order of magni¬ 
tude of b — a, this distance must be greater 
than 5 a or the principal contributions to 
C T will be derived from a range of integration 
for (22) that is too short to yield accurate 
results. 

By determining the areas under the curves 
in Fig. 10.8 in the range w/b — 0 to wjb = 10 


by numerical methods, C T as defined in (32) 
may be determined. It is represented in Fig. 
10.9 in the form —C T lbc 0 for b/a > 7. For 
values of b/a near unity, the coaxial line with 
its circular inner conductor was approximated 
by two parallel planes separated by a distance 
(6 — a) to the beginning of the antenna, 
where one of the planes is bent down at 
right angles to form the conducting ground 
screen. The charge on the straight plane, 
corresponding to the inner conductor, may 
be determined electrostatically using the 
Schwarz-Christoffel mapping. The ratio of 
this charge as a function of the distance w 
from the end of the parallel-plate region to 
the charge at an infinite distance from the 
end is proportional to c(tv)/c 0 . Using this ratio, 
the formula —C T lbc 0 = 0.068(1 — alb) was 
determined for bja < 1.2. The corresponding 
curve is shown in Fig. 10.9. In order to join 
the approximate curve for 6/a > 7 with that 
for 6/a < 1.2, —C T itself was plotted (using 
Fig. 10.8 for all values of 6/a) for two values 
of a. The curves so obtained decreased 
smoothly as 6/a was reduced but reached a 
minimum between bja = 4 and b/a — 5, and 
then increased sharply. By continuing the 
smoothly decreasing parts of the curves from 
above 6/a = 5 toward 6/a = 1 where 
C T == - 0.068(2rrae 0 ), using these extended 
portions of the curves to evaluate —C T jbc 0 , 
and joining the single curve so obtained 
smoothly to the curve for bja < 1.2, the 
complete curve in Fig. 10.9 was obtained. 41 

HALLEN’S THEORY OF CYLINDRICAL 
ANTENNAS* 

11. Cylindrical Antenna 

The analytical problem to be studied is the 
determination of the axial distribution of the 
total current I z and the charge per unit length 
q for a conducting cylinder of arbitrary 
cross section that extends along the z-axis 
from z = —6 to z = —<5 and from z = <5 to 
z = A. Since it is proved in Sec. 1.7 that the 
distribution of axial current is independent 
of the shape of the cross section if the maxi¬ 
mum dimension is small compared with the 
wavelength, it is necessary only to analyze 
the circular cylinder of radius a. The total 
axial current in a cylinder of arbitrary cross- 
sectional shape is the same as the axial 
current in a circular cylinder of equivalent 
radius a as defined in Sec. 1.7. An actual or 

* The analysis does not follow Hallen's original 
formulation. 
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equivalent circular cylinder is shown in Fig. 
11.1. It is postulated that a scalar potential 
difference V d = <J>(<5) — <J»(—<5) is maintained 
across the edges of the cylindrical envelope at 
z — ±<5. For the idealized slice or delta- 
function generator described in Sec. 4, the 
cylindrical conducting surface continues un¬ 
broken at z = 0 and V 0 = lim [<J>(<3) — <J>( — <5)] 
<s—>o 

= V 0 <)(z), where <5(z) is the Dirac delta 
function. In the circuits of Secs. 8, 9, and 10 
the antenna joins the conductors of the 
transmission line between z = ± \b and 
z = ±<5, so that there are small junction regions 
of dimensions comparable with the radius a 
of the conductor. In a one-dimensional 
analysis it is not possible to take accurate 
account of such regions. For small values of 
the radius a their effect may be approximated 
by assuming the halves of the antenna to 
extend to the axes of the conductors of the 
transmission line, so that b = 2(5, and by 
measuring the length of the line to the axis of 
the antenna. For larger values of a, additional 
lumped capacitances in parallel with the 
antenna may be required to represent ade¬ 
quately the effect of such junction regions. 
In the theoretical analysis that follows it is 
assumed that all such effects are either 
negligible or taken into account separately, 
so that the only chargeable surface of the 
antenna near z = ±<5 is the cylindrical 
envelope. The analysis is restricted to antennas 
for which 

ha < 1 - ( 1 ) 

The antenna in Fig. 11.1 is shown with 
hemispherical ends rather than with flat or 
hollow ones. Since a one-dimensional analysis 
such as the one contemplated cannot take 
accurate account of the hemispherical end 
surfaces, a brief discussion of these is required 
in conjunction with the condition I z = 0 
at z — h that is imposed in the analysis. 
With hemispherical ends I z {h) is strictly zero. 
With the flat metal ends of a solid cylinder 
or the open ends of a tube I z (h) can not 
be zero. With a solid cylinder there is a 
flow of electric charges onto the flat ends since 
the axial currents I z at z = +h become radial 
currents I r at r = a. Although these currents 
are small if the chargeable area na 2 of the 
end is small, they are not negligible. If the 
cylinder is hollow, I z at z = h is a flow of 
electric charges around the sharp edge onto 
the inner surface of the cylinder. This surface 
is charged with a high density at the sharp 
edge and with an appreciable but diminishing 


density inward to a distance from the end 
comparable with the radius of the tube. 
Beyond this distance the density of charge 
is extremely minute. Evidently, with either 
a solid cylinder or a tube the effective half- 
length of the antenna exceeds h by an amount 
that is difficult to determine accurately, but 
that is of the order of magnitude of a. 

With hemispherical ends I z (h) = 0 and, in 
addition, the total chargeable surface of the 
antenna remains the same. Thus, referring to 
Fig. 11.2, the area of a hemisphere of radius a 
is 2 tt cP- in (a); the area of the cylindrical 
surface of length a is also 2-na 1 in (b). Since a 
continuous change in the radius of the antenna 
for a short distance from each end has a 
negligible effect in the analysis, it may be 
assumed that the boundary condition for the 
tangential component of the electric field, 
namely, 

n t x Ej + n 2 x E 2 = 0 (2a) 

(where the subscript 1 refers to the conductor, 
subscript 2 to surrounding space), is well 
approximated by 

E zl — E z2 at r = a. (—h :S z sj —6, 

(5 £z ^h) (2b) 

This is actually the condition for a physically 
unavailable “one-dimensional” cylinder of 
radius a and half-length h that has no charge¬ 
able surfaces beyond the edges at z = ±h. 
Its approximate physical equivalent is a 
cylinder of the same length along the axis, 
but with hemispherical ends. 

The electric field in the conductor satisfies 
the constitutive relation 

i/ = ff c E„ 

6 fizHh), (3) 

where o c is the real conductivity of the 
conductors. 

In the analysis it is assumed that the cross- 
sectional distribution of current in the con¬ 
ductor is independent of the axial distribution. 
If the diameter of the conductor is small 
compared with its length, as is here supposed, 
this is an excellent approximation. Since 
rotational symmetry obtains, the total axial 
current I z in the conductor is related to the 
axial component of the electric field at the 
surface of the cylinder by the formula defining 
the internal impedance = r' + jx i per 
unit length of the conductor (ref. 1.31, Sec. 
V.8). It is 

z i _ ( £ zl)r = a 1 + j j W 

I z 2na \ 2a c v ' 


( 4 ) 
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The formula on the right is valid at frequencies 
for which 

a Vcaojv ^ 10. (5) 

Here v = 1 /^ is the absolute reluctivity 
(reciprocal permeability) of the conductor. 
Accordingly, 



5, d riz < h). (6) 

At all points outside the conductor the 
electric field may be expressed in terms of the 
scalar and vector potentials: 

E 2 = -grad <}> 2 — y'coA 2 

= -4s (grad div A 2 + #|A 2 ), (7) 
P o 

where /?„ = co/r 0 = 2n-/2 0 , and where use has 
been made of the definition of div A 2 , 

div A 2 + y — <t> 2 = 0. (8) 

CO 


The z-component of (7) on the surface of the 
antenna is 

(Ez2)r=a = *||(^ divA 2 + PZ A z^ r a - 
(-h^z^-d, d <>z <h) (9) 
Equating (6) and (9) to form (26) gives 

(|divA 2 + ^-) f _ 8 =/f* < ^ 

(-h^z<-d, d^z^h) ( 10 ) 


This equation may be expanded into 


dzdx 


3 2 A v2 

dzdy 


3 2 A z2 
dz 2 


+ ftA z2 



(—h £ 2 $ —<5, i^zgA) (11) 

For the idealized slice generator both A x 
and A v are zero everywhere in space, so that 
(11) reduces to 


*A n 

dz 2 


PqAz 2 =y §z%. 


( 12 ) 


For the antenna in the neutral plane (Fig. 
10.1a or 10.2), A x — 0 and 3AJ3x = 0 
everywhere along the antenna; A v has a small 
but maximum value with respect to changes in 
y over short distances from the line, so that 


[11.12] 


SA V I By = 0. Hence, (11) reduces to (12). 
In the circuits of Secs. 8 and 9, A v and 
3A v f3y vanish everywhere. In the end-loaded 
line of Sec. 8, both A x and 3AJ3x are 
significant along the antenna. In the sym¬ 
metrical center-loaded line, A x is zero along 
the antenna but 3AJ3x has its maximum 
value. The rigorous analysis of the problem 
involves the simultaneous solution of the 
two integrodifferential equations (11) and 
(6.216) for the currents in antenna and line. 
Since the term in 3 2 A x j3z3x in (11) takes 
account of the coupling between antenna and 
lines, and since approximate account has 
been taken of this coupling in the lumped 
element C T discussed in Secs. 8 and 9, it may 
be ignored in (11), so that this reduces to the 
simpler form (12). Note that the currents into 
and the charges on C T actually are distributed 
in a short terminal zone in the transmission 
line and in the antenna. 

Equation (12) applies accurately only to an 
antenna driven by a slice generator and to an 
antenna driven by a two-conductor line in 
the limit as the distance 6 between the con¬ 
ductors of the line approaches zero, so that 
S -> 0. These cases are physically unavailable 
but none the less important. They may be 
approached experimentally by making meas¬ 
urements successively with values of 6 that 
decrease to the smallest one that is physically 
practicable. If the results of the measurements 
are plotted as functions of 6 and the curves 
extrapolated to 6 -*• 0, values of the measured 
quantities corresponding to those of a line 
of zero spacing or of a slice generator of zero 
thickness are obtained. 

Equation (12) is a good approximation for 
the antenna in the end-loaded and center- 
loaded line if correction is made for the 
effect of coupling by means of the lumped 
element C T . 


12. Formal Solution of Differential Equation 
for Vector Potential of Antenna. General 
Symmetry Conditions 

The vector potential in space just outside 
the cylindrical surface of the antenna in 
Fig. 11.1 satisfies the nonhomogeneous linear 
differential equation 




(-6 ^z ^ -<5, 6 <z <h) (1) 


Since no confusion can arise, the subscript 2 
is omitted from the potentials. 
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The general solution of (1) is the sum of a 
complementary function A zc and a particular 
integral A zv . The complementary function is a 
solution of the homogeneous equation, which 
is also the complete equation if the conductor 
is perfect and z* = 0. The homogeneous 
equation is 

d 2 A 

V + = 0. (2) 

It is readily verified that 

A zc = — (C 1 cos P 0 z + C 2 sin p 0 z) 
v o 

(r=a) (3) 

is a solution of (2); and C 2 are arbitrary 
constants of integration. The factor —jlv 0 is 
included for later convenience in order to 
make the C’s have the dimensions of scalar 
potentials measured in volts. 

A particular integral in (1) for the upper 
half of the antenna is 



I(s) sin fi 0 (z — s) ds. 


(4) 


as may be verified by direct substitution using 
the following rule for differentiating a definite 
integral: 



( 6 ) 


The general solution of (1) is the sum of (3) 
and (4): 

(A,) r=a = -2 Cj cos p 0 z + C 2 sin p 0 z 
v o L 

— z‘ j I(s) sin p 0 (z — s) £/sj . 

(d z H h) (7) 


A particular integral for the lower half of 
the antenna is like (4) but with —<5 instead of 
<5 written in the lower limit. The resulting 
expression for the vector potential on the 
lower half of the antenna is given in (8). 
In general, the arbitrary constants C 3 and C 4 
in (8) are not the same as C t and C 2 in (7). 


The relations between C 3 , C 4 and C lt C 2 must 
be determined from symmetry conditions. 

{A z )r=a = — Cg cos p 0 z + C 4 sin /V 
v o L 

— z* J I(s) sin P 0 (z — s) c/s|. 

(-Kzg -h) (8) 

The determination of the axial distribution 
of current in the cylindrical antenna from (7) 
is more convenient if the current I z = I(z) 
is expressed as the sum of even (symmetric) 
and odd (antisymmetric) parts, respectively, 
7 s (z) and /°(z). Thus, it is always possible to 
consider the current at a point z in two parts, 
as follows: 

I(z) = i[I(z) + /(-z)] + ilKz) - /(— z)], 

(9) 

or, 

I 2 - I(z) = Hz) + Hz), (10) 

where the quantity in the first bracket is 
by definition even, so that 

H~z)= Hz), (11) 

while the quantity in the second bracket is 
odd, so that 

J«(-z)= -Hz). (12) 

Symmetry conditions for the distribution 
of charge are easily obtained using the 
equation of continuity in the form (1.3.7), 


§ + /»9-0- 

(13) 

,(z>- 

(14) 

q( 2) _ ~J dI *(-*) . 

’ v> (-dz) 

(15) 


In the symmetric case, currents are even 
functions of z, charges odd functions: 

I(~z) = I(z), q(-z) = -q(z). 

(16a) 

In the antisymmetric case, currents are odd 
functions, charges even functions: 

/(-z)=-/(z), q(-z) = q(z). 

(166) 

The total charge is 

q(z) = i[q(z) - q( —z)] + i[q(z) + q(-z)] 
= q\z) + q a (z). 


( 17 ) 
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The scalar and vector potentials in space 
(region 2) due to the current and charge in a 
cylindrical conductor (region 1) are given by 
(1.7.8,9), 


4» 


—( r+ fte 

HlJ-i Ja / Ri 


e~}P« R i dz'. 


(18 a) 


A ' = * ir 0 (L + I) 

where 


e -jPo R i dz', 

R i 


(186) 


R 1 = V(z - z'f + a 2 . (19) 


It is proved in 1.7 and reference 1.31, Sec. IV.4 
that (18a, 6) are good approximations at 
points just outside the surface of the con¬ 
ductor, r = a. 

The scalar and vector potentials given by 
(18a) and (186) may be expressed in a form 
like (10) and (17), since with (11.8) in the form 

+ M 4, = o (20) 

dz (o 


they satisfy a relation corresponding exactly 
to (13). Hence, 

A(z) = *[A(z) + A(—z)] + i[A(z) - A( -z)] 
= AHz) + A a (z), (21a) 

4>(z) = M4>00 - 4>(-z)] + M<t>(z) + 4>(-z)] 
= <j> s (z) + (216) 

where the symmetric conditions 
A\-z) = A-\z), 4>*( —z) = -<t»“(-z) (22a) 

apply in the first brackets in (21a, 6), and the 
antisymmetric conditions 

A a (—z) = -A°(z), 4 > a (~z) = <t> a (z) (226) 

apply in the second brackets. It is now verified 
readily that (18a) and (186) satisfy (22a) for 
the symmetric currents and charges defined by 
(16a), and that they satisfy (226) for the 
antisymmetric currents and charges defined 
by (166). 

Summarizing, the conditions of symmetry 
are as follows: 

Symmetric case: current and vector potential 
even; charge and scalar potential odd. 

/(-z) = /(z), g(-z) = -g(z), 

(23 a) 

A(—z) = A(z), 4>(-.z) = -«t>(z). 

Antisymmetric case: current and vector 


potential odd; charge and scalar potential 
even. 

I(-z) = —I(z), q(-z) = q(z), 

A(—z) = -A(z), 4>(-z) = 4>(z). 

The general case: superposition of odd and 
even functions. 

/(z) = / s (z) + I a {z), 

q(z ) = q s (z) + q a (z), (24 ) 

A(z) = A*(z) + A a (z), 

<t>(z) = 4> s (z) + <|>“(z). 
Symmetric currents and vector potentials 
are even, equal in magnitude, and codirectional 
at corresponding points defined by ±z; 
antisymmetric currents and vector potentials 
are odd, equal in magnitude, and oppositely 
directed at corresponding points. Symmetric 
charges per unit length and scalar potentials 
are odd, equal in magnitude, and opposite in 
sign; antisymmetric charges per unit length 
are even, equal in magnitude, and alike in 
sign. Distributions of both symmetric and 
antisymmetric types are excited readily in 
practice. Note that in geometrically un- 
symmetric structures the even currents may 
contribute to the odd part of the vector 
potential. This is true, for example, in the 
collinear array analyzed in Chapter III. 

13. Vector and Scalar Potentials for the 
Symmetric Antenna 

The analysis in this chapter is concerned 
exclusively with the center-driven symmetric 
antenna. Odd currents do not exist because 
they are not excited by the symmetrically 
placed driving potential difference, nor re¬ 
quired by the equally symmetric boundary 
conditions. Accordingly, in the remainder 
of this chapter it may be assumed that 

/(z) = I\z), I a {z) = 0, (1) 

so that the symmetric case alone obtains: 
/(-z) = /(z), g(-z) = -g(z), (2a) 

A(-z) = A(z), 4>(-z) = -<t>(z). (26) 

The solutions (12.7) and (12.8) for the vector 
potential must be made to satisfy the con¬ 
ditions (2). This requires that 
C 1 cos fl 0 z + C 2 sin P 0 z 

— z l j I(s) sin P 0 (z — s) ds 
= C 3 cos (-/V) -I- C 4 sin (-/V) 

— z ! J* I(s) sin P 0 (—z — s) ds. 


(3) 
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IS 


This is satisfied for all values of z in so far as 
the trigonometric factors are concerned if 


C3 — Ci» 


C, — —C 9 . 


(4) 


It is readily verified that the two integrals 
are the same in any case. Thus, writing 
u = —.r, du = —ds, and changing the limits 
appropriately — when s — —z, u = z; when 
s — —5, u = d — the integral on the right 
becomes 


r 


/( - u) sin P 0 (—z+ u)( -du). (5) 

With I(—u) = I(u) from (2), (5) becomes 

I(u) sin 1 9 0 (z — u) du. (6) 


Upon differentiating (12.1) with respect to z 
and using (11) or (12), 4*2 is seen t0 satisfy 
the scalar wave equation, 

Id 2 4> „ \ ,dl z (z) 

(13) 

Use has been made of the equation of con¬ 
tinuity dl z (z)ldz + jcoq(z) = 0. In (13), q(z) 
is the charge per unit length. 

Using (11) and (7), the solution of (13) 
corresponding to (7) is 




r 


-I 


C l sin 3<,z + C 2 cos (i n z 


'0 (z - s) ds j . 


Clearly (6) is identical with the integral on the 
left in (3), so that (4) is sufficient to make 
(12.7) and (12.8) satisfy the symmetry con¬ 
dition (1). Accordingly, 


[A z (z)] : 


r=a — Q COS fl„Z + C 2 sin P 0 Z 

v o l 

— z i j" I(s) sin iS 0 (z — s) rfsj , 


(d^z^h) (7) 

[A z (z) lr=o = C i cos Po 2 “ C 2 si" (V 

v o 

— 2 * J" I(s) sin /? 0 (z — s) </sJ . 

(-h Sz ^ -5) (8) 

The scalar potential for the symmetric 
antenna is obtained from (7) and (8) using the 
equation of continuity for potential functions. 


in the form 


I(s) cos ft { 


(8 g z <h) (14) 

. Using (12) and (8), the solution of (13) 
corresponding to (8) is 

[<&(z))r=a = f—c x sin i? 0 z - C . 2 cos /V 

—J> cos /i 0 (z — s) ds j . 

(—h S! z sS —<3) (15) 

It is readily shown that (14) and (15) satisfy 
the relation $(—z) = — 4>(z) by writing 
(—z) for z in (15), with z understood to be 
the positive value written in (14). Thus, 


[«>(-*)!•-« = 


— C l sin i3 0 (—z) 


- C 2 cos /? 0 (—z) 

— 2 


' J" I(s) cos /3 0 (—z — s) ds . 


div 

(9) 

£• + ,-*♦- 0 . 

(10) 


(16) 

Noting that, with the same change in variable 
used in (5) and the condition /(—z) = J(z), 


1 


I(s) cos 1 9 0 (—z — s) ds 


r 


to which (9) reduces when A = zA z . Thus, 

(ID 


dA ^ z) 

+ iz) - J n~er’ 


jl, ^ d A x (-z) .to dA z (z) 


I(u) cos /5 0 (z — u) du, (17) 
Jd 

it follows that 

M>(-z)]r=« = [Cl sin /J 0 z - C 2 cos p Q z 
Us) cos fi 0 ' 


J" I(s) cos /?„(z — s) ds . 


( 12 ) 


( 18 ) 
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Comparison of (14) and (18) shows that 
<J>(—z) = — 4>(z) as required. It follows that 

[$(+z) - <|»( z) = 2<(>(z)] r=0 . (19) 

The arbitrary constant of integration C 2 
in (7) may be expressed in terms of the driving 
potential difference V d maintained across the 
cylindrical ends of the antenna at z = ±<5. 
From (19) it follows that, with z = 8, 

[V t = 4>(<5) - <*>(—.5) = 2<t>(<5)] r=a . (20) 

At z = 6, (14) becomes: 

[<t>(<5)] T =a = —Cj sin j3 0 6 -f C 2 cos P 0 6. (21) 

Hence, substituting (21) in (20), 

V d = 2(<|>(<5)] r=a = 2(-C, sin p 0 6 

+ C 2 cos p 0 6), (22) 

so that 


C 2 — (J Vs + Ci sin ^ 0 ^)/cos fi 0 S. (23) 

This value of C 2 can be substituted in (7) to 
give 

[A z (z)] r = a = -Jr-A [Cl COS ~ <5) 

Vq cos PqO 

+ ) v 6 sin 3qZ] 


j— f I(s) sin p Q (z — s) ds. 

v 0 Js 


Similarly, 
[Az(z)Ua = 


h). (24) 


-[Cj cos P 0 (z + 5) 

v 0 cos p 0 o 

— iV d sin fa] 

- j— I I(s) sin ft>(z — s) ds. 
v 0 J-S 

(-h ^ z ^ -6) (25) 


The substitution of (23) in (14) and (15) gives 

M>(z)]r=« = —~ l-C ! sin p 0 (z - 6) 

COS P 0 o 

+ iV d cos fa] 

— z' J* I(s) cos P 0 (z — s) ds. 

(S^z^h) (26) 

[<K*)U« = —Va [- C l sin + *) 

COS p 0 O 

- iV d cos 0oz] 

— z* J* J(s) cos /? 0 (z — r) t/r. 

(-h^z^-S) (27) 


Formulas (24) to (27) are the general expres¬ 
sions for the vector and scalar potentials just 
outside the surface of the cylindrical antenna. 


14. Hailin's Integral Equation 

The vector potential at a point (a, z) just 
outside the surface of the cylindrical conductor 
is given approximately by 




1 


dz‘ 

-h Ri 



e~)Potti 



( 1 ) 


where, as shown in Fig. 11.1, 

Ri = V(z - z'Y + a\ (2) 

Substitution of (1) in (13.7) gives the general 
integral equation for the current in the antenna. 
Noting that y 0 /v 0 = l/^Vo = Co — 376.7 ohm, 
it is 


■ i cofli.,,1 [ C * ^ - 41 

+ \v 6 sin /vj 

/4 nZ* f* 

+ r — *(j) sin Po( z ~ s ) ds, 

4 o Js 

(«£:£*) (3) 


where 


Jt^z.z') = 


e-iPo R i 

~rT 


(4) 


is the kernel of the integral equation. 

A similar equation may be written for the 
lower half of the antenna. Since /(— z) = I(z), 
it is unnecessary to carry through the detailed 
analysis for /(—z). A solution of the integral 
(3) in closed form is not known. A solution 
in the form of a series may be obtained by 
expressing I' z in terms of a convenient 
reference current such as I 6 and a distribution 
function /(z) and then improving the approxi¬ 
mation by iteration.* 


* The question whether the integral equation (3) 
is in the best form from the point of view of having 
the reference current Is insensitive to small changes 
in the distribution function is considered in Sec. 39. 
It is shown there that by application of the calculus 
of variations an improved form is available. It is 
shown also that (3) leads to results in excellent 
agreement with those obtained by variational 
methods if the iteration is carried out twice, and if 
a good choice is made for /(z). 
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I z = IJ(z). (5 a) 

Then 

I' = IJ(z’), (56) 

so that 

r z =iJ£Q^i l g( z ,z'). (6) 

Now let a complex function 'P/z) be defined 
as follows: 

*«(*) * (J ‘ + J*J g(z, z') K£z, z') dz'. 

( 7 ) 

If the distribution function g(z, z) = f(z')jf(z) 
is the actual one, it is correct to set 

(J 1 + D izKi(z ’ z) dz ' =Wz) ‘ 

( 8 ) 

If g(z, z') is known only approximately, it is 
possible to write without approximation 

(/_; + I',Kiiz, zo dz' = I z v s (z) 

+ (r + r)[«-'- gfc ^ 

x K y (z, z') dz’. (9) 

The more nearly g(z, z') approximates the 
correct distribution, the smaller are the differ¬ 
ence integrals on the right in (9). If g(z, z') can 
be chosen accurately enough so that the sum 
of the integrals on the right in (9) is consider¬ 
ably smaller than the term I*¥ d (z), this term 
may be treated as the principal part and the 
sum of the difference integrals as a small 
correction. 

If g(z, z') is the actual distribution function, 
so that (8) is true, it follows that ’P (i (z) is given 
by 

W = 4ttv 0 . ( 10 ) 

That is, V t (z) is proportional to the ratio of 
the vector potential at any point (a, z) just 
outside the surface of the antenna to the 
actual, total axial current in the conductor 
in the cross section at z. It is clear from (1) 
that (A z ) r=a is determined largely by the 
current at and near the cross section at z. 
Owing to the factor Ry in the denominator. 


the contribution to the integral by the current 
I z in an element dz' at z' that is at a con¬ 
siderable axial distance | z' — z | from the 
point (a, z ) where (A z ) r=a is calculated, is 
necessarily small unless z happens to be a 
point where I z is much lesst han I' z at z'. 
In general, it is reasonable to expect the 
ratio (10) to be moderately constant and 
predominantly real over all parts of the antenna 
except where the current is small or zero. 
Since I z is zero at the ends, 'P/z) is infinite 
at z = ±h. On the other hand, the product 
I z 'i’ i (z) remains small. 

Although there is no current between 
z — ±<5, the current at z = ±5 is always 
finite, so that 'Y d (8) is not infinite, but has the 
same order of magnitude as if the current I z 
continued instead of turning and becoming I x 
on the transmission line. *P d (z) is not defined 
between z = —8 and z = 8. 

Assuming that ^(z) is predominantly real 
and sensibly constant over the greater part 
of the surface of the antenna, this constant 
value must be well approximated by ^(z) at 
some reference point z r . 

Let the magnitude of x ¥ 6 (z T ) be denoted by 

|^(z r )|-T. (11a) 

Also let 

^(z) = Y + Y (z), (116) 

where y(z) is a complex correction term 
defined so that (116) is true. For most of the 
range of z between 8 and h, or —8 and —6, 
y(z) should be very small. At the ends z = ±6, 
where I z = 0, y s (z) is infinite, but [/ z Ya(z)L^±A 
remains finite and small, since it is pro¬ 
portional to the vector potential at the ends 
of the antenna near which the current and 
hence the vector potential are always small. 

Clearly, if g(z, z') is only a good approxi¬ 
mation of the distribution of current instead 
of the actual relative distribution function, 
(11a) and (116) may be written nevertheless. 

If (116) is substituted in (9), the result is 

(j A + jg ) I ' zKl( ' Z ’ Z ^ dZ = IzT + ***(*) 

x Ky(z, z’) dz'. (12) 

With g(z, z') properly chosen and T correctly 
defined, the only large term on the right in 
(12) is /jT. Near the ends, where y(z) becomes 
large, all terms become small because I z is 
extremely small. Accordingly, if (12) is 
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substituted in (3) and *F is finite, it is possible 
to solve formally for I, in I z 'i\ Thus, 


/ = ~J A7r 

2 £ 0 T* cos f} 0 d l 


C l cos (z — S) 

1 


V 6 sin P Q z 


I(s) sin f) 0 (z — s) ds 




[I'z— I z g(z, z'^K^z, z') dz '| . (13) 


This equation is exact. Like (3) it is an integral 
equation for the current. However, it differs 
from (3) in that the current itself appears on 
the left and is contained on the right only in a 
difference integral that is small if g(z, z') 
is properly chosen, and in a term that is 
negligible except very near the ends at z = ±h. 
Since it is postulated that the current vanishes 
at z = ±h, it is usually of no importance to 
know exactly what the distribution of current 
is very near the ends, if it is known everywhere 
else. It is in any event readily determined by 
interpolation. 

The equation (13) is put in a preferred 
form for subsequent evaluation of the con¬ 
stant C x if (3) is written with z — h and 
divided by ¥, namely, 

Cj cos P 0 (h — 5) 

+ ^ V& sin ft , h 

+ --^r f I(s) sin Uh ~ 0 ds 
4 0 » J6 




(14) 




K i(E z') = 

R\h 

(15a) 

Rih - 

- z') + a 2 , 

(15 b) 


0 = 


-y' 4 »■ 


So^ COS P 0 d 


and (14) is subtracted from (13). This gives 
_ -J4tt 


4o t cos p 0 d 

x jcjfcos /j 0 (z — 6) — cos p 0 (h — 6)] 


+ \ V s t sin - sin A 


'«*]} 


+ 


j4nZ 


k 


Fit 


I(s ) sin P 0 (z — j) ds 


I(s) sin p 0 (h — 5 ) ds) 


tr; - d 


Jd 


_ ^zY( z ) _ J_ 

T T 

[I'z ~ hgiz, z ')] K i(z, z') dz’ 

(i-<zgA) (16) 


This expression is preferred because the 
right-hand member vanishes for all values of 
A )h when z = ±h as is required, whereas the 
right-hand member of (13) cannot be made 
to vanish at z = ±h when cos p n (h — 6) = 0, 
since the arbitrary constant C x disappears 
completely. Equation (16) is the final, exact 
form of the original integral equation (3). 
Its advantage over the apparently simpler 
form (3) lies in the fact that all terms on the 
right involving the current are small compared 
with I z itself (except near the ends where 
I h = 0) if the conductor is good (z“ small) 
and the distribution function g(z, z') is well 
chosen to make the difference terms small. 

It is to be noted that the form of (16) and 
the definition of T in (11) are essentially 
arbitrary. An alternative procedure in defining 
T" is to use the real part instead of the magni¬ 
tude of T’ a (z). Another possibility is described 
in Sec. 31, where it is shown that for an 
electrically short antenna (16) is not as 
satisfactory as a similar equation obtained by 
subtracting from each member of (3) the same 
expression with z = h, and introducing a 
difference kernel of the form 


Li(z, z) = Kj(z, z') — K x (h, z') (17) 

in place of K^z, z'). A yet more refined 
procedure is to introduce a complex distri¬ 
bution function g(z, z'), separate the integral 
on the left in (3) into its real and imaginary 
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parts, and so obtain two integral equations 
from the real and imaginary parts of the 
original, complex equation. Use of this 
procedure is made in Secs. 25 and 31. In 
general, the relatively simple procedure 
described in this section is satisfactory for 
antennas that are neither extremely short 
nor excessively long. Exceptions are con¬ 
sidered in due course. 

Before considering the solution of (16) it is 
well to recall that the original integral equation 
(3), of which (16) is a special form, is a 
quasi-one-dimensional approximation of a 
three-dimensional problem. On the whole the 
approximation is a good one except very near 
the ends of the antenna or its junction with 
the driving transmission line, where the 
integral (1) is not an accurate representation 
of the vector potential. As shown in Sec. 7 
of Chapter I, the vector potential on the 
surface of a cylindrical conductor is well 
represented by (1) only at distances from the 
ends of the antenna or from sharp bends that 
are not less than about five times the radius 
of the conductor. Errors that are roughly 
equivalent to a change in the axial coordinate 
by an amount equal to the radius a must be 
expected very near ends or sharp bends. 
Such errors can not be eliminated so long as 
an essentially one-dimensional equation is 
used to solve a three-dimensional problem. 
In most practical applications involving thin 
conductors driven from actual transmission 
lines they are unimportant. 

Actually, two kinds of approximation are 
involved in the integral equation (3). On the 
one hand the quasi-one-dimensional mathe¬ 
matical formulation can represent the physical 
problem only approximately; on the other 
hand, the two expressions for the vector 
potential that are equated to form (3) are not 
rigorously equal very near z = ±h and 
z = ±(5. The integral on the left in (3) when 
multiplied by l/4irv 0 is the vector potential 
A z at r — a of a line source of current T z 
along the z-axis, and only approximately the 
vector potential of a rotationally symmetric 
distribution of current in the volume r si a. 
Accordingly,*}) = (ju>IPl)(BA z lBz) is the scalar 
potential at r = a of a line source of charge 
per unit length q(z'), which satisfies the 
equation of continuity, (dl(z')ldz') + jojq(z') 
= 0, and only approximately the scalar 
potential of a surface density of charge on the 
cylindrical conductor of radius a. Moreover, 
the contributions to the scalar potential near 
z — ±d by charges on surfaces other than 


the cylindrical envelope of the antenna 
itself are ignored, and some such surfaces 
must exist in every physically possible radiating 
system. Evidently, the driving voltage V# — 
<K<5) — <}>(—<5), as defined in Sec. 13 in terms of 
( BAJBz ), is in error for two reasons. The first 
is that rigorously V d is defined in terms of a 
line distribution of charge along the axis 
instead of a surface distribution at r = a, the 
second is that in practice there are always 
charged surfaces other than the cylindrical 
envelope of the antenna that contribute to 
<J>(±<5). If the transmission-line spacing is 
greater than the radius a , as is usual in practice, 
the effect on the potential difference V d of 
locating the charges on the axis instead of at 
r = a is not great. However, account must 
be taken of the contributions by charges on 
all surfaces near z = ±6. This may be done 
with an appropriate terminal-zone network, 
as described in Secs. 8, 9, and 10. 

The integral equation (3) reduces to the 
simple form originally derived by Hallen when 
(5 = 0, and it is this form that is usually 
discussed in the literature. The simplified 
equation for <5 = 0 is 

f* 

4^0 A z = J TJK^z, z') dz' 

= cos j9 0 z + ^ V 0 sin AM] , (18) 

where 

Y 0 — lim [4>(<5) — 4>(—«5)] 09) 

<s-*o 

is a discontinuity in scalar potential. From the 
physical point of view, (18) is a simpler, but 
necessarily poorer, approximation than (3) 
with terminal-zone network. Indeed, the 
current obtained from (18) is at best the first 
term in a Maclaurin expansion in powers of 
fi 0 6 of the current in (3). This conclusion 
follows from the fact that a discontinuity in 
scalar potential along a conductor is physically 
unavailable as a driving mechanism. 

The integral equation (18) is also unsatis¬ 
factory from the mathematical point of view, 
since at z = 0 the left-hand member has a 
continuous derivative with respect to z, 
whereas the right-hand member has a dis¬ 
continuous derivative. This is a consequence 
of the fact that the derivative of the right-hand 
member involves by definition a discontinuity 
in scalar potential at r = a, z = 0, whereas 
the derivative of the left-hand member 
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rigorously defines the scalar potential at r = a, 
z — 0 due to a discontinuous line source of 
charge at r = 0, — h g z g h. This potential 
is continuous at r = a, z — 0. It is to be 
expected that when a physically possible 
driving mechanism—as with a transmission 
line of some kind—is selected and potentials 
appropriate to this are calculated, the entire 
difficulty will disappear. This is illustrated in 
Sec. 12 of Chapter VIII, using a biconical 
transmission line within the radius a. It can 
be demonstrated here using a very short 
radial transmission line, also within the 
radius a. 

Consider a physically complete transmitting 
system consisting of the cylindrical halves of 
the antenna of radius a and half-length h with 
flat conducting ends at z = ±<5; a wire of 
radius a t ( a) connecting the centers of 
these flat ends; and a point-generator at the 
center of the thin wire that maintains a 
potential difference V d across the flat ends 
(see Fig. 12.6 of Chapter VIII). For simplicity, 
let the conductors all be perfect, so that only 
surface densities of current exist, l z on the 
cylindrical surfaces of radii a and a v and l T 
on the flat ends. The problem is to derive the 
integral equation for the total current, 
Jj = 2nal,, in the cylindrical antenna in terms 
of the scalar potential difference V a = 
<}>(<5) — <(>(—c5) maintained across the surfaces 
at z — ±<5. Since the radius a of these surfaces 
is very small compared with the wavelength, 
the potential difference on the radial trans¬ 
mission line from r = a x to r — a may be 
assumed to be approximately uniform. (The 
more general case is analyzed in Sec. 12, 
Chapter VIII with a biconical line.) 

The general equation satisfied by the vector 
potential at all points outside the conductors 
is, from (1.7,5), 

VM, + PIA , = 0. (20) 

The solution of this equation may be obtained 
by applying Green’s symmetric theorem, 131 

J" [«v 2 v — W 2 u] dr' 

(21) 

with u = A z and v = G, where G is the free- 
space Green’s function that satisfies the 
equation 


In (22), R is the distance between the point 
where G is calculated and a point source. 
The delta function satisfies the relations: 



8(R) = 0, R ¥= 0, 
dr = 1 if r includes R = 0 
= 0 if r does not include R 


The solution of (22) is 


(23a) 

0 . 

(236) 


e~iP° R _ K(z, z') 
4nR 4tt 


(24) 


Note that G is continuous with its normal 
derivative across the boundaries of all 
conductors. 

After adding and subtracting filuv on the 
left in (21), the use of (20), (22), and (23 b) 
leads to 


-nm. 

-(£)„ <2 » 


The boundary conditions on the derivatives 
of A, are 



Of these the first is in ref. 1.31, p. 171; the 
second is like (13.11). 

With (24) and (26) and the total axial 
current, 


K = 2t ral' t = 2 t7 0i I; z , (27) 


the general formula (25) reduces to the 
following: 


A t = -L P T z K^z,z')dz' 


+ 


•Kid 


ja r r r 

Ait<oJo Jaj L 

e~jPoRtd~\ 

— <*,(— <5) — --- r’dr'dV, (28) 

K 2£ J 


V 2 G + PIG = -d(R). 


( 22 ) 
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where, with A z evaluated at r = a, z, on the 
surface of the antenna, Kfz, z') is as in (4) 
and R 1 is as in (2); R ld is the distance from the 
element r'dr'dd' on the surface at z = <5, 
a x ^ r ^ a, to the point of calculation at 
r = a, z. Similarly, is the distance from 
the element r'dr'dd' on the conducting surface 
at z — —<5, a x ^ r ^ a, to the same point of 
calculation. 

As a consequence of symmetry, 4»(—= 
—4>(<5) = — VJ2 ; also <(>(5) may be assumed 
approximately independent of r' and 6' as 
long as is sufficiently small compared 
with unity. With these considerations the 
general formula (28) is approximated as 
follows: 


8 ir<D Jo Ja,\ *u 


e~)Po R id^ 


r'dr'dd'. 

(29) 


An approximate evaluation of the last integral 
in (29) may be carried out by noting that each 
of the two parts is equivalent to determining 
the potential at r = a, z due to a disk of 
radius a with a uniformly distributed charge 
density. This potential is only slightly smaller 
than the potential on the axis at r = 0, z, 
which is readily evaluated in closed form. 
Thus, let 



where 


e jP 0 R id 

e~JPa R id 

*M + 

*2<5 

e-3PQ R io ^ 

e~^Po R io 

*10 

*20 


) 

) 


r'dr'dd' 


r'dr', (30) 


*io = ^' 2 + (z - <5) 2 , 


* 20 = VV 2 + (z + <5) 2 . 


For simplicity, let = 0 and <5 = 0 (but 
so that the two adjacent end surfaces of the 
antenna halves are not actually in contact). 
Since /?,„ = R w = R, and dR = r'dr’jR, it 
follows that 


J == ( e -tf 0 vW*» _ e -iW). (31) 

With (31) it follows from (29) that 

A z = ~ f I' z K(z, z') dz' 

4wv 0 J-h 

— ij ( e -5ft, V “ 2 +z 2 — e -iW). (32) 
2v 0 


If this quantity is equated to (13.7) with 
<5 = 0 and z* = 0, the result is 

f I'K(z, z') dz' = f C 1 cos /?oz 

J-h Co L 

+ (cos 0 O Vz 2 + a 2 — cos /J„z) 


+ _? sin p 0 Vz 2 + a 2 




(33) 


This equation was first obtained by Gans and 
Bemporad. 19 Note that the derivatives with 
respect to z of both members of (33) are 
continuous at z = 0. Note also that (33) 
differs from (18) only very near z = 0. When 
z 2 is large compared with a 2 , for example, 
when z S 5a, (33) reduces to (18). At z = 0, 


/: 


mo, z ') dz' 


= + \ F oWI - JM 2)]. (34) 

Since C, also has the factor £ F 0 (Sec. 15) and is 
necessarily large compared with J VJiga when 
the assumed condition, P„a < 1, is satisfied, 
there is actually little difference between (18) 
and (33) except that the latter is mathematic¬ 
ally more attractive near and at z = 0. It is 
verified readily that when 6 is greater than 
a the correction near z = ±<5 becomes even 
less significant. 

For use with actual transmission lines, the 
general integral equation (3) and its modi¬ 
fication (16) are entirely adequate for the 
determination of Z 6 , provided account is 
taken of the transmission line and any other 
chargeable surfaces near z = ±<5 by means 
of an appropriate terminal-zone network as 
discussed in Sec. 8, 9, and 10. 


15. Series Solution of the Integral Equation 
It has been assumed that the antenna is 
highly conducting so that the terms in z* 
contribute in a negligible degree to the general 
formula (14.16). Let it be assumed in addition 
that the relative distribution function g(z, z') 
will be determined so that it is a sufficiently 
good approximation of the actual distribution 
of current that the difference terms on the right 
in (14.16) are small compared with the 
trigonometric terms, at least for all values of z 
for which I z does not itself become small. 
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If this is true, a good approximate solution 
for the current is given by the trigonometric 
terms alone. Let them be called a zeroth-order 
solution and denoted by (7 Z ) 0 . Thus, 

i = (i) = 

X {CJcos /? 0 (z — <5) — cos P 0 (h — <5)] 

+ J F 4 [sin fi 0 z - sin fi 0 h]}. 

(dizS 6) (la) 

Since 

cos /? 0 (z — S) = cos P 0 z cos /? 0 <5 + sin /i 0 z sin 
it is correct to write (la) as follows: 

(I) - ~j 4 ” 

0 fo^cos/V 

x [Cj cos (Jq'Kcos /3 0 z — cos /3 0 6) 

+ (C x sin j3 0 <5 + (sin f3 0 | z | - sin ft/r)]. 

(16) 

Insertion of the absolute-value sign in 
sin ft, | z | makes (16) correct for — h ^ z 6 
as well as for 6 £z Si h. Clearly, /(—z) = /(z). 
This form is required when (16) is used in 
integrals evaluated over the entire antenna. 

For convenience, let the following notation 
be introduced: 

F 0 (z) = cos ft,z; F 0 (h) ss cos ft>6; 

F 02 * F 0 (z) - F 0 (6); (2a) 
G 0 (z) = sin ft, | z |; G 0 (h) = sin ftft; 

G oz - C7 0 (z) - G 0 (6). (26) 
With (2a, 6), (16) becomes 

(U= VFco# [C iCOS ^ F » ; 

+ (C, sinft,<5 + JF,)G 02 ], (3) 


*i, = F,(z) - Fj(6), 
G l2 = Gftz) — Gftft), 

and where, 

Fj(z) = f F 0s sin ft,(z - s) ds 
£<) J6 


- F 02 y(z) 


-a:-/:) 


[F oz , - F 0z g(z, z')] Fjfz, z') dz', (7a) 

Fi(6) = f F 0s sin ft, (6 - s) 

£0 J (5 

- - J'J F 0z ,K 1 (6, z') </z', (76) 

Gj(z) = f G os sin ft,(z - s) 

£0 5 

- - (/-.-£.) 


The actual current is 


[G 0z , - G 0z g(z, z')] tfftz, z') </z', (7c) 

Gj( 6) = f G 0s sin ft,(6 - s) 

So J<5 

- z') dz'. (Id) 

It is to be noted that the G-functions differ 
from the F-functions only in having G 0z 
appear throughout in place of F 0 ,. 

Pairs of integrals in (6) in the form 

o-ro-iDDo- 

(8a) 

have been replaced in (la)-(Jd) by 


(Iz)o + (I z )c 


where ( I z ) c is a correction term consisting of 
all of (14.16) except the terms corresponding 
to (1). This correction term can be evaluated 
approximately by substituting (/ z ) 0 given by (3) 
wherever I z (or I' z ) appears. Let this approxi¬ 
mate correction term be denoted by (/ z ) cl . 
It is 

(I z ) cl = — tJ —-— [C, cos ft/5 F lz 
C1 £ 0 'F 2 cos ft,(5 1 1 0 12 

+ (C x sin ft,<5 + | V d )G lz ], (5) 


Since the integrands in all integrals in the 
form (8a) involve the current as a factor and 
since this is actually zero from — 8 to <5, the 
first integral in (86) reduces to the sum in (8a), 
while the second integral in (86) vanishes. 
However, if desired, the current may be 
assumed to continue from — <5 to 8 with any 
convenient distribution, since whatever is 
added in the first integral in (86) is subtracted 
in the second integral. For purposes of 
evaluating the integrals, it is more convenient 
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to assume the distribution function / z = / 4 /(z) 
in (14.5) to be defined continuously from 
— h to h including — <5 to S, so that the form 
in (86) is used in (' la)-(ld ). 

The expressions (la) and (7c) may be written 
in the following more compact form, in 
which the difference integral is not shown 
explicitly: 

F i(z) = I F 0s sin /J 0 (z - s) ds 

So Js 

~ (J h ~J J Foz ' Kl(z ’ z>) dz + F ° 2 ' V ' 

(9 a) 

G x (z) = ^-7— j G 0s sin fS 0 (z - s) ds 
So Js 

- (J_ a -J Jcoz^xfe *0 dz’ + G 0z r. 

(9 b) 

While formally simpler, the actual evaluation 
of (9a) and (9b) reduces to the evaluation of 
(7a) and (7c). With the proper choice of 
g(z, z'), the complex correction function 
y(z) in (7a) and (7c) is negligible except near 
the ends, where the current is known to vanish. 
It follows that y(z) need not be evaluated. 

A better approximation of the actual 
current than that given by the zeroth-order 
solution (3) is obtained by combining the 
zeroth-order solution with the first-order 
correction term to give the following first- 
order solution: 


h = dz)i = (JX + (IXv (10a) 

With (3) and (5) substituted in (10a), the 
first-order current is 

(/z)l = VFcos/? 0 <5 [ Cl C ° S ^ ( F ° z + #) 

+ (C l sin + iV d )^G 0z + —jr j j • 

(106) 

A second-order correction factor may be 
evaluated by substituting (106) instead of (5) 
in I c given by all terms in (14.16) except (/ 2 ) 0 . 

The correction current so obtained is Ic 1 
plus a new set of terms denoted by / c2 . Thus, 

(I z ) c = (I z ) cl + (I z )c 2 , (11a) 

where 


(I A 


C2 ^>{’3 


[Cl cos iV F 2z + (Cj sin /S 0 <5 

+ iW J- (Hi) 


In (116) the following notation is used: 

F 2z = F 2 (z) - F 2 (h), (12a) 

C 2Z = G 2 (z) — G 2 (h). (126) 

The functions F 2 (z), F 2 (h), G 2 (z), and G 2 (h) 
are given by (7a, 6, c, d) with F x (z) written 
for F 0 (z), F t (h) for F 0 (6), G x (z) for C 0 (z), 
and Gj(6) for G 0 (h). 

A second-order solution is given by 

h = dzh = dz )0 + (/ 2 ) cl + d z ) c2 . (i3) 
The process of successive approximation in 
determining the correction factor (I z ) c can 
be continued indefinitely in the form of a series. 
The nth-order correction current is 

dz)c — dz)c 1 + dz) C2 + dz)cS + • • • 

+ dz)cm + • • • + dz)cn■ (14) 
The nth-order solution for the current is 


Iz = dz)n = dz )0 + 2 dz)cm, (15) 
m — 1 

with 

dz)cm = [Cl C ° S P° S Fmz 

+ (Cj sin fl 0 S + ?V d )G mz ], (16) 

where 

F m z = F m (z) - FJh), (17a) 

G mz = G m (z) - Gjh), (176) 

and where 

F m (z) =‘ /4 ^ Z - j F m _ i,» sin (l 0 (z - s) ds 

- F m _ lz y(z) - ^ J ~ J 

- Fm-i,z gd, z’)] Ki(z, z) dz', 

(18a) 


F m (h) I* F m _ 1>s sin fl 0 (h - s) ds 

4o Js 


jA-nZ i 

— (J J ^F m -W K i(h,z')dz’, 


G m (z) = 


(186) 
sin /J 0 (z — s) ds 


_j^ zi [ Z G 

4o j (5 

- Gm-l,zy(z) - ^ J - J J [G m _!, 2 , 

— G m -i,zg(z, z')] Ki (z, z') dz', 

(18 c) 

G m (h) = f G m _ 1>s sin p 0 (h - s) ds 
So Js 

- ( J - J j G m _ 1>2 . Kj(6, z') dz'. 

(18<f) 
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Alternative forms of (18a) and (18c) are 

F m (z) = f sin /J 0 (z - s) ds 

to J» 

+ F m _ 

— (J ~ J ^jFm-i,i’K 1 (z,z')dz', 

(18c) 

G m (z) = f G m _ 1>9 sin /J„(z - s)ds 
to Js 

+ 

- (£-J>^ X l( z, z')dz‘. 

(18 f) 

Using (3) and (16) in (15), the result is 

Iz = (/,)„ 

= —ZOU— \c i costly i : 

So'Fcos&a L m =0 


7712 
Ip* 771 


+ (C, sin &<5 + \v 6 ) 2 ^ . 


m =0 


(19) 


Solving for C x gives 
Ci = 


2 G m (6)/T” 

m = 0 


COS /J 0 d 2 F m (h)l'¥ r ' 

m =0 


+ sin /? 0 (5 2 G m (A)/T" 

m=0 


( 22 ) 


If (22) is substituted in (19), terms in the 
numerator with sin P 0 8 as a factor cancel and 
the current is: 

/ = (/ ) = J]f}j 
2 ( z " £ 0 T 


2 G m (6)/'F m • 2 F.J’F" 

m=0 m=0 


- 2 ■ 2 C mt />F” 

m=0 m=0 


cos/? 0 <5 2 FmihW” 


W = 0 


+ sin P ( fi 2 G m (A)/T” 

m = 0 


(23a) 


The arbitrary constant can be evaluated If (17a) and (176) are introduced in (23a), 
in series by substituting (19) in (14.14). Using the terms independent of z in the numerator 

(2a, 6) and expanding cos p 0 (h - <5), (14.14) cancel. The simpler result is 

can be put in the following form: 


1 


[C t cos P 0 8F 0 (h) + (C\ sin P 0 8 

h 


COS P 0 d 

+ iV a ) G 0 (h)] - z* £ 


I(s) sin P 0 (z — s) ds 


( 20 ) 


j id) = 

A z \ A zfn ^ 


2 g to (6)/t- • 2 F m (z)IY”> 

m=0 m=0 

- 2 FJh)PV ■ 2 G m (z)/T" 

_ m =0 _ m = 0 _ 

cos p 0 d 2 F m (h)iv™ 

771 = 0 71 

+ sin p 0 d 2 G m (hW” 

771 = 0 


If (19) is now substituted for the current 
wherever this appears in (20), integrals are 
obtained that are like (186) and (I8d) with m 
running from 1 to n. Hence (20) becomes 

C l cos P Q d 2 + ( C i sin Po d 

m =0 ^ 

+ m 2 = o. ( 2 D 

771=0 * 


(236) 

This is the complete solution for the current. 
Depending upon the accuracy required and 
the rapidity of convergence, a larger or smaller 
number of terms must be used in order that 
(I z ) n be a satisfactory approximation of I z . 
As will become apparent, the zeroth-order 
term is sufficient for some purposes, whereas 
for others a very much higher degree of 
accuracy is required, (nearly, the larger T, 
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the better is the approximation for a fixed 
number of terms. The solution (236) may be 
written in the following shorthand form: 



x 


I i [Gj(h)F Z (z) 

j=li—l 

- F j (h)G i (z)]l'¥ i '¥ i 

cos p 0 6 V F,(hW> 

3 = 1 

+ sin p 0 d f G j (h)l'Y i 
3=1 


It may be expanded into 


(24) 


Iz = vS (wW*) - F 0 (h)G 0 (z)] 

+ ~ [G 0 (h)F i(z) - Fo^G^z) 
+ Gj(A)F 0 (z) - FJVGJz)] 

+ - F 0 ( 6 )G 2 (z) 


+ G^F^z) - F j(A)Gj(z) 

+ G 2 ( 6 )F 0 (z) F 2 (h)G 0 (z)] + • • - j, 

(25a) 

where 

D - cos M [f o ( 6 ) + ^ ^ + • • • ] 

+ -n/v[w + ^ + %P + -]. 

(256) 

Using (2a, 6 ), (25) may be rearranged into: 



[ sin p 0 (h - z) + M t (z)/y + M 2 (z)/T 2 + • ■ ■ ] 
[ cos /? 0 (A - <5) + AJT + Ayr 2 + • • • J 
(<5 ^ z ^ h). (26) 

The following symbolism is used in the 
numerator of (26): 

Mj(z) s M}(z) + jMl\z) 

= Fj(z) sin — G x (z) cos P^h 
+ Gj(6) cos PgZ — Fj(6) sin P 0 z, (27) 


M 2 (z) = M 2 (z) + jM\\z) 

= F 2 z G 0 (/i) - G 2z F 0 (h) + F 12 G!( 6 ) 

- G^F^A) + F 0 z G 2 ( 6 ) - G Qz F 2 (h). (28a) 


Using (2a, 6 ) and ( 6 a, 6 ) in (28a), this becomes: 

M 2 (z) = M|(z) + jMl\z) 

= F 2 (z) sin fioh - G 2 (z) cos PJi 
+ F 1 (z)G 1 ( 6 ) - G^FjW 
+ cos 1 3 0 zG t (h) — sin P^zF 2 {h). (286) 

In the denominator of (26), 

A i s A\ +jA[ l 

= Fj( 6 ) cos P 0 d + Gj(/i) sin j8 0 <5, (29a) 

/4 2 = y4 ' 2 + jA l 2 

= F 2 (h) cos flffi + G 2 (h ) sin P</>. (296) 

The complex amplitude I z in (26) can be 
expressed in its real and imaginary parts as 
follows. Let 

*,-n+K (30) 

N 1 = sin p a (h - z) + MHz )/T 

+ M‘(z)/Y 2 + • • •, (31a) 
N n = Ml\zW + M"(z)!'V 2 + ■■•, (316) 
D' = cos P 0 h + Ayr + Ayr 2 +■■■, 

(32a) 

£> n = /tf/T + 47Y 2 + • • •. (326) 

Also let 

N = Nei+« = N 1 + yW n , 

A r = V(A 1 ) 2 + (A 11 ) 2 , 

<t> x = tan " 1 N U !N\ (33 a) 

D = De j +D = D l + jD n , 

D = V(D J ) 2 + (Z) 11 ) 2 , 

^ = tan - 1 D n /D l . (336) 

With this notation the complex amplitude of 
the current in the antenna is 



jlnV d 

- "ri; \ d )■ 
(34) 

Accordingly, referring phase to the driving 
potential difference by requiring V s to be real, 
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V d = Vg, it follows that the component of the 
current in phase with V s is 


I" 



(35 a) 


The actual current is approximated by (2) in 
the ranges 


[2 


sin fi Q {h - z) 


> 


y MJz) 

^ VL'm 

m = 1 1 


(3a) 


The component of current in phase quadrature 
with V s is 



In polar form the complex current is 

I z = I z e j0 ', (36) 

where 

'• - ^(IS)• 

(37) 

Q, = tan -1 (<f> D - <t> s ). (38) 

The instantaneous current referred to a 
driving potential difference 

Vg inst = Vg sin cot = imaginary part of V s ei mt 

(39) 

is obtained from (36) by first multiplying by 
ei mt and then selecting the imaginary part. It is 

inst = + ^ ^ 

The imaginary part is here chosen in (39) and 
(40) for later convenience in following the 
conventional procedure of referring phases to 
the current l' z as the real part of /' ei wl in the 
calculation of electromagnetic fields. 


DISTRIBUTIONS OF CURRENT AND 
CHARGE 


16. The Zeroth-Order Solutions for Current 
and Chargi 

The solution for the current in the form 
(15.26) is useful only if the parameter Y is 
sufficiently large so that 


y MJz) 
xirm 

7/1 = 1 1 


2 

< 1 , 


(la) 


» 4 

■V m 

„ vi,’m 
7/1 = 1 1 


< 1 . 


( 16 ) 


If these conditions are satisfied, the leading 
term in the current is the zeroth-order current 
given by 

So 4 cos p 0 (h - <5) 


cos p a (h — S) 


> 


« 4 

V ^*771 

urn 
77 = 1 1 


(36) 


In the ranges that satisfy both (3a) and (36) 
the approximate current is 


w / t \ _j 2nV d sin fifh - z) 

2 1 z)o £„Y cos p 0 (h - 6) • 


(4) 


The input current is at z = <5. In the ranges 
satisfying (3a, 6) it is 

(U= y ^ tan /?o(6 ~ <5)- (5) 

Clearly (5) has no application when fi 0 (h — <5) 
is near or at m\2 with n = 1,2, • • ■. The maxi¬ 
mum current is at pfji — z) = [(2 n + l)/2]w 
or at h — z — [(2n + 1)/4]A 0 . Subject to 
(3a, b ) and with (5), 


, t \ _ i 2 ~ Vt _j__ (4)0 

V £ 0 Y cos P 0 (h - 6) ~ sin pfh - 6) ’ 

( 6 ) 


If p 0 (h - d) < irj2, (6 - <5) < 2 0 /4, J m is a 
fictitious reference current. 

Upon combining (2) and (3), 


(<5 ^ z ^ h) 
(7a) 


For the symmetric antenna under con¬ 
sideration, I(z) is an even function, so that 

(J z )o = (Oosin P 0 (h + z). (~h < z £ -6) 

(76) 

A convenient shorthand for (7a) and (76) is 

(/,)« = Hm)o sin P 0 (h - | z |). (7c) 

The distribution (7c) is the well-known sinu¬ 
soidal current usually assumed for symmetric, 
center-driven antennas. Clearly it is an 
approximation subject to the restrictions 
(3a, 6). Since (15.26) reduces to (7a) strictly 
only when 

Y oo, (8) 

it is clear from (2) that a nonvanishing 
current is possible only when V: is infinite. 
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It is shown later that ( 8 ) is true for an infinitely 
thin and, hence, physically unavailable an¬ 
tenna. It is also shown that 'F increases as 
the ratio hja increases. 

Although (7 a) is the limiting form of (15.26) 
as the radius of an antenna of finite length is 
allowed to approach zero, it is not a correct 
solution of the original integral equation 
(14.3) for an antenna of zero radius. Expansion 
in powers of l/T is permissible only when *F 
is finite. It is shown in Chapter V that the 
axial component of the electric field, E z , due 
to a sinusoidally distributed current is not 
zero in the range —h g — 6 , 6 <, z g 6 , 
but has a finite value. Actually, a sinusoidal 
distribution of current is not possible even for 
an infinitely thin antenna if there is only a 
single generator at the center. A continuous 
distribution of generators along the entire 
antenna is required with emf's of proper 
amplitudes and phases. However, for large 
values of *F corresponding to very large ratios 
of h/a, the sinusoidal distribution given in (7 a) 
is a fair approximation over most of the 
antenna if this is not too long. 

Curves for (J 2 ) 0 /(J m ) 0 computed from (7a) 
are shown in Fig. 16.1. It is clear from (3) 
that, for a given applied voltage and a fixed 
value of T, I m is smallest for ftfh — 6) = 0 , 
7 r, 2rr, etc.; largest (infinite) for f 0 (h — 6) 
= tt/2, 3tt/2, 5 n /2. 

The zeroth-order distribution of charge 
on the antenna is readily obtained using the 
equation of continuity 

^ + jwq z = 0 (9) 

with (7a). Thus, 

(^)o = ^4[(Uosin^ -*)] 

CO ctz 

= 3 /CU 0 cos M h-z), (z 2 s 0 ) 

( 10 a) 

(f/ 2 )o = - - 7 - [Um)o sin ffh + z)] 

co az 

= y(7m)o cos p (h + Z). (z;S0) 

Vo 

(106) 

For convenience, let 

(a ) = = 2 ne o V t 

Hzh> v 0 'Vcosffh-dy 


Then 

(Qz)o = ± (qOo cos ffh - | z |); 

upper sign for z 2 s 4, 
lower sign for z g — 6 . ( 12 ) 

The distribution (12) is shown in Fig. 16.2. 

17. Simplification for Small Base Separation 

The general solution obtained in Sec. 15 for 
the distribution of current in a symmetric 
center-driven antenna involves no restriction 
on the base separation 2S. However, if the 
antenna is driven from a two-wire line, and 
it is desired to analyze the line using con¬ 
ventional theory which neglects radiation 
from the line, the distance b between centers 
of the conductors is necessarily limited by 
the inequality ( 6 . 22 a), which for air as di¬ 
electric is 

Pot> < 1, da) 

or at least by ( 6.22 b), 

fib* < 4tt In ( 6 /a). (16) 

If the transmission line satisfies (la) and if 
26 is also very small compared with the length 
of the antenna, the following inequalities 

apply: 

( 2 ) 

<5 <h. (3) 

In practice, many antenna systems satisfy 
(2) and (3). 

It is to be expected that if 26 is as short as 
required in (2) and (3), considerable simpli¬ 
fication should be possible in the intricate 
general formulas for the current in Sec. 15. 
The nature of the simplification is suggested 
in the zeroth-order solution in Sec. 16. From 
this it is clear that the zeroth-order current, 
including especially the input current which 
defines the impedance, is the same for an 
antenna with a base separation 26 as for an 
antenna of the same length of conductor 
with 6 = 0 . 

Referring to (16.2), the current at a distance 
z = z — 6 from the driving terminal z = 6 , 
z = 0 , in an antenna of half-length of con¬ 
ductor 6 = 6 — 6 and separation half-length 

6 , is 

j2nV 6 sin f 0 [(h - 6 ) - (z - 6 )] 

1 Jo ? 0 ' r cos ffh - 6 ) 

= / 2 tt Vq sin 60(6 ~ f) ... 
(o'!' cos b Q h 


( 11 ) 
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The current at a distance z = z from the 
driving terminal z = z = 0 in an antenna of 
half-length of conductor h = h and with 
8 = 0 is 

(I) _ jlnVp sin - z) 

° cos pji 

_ j2irV 0 sin p 0 (h - z) 

VJ' COS ft* • 

Clearly, the distribution along the conductor 
as measured from the ends is the same for 
small values of 8 as for 6 = 0 if V } = Fj = V 0 . 

This identity of distribution of zeroth-order 
current along the conductor, even for quite 
large values of 8, shows that the effect of the 
base separation in determining the distribution 
and magnitude of the current is less important 
than the length of the conductor. This is 
reasonable and could have been anticipated 
directly from physical arguments. Thus, the 
length 2S in no way affects the interaction 
of elements of current that are both on the 
same half of the antenna. It plays a part only 
in the interaction of two elements of current 
of which the first is on one half, the second 
on the other half of the antenna. The over-all 
effect of the currents in the lower half of the 
antenna acting upon the current in the upper 
half is diminished a very little in amplitude 
and retarded slightly in phase as 2d is increased 
but kept small. However, if 28 is no longer 
than permitted by (2) and (3), the over-all 
change in amplitude and shift in phase are 
both essentially negligible. Thus, over most 
of the length of the antenna, 

— 1 — = 1 , e -jf) 0 (R+2«) = e-iPcR ( 6 ) 

R + 26 R v ’ 


if (2) and (3) are valid. 

To neglect the effect of the base separation 
in the interaction of currents in the halves 
of the antenna is analytically equivalent to 
setting 8 = 0 in the general formulas and 
then writing h = h — 8 for h, z = z — 8 for 
z, and z' — z' — 8 for z'. Specifically, 

f ~ 1 ’ I' C h I' . 

— e~dz' + I — e~iPo R i dz' 

J-h R\ Jd Ri 

= P Up-e-jP^dz'. (7) 

J-h Ri 

Thus the general formula (15.26) reduces 
exactly to the same form as for <5 = 0 except 
that h, z, 4 and Vq = V d occur in place of 
h, z, I z , and V s . The solution for a small base 


separation thus reduces to the solution for 
zero separation if distances are measured 
along the conductor and not from the center. 

In the following sections the analysis is 
carried out in general without restricting 8 
to be sufficiently small to permit the approxi¬ 
mation (7). It is understood, however, that 
the solution for very small separations may 
be determined approximately where con¬ 
venient by setting 6 = 0 and substituting 
h = h — 8, z = z — 8, z' = z' — 8, and 
V« = F a for h, z, z', and V 6 . It is shown later 
that this is a better approximation for antennas 
for which h is near n2 0 /4, n odd, than for 
antennas with h near /iA 0 /4, n even. 


18. Hailin’s Expansion 
The evaluation of (15.26) presupposes the 
determination of a suitable expansion para¬ 
meter T, and this, in turn, depends upon the 
selection of an appropriate distribution 
function g(z, z') in the integrals (14.7), 
namely, 

¥ a (z) = 4nv 0 ^=2 

1 Z 

= (J a + g(z, z')K^z, z') dz', (1) 


where 


Ki(z, z') 


e —iPo^i 


and 


i? 1= V(z-z') 2 + a 2 , 

( 2 ) 


g(z,z')=/(z')//(z)-4/4. (3) 


The selection of a function g(z, z') is equivalent 
physically to the choice of an approximate 
current as a function of z' in the integral for 
the vector potential, that is, in 

° 4z)r=a = 4ttv 0 (X* + /_ J IzKl(Z ’ Z ° dz ’ 

(4) 


It is well known that a process of iteration, 
such as that used in obtaining the series 
(15.26) for the current, is improved in accuracy 
the better the arbitrarily selected approxi¬ 
mate distribution represents the true but 
unknown distribution. Since the evalua¬ 
tion of many terms in the series (15.26) 
is laborious, it is important to select a 
distribution that approximates 4 closely. 
On the other hand, since the function 5P a (z) 
must be evaluated, the approximate current 
chosen must be both a good representation 



90 


THEORY OF LINEAR ANTENNAS 


[11.18] 


of the actual current and at the same time 
not so complex as to make impossible the 
determination of ^(z) in a reasonably simple 
form. Roughly speaking, the more closely 
the current in (4) is approximated, the more 
intricate will be the evaluation of and the 
final formula for the expansion parameter *F, 
and the more will the series (15.26) be improved 
in accuracy. 

Of the several approximate distributions 
of current that have been used, two are 
described: that used by Hallen, 25 which is 
both the original one and the simplest, and 
that introduced by King and Middleton, 48 
which seeks to approximate closely the 
actual current. In view of the fact that the 
representation due to King and Middleton 
may be expressed conveniently in terms of 
the integrals used in the solution in the 
Hallen form, the latter is carried out first. 
This achieves the double purpose of preparing 
the way for the more intricate solution, and 
simultaneously and appropriately of em¬ 
phasizing the pioneer work done by Hallen. 

The distribution function implicit in the 
analysis of Hallen is the same as that used in 
the derivation of the transmission-line 
equations in ref. 1.31, chap. VI. It is the 
function that would be used most naturally 
in order to solve directly the integral in (14.3), 
whereas the distribution function introduced 
by King and Middleton follows naturally 
from the expanded form (15.26). The function 
involved in the solution by Hallen may be 
justified physically by the following simple 
argument. 

The vector potential at a point z on the 
surface r = aof the antenna is expressed in 
(4) as the sum of the retarded effects of the 
elements of current at all points z' on the 
axis divided by the distances between them 
and z. The principal contribution to (A z ) r=a 
is from currents in the adjacent parts of the 
conductors for which R x is of the order of 
magnitude of small multiples of the small 
quantity a, and the exponential is practically 
unity. This is true except at and near points 
where I z is itself very small compared with 
I' z elsewhere along the antenna. Since the 
significant contributions are due to the 
current in adjacent elements of the conductor, 
a rough approximation is to assume that the 
current is everywhere the same as at the point 
where (A z ) r = a is evaluated, so that for ail 
values of z', /' = I z . If the currents at points 
not near z are relatively so unimportant that 
this representation is at all possible, the effect 


of retardation must be negligible as well. 
The suggested representation leads to the 
following very simple equivalent of (14.9): 

(h sL)™-**' 

(£,-/-,) % 

+ (J> - ,j I- 

(5) 

The relative distribution function implicit in 
(5) is 

g„(z, z') = erfo R i. (6) 

This function obviously does not represent or 
in any measure approximate the actual distri¬ 
bution of current. With (6), 

=(/*.-b % 

- 00, Z) - 00, z), (7) 
sre 

i) - sinh-i (i±i) + sinh-‘ (1=^) 


where 

a (/», 


a(d 


z - h + V(z - h) 2 + a 2 
’ r, = sinh -1 j — sinh -1 (ijp) 


(9) 

Alternatively, in terms of the natural loga¬ 
rithm, 



l z 2 \ 


n + In 

( ~/T 2 ) + A(z) ’ 

(10) 

n = 

2 In —, 
a 

(11) 


where 

A M-'ni([V' + (j JL ;) + '] 

x [V‘+(^) !+1 ])' <12) 

Figure 18.1 shows H plotted as a function of 
h/a. The value of Cl(h, z) at z = ±h is 

ST(A, ±h ) = sinh -1 — = In — = ^ fl + In 2. 

a a 2 

(13) 

Terms in a 2 are neglected compared with h 2 
in the logarithmic form of (13). 

The function fl(<5, z) is shown in Fig. 18.2 
for the values dja = 0.5, 1, 2, 5, 10. The part 



THEORY OF LINEAR ANTENNAS 


91 


[IU8] 



Fig. 18.1. Graphs of Q as a function of hja. 
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of the function between z = d and z = —S is 
between the conducting halves of the antenna. 

The function ft( 6 , z) is shown in Fig. 18.3 
for ft = 10, or h/a = 75. It is seen that 
ft( 6 , z) is reasonably constant over the 
greater part of the length of the antenna. 
At z = ± 6 it is not infinite, as it would have 
to be if the assumed distribution function 
were accurate. In fact, ft( 6 , 6 ) is the smallest 
value of ft( 6 , z). The decrease in ft(A, z) 
due to ft(<5, z) also is shown in Fig. 18.3 for 
d/a = 0.5, 1, 2 corresponding to values of 
6/6 ==150, 75, 37.5. Even for the smallest 
of these values, which does not actually 
satisfy d 6 , the curve is modified signi¬ 
ficantly only quite near the gap in the con¬ 
ductors. For values of h/d that satisfy d < 6 , 
the effect of ft(<5, z) in determining a value of 
T’to(z) which is approximately constant along 
the antenna is not significant. 

For sufficiently large values of h/a and h/d 
the function T^fz) may be approximated by 
ft( 6 , z) and this may be represented by a 
constant value which might perhaps be chosen 
as the average value of ft( 6 , z), given by 
ft = ft — 0.614. For large values of h/a the 
difference between the average and the maxi¬ 
mum value ft is not large. Following the 
original choice by Hallen, ft rather than ft is 
used as the expansion parameter. Thus, 

^*(z) = T„ + y„(z) (14) 

is represented by 

ft(/f, z)=ft + ln(l-^)+ A (z) 

- ft(<5, z), 

so that 

V = V E = ft, 

yO) = r H (z) = In |l - + A(z) 

— ft((5, z). (15c) 

The parameter ft = 2 In (2 h/a) is a convenient 
measure of the thickness of an antenna. 

It is to be noted that if the substitution 
suggested in Sec. 17 for very small values of <5 
is made, so that 6 = 6—6 replaces 6 , the 
difference between the new and the original 
is negligible if <5 <(: 6 . Thus 


ft = 2 In — = 

21 n 2( ^ + 5) 


a 

a 


„ , 2 hi 

. , 6\ I 

' 26 <5\ 

= 2 In — 

1 + i = 2 

In- + T 

a \ 

hj \ 

. a h 


(16a) 


(15a) 

(15*) 


Since ft must be of magnitude 10 or greater, 
and d/h should not exceed 0.01 for the approxi¬ 
mation made, it follows that 

ft = 21n—=21n—. (166) 

a a 

With (156) in (15.26), the solution due 
to Hallen* is 


7 

2 ft(o 

'sin £ 0 (6 - z) + (l/ft)(M5„ + jM\' H ) 
x + (i/tgXttj. +JM&) + • • • 

cos Uh ~d) + (1 mA\„ + jA\'„) 

+ (\/n 2 )(A l 2H + jA^) +■■■_ 

(17) 


The functions of M and A are defined in 
terms of the F- and (J-functions as in (15.27). 
A subscript H is added to indicate the Hallen 
form. The functions F m (z) and F m (h), as 
defined in (15.18), become: 


FmJz) =1^- f sin (l a (z - s) ds 

to Jd 

- F ro _ u [ln (l - ^) + A (z) - ft(<5, z)j 

fV, 

to J6 

- (J ^ - J a J F^u-K^h, z')dz\ 


(18a) 


F ma {h) 


, sin (i 0 (h — j) ds 


G ms(z) 
~ G m -1 


_y'47rz* f 
(o Jtf 


(186) 

G m ~ i,» sin /i 0 (z - i) ds 


A(z) - ft(6 


•-] 




K i 

(18 c) 


G mB (h) 


jAnz 1 r 

(o Js 


G m—i,8 sin Pq(6 s)ds 


~ - J'J G m- l ,z’K 1 (h, z')dz'. 


(18 d) 


* Hallen’s solution is for > — 0; see ref. 25. 
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F m -i.s sin P 0 (z - 5 ) ds 


For convenience in the evaluation, let the 
following functions be introduced: 

f A e-^o R i 

C a (h, z ) = cos /? 0 z' —-— dz' 

-A -Kl 


(j:-d 


z')dz', 
(18e) 


-a(E z) = j ^ 

f* / £ -^0«X £ — ^0-^2 \ 

= J 0 COS/J,,z (-*r + ^rr z ’ (3) 

G m*(*)= j ~ £ G »-i.« sin A>(* - ■*) * S a ( 6 , z) = J* sin p 0 1 z'| dz' 

J.™' 1 ” 1 h«r + T(r)' i ’ ,4) 

f A 

- I —--*/z' 

J—A 

L\-Rr + -or) dz '> (5 > 


—1,2^ 
’'h 


- (J* a - J' z’)dz\ 

(18 f) 


19. Halien's Solution: Evaluation of First- 
Order Integrals 

The first-order functions appearing in the 
Hallen form of the solution with <5 = 0 are 
given below. 


E a (h, z) 


with 


F i h(z) 


F os sin p 0 (z - s) ds 


_ jAnZ 1 r 

4o Jo 

-F..[ln(l-J) + AW 


i?! = V(z - z ') 2 + a 2 , 


R 2 = V(z + z ') 2 + a 2 . 


( 6 ) 

(7) 


F,.«=^r 

4o Jo 


Also let 

dz', (la) J c( z ) = cos /V sin /? 0 (z - s) ds 
J 0 


F os sin [i 0 (h - s) ds 


— COS P u h 


° h Jo sin ~ 


s) ds, ( 8 ) 


- f F^Kfh, z) dz’, 
J-h 

jAirZ 


(16) 


-£ 


G i*(z)= 7 ^ f 

4o Jo 


J s (z) = | sin p 0 \s\ sin /? 0 (z — s) ds 

„ f 2 

sin j 9 0 h sin p 0 (z — s) ds. (9) 


G os sin P 0 (z - s) ds 


- Go a [ln(l -j£) + *(z)] 

_ J a[ G ° 2- ' K ' l( ' z ’ z -* _ ff\ dz ’' ( lc ) 

G 1H (h) = ^- 7 — f c 03 sin Pfz — s) ds 
4o Jo 

— J G&Kfh, z') dz'. (Id) 

As before, 

7*o z = F 0 (z) - F 0 (h) = cos P 0 z - cos p 0 h, 

( 2 a) 

G 02 = G 0 (z) - G 0 (h) = sin P 0 \ z \ - sin pjt. 

( 26 ) 


From (18.11) 

O = 2 In ( 2 A/a). ( 10 ) 

In terms of the integrals (3)—(5) 

F iH (z) = ^ Uz) + OF 0z - C a (h, z) 

+ E a (h, z) cos p 0 h, (11a) 

F ln (h) = J c (h) - C a (h, h) 

+ E a (h, h) cos pfi, (116) 

G w(z) = Jfz) + QG 0z — S a (h, z) 

+ E a (h, z) sin pfi, ( 11 c) 

G lu (h) =j—7—J s W) — S a (h, h) 


4o 


E a (h, h) sin p 0 h. (11 d) 
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Integrals in ( 8 ) and (9) may be evaluated The integrals ( 8 )—(10) may be expressed 
directly. There is no difficulty with ( 8 ) since in terms of the following generalized integral 
no magnitude signs appear, and it is valid sines and cosines, for which short tables are 
for positive and negative values of z and s. given in the Appendix and extensive tables 

The result is are to be found in the literature (see ref. 1.25). 

cos a l In the integrals 

J c (z) = \z sin /l 0 z H-—2- (1 - cos /V). 

HO 


The magnitude sign in (9) may be removed 


w= Vu 2 + A 2 . 

The integrals are 


as long as integration is exclusively over ^ _ sin w 

positive values of z. If this is done, the integral ’ J 0 W 


J s (z) = — \z cos /V + 


sin jS # z 


C(A, U ) 


sin j %h 


(1 - cos /V), ^0. Ssf/f, U) 


1 — cos W 


sin W ■ ,, jn 

jy~ sm UdU , 


J cos W 

In order to evaluate (9) for negative values of Cs(A, U) — sin UdU, 


(1 - cos U)dU. (20 d) 


J s (~0 


z and hence of s, it is necessary to preserve 

the positive sign of sin /J 0 |s| by writing it f^sin W 

(—sin /V) with s gO. This need not be done Sc(A, U) ^ cos UdU, ( 0 ) 

for other terms involving s. Hence, with — z 

”'"“ enf °”' , Ccid, U) = [ U —Jr!- (1 — cos U) dU. (2<W) 

r~ z Jo w 

J s(-0 = - sin fa sin P 0 (—z — s) ds 

Jo Integrals that are closely related and that are 

r -z expressible in terms of the above integrals 

— sin [l 0 h sin /? 0 (—z — s) ds. and the inverse hyperbolic sine (see ref. 1.24) 

*'° (z > 0) (14) or the natural logarithm are 

f u cos w 

After change of the variable according to C,(A, U) = I ——• dU 

u = —5, du — —ds; u = z when j = — z; *'° w 

u = 0 when r = 0, (14) becomes, ru , rr ru . w 


J s (-z) = — sin P 0 u sin [l 0 (z - , 

Jo 

r 

— sin p 0 h sin /3 0 (z — u) du. (15) 
Jo 


The integral is 

J s (-z) = \z cos /V 


sin /3 0 z 


- Sin / o/i (1 - cos /V)- (z s 0) 
Po 

(16) 

A shorthand for (13) and (16) is 


cm, u) = 

r~"'« 

Jo w ° 


[ v dU r 1 - cos W 


Jo W Jo W 

= 

ln ~ C(A ’ U)y 

CcM> u) ^ 

f n cos W cos u dU 

Jo W 

= 

[ V cosW d U 

Jo w 


cos W 


(1 - cos U)dU 


J s (z) = -£| z| cos ,V + 
sin P 0 h 


sin ft, | z | 

2ft, 


= CIA, U) - Cc(A, U) 


(l-cosi? 0 z). (17) 


- Cc(A, U). (22) 
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If desired, the logarithm may be expressed in 
the following equivalent form: 

The conventionally defined integral sines 
and cosines are given by 

Si(U) = ( U dU = S(0, U), (24) 

Jo U 

Ci(U ) = f — u - d= C+lnU -Cin U, 

J 00 U 

(25) 

where 


Cin(U) = 


r 


1 — cos U 
U 


dU = C(0, U) 


and 


(26a) 


C = lim (i+I+!+...+i-inm 
m—>oo \ 2 3 tn 

= 0.5772 • • • (266) 

is Euler’s constant. 

The following relations exist among the 
above functions: 


Ss(A, U) = $[C/n(V/(2 -f (/* + f/) 

+ CV/KvO* + C/2 - {/)] - Cin A, 

Ola) 

= -i[Ci(VA 2 + U 2 + U) 

+ CiWA 2 + U* - 17)] + Ci A, 

(27 6 ) 

Cs(A, U ) = ftS/VA 2 + U 2 + U) 

+ Si(VA 2 + U 2 - U)\ - Si A, 

(27c) 

Sc(A, U) = l[Si(VA 2 + U 2 + t/) 

- 5/(V'^ 2 + C/ 2 - l/)], Old) 
Cc(A, U) = #Cin(VA 2 + U 2 + U) 

- Cin(VA 2 + U 2 - U)] - Cin U, 

Ole) 

Cc/A, U) = %[Ci(VA 2 + U 2 + U) 

- Ci(VA 2 + IP - U)l (27/) 


When A = 0 these reduce to 
Sc( 0, U) = 0(0, U) 

= IS(0,2U) = \Si2U, 01 g) 

0(0, U) = £C(0, 2 U) = \Cin 2U, (27/i) 
Cc(0, U) = £C(0, 2{/) — C(0, U) 

= ic//t 2C7 - Cin U. OH) 

With (22) and (27c), 

0,(0, U) = sinh - 1 - d - lCin 2U. (27j) 

A 


Important symmetry relations for the 
generalized integral sines and cosines are: 


SO, 

- 10 - 

—S(A, U), 

(28a) 

CO, 

-10 = 

- C(A, U). 

(286) 

Si(4, 

-10 = 

Ss(A, U), 

(28c) 

ScO, 

-to= 

—Sc(A, U), 

(28 d) 

Cs(A, 

-U) = 

004, U), 

(28c) 

Cc(A, 

— U) = 

-004, [/). 

(28/) 

C/A, 

-tO = 

-C,04, [/), 

W 

0,04, 

-U) = 

- 0 , 0 , [/). 

(286) 


Evidently, the only even functions are those 
involving sin U in the integrand. 

The functions C a (h, z) and SJh, z) in (3) 
and (4) may be expressed in the form 

C a (h, z) = Uh + h + h + hi 


S a (h, z) = J [h hi 

where 

T A . . . p-iP o«i 

/j = e^o z I c J ft>( z - dz' 

Jo R i 

.. . e -jW 

= C^o c^ —— dU 

J-v 0 W 

e -iP« R x 

I 2 = c“J'V I e~lPo < - z '~ z i ——— dz' 

Jo R\ 

= e u ° I e 1 

J-u 0 


(29) 


(30a) 


£ jW 

> v - - dU, (306) 


W 


■ e ~ i & 0^2 

J 3 = | —-— dz' 

e -jW 

ei U — 7 TT- dU, 


■r- 


= e-Wo ei 
JlT„ 

= e iP°* j' 

r u » . 

= e iu 9 e -ju ——_ </(/, 

Jtr, ^ 




c ~iPo R i 

g-jfi^’ + z) 1-rf z ' 

R* 


(30 c) 


(30c/) 



[11.19] 
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w= Vu 2 + A 2 , A = fa, (31a) 
U = faz' — z) in /j and I 2 , 

U = faz' + z ) in / 3 and / 4 , (316) 

U 0 = fa, U 1 = fah - z), U 2 = fah + z). 

(31c) 

The integrals (30a) to (30 d) are readily 
reduced to the forms (19) to (22). Thus, 

Ij = e’ D o[Ccfa, U) + Ss(A, U ) 

Vy 

+ jCs(A, U) - jSc(A, t/)] , (32a) 

1 2 = e -i u °[Ccfa, U) - Ss(A, U) 

Vy 

— jCs(A, U) - jSdA, U)] , (32 b) 

-v 0 

1 3 = e-i u °[Ccfa, U ) + Ss(A, V) 

u t 

+ jCs(A, U) — jSc(A, U)] , (32c) 

Vo 

1 4 = eWo[Ccfa, U) - Ss(A, U) 

v t 

— jCs(A, U) — jSc(A, U)\ . Old) 

Vo 

Substitution of (32 a-d) in (29), using (28 a-h), 
gives 

C a {h, z) = cos U 0 [Ccfa, U 2 ) + Ccfa, Uy) 

- jSc(A, U 2 ) — jSc(A, f/ x )] 

+ sin U 0 [Cs(A, U 2 ) — Cs(A, Uy) 

- jSs(A, U 2 ) + jSs(A, Uy)], (33) 
S a (h, z) = cos U a [Cs(A, U 2 ) + Cs(A, Uy) 

- lCs(A, U„) - jSs(A, U 2 ) 

- jSs(A, Uy) + j2Ss{A, {/„)] 

+ sin UJi—Ccfa, U 2 ) 

+ Ccfa, Uy) + ICcfa, U 0 ) 

+ jSc{A, U 2 ) - JSc(A, Uy) 

- jlSdA, l/„)]. (34) 
With ( 22 ) in (33) and (34), C a (h, z) and S a (h, z) 
are expressed entirely in terms of tabulated 
functions. Note that these expressions are 
exact. 

The integral £„(/i, z) in (5) is expressed in 
terms of tabulated functions as follows: 


C u i o-jw rv t -jw 

E * ih ’ z)= U-v du+ Lo-^ dU 
= r c ^du~j r 

J-F 0 W y J_ Fo W 

+ r—du-jr^du 

Juo W 7 Juo W 

= Cfa, U 2 ) + Cfa, Uy) 

- jS(A, U 2 ) - jS(A, Uy). (35) 


With (21) and (23), 

E a (h, z) = sinh -1 + sinh -1 Q 
A A 

- C(A, U 2 ) - C(A, Uy) 

- jS(A, U 2 ) - JS(A, Uy). (36) 

In (33), (34), and (36), 

U 0 — fa, Oy = fah z), 

U 2 = fah + z), A = fa. (37) 

The functions C a (h, h), S a (h, h), E a (h, h) are 
obtained from (33), (34), (36), with z = h 
or with 

U 0 = fa, Uy = 0, U 2 = 2 fa. (38) 

The functions C a (h, z), S a (h, z), E a (h, z) 
are shown in Figs. 19.1-19.6 for fa = n/2 
and it and for Q = 10 and 20 . 

When fa 2 = A 2 is very small compared 
with fa 2 , the use of (27g)-(27j) in (33), (34), 
and (36) leads to the following approximate 
formulas: 

C a (h, z) = -£cos U 0 (Cin 2U 2 + Cin 2Uy 
+ j Si 2U 2 + jSHUy) 

+ |sin U u (Si 2 U 2 - Si 2 Uy 

— j Cin 2U 2 + jCinlUy) 

+ cos I/ 0 (sinh -1 U.JA + sinh -1 UyjA), 

(39) 

Sjh, z) = £cos U 0 (Si 2U 2 + Si 2Uy 

- 2Si2U 0 — j Cin 2U 2 
-jCinlUy + j 2Cin 2{/ 0 ) 

+ £sin U 0 (Cin 2 U 2 — Cin 2 Uy 

— 2 Cin 2 U 0 + j Si 2 U 2 
-jSilUy -j2Si2U 0 ) 

— sin t/ 0 (sinh -1 UJA — sinh -1 UylA 

- 2sinh -1 UJA), (40) 

E a (h, z) == sinh -1 UJA + sinh -1 UylA 

— Cin U 2 — Cin Uy — j Si U 2 —jSiUy, 

(41) 

where U 0 , Uy, and U 2 are given in (37). 
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Fig. 19.12. Curves of G lfl (z) as a function of /? 0 z for various values of fiji. 
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With (10), (12), (17), (33), (34), and (36), 
the functions F lrl (z), F 1H (h), G la (z), G ln (h) 
as defined in (1 la)-(l Id) are expressed entirely 
in terms of tabulated functions, so that their 
numerical computation is possible. The 
function M 1H (z) = A// W (z) + jM\),(z) as defined 
in (15.27) with 4 = 0 has been evaluated using 
(lla)-(lld). It is shown graphically in Figs. 
19.7-19.11 together with F lu (z) = Ff„{z) + 
jFl' u {z) for several values of /9 0 A. The corre¬ 
sponding values of F w (h) = A ln = A\„ + jAf„ 
as defined in (15.29a) with <5 = 0 are indicated. 
The terms in z* were neglected in these 
calculations, since their contributions are 
negligible if the conductor is copper. This is 
shown explicitly in calculating the impedance 
in a later section. The function G 1H (z) is 
represented in Fig. 19.12. 

20. Expansion of King and Middleton ; 
Parameters 

It is pointed out in Sec. 18 that the relative 
distribution function 


g s (z, z') = <? tf o R i (1) 

leads to the simplest and the most obvious 
expansion of the original integral equation 
(14.3). On the other hand, if the formal 
solution is carried through to obtain (15.26) 
without previously selecting g(z, z'), it is 
clear that the leading term in the distribution 
of current for any value of T must be of the 
form 

/. = Kffz), (2a) 

with 

/ 0 (z) 3 sin fifh H z|); (2 b) 

K is an amplitude factor independent of z. 
Accordingly, an approximate relative distri¬ 
bution function is 


sin ft 0 (/i - | z'[) _/ 0 (zQ 
sin Pfh - | z [) ’ / 0 (z) ' 


(3) 


This function is known to approximate the 
true current. Use of (3) in the general formula 
(14.7) defining the function 'Viz) gives 


'Fmiz) = ( J J J gxok, z') z0 dz\ 

(4) 


This function involves the factor / 0 (z) = 
sin fl 0 (h — | z |) in the denominator of the 
integrand. Since this is not a function of z', 
it is convenient to introduce the function 


'W(z) = 



/o(z') Kfz,z‘)dz\ (5) 


so that 


^i(z) 


«W(z) 
/«(z) ‘ 


The function 4*i(z) has the form 


( 6 ) 


4'iU) = [C a (h, z) - C a (S, z)] sin p 0 h 

-[S a (h,z)~ S a (d,z)] cos p 0 h, (7) 


where C a (h, z) and S a (h, z) are defined in 
(19.3) and (19.4), and where C a (6, z) and 
Sfd, z) are obtained from (19.3) and (19.4) 
by substituting <5 for h in the upper limits of 
the integrals. 

Approximate formulas for C a (<5, z) and 
SJS, z) may be evaluated for two important 
ranges if <5 is small. If the value of z is large 
compared with 4, the integrals may be 
expanded in a Maclaurin series in powers 
of 4 and only the leading term retained. Thus, 


C a (4, z) = [C a (4, z)]<j =0 


j dC n (4, z) 

54 _ ,j =0 


^(<5, z) = [A a (4, z)], = o 

SS a (f z) 


+ <5 


44 


J tf-o 


+ 


( 8 ) 

(9) 


Using the general formula (12.6) for differ¬ 
entiating a definite integral, one obtains: 


C a (4, z) = 4 |cos (i 0 4 e -== 


jPoVd-Sp + a* 


V(z - 4) 2 + a 2 
e-jPo' / (z+ i ) tl +<‘ 


V(z + 4) 2 


ho 2 1 | 

a 2 . /<s=o 


== — e~Mo R <>, ( 10 ) 

Fq 


Sff, z) = <5 { sin /3 0 4 e -^ 


.;^ 0 v'( 2 :-tf) 2 + a 2 


e-if>o' / (z-t) , + 


where 


Vz - 4) 2 
R 0 = Vz 2 + a 2 , 


V(z - 4) 2 + a 2 

= 0 , ( 11 ) 


=]} - 0 , 
a 2 J J<s=o 


( 12 ) 


and where it is assumed that the following 
inequality is satisfied: 


61 Ro < 1. 


(13) 



102 


THEORY OF LINEAR ANTENNAS 


[ 11 . 20 ] 


If both 5 and the value of z are sufficiently 
small that 

OV) 2 < 1 (14) 

and 

0W 2 < l, (Mi) 2 < l, (M 2) 2 < l, 


(15) 


the exponentials in (19.3) and (19.4) may be 
expanded and only the leading terms retained. 
Thus, 


e~}Po R i == 1 — jft 0 R l ; == 1 —jj) 0 R 2 . 

(16) 

Since z' £! 8, it follows with (14) that 

cos P 0 z' = 1, (17) 

sin fi 0 z' = fo'. (18) 

Accordingly, from (19.3), 

(19) 

= sinh -1 Z -—- — sinh -1 --- — 2 //3 0 <5 

a a 

= fi(<5, z) - 2y/3 0 <5- (20) 

Similarly, from (19.4), 

z' c/z' 

V 7 (z -z') 2 +7 2 


S«W, z ) ^ Pa 


'•r 


z' dz' 




+ 'o v'fz + z') 2 + a 2 

- 2jfil J z' dz', 

2 + <S tt 


( 21 ) 


Vu 2 + a 2 ’ 


= A,[V(z + <5) 2 + a 2 

- V(z - <5) 2 + a 2 )- (22) 


Small terms in /3§<3 2 have been neglected. 

At z = 5, 

C 0 (<5, <5) = sinh- 1 (2 did) - 2jp„8, (23) 

5,(«, <5) = ^(v 7 4<5 2 + a 2 - a). (24) 

The only term in C a (8, z) in (20) that is large 
is fl(<5, z). As discussed in Sec. 18, the magni¬ 
tude of £2(<5, z) diminishes very rapidly to 
small values within relatively short distances 
along the antenna from the end of the antenna 
at z = 8 if the conditions 


h>8, h> a (25) 


are satisfied. This is verified for 4>j(z) and 
'Y k1 {z) later in the section, Figs. 20.8 and 20.9. 
Accordingly, since C„(<5, z) does not signi¬ 
ficantly modify C a {h, z ) except very near 
z = 8, and S a (8, z) is very small even at 
z = (5, it is permissible to omit the terms in 
8 in determining | 'P(z r ) | but to include them 
in v (z). Omitting them from (7), it follows that 

<K( Z ) = C a (h, z) sin (S a h - S a (h, z) cos fl„h. 

(26) 

In particular, 

<h(z) = C a (A 0 /4, z), pj, = n/2, (27) 

+r(z) = S„O 0 /2, z), ft 0 h = n. (28) 

Evidently, the graphs of C 0 (h, z) with 
(S B h = n/2 are also graphs of vp x (z); these are 
given in Figs. 20.1 and 20.2 for Cl = 10 and 
20. Similarly, graphs of S a (h, z) with p„h = n 
are also graphs of 4»j(z); these are given in 
Figs. 20.3 and 20.4 for Cl = 10 and 20. The 
function 4*i( z ) is seen to have a very small 
imaginary part, so that it and '? jn (z) = 
4>i(z)// 0 (z) are predominantly real, in confirm¬ 
ation of the assumption made in introducing 
in Sec. 14. Accordingly, the parameter 
'F = | *P(z r ) | defined in (14.1 la) may be chosen 
to be the real quantities* 

^*1 = |Tn(0)| = | 'K(O) |/sin fl 0 h, 

(M g W2) (29a) 

= [ V,i(* - V4) | = | +i(A - V4) I • 

(fitb ^ "ID (29 b) 

The real functions 


|^iW| = 


14*i(g) | 
MO 


and 


I ^i(z) I 

sin p 0 (h - | z |) 


(30) 


I** 7 *i(0) | sin p 0 (h - | z |) or 

I'I'aM - Ao/4) I sin j9 0 (A — I z|) (31) 

also are plotted in Figs. 20.1 to 20.4. For 
PJi = n/2, and with both £2 = 10 and 20, 
| 'F sl (z) | is seen to be quite constant over the 
entire length of the antenna except near the 
ends, where it becomes infinite, as it should. 
The excellence of the representation is well 
shown by comparing the curves for the 
actual function |4*i( z )| with the approximate 
equivalent vh(0) sin p 0 (h — | z |). If this 
function is allowed to replace |4’i( z )|> then 


* A more accurate treatment of electrically short 
antennas with /5 0 A :£ 0.5 is given in Sec. 31. 



THEORY OF LINEAR ANTENNAS 



30 100 150 



Fig. 20.1. The functions 4»i(^) and 
| |, also 1 V ri (0) | = V tu 
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Fig. 20.2. The functions ^(z) and 
| V £1 (z) |, also | ¥^(0) I = V MV 



Fig. 20.3. The functions <\>i(z) and 
| 'V £l (z) |, also | V x & - */„) | = V KV 
for fi Q h = it, Q = 10. 
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Fig. 20.4. The functions tpiO) and 
| V Ml (z) |, also | V £1 fh - JA 0 ) | = 'F jrl , 
for p o h = it, Q = 20. 
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Fig- 20.5. The functions *|>.,(z) ar >d 
| ¥*,( 2 ) 1 , also |V/A - ih) | = T-^, 
for PJt = it,Q = 10. 


Fig. 20.6. The functions <l> 2 (z) and 
l'*V( z )|>also|4 r 1 (/i - iA„) | = 
for pji = tt,Q = 20. 
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|<J>i(z)|// 0 (z) is constant at yq(0) over the 
entire length of the antenna. For pji = w, 
the function becomes infinite not only at the 
ends but also at the center. The infinity at the 
center is a result of approximating the current 
by the zeroth-order distribution function 
/ 0 (z) = sin P 0 (h — |z|). With {i 0 h = ir and 
z = 0, this function vanishes, so that x f K1 (z) 
necessarily diverges. Unlike the infinity at 
the ends, the infinity at z = 0 is due to the 
fact that/ 0 (z) and hence g E0 (z, z') are approxi¬ 
mate instead of exact distribution functions. 
Actually the current does not vanish at z = 0; 
it merely is small and Y(z) does not become 
infinite. The fact that I z is small at and near 
z = 0 does not even mean that Y(z) necessarily 
becomes very large; ’F(z) is by definition 
proportional to the ratio (A 2 ) r=0 /7 2 , and 
(A z ) r=a is determined largely by the current 
at and near z. Hence (A 0 ) T=a tends to be small 
if I 0 is, and their ratio should remain mod¬ 
erately constant. Furthermore, since (A z ) r=a 
at z = A — 2 0 /4 is determined principally by 
the large (near maximum) currents at and 
near z = A — 2 0 /4, it is affected only very 
slightly by a small current at z = 0. Therefore 
(A z ) r=a at z = A - Ap/4 and ^(A - A 0 /4)| 
will not be sensibly changed if a fictitious zero 
current is used at z = 0 instead of an actual 
small current. Accordingly, the function 
I 'Ygfih - A 0 /4)/ 0 (z) is a good approxi¬ 
mation of | 'Ygiiz) for the actual current 
everywhere (including z = 0) except near the 
ends, z — ±A. That this is true is seen more 
clearly by comparing the curves for the 
function [«K Z )| with the curves for \'Y jn (h 
— V4)| sin p 0 (h — |z|) in Figs. 20.3 and 
20.4. It may be verified quantitatively by 
using a second-order expansion function 
TV/z) evaluated using an approximation of 
the first-order function ffiz) as calculated in 
Sec. 25 instead of the sinusoidal, zeroth-order 
distribution function f 0 (z ) = sin P 0 (h — |z|). 
Curves corresponding to Figs. 20.3 and 20.4 
using ffiz) instead of / 0 (z) are shown in Figs. 
20.5 and 20.6. The infinity at z = 0 has been 
eliminated and x V K2 (z) is a good approxi¬ 
mation of the ratio 4ttv 0 AJI z near z = 0 
where I z is relatively small. As would be 
expected, AJI Z is more nearly constant for 
the thicker antenna which has a relatively 
larger I z near z = 0. In any event, | Y X2 (A — 
A 0 /4) differs only very slightly from | x Y K fih — 
2 0 /4) . On the basis of the evidence given it 
is safe to assume that the function Y Z1 
defined in (29) with (6) and (5) is a satisfactory 
expansion parameter. It is shown plotted in 


[11.20] 


Fig. 20.7 as a function of PJi with O = 
2 In (2/r/a) fixed at 7, 8, 9,10, 11, 12.5,15, and 
20. For 0 = 10 the value of Y X1 is given and 
Yjp 2 *s shown dotted. For f2 = 15, 20 the two 
virtually coincide. Table 20.1 gives computed 
values of the function Y xl . 

A useful simple formula for Y X1 for small 
values of pfi is readily evaluated directly from 
(4) by noting that for sufficiently small values 
of Pjt it is possible to replace the sine by its 
argument, so that 


gKo(°, z ’) 


/ofr'), _ M 

/o(0) h • 

[(Poh) 2 < 1] (32) 


Furthermore, at z = 0, 


e-Wi = 1 - jp 0 R ly (33a) 

where R t = V z' 2 + a 2 . (336) 


Upon substituting (32) and (33a, b) in (4) 
and carrying out the integration in two steps 
to take into account the magnitude sign, the 
result is 


Y fl (0) O - 2 -jflfi, 
so that 


am 2 < i] 

(34) 


|Y f i(0)| = n - 2. [W» 2 <1] 

(35) 

This value is seen to agree with Fig. 20.5. 
Furthermore, it is a reasonable, rough 
approximation of '1'^, for all values of jlfi. 
However, it is shown in Sec. 31 that (35) is 
not entirely adequate in the accurate analysis 
of short antennas. 

Since Y Z1 is a function of the frequency 
(in P 0 = 2-nfjvf) and of the half-length h and 
radius a of the antenna in the dimensionless 
combinations h\a and Pfi or /?„a and jl 0 h, it is 
possible to select either A/a [in if = 2 In (2A/a)] 
or = 2wa/2 0 as a parameter while /J # A is 
varied. Evidently, if the antenna is fixed in 
its dimensions and the frequency is varied, 
A/a is the appropriate parameter. Alternatively, 
if the frequency is constant and the length of 
an antenna of fixed radius is changed, the 
preferred parameter is a. 

The dependence of upon fift for 
constant A/a is represented in Fig. 20.7. 
It is seen that Y^ experiences a steady 
decrease with increasing pfi, upon which is 
superimposed an oscillation which has maxima 
near pji = tmjl, n odd, and minima near 
Pfi = n-rr/2, n even. The steady decrease is a 
consequence of the increase in P^a as p 0 h is 
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Fig. 20.8. *F Z1 as a function of n = with /3 0 a constant. 
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Table 20.1. The King-Middleton expansion parameter, Yjn. 


Poh 



n 


Poh 



ft 


10 

12.5 

15 

20 

10 

12.5 

15 

20 

0.5 

8.063 

10.547 


17.998 

4.1 

6.885 

9.362 

11.839 

16.794 

0.7 

8.108 

10.589 


18.032 

4.2 

6.949 

9.424 

11.899 

16.855 

0.9 

8.167 

10.645 


18.077 

4.3 

7.008 

9.483 

11.958 

16.907 






4.4 

7.059 

9.532 

12.005 

16.951 

1.1 

8.247 

10.721 


18.143 

4.5 

7.098 

9.568 

12.038 

16.978 

1.2 

8.295 

10.767 


18.183 






1.3 

8.349 

10.821 


18.227 

4.6 

7.124 

9.590 

12.056 

16.988 

1.4 

8.409 

10.882 


18.278 

4.7 

7.135 

9.597 

12.059 

16.983 

1.5 

8.491 

10.952 


18.334 

4.8 

7.131 

9.588 

12.046 

16.964 

rr/2 

8.550 




4.9 

7.110 

9.562 

12.014 

16.919 






5.0 

7.072 

9.519 

11.965 

16.859 

1.6 

8.570 

11.027 


18.398 






1.7 

8.584 

11.033 


18.379 

5.1 

7.019 

9.461 

11.902 

16.786 

1.8 

8.545 

10.985 


18.305 

5.2 

6.951 

9.388 

11.824 

16.697 

1.9 

8.468 

10.899 


18.194 

5.3 

6.870 

9.302 

11.734 

16.597 

2.0 

8.363 

10.785 


18.054 

5.4 

6.778 

9.206 

11.634 

16.490 






5.5 

6.678 

9.102 

11.527 

16.377 

2.1 

8.235 

10.649 


17.894 






2.2 

8.089 

10.498 


17.723 

5.6 

6.571 

8.994 

11.417 

16.264 

2.3 

7.931 

10.335 


17.545 

5.7 

6.462 

8.885 

11.308 

16.153 

2.4 

7.766 

10.172 


17.402 

5.8 

6.354 

8.777 

11.201 

16.047 

2.5 

7.597 

10.010 

12.436 

17.275 

5.9 

6.250 

8.675 

11.100 

15.950 






6.0 

6.154 

8.581 

11.009 

15.864 

2.6 

7.429 

9.849 

12.269 

17.108 






2.7 

7.268 

9.690 

12.112 

16.956 

6.1 

6.068 

8.500 

10.931 

15.794 

2.8 

7.117 

9.543 

11.967 

16.816 

6.2 

5.996 

8.433 

10.870 

15.743 

2.9 

6.980 

9.410 

11.839 

16.699 

6.3 

5.940 

8.382 

10.823 

15.710 

3.0 

6.861 

9.296 

11.730 

16.599 

6.4 

5.901 

8.348 

10.795 

15.689 






6.5 

5.881 

8.334 

10.786 

15.695 

3.1 

6.763 

9.206 

11.647 

16.529 






71 

6.729 




6.6 

5.878 

8.338 

10.799 

15.720 

3.2 

6.688 

9.135 

11.583 

16.478 

6.7 

5.893 

8.357 

10.821 

15.750 

3.3 

6.636 

9.089 

11.542 

16.448 

6.8 

5.922 

8.390 

10.857 

15.791 

3.4 

6.608 

9.108 

11.525 

16.443 

6.9 

5.965 

8.435 

10.906 

15.846 

3.5 

6.602 

9.102 

11.530 

16.457 

7.0 

6.019 

8.491 

10.963 

15.908 

3.6 

6.618 

9.086 

11.554 

16.491 






3.7 

6.651 

9.122 

11.594 

16.538 






3.8 

6.698 

9.173 

11.647 

16.597 






3.9 

6.756 

9.232 

11.708 

16.660 






4.0 

6.819 

9.296 

11.774 

16.728 







increased while h/a is kept constant. Since 
the condition fl 0 a 1 has been postulated, 
it is not possible to increase (3 0 h indefinitely 
for a given value of hla. For example, when 
Cl = 10, hla = 75, so that fi 0 a = P a hp5 is 
as large as 0.084 when fl 0 h = 2u. When 
ft = 7, h/a = 16.4, so that p 0 h may not 
exceed rr/2 if p f fl is to be kept sufficiently 
small. In general, if falls below 5, the 
condition (S 0 a <C 1 is violated to a degree 
that makes accurate results unlikely. 

Although the contributions to the vector 
potential at a point z are primarily derived 


from adjacent elements of current, all currents 
in all parts of the antenna contribute to a 
lesser degree. It is these contributions, and 
in particular those from currents in the lower 
half of the antenna, that produce oscillation 
in the value of at z = h — A 0 /4. Reference 
to Fig. 16.1 shows that when p g h = mr/2, 
n odd, extreme values in the sinusoidal 
current occur at integral multiples of A 0 /2 
from z = h — A 0 /4. Since the currents alter¬ 
nate in direction, it follows that when re¬ 
tardation is taken into account they all 
contribute in phase to the vector potential 
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at z = h — A 0 /4. Alternatively, when /3 0 6 = 
W7-/2, « even, the current maxima in the lower 
half of the antenna are at such distances and 
the currents are in such directions that their 
contributions to the vector potential at 
z = h — Aq/ 4 are essentially in phase op¬ 
position to the corresponding contributions 
from the upper half of the antenna. 

In the analysis of very long antennas it is 
necessary to select (i Q a as the constant para¬ 
meter. Let it be assumed that /9 0 a is so small 
compared with p 0 h that (19.39) and (19.40) 
may be used in (26) and (296). Also let p 0 h 
be sufficiently large that with z — h — 2 0 /4 
in (19.39,40) the following approximations 
are justified: 


Si 2U, = Si 2U 0 = tt/ 2, (36a) 

Cin 2U. 2 = C + In (4fS 0 h - n), (366) 
Cin 2U 0 = C + In (2/S 0 6 - n), (36 c) 

sinh _1 (U 2 /4) == In (4 fl 0 h — it) — In fi 0 a, 

(36 d) 

sinh _1 (f/ 1 //4) == In (ir/figa), (36c) 

sinh _1 (f/ 0 //f) = In (2jfh — *) — In /S„a. 

(36/) 

With these relations the complex expansion 
parameter becomes: 

v E g \Q l — V 4 ) = “Kin ( 4 /V< - ») cos 2/V? 

+ 4 In P 0 a + Cin w — 2 In w + C] 

+ In (2/J 0 6 — 7r) cos 2 fi 0 h 

+ l j[ln (4fl 0 h -n)-ln (2/y* - *)] 

-lj[Sin + nl2\. (37) 

Using this formula and setting /? 0 a = 77-/150 
so that = 10 at fifi = tt/2, the curve of 
y¥ Kl (h — A 0 /4) | in Fig. 20.8 is determined. 
It is seen that with constant j5 0 a the expansion 
parameter increases steadily with ffi. The 
oscillations superimposed upon the steady 
increase have the same explanation given 
above for Fig. 20.7. 

The effect of a finite gap in determining 
4>i(z) from (7) is shown in Fig. 20.9 for 
(ifji = n-/2. Evidently, the effect of small gaps 
on is unimportant. For § 0 h > tt/2 there 
is no effect, since the expansion parameter 
is not defined near z = 0. 


21. King-Middleton Solution: General Formula 
for Current 

The distribution of current in the King- 
Middleton form is obtained from (15.26) 
with appropriate subscripts. Thus, 

= j2rrV d f sin Pfh - z) + M lg (z)/V /tl 
2 (o’i/n L cos p o (h - 6) + A.J'if, 

+ M tK (z)IY Ir + '-'l 

+ A 2K mi + •••]’ Kl) 

where M 1K (z) is given by (15.27), M 2K (z) 
by (15.286), A 1K by (15.29a), and A 2K by 
(15.296) with subscripts K added to the 
functions M, A, F, and G. 

The zeroth-order functions F 0 (z), F 0 (h), 
G 0 (z), and Gfh) are the same in the King- 
Middleton analysis as in the Hallen form 
defined in (15.2a, 6). 

The first-order functions are obtained from 
(15.9a) and (15.76). Thus, 


F\r( z ) 


F os sin /? 0 (z - s) ds 


_/w r 

io Js 

+ Vn 

- (£ a - z)dz> 
= j ^J c (z) + F oz r Kl 

- [C 0 (6, z) - C a (d, z)] 

+ cos fl 0 h[E a (h, z) - E a (6, z)], 


(la) 


F ls (h) 


Fq s sin t\(h - s) ds 


j4nz i j*' 

- (£ a “ j[ 6 ) Foz,Kl{h ' z° 

= j ~Uh) ~ [ C a (h , h) - C a (8, h )] 
+ cos P 0 h[E a (h, h) - E a (d, h )]. (16) 


The functions G 1K (z) and G 1K (h) are obtained 
from (la) and (16) by writing G for F. The 
explicit formulas are: 

G 1K (z) -J^Jlz) + G 0 fY K1 
=*0 

- {S a (h, z) - S a (8, z)] 

+ sin fl 0 h[E a (h, z) - E a (8, z)], 

(lc) 

M) = j ^J s (h) - [ S a (h , h) - S a (d, h )] 


+ sin fSfi[E a (h, h) - E a (8, h )]. (id) 
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Fig. 21.1. D-factors for King-Middleton solution. 
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The second-order functions are obtained from 
the integral forms of the first-order functions 
by replacing F 0 (z) by F 1Jf (z), F 0 (6) by F 1E (h), 
G 0 (z) by G 1 k (z), and G a (h) by G ls (h), as 
given in (1 a)-(ld). 

An alternative form of the King-Middleton 
solution (1) in which use is made of the 
functions F lfl (z), G lfl (z), etc., which occur 
in the Hallen solution, is readily evaluated 
as follows. If (la) is compared with (18.18c) 
written with m = 1, it is seen that 

F lK (z) = F 1 b (z) + Ci' Kl - n)F 02 . (2a) 

Similarly, if (16) is compared with (18.186) 
with m = 1, it is clear that 

F 1K (h) = F ls (h). (26) 

Also, 

(F 1z ) k = F 1 e (z) - F lK (h) 

= (F u ) b + CFjj-j - n)F 0 , (3) 

The second-order functions are given by 
(18.18e) and (18.186) with m = 2: 

F 2 k (z) = J ^~ f (F u ) k sin /i 0 (z -s)ds 
4o Jt 

+ 

"(/**“£,) (Fu ' )kK ' (z ’ z>)dz '’ 

(4a) 

F 2K (h) = f (F 1S ) K sin P Q (h - s) ds 
to 

- (FuAiKjtfi, z’) dz', 

(46) 

G 2Jr (z) is the same as (4a) with G 

written for F, (4c) 

G 2JC (6) is the same as (46) with G 

written for F. (4^) 

After using (3) in (4a) and introducing 
(18.18c) with m = 2, it follows that 

F 2 k (z) = F^z) + CV K1 - n )(F u ) b 

+ Q¥ K1 - Q) JV 03 sin Uz -s)ds 

+ Fo^Vr -J F w ,K x (z, z')<fe , J. 

( 5 ) 


If (18.18c) is again used, but this time with 
m = 1 , 

F 2e (z) = F 2fl (6) + (V E1 - n )(F u ) b 

+ cf k1 - n )F 1b (z) 

+ CF X1 - nr F 01 . ( 6 ) 

Substitution of (3) in (46) gives 

F 2E (.h) = F 2fl (6) + ('Fjfj - D) F lfl (6). (7) 

Subtraction of (7) from (6) leads to the final 
result 


{F 2z ) e - F 2e (z) - F 2K (h) 

= (F 2z ) b + 2(An - a)(F u )„ 

+ ('Fjjr — fl) 2 F ot . (8) 

The above procedure may be repeated in 
order to evaluate ( F nl ) K . The result is 


(F n2 ) E = 2 


n\ 


to («-/)!' 


( 9 ) 


The functions G nx (z), G nE (h), (G n2 ) E may 
be obtained from the above expression by 
writing G for F. 

If (2a) and (26) and the corresponding 
expressions with G written for F are substi¬ 
tuted in (15.27), the result is 


M ls (z) = M 1b (z) 

+ (fjfj — O) sin /J 0 (6 — |z|). (10) 


Similarly, using (4a, 6) and expressions like 
them, but with G written for F in (15.27), 
the following expression is obtained: 


M 2 e (z) = M^z) + 2(^Vr - £>)M lfl (z) 

+ Q¥ K1 -nrsinp 0 (h-\z\). (11) 
In general, 


M nE (z) = 2 


o(n — /)! il 
x Ai - M„_i, H (z), 


where it is understood that 


(n 2= 1 ) 
( 12 ) 


M 0s (z) = sin ft 0 (h - |z|). (13) 


Similarly, 

n —1 

F nK {h) = 2 


(« - 1)! 


±o (« - i - D! /! 
x (’Fjjj - fi)* F„_ iiH (6), 


(« 


1) 

(14) 
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where it is understood that 


F 0B (h) = F 0 (h) = cos ft*. (15) 

Upon substituting (12) and (14) in the general 
formula for current (15.26), this becomes 


(DJ m smMh — M) + ^[AC 

T El 

+ JM&l + WiR + j M ln\ + ' " 

X - - — - 

cos Uh - <5) + ( -^r^ [A[r + JA[' b ] 

+ “(i'I "' -1 l A 2 B + j A 2 »] + • • • 

(16) 

With the shorthand 

* = 1- -S- (17) 

“ JTl 


the real D factors in (16) are obtained from 
the following table: 


Order 


m — 0 

1 

2 

3 

4 


0>l)m = 1 

+* 

+x 2 

+ X 1 

+a: 4 

+ 

(D 2 ) m = 

1 

+ 2x 

+ 3jc 2 

+4x* 

+ 

(113)771 = 


1 

+ 3 * 

+6x 2 

+ 

(Di)m = 



1 

+4x 

+ 

(D,) m = 




1 

+ 


The structure of the D factors is readily seen 
from (18). For example, (D 2 ) 3 = 1+2 at+3a: 2 . 
Each column has the same coefficients as 
(l + x)\ 

It is interesting and significant that when 
the series in (18) are summed for an infinite 
number of terms, that is, m oo, the result is 


” (n - 1)! dx n ~ 1 1 - jc “ (1 - x) n 

= • (x < 1, n > 1) (19) 

With (19), (16) is identically (18.17). Further¬ 
more, if a -* 0, Y Kl j& -> 1 for all values of 
Poh, so that (16) approaches (18.17) as the 
radius a approaches zero. 

It is important to note that if a finite 
number of terms is used in (16), all terms 
belonging to a given order m of the solution 
must be retained and no others. That is, if an 


with-order solution is evaluated, only terms 
contributed by M nK {z) and F nK (h) with 
n = 0,1, 2, • • •, m are used. It is readily 
verified that this is equivalent to writing 

0>i)„ = 1, 

Wt= 1 + (l -|) , (20) 

0> 2 ) 1 = 1. 

Similarly, 

(/>,).= l + (l - J) + (l -£) . 

(Z> 2 ) 2 = 1 + 2 (l - , (21) 

(£3)2 = 1. 

The factors (D^, (D 1 ) 2 , and (Z> 2 ) 2 are 
shown in Fig. 21.1 for 12 = 10 and 15, as 
functions of (3 0 h. 

22. Axial Distribution of Current 
The numerical evaluation of the axial 
distribution of current in a cylindrical, 
center-driven antenna from the general 
formula (21.16) is laborious if higher-order 
terms are to be included. But the fact that 
a zeroth-order current was used in deriving 
the expansion parameter, which is itself 
a reasonably good approximation of the 
current, as is known from experimental 
measurements, suggests that a first-order 
current is a satisfactory approximation. 
This should be true certainly for the distri¬ 
bution along the antenna, where precise 
quantitative information is relatively unim¬ 
portant. The input current, on the other hand, 
determines the impedance, for which greater 
quantitative accuracy is required. It would 
appear, therefore, that a determination of 
first-order current at all points along the 
antenna and second-order input current and 
impedance should be adequate. The evaluation 
of first- and second-order impedance and 
input current is considered in detail in Sec. 
27. It is shown that the curves for the first- 
order impedance as a function of f n h with 
H = 2 In (2hja) as parameter closely approxi¬ 
mate the curves for second-order impedance 
in general shape and in relative magnitude. 
In fact, the only significant difference between 
the two sets of curves is a greater shift of the 
entire second-order impedance curve to 
smaller values of P 0 h. This suggests that the 
second-order distribution of current may be 
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estimated from the first-order distribution of 
an antenna that has the same input current 
as required by the second-order impedance, 
but a slightly shorter length. Thus, a know¬ 
ledge of the first-order distribution of current 
and the second-order input current permits 
a very satisfactory approximate representation 
of the second-order distribution. 

The distribution of current given by the 
general formula (21.16) depends upon the 
base separation. Comparison of this formula 
with the same expression for <5 = 0 shows 
that the effect of the base separation is 
determined primarily by a number of integrals 
of the general form 

J a 7? e ~ J ^ R dz '< (1) 

where R = R±— V (z — z') 2 + a? or R = 
R lh = V(h — z') 2 + a 2 . It was shown in 
Sec. 20 in the discussion of (20.10) and (20.11) 
that integrals of this type are significant only 
for values of z near <5; that is, the base separ¬ 
ation has a negligible effect on the current 
along most of the antenna, so that the general 
distribution for <5 = 0 is a good approxi¬ 
mation for antennas with <5 small. Only in 
determining the input current must account 
be taken of the base separation. 

In summary, it may be concluded that a 
first-order solution for current with <5 = 0 
should be adequate in determining magnitude 
and phase at all points along the antenna 
except near the driving terminals. The input 
current and the impedance require a second- 
order solution that takes account of the 
base-separation. 

The first-order distribution of current for 
<5 = 0, as calculated from (21.16), is shown in 
Figs. 22.1 to 22.6. The curves show the 
components* IVY* I 'JV 0 , the magnitude 
I /, |/^o, and the phase angle 8, referred to 
V 0 as functions of fS () z, with = 1.538, 
■nil, 3w/4, 2.75, 77 , and 5 tt/ 4 for HI = 10 and 20. 

Examination of Figs. 22.1 to 22.6 shows that 
both components of current are significant. 
Although in the first-order solution (in which 
terms of order higher than l/'F Jfl are neg¬ 
lected) the curves for H == 20 are better 
approximations than the curves for Q = 10, 
the effect of decreasing the ratio h/a on the 
distribution of current is correctly indicated 
and the order of magnitude is right. The value 

* The use of a prime to denote a component of 
current as in (15.30) and a current at a primed co¬ 
ordinate in an integral should lead to no confusion. 


of fgh for the curve O = 20 in Fig. 22.1 is 
chosen so that the component of current If 
which is in phase-quadrature with V 0 , is 
nearly zero. If O is made a little greater or 
p 0 h slightly smaller, the current at all cross 
sections of the antenna is nearly in phase with 
V 0 for a thin antenna. If Cl is made consider¬ 
ably greater or ,8 0 h much smaller, the com¬ 
ponent I' z leads V 0 instead of lagging, as in 
Fig. 22.1. An antenna for which (3 0 h = n/2 
always has a lagging quadrature component 
of current. 

If an antenna is adjusted so that [l n h is less 
than 77 by just the right amount for the par¬ 
ticular value of hla, it is possible to have the 
input current in phase with V 0 . Flowever, the 
component of current in phase quadrature 
with V 0 is then not near zero anywhere on 
the antenna except at z = 0 and, of course, 
at z = ±h. In fact, for thin antennas this 
quadrature component is the principal current 
everywhere except near z = 0. Its distri¬ 
bution is sketched for (j 0 h — 2.75 in Fig. 
22.4, in which the input current is computed 
from first-order theory and the rest of the 
curves are estimated using Fig. 22.5. 

In Figs. 22.3 to 22.6 it is important to note 
the large increase in the magnitude of the 
component of current If in phase with the 
driving voltage as the ratio hja decreases 
and Cl is thereby reduced. Since If is larger 
near the center of the antenna, it might be 
supposed that the magnitude I z = V If 2 + If 2 
near the center z = 0 must be relatively 
very much greater for antennas of large 
radius than for antennas of small radius. 
However, the increase near the center in If 
is accompanied by an increase in the com¬ 
ponent II that is relatively much greater in the 
outer parts of the antenna as the radius is 
increased. Thus, whereas both If and If 
increase greatly as Cl is decreased, the distri¬ 
bution of If is characterized in addition by 
a change suggesting an outward pushing 
of current along the antenna. This is readily 
seen in Figs. 22.3 to 22.6 in which /,' 
occurs at larger values of / 3 g z for Cl — 10 
than for f2 = 20, and in which the ratio 
Ima.x I If much larger for 0=10 than for 

O = 20. The net effect on the magnitude 
I z may be seen in Figs. 22.3 to 22.6. As Cl 
is decreased, I z increases everywhere in the 
antenna. In addition, the entire distribution 
is moved outward along the antenna and there 
is an additional marked increase near the 
center for antennas of half-length near A 0 /2. 



n. 20 






















0 J Milliamperes PER VOLT 9 j milliamperes per VOLT 

Fig. 22.5. First-order distribution of current for <3 = 0, Fig. 22.6. First-order distribution of current for <5 

= 77. PJ 1 = 5w/4. 
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-J.0 -0.5 0 0.5 1.0 1.5 2.0 -0.75 -0.5 -0.25 0 0.25 0.5 0.75 

MILUAMPERES PER VOLT MILLIAMPERES PER VOLT 

Fig. 22.7. First-order distribution of current for a very long antenna; Fig. 22.8. First-order distribution of current for a very long antenna; 
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The behavior of the phase angle 0, of the com¬ 
plex current I z referred to V 0 is also shown. 
It is seen or may be inferred from Figs. 22.1 
and 22.2 that I z is everywhere virtually in 
phase with J 0 and with V 0 , so that 0, = 0 
only when I' == 0 along the entire antenna 
(resonance), but that I z is nearly in phase 
with 7 0 so that 0, is approximately constant 
(but not zero !) for f) a h < -njl. On the other 
hand, for considerably greater than w/2, 
a continuous change in 0, along the antenna 
occurs. When /j 0 /i is sufficiently large (nearly 
t r) so that the component V, reverses, the 
discontinuous change in 0, from +90° to 
—90°, which is theoretically true for an ex¬ 
tremely thin antenna, is gradual and con¬ 
tinuous for antennas of finite radius. 

The first-order distribution of current as 
calculated from (21.16) for a very long antenna 
with /S 0 /i = \2-n or h — 62 0 is shown in Fig. 
22.7 for an antenna with Q = 15, hja = 904, 
and in Fig. 22.8 for Cl = 20, h/a = 11,000. 
The components I' z and /," and the magnitude 
h = vU') 2 + (J7) 2 are represented in nor¬ 
malized form. It is seen that the quadrature 
component /' is nearly sinusoidal but that 
the amplitude is somewhat greater near the 
center and the ends of the antenna than else¬ 
where. The in-phase component /,, on the 
other hand, is characterized by an amplitude 
that is greatest at the center and that decreases 
continuously as ft,z increases. The in-phase 
component is increasingly important as the 
ratio hla decreases, but even for hja as large 
as 11,000, I" approaches l’ z in magnitude 
for several half-wavelengths near the center. 
For hja = 904, /" actually equals or exceeds 
I’ z in at least one third of the antenna, with 
the result that the magnitude I z fluctuates 
relatively little and in a somewhat irregular 
manner. 

The fact that the first-order impedances 
differ from the more accurate second-order 
values primarily in a shift toward shorter 
values of fi (t h suggests that the first-order 
current must be qualitatively a good approxi¬ 
mation. However, since for a given value 
of p„h the first- and second-order impedances 
differ considerably, especially when j3 0 h is 
near an integral multiple of -n, the first-order 
currents for that value of fl 0 h can not be 
quantitatively accurate at and near the driving 
point. For some purposes a reasonably 
accurate solution for the current that is 
quantitatively consistent with the second-order 
impedances is required. One method of 


obtaining such a distribution has been sug¬ 
gested, namely, to determine the first-order 
current for an antenna that is sufficiently 
longer than the actual one so that its first-order 
impedance is a good approximation of the 
second-order impedance of the actual antenna. 
An alternative procedure that does not require 
much extensive computation is to estimate 
the second-order current from the first-order 
current by fixing a few second-order points 
for the several distribution curves and as¬ 
suming that their general shapes are 
maintained. 

Since the second-order input current per 
unit voltage is the second-order input admit¬ 
tance, /q', /q, / 0 , and 0, o are known if second- 
order admittances are available. For suffi¬ 
ciently short antennas, fS 0 h g w/2, the general 
shapes of the distribution curves of I", T, 
and I are so nearly sinusoidal that a knowledge 
of the second-order input currents is sufficient 
to construct second-order distribution curves 
from the first-order patterns. Second-order 
curves corresponding to those of Fig. 22.2 
for /? 0 /i = 7 t/2, Cl — 10 are shown in Fig. 
22.9, together with the corresponding first- 
order curves. For antennas that exceed 
tt/ 2 in their electrical half-length, the input 
current is not sufficient to obtain even a 
rough estimate of the distribution curves. 
Fortunately, the second-order phase angle 
may be determined quite easily and accurately. 
Since the phase angle near the end z = h of 
an antenna changes extremely slowly with 
small changes in length, and since the imped¬ 
ance curves suggest that the difference between 
first- and second-order currents is equivalent 
to a small change in length, it follows that 
it is a good assumption to set 0 2 equal to 0 1 
at z — h. With this assumption it is a simple 
matter to construct a curve of 0 2 , using the 
assumed value at z = h and the known value 
at z = 0, and the general shape prescribed by 
the first-order curve. Since 0 varies smoothly 
along the antenna, considerable accuracy 
is possible. The only points known on the 
curve for the magnitude of the current are at 
z = 0 and z = h. A third point may be 
determined approximately at the value of z 
where the current is maximum. The power 
supplied to an antenna is given by 

p=mco = iiiKu ( 2 > 

where I m is the maximum current and R e m is 
the radiation resistance referred to the 
maximum current. For an antenna of given 
length and radius, R e m is an essentially 
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constant quantity that is insensitive to small 
changes in current distribution which do not 
affect the far-zone field significantly. It 
follows that for an antenna with constant 
applied voltage, I m is proportional to % G 0 . 
Accordingly, 

(A»)2 / (Gpla 

(4»)l V (C„)l ‘ 

Thus, with the maximum magnitude of the 
first-order current available, together with 
the first- and second-order input conductances, 
the maximum magnitude of the second-order 
current may be determined. Since the location 
of maximum current is very near z = h — 2 a /4 
on all antennas, a third point is available on 
the second-order current-magnitude curve. 
For an antenna with fiji sufficiently short that 
| /| has no minimum, the entire distribution 
of |7| is readily drawn as in Fig. 22.10 
for p 0 h = 3tt/ 4. With the curve for 0 2 drawn 
smoothly between 0 2 == 0 X at z = h and the 
known value of 0 2 at z = 0, the components 
/' and I" may be computed. The resulting 
curves are in Fig. 22.10. 

When the current-magnitude curve has a 
minimum, the construction of the approxi¬ 
mate second-order curve from A. 4 = 0, 
and 7 max is less accurate. However, the 
minimum must occur very near the point 
where 0 2 = 0, and it may be assumed that 
it does not differ greatly in depth from the 
first-order value. After an estimate has been 
made, as in Figs. 22.11 and 22.12, a check 
is obtained when /' and I" are computed. 
There may be no irregularities in these 
curves near the minimum. By adjusting this 
minimum until both /' and 7" curves are 
smooth, a satisfactory result is obtained. 
This was done in Figs. 22.11 and 22.12, 
where the component curves are seen to be 
smooth and reasonable in the region of 
minimum I. 

The approximate second-order distributions 
of current shown in Figs. 22.9 to 22.12 
should be quantitatively reasonably correct. 
They differ from the first-order distributions 
primarily near the driving point and in a 
small difference in the relative magnitudes 
of the in-phase component I" compared with 
the quadrature component /'. In the second- 
order distributions 7" is relatively somewhat 
greater than in the first-order distribution, 
since in all cases the phase angle 0 2 is shifted 
more or less toward greater positive values 
as compared with 0 r The experimental 


distributions also shown in these figures 
are discussed in Sec. 26, where the effect of 
the base separation also is considered. 

23. Axial Distribution of Charge 
The distribution of charge on an antenna 
is readily derived from the current by the 
method used in Sec. 16 for the zeroth-order 
charge. Since the charge is known to be 
an odd function, the distribution in the lower 
half is obtained directly from that in the upper 
half. The equation of continuity in the form 

d Jl+ jw q z = 0, (1) 


combined with 



A = 4' +jT„ 

(2) 

gives the following distribution of charge: 


9* 

-M +M> = { (§■ + J%j) - 

(3) 

so that 




to dz 

(4) 


, _ 1 dl' z 
co dz 

(5) 


Since the distribution of current is con¬ 
veniently plotted in amperes per input volt 
against electrical distance from the origin 
at z = 0 in radians, (4) and (5) may be re¬ 
written in the form 


(£/A>) = 


1 dOz/Vp) 

t’o rf 0V) 


( 6 ) 


Wjy, 0 ) = 


1 d ( 1 ’ lV ,) ^ 

t’o tf(A)Z) 


(7) 


The derivatives in (6) and (7) are the slopes 
of the curves for distribution of current given 
in Figs. 22.1 to 22.6. Hence, if the numerical 
values obtained for the slopes are divided by 
t 0 =3x 10 8 m/sec, the charge in coulombs 
per meter per volt input is obtained. Curves 
obtained graphically from Figs. 22.1 to 22.6 
for < 7 ", q'„ q z = V (q" z f + (qff, and 0 , = 
tan -1 q'zlq'z are given in Figs. 23.1 to 23.5 
for p a h = 1.538, 377 / 4 , 2.75, 77 , and 577 / 4 , 
with 0 = 10 and 20. The distributions q z 
resemble the magnitudes of the corresponding 
zeroth-order distributions in Fig. 16.2 in 
general outline, but differ from them in the 
absence of sharp zeros and in a relatively 
very much greater concentration of charge 
near the ends of the antenna, especially for 
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the thicker antenna with fi = 10. The rectified 
cosine curves of the zeroth-order distribution 
are considerably distorted for Q = 20 and 
even more for Q = 10. In Fig. 23.2, for 
example, q z approximates a cosine curve with 
maximum at the top for fl = 20, whereas for 
Q = 10 the concentration of charge at the 
top is greatly increased so that the rounded 
cosine curve is replaced by a line that is almost 
straight. This effect is also evident in the curves 

for |f,|. 

24. The Instantaneous Current and Charge 

The instantaneous current is in general most 
conveniently studied in terms of its quadrature 
components I' and /". Thus, with the complex 
amplitude given by 

4 = /* + flz, ( 1 ) 

the complex instantaneous current J JlMt is 
obtained by multiplying both sides of (1) 
by e imt . The real instantaneous current 7 Z|nat 
is obtained by taking the imaginary part of 
each side corresponding to 

K lmt = V 0 Sin mt ' < 2 > 

It is 

4 lnsl = Imaginary part of (/" + jl' z ) e^K 

(3 a) 

so that 

4 ins , = 4 C0S mt + 4" Sitl 0JL ( 3 &) 

Typical distributions of the real magnitudes 
I" and I' z are given in Figs. 22.1 and 22.2. 

The instantaneous charge per unit length 
is readily obtained from (23.3) or directly 
from (3 b) using the equation of continuity for 
total current: 

^•Irm _|_ jjTflnst _ q 

dz dt 

Thus, 

cos cor + ~ s i n cor \ (5) 

dt \dz dz / 

so that integration with respect to the time 
gives 

<? Z|nal = - (q'z sin (at - q" cos wt), (6) 

where q' z and q z are given by (23.4) and (23.5) 
and where the constant of integration has 
been set equal to zero since the system as a 
whole is electrically neutral. 

The instantaneous currents and charges 
therefore may be described in terms of the 


distributions I' z and q' z , /" and q" z . These distri¬ 
butions are shown in Fig. 24.1 for p 0 h = v 
at the successive instants cot = 0, w/2, n, 2,-njl. 

For /? 0 /t = 7T-/2 the distributions I z and /" are 
nearly alike, so that (3 b) is conveniently re¬ 
placed by 

4 lnat = ^ (I'z ) 2 + (I'z ) 2 sin (cat + 6,) 

= I z sin (cot + dj), (7) 

where 

0, = tan -1 (/;//;) = const. (8) 

It is then unnecessary to plot 4 |nll , 4' lnst , q Zinst , 
and °tz i„. separately, since a graph of 4 inst 
and q Zlnst can be made so long as 0 , is constant 
or nearly so. 

25. An Alternative Method of Solving Hailin's 
Integral Equation 

Although in the integral equation (14.3) for 
the current in a cylindrical antenna the current 
and the kernel are complex, the solution by 
iteration described in the preceding sections 
makes use of a real expansion parameter and 
a zeroth-order current that consists of a 
single component in phase quadrature with 
the driving voltage V s . It follows that the 
component of current in phase with V s 
always is one step lower in the iteration than 
the quadrature current. This is not unreason¬ 
able since, in general, the quadrature current 
predominates except when the electrical 
half-length P 0 h is at or near an odd multiple 
of 7t/2. Nevertheless, all quantities that 
depend primarily on the in-phase component 
are determined less accurately in a solution 
of given order than quantities that depend 
upon the quadrature current.* In particular, 
the entire solution is less accurate when 
P 0 h — mr/2, n odd, than for other lengths. 

This difficulty can be eliminated by intro¬ 
ducing both components of current directly 
in the complex integral equation (14.3) 
and separating this into two simultaneous 
real integral equations. 

For simplicity let <5 = 0, z* = 0, and let 
phase be referred to the driving voltage, so 
that this is real. In order to avoid ambiguity 
with primed coordinates, let a new notation 
be introduced temporarily for the complex 
current as follows: 

I z = K + jl’z = 400 + ./400, (1) 


* An important example of this fact is developed 
in Sec. 31. 
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where l r {z) = 7" is the component in phase 
with V 0 and I t (z) = I' z is the component in 
phase-quadrature. Also, let the following 
real kernels be introduced: 


K c (z, z') m 


cos PqRi cos p 0 R 2 


Ri 


R . 


(2 a) 


With (1) and (2), (14.3) may be separated into 
two real integral equations. They are 

fW 

Jo 


)K c (z, z') - I t (z')K s (z, z')]dz' 

% C'F 0 (z), 

^>0 


(3 a) 


Jo 


[I t (z')K c (z, z') + I r (z')K 8 (z, z')] dz' 

— y- [C"F a (z) + £ F 0 G 0 (z)]. (36) 

so 


along the antenna that greatly exceed the 
small value at its end, z = h. Accordingly, 
an integral involving the difference kernel, 
L s (z, z'), is relatively much smaller compared 
with an integral involving L c (z, z') than when 
K s (z, z') and K c (z, z') are used in their places. 
An approximate solution of (4a, b) for the 
components of current, therefore, is to be 
preferred to a corresponding solution of 
(3a, b). In particular, the solution of (4a) as 
an equation in 7 r (z) with a less essential 
contribution from 7,(z), and of (46) as an 
equation in 7 ( (z) with only a small contri¬ 
bution from 7 r (z), is suggested. 

After the introduction of a distribution 
function for each component of current in 
the manner of Sec. 14, 

g£z, z ) = 7j(z')/7 3 (z), (j= rort) (5) 

and the definition of 

fVj(z) = Wj + ct,(z) = f gj(z,z')L c (z, z') dz', 
(j — r or t) (6) 


As defined in (15.2a, 6), F„(z) = cos /Jqz, 
G 0 (z) — sin /( 0 z; C" and C' are the real and 
imaginary parts of the complex constant C x . 
In order to illustrate the use of difference 
kernels of the type defined in (14.17), equations 
like (3a, 6) with z = 6 may be subtracted from 
(3a, 6) to give 

rh 

[I r (z’)L c (z, z') - l t (z')L s (z, z')] dz' 


f 


r 


4 7T 

— ~p~ G F 0z , 
to 


[7 r (z')7- c (z, z') + I t (z')L s (z, z')] dz' 


= — y- [C"F 0Z 


iV 0 G 0z ], 


(4a) 


(46) 


where L(z, z ) — K(z, z') — K(h, z') as in 
(14.17), and F 0z and G 0z are as in (15.2a, 6). 

Actually, an important advantage for present 
purposes is gained by the use of the difference 
kernels. Since K s (z, z') reduces to extremely 
small values at z' = z, whereas K c (z', z) 
has its maximum values at z' = z, it follows 

f 

that I(z')K s (z, z') dz’ is relatively small 
Jo 

and slowly varying as a function of z, whereas 

r 

I(z')K c (z, z') dz' varies approximately with 
Jo 

the current and thus assumes values at points 


where fV,- is the sensibly constant value of 
fVj(z) at an appropriate reference point, 
z = z r , and a,(z) is a correction term that is 
very small for most values of z, the following 
equations are obtained: 

L(z) = ^ C'F 0Z + ~ [D r (z) - E t (z)\, 

(7a) 

L(z) = - JZ- (C"F 0Z + iV 0 G 0z ) 

±0" l 

+ [D t (z) + E r (z)], (76) 

w t 


where the difference integrals are 


77,(z) = —7,(z) <t,(z) 

— f [7,(z') - Ij(z)gj(z, z')] L c (z, z') dz', 


(j = r or t) (8a) 

E,(z) = — J Ij(z')L s (z, z') dz'. 

(j = r or t) (86) 

Solutions of (7a) and (76) may be derived 
using the method of iteration described in 
Sec. 15, with zeroth-order solutions given by 


U r (z)] 0 ■ 


4tt 


G F 0z , 


(9a) 


4t r 


W4 = - 7177 IG"F 0Z + iV 0 G„ J. (96) 

t 
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The corresponding expressions after a first 
iteration are: 


UrWl = y-{ 7 } [C'(T 0Z + Fc 1ZT wr 1 ) 

4o "r 

+ + iV 0 Gs lz )] (10a) 

[im i = - 7 ^; [C'^oz + Fc^WT 1 ) 

+ iK 0 (G 0J + Gc^IFf 1 ) 

- C'Fs lz W-\ (10*) 

where Fc lzj and Gc lzj , j = r or /, are given, 
respectively, by (8a) with F 0z and G 0z sub¬ 
stituted for Ij(z); and Fs lz and Gs lz are given 
by (8*) with F 0z and G 0z substituted for 
Ij(z). Higher-order terms may be obtained 
by continuing the iteration. Note that Fc lz 
and Fs lz may be separated so that 
Fc lz = Fcfz) - Fcfh), Fs lz = Fsfz) - Fsfh), 
where Fcfz) and Fs^z) are given by (8a) 
and (8*), respectively, with K c (z, z') and 
K s (z, z') substituted for L c (z, z') and L s (z, z). 
When z = h these reduce to 

Fcfh) e Fc x = - f F 0z ,K c (h, z’) dz\ 

Jo 

(11«) 

Fsfh) = Fix = - f F 0z ,K s (h, z') dz'. 

Jo 

( 11 *) 

Similar expressions are obtained by replacing 
Fby G. 

The constants C' and C" may be evaluated 
from (3a, *) by setting* z = h and using the 
currents (9a, *) for first-order values, (10a, *) 
for second-order values, and so on. The 
first-order values are 

C' = i V 0 N'l W t A, C" = V 0 N"/A, 

(12a) 

where 

N' = F Sl (G 0 + GcM- 1 ) 

- GsfF, + F^Wr 1 ), (12*) 
N" = (F 0 + F Cl fV- l )(G 0 + Gc^f 1 ) 

+ Fsy W 7 r 1 Gs 1 W~ *, (12c) 
A = (F 0 + Fc 1 fV~ 1 )(F 0 + F Cl W r ') 

+ FslW^Wr 1 . (12 d) 


* Any other convenient value of z may be used. 
In particular, for very short antennas, z = 0 is 
appropriate, as shown in Sec. 31. For long antennas, 
z = h — may be desirable. 


With (12a)-(12rf), (10a) and (10*) may be 
expanded into the following for 0 gzSA: 

Liz) = la w-W tDr [< F oOO[<V*i - Ffis J 

- F 0 [Fy 1 (z)G 0 - Gs^zjFJ} 

+ 1 {Fc lr (z)[G 0 Fs 1 - F 0 GyJ 

- Fc 1 [Fs 1 {z)Gq - Gy 1 (z)F 0 ]} 

+ W^'E^zKFsfic, - Gs x Fc,\ 

- F 0 [Ff 1 (z)Gc 1 - G^zjFcJ} 

+ W-'WrH- ••}+•• •], (13a) 


/sin/y/t-zJ + WT^z)- 


(F 0 + ^-‘FCi + 1 IF, - 1 Fyf[F 0 +Fcj Wf 1 ]- 1 


D r 


where 




(13*) 


Dr - Fjj + (W^ 1 + fFrWcj 

+ ^-^(“'(Fc? + Fjf +•••)+••• 


and 


(13c) 


Mi(z) - F d (z)Gcj - G 0 (z)Fc 1 

+ Fc lt (z)G 0 - Gc, i(z)F 0 . (13c/) 

A comparison of (13*) with the imaginary 
part of (15.26) shows that the zeroth- and 
first-order terms are, in fact, identical except 
for the appearance of fV t as expansion para¬ 
meter instead of T, since difference kernels 
were used. It may be concluded that the 
solution for the quadrature current 7,(z) = I' z 
obtained previously is entirely adequate. 

The component of current in phase with 
the driving voltage is seen to have a leading 
term that is essentially of first order, so that 
the simpler method of iteration in Sec. 15 
(in which the zeroth-order current in the 
complex integral equation is assumed to be 
a quadrature current) is justified. Moreover, 
the leading term in the numerator of (13a) 
differs relatively little from the leading real 
term in (15.26), which is A/"(z) in (15.27). 
However, when /? 0 * is sufficiently near an odd 
multiple of w/2, the zeroth- and first-order 
terms in the denominator of (13a) become 
small or vanish so that the remaining leading 
terms actually are of second order. Specifically, 
when Poh = mr/2, n odd, the zeroth-order 
distributions of current for 7 r (z) and 7,(z) 
are alike, so that W T —- W t — W, and g(z, z') 
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in (5) is equal to cos /J 0 z7cos (i^z. It follows 
that (13a) reduces to 


m - 2 -¥ 

to 


[F Sl + W~ 1 (Fs 1 Gc 1 - G^jFcj)] cos (i a z ' 
+ W~ l [Fc l (z)Fs 1 — + • • • 

Fc\ + Fs\ + 2 fV-^Fc^FCi — Fss 2 ) 

+ Fs 1 (Fs 2 + Fcs 2 )] 


where ( Fc\ + Frf) in (14) is the complete 
second-order term and the rest of the denomi¬ 
nator is the complete third-order term when 
= m/2, n odd. This latter is obtained by 
substituting (10a, 6) in (3a, b ) in order to 
evaluate A in (12 d) to a higher order. Since any 
contributions to the third-order value of A, 
obtained by substituting third-order currents 
in (3a, b), must have F 0 = cos fi 0 h as a 
factor, they contribute nothing to A when 
fijt = mr/2, n odd. 

The following formulas are valid when 
(SJt = m/ 2, n odd: 

F oz = F o( z ) ~ F oW = cos (i 0 z, 

Fc u = Fc t (z) - Fc x (6), (15) 


[ 11 . 25 ] 

By setting z = h in (16a)-(16rf) the following 
are obtained: 

Ftj ^ F Cl (h ) = —R.P. C a (h, h) 

= ~\Si4(3 0 h, (17a) 

Ffj = Fs,(h) = -I.P. C a (h, h) 

— +\Cin4f}Ji, (Mb) 
G Cl ^ G Cl (h ) = -R.P. [S a (h, h) - E a (h, h)] 
= -\Cin 4fS 0 h + 2 In 2, (17c) 

G Sl » G Sl (h) = -I.P.[S Q (/r, h) - E a (h , h)] 
= —\Si 4f}Ji. (17 d) 

The second-order functions that occur in (14) 
are defined as follows: 


z')Fc lz ,dz', (18a) 


F? 2 = Fs 2 (h) 


K s (li, z')Fc lz , dz', (186) 


Fcj(z)= W cos A 


r 

0 z - KJz, z' 
Jo 


) COS flqZ'dz' 


fV cos P 0 z - R.P. C a (h, z), (16a) 


Fc 2 s Fc 2 (h) = - f *„(/», z')Fc 12 , </z', 
Jo 

Fs 2 = Fs 2 (h) = - f F s (/i, z')Fc lz , rfz', 
Jo 

Fcs 2 = Fcs 2 (6) = — f K c (h, z')Fs lz , dz ', 
Jo 

Fsr 2 = F» 2 (6) = - f FJ/i, z')Fj 12 , rfz'. 
Jo 


The expansion parameter is defined at 
z r = 0 for P 0 h = n/2. It is 


f* 

F^i(z) = - KJz, z') cos fl 0 z'dz' 
Jo 


W = MO) 


f ic( o, z': 

Jo 


) cos P 0 z'dz' 


= -I.P. C a (h, z), (166) 


= R.P.[C 0 (6, 0) - C a (h, h)]. (19) 


Gc x (z) = W (sin /J 0 z — 1) 



K c (z, z') (sin Pqz' - \)dz’ 


= lF[sin (3 0 z - 1] 

- R.P .[S a (h, z) - E a (h, z)], (16c) 


Grj(z) 


K s (z, z') sin P 0 z'dz' 


= -I.P .(S a (h,z) -E a (h,z)]. (16 d) 


The real and imaginary parts of the functions 
C„(6, z), S a (h, z), and E a (h, z) are represented 
in Figs. 19.1, 19.3, and 19.5. It is evident from 
(14) that an accurate determination of the 
magnitude of / r (z) when PJi = mr/2, n odd, 
requires at least third-order terms in the 
denominator. Since the relative distribution 
of current is not affected by the denominator, 
consideration of this problem is appropriately 
reserved for later study in conjunction with 
the input current and admittance. 

For some purposes, for example, the 
determination of the expansion parameter 
or electromagnetic fields, an analytically 
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simple approximate representation of the 
current in a cylindrical antenna is needed. 
Evidently the leading terms in the two 
components of current are given by the 
following for 0 sj z Si h: 

Liz) /; _ 

Li o) /; 

' [Fs 1 sin P 0 h — Gs 1 cos fi 0 h] cos /? 0 z 
— [Esj(z) sin /? 0 /! — Gsfz) cos fifi] cos fi 0 h 
[F$ x sin ft () h — GSi cos fiji] ’ 

. — [FsjfO) sin fi 0 li — GiyfO) cos fiji] cos p 0 h. 

( 20 ) 


LL) 

I t (h - A 0 /4) 


^ = sin (Sfh - z). (21) 


Except when the antenna involved is long, 
(20) is unnecessarily complicated and the 
simpler shifted cosine used as a zeroth-order 
current in (9a) is adequate. That is, for 
fi 0 h < 2tt, 

LiO = IJ_ = cos /V - cos pfi 
L<0) ~ I" 1 - cos f! 0 h • 


The ratios (21) and (22) are represented in 
Figs. 25.1 and 25.2, together with the corre¬ 
sponding first-order components as obtained 
from Figs. 22.1-22.6 for fi = 10. The agree¬ 
ment is moderately good. In special cases 
when h = A 0 /2 and the zeroth-order value 
of /q is zero, it may be preferable to use (22) 
with h increased sufficiently above A 0 /2 that 
the correct value of /, is obtained as is shown 
in Fig. 25.1. The small error resulting from 
the extra length usually is outweighed by the 
advantage of having the correct input current. 

It may be concluded that a relatively 
simple approximation of the distribution of 
current in a cylindrical antenna of small 
radius with (i„h < 2n is given by I z = /" + jl' z , 
using (21) and (22). If desired, the ratio of 
11 to I' m may be obtained from first-order 
data. When p 0 h sj vj 2, the distributions (21) 
and (22) are sufficiently alike that the single 
formula 


h 


sin ff 0 (/i - z) 
sin (l 0 h 


(23) 


is satisfactory for the complex current. 

Throughout this section, currents in the 
range 0 z < h have been determined. 
Currents in the range —h Sz SO are ob¬ 
tained directly, using the symmetry condition 
/(-z)=/(z). 

Distributions of charge corresponding to 


the simple currents (21) and (22) may be 
obtained by using the equation of continuity 
(16.9). 

It is shown in this section, using an alter¬ 
native and more accurate solution of Hallen’s 
integral equation, that the previous analysis is 
satisfactory in general, but that the accuracy 
of a given order of solution may be less when 
P 0 h is near odd multiples of vjl than for other 
values. Convenient zeroth-order formulas 
are obtained for the two components of 
current. 

26. Experimental Determination of the Distri¬ 
butions of Current and Charge 

The experimental measurement of the 
relative magnitude and phase of the axial 
distributions of current and charge in a 
cylindrical antenna requires a sensitive de¬ 
tecting circuit with a coupling element that 
may be moved parallel to the axis of the 
antenna. The coupling element must satisfy 
three requirements: (a) its dimensions must 
be small compared with the length of the 
antenna and with the wavelength; ( b ) it must 
be close to the antenna compared with the 
wavelength; (c) it must be sufficiently sensitive 
that it may be coupled very loosely. The first 
two requirements are necessary in order that 
the voltage or current induced in the coupling 
element may be due primarily to the charges 
or current in a section of the antenna that is 
short compared with the wavelength. The 
third condition insures that the presence of 
the coupling element disturbs the distribution 
of current or charge as little as possible. 
Both conditions ( b ) and (c) may be achieved 
by making the size of the coupling element 
small. 

Useful coupling elements are a small loop 
for measuring current and a short probe or 
antenna for measuring charge. In conventional 
form, the loop or probe is supported near the 
antenna and connected to the detector-load 
by a section of transmission line that is outside 
the antenna, as shown in Fig. 26.1. For rough 
measurements, arrangements of this sort are 
quite satisfactory. For more accurate work, 
they have the great disadvantage that the 
entire detector circuit and the observer are 
also coupled to the antenna more or less 
closely. The disturbing effect of this coupling 
is difficult to determine. A better arrangement 
is shown in Fig. 26.2, where the antenna 
consists of a tube with a narrow slot parallel 
to the axis extending from one end to the other. 
Since all currents are axial, this slot produces 
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Fig. 26.1. External current 
and charge probes. 



Fig. 26.2. Internally con¬ 
nected current and charge 
probes. 
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Fig. 26.5. Block diagram of measuring setup, 
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no significant disturbance. The current loop 
and charge probe project out through the 
slot and are connected to transmission lines 
inside the antenna. These lines extend back 
through the entire line feeding the antenna, 
so that they are in no way coupled to the 
antenna. Moreover, the observer may be 
completely out of the field due to the antenna 
if the antenna is arranged over a metal 
image plane. 

The analysis of a small loop such as that 
shown in Fig. 26.2 is readily carried out. 
Thus, integrating (5.1) completely around the 
loop circuit, designated as circuit 2 with the 
antenna as circuit 1, the result is, 


(**/„ + jwA 22s ) ds + ju A 2U dz 
A 21z dz = 0 . 


+ y'co 


( 1 ) 


The last integrals are extended only from 
B to C and D to A, since the vector potential 
A 21z due to I z in the antenna does not 
contribute to the contour integral elsewhere 
around the circuit either because it is perpen¬ 
dicular or because it is inside the metal antenna 
where the vector potential is negligibly small. 
Since all dimensions in the loop satisfy the 
condition for the near zone, the vector 
potential at radius r for a length z 2 — z x is 




47rt, o J 2i 


dz' 


V(z' — z) + 


( 2 ) 


Here / 2 (z) is treated as constant and equal 
to the value opposite the center of the loop 
in carrying out the integration. This is justified, 
since the contribution to A 21z (r = a + d) 
— A 21z (r = a) by currents far from this point 
is negligible. For the same reason and for use 
in (1), the limits of integration may be taken 
to be — oo and + oo except for points near the 
ends of the antenna or near z = ±6 for an 
antenna driven from a two-wire line. Since 
A 21 z (z) is essentially constant over the short 
length AB — CD = d 2 , the sum of the last 
two integrals in (1) is 


jud 2 [A 2U (r = a + dj) - A 2lz (r = a)] 

<3) 


Since the first integral in (1) is the current in 
the loop circuit times the self-impedance, 
Z 22 , (1) may be written as follows: 


— hZ 22 , (4a) 


where 

Y‘ = —I z (z) ■ Z 12 



Thus, subject to the assumed conditions, 
V 1 and / 2 are proportional to / 2 (z) except 
very near the ends or near the base separation 
at the center of the antenna where I z becomes 

4- 

The analysis of the charge probe in Fig. 
26.2 is similar. The scalar potential difference 
driving the probe circuit is given approxi¬ 
mately by 



(5) 


where h p is the length of the probe. There is 
no contribution to V from the vector potential, 
since this has no radial component. The scalar 
potential difference is given by 



R* 



(6) 


V ba(z) = - 4>a 


q(z) 

4tt£ 0 


p r_i_ 

J-ao V(z’ - z) 2 + (a + h 


V(z' - z) 2 + a 2 


t 2 

p) 

(7) 


subject to the same conditions assumed in (2). 
The integration gives 



Since the driving voltage for the probe 
circuit is proportional to q(z), it follows that 
the current in this circuit must also be propor¬ 
tional to q(z). 

The experimental determination of the 
distributions of current and charge along an 
axially slotted cylindrical antenna using loops 
and short antennas as probes has been 
carried out by Morita 60 for a range of lengths 
of antennas driven from a coaxial line over a 
conducting plane at a frequency of 300 Mhz. 
A shielded loop (Fig. 26.3) was used instead 
of the simpler structure shown in Fig. 26.2 
in order to eliminate unbalanced currents in 
the loop oscillating in the so-called dipole 
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mode. In so far as the desired currents are 
concerned, a shielded loop 1 - 32 behaves essenti¬ 
ally like the simpler one in Fig. 26.2. A 
schematic diagram of the measuring line 
used by Morita is given in Fig. 26.4; a block 
diagram of the entire measuring setup is 
shown in Fig. 26.5, including parts used for 
receiving antennas to which reference is made 
in Chapter IV. The image plane involved was 
15 x 4J m. The length of the antenna was 
varied by moving the entire slotted inner 
conductor of the coaxial feed-line. The slot 
in the outer conductor of the line permits the 
use of a loosely coupled probe connected 
to an amplitude monitor, which is required 
in order to maintain a constant power level. 

Since an amplitude measurement is no 
more accurate than the calibration of the 
detecting system, great care was exercised in 
obtaining a calibration curve for the crystal 
with its amplifier. In addition, it was verified 
that the shielded-loop probe actually had no 
significant error due to unbalance, and that 
the effect of the axial slot in the antenna was 
negligible. In Figs. 26.6 to 26.11 are shown 
experimentally determined curves of the 
magnitude of the current (marked | 7 [/ KJ) and 
in Figs. 26.12 to 26.14, curves of the relative 
magnitude of the charge for antennas of 
different lengths from resonance to /3 0 A = 3rr/2. 
With the experimental curves of current are 
also shown the zeroth-order (sinusoidal) 
current and the first-order King-Middleton 
current. With the measured curves for charge 
are the first-order King-Middleton curves, 
and curves obtained from the slopes of the 
experimental curves (Figs. 26.6-26.11) for 
current. 

In order to measure the relative phases 
of current and charge per unit length at a 
given cross section of the antenna, an auxiliary 
nonresonant line was used in which current and 
voltage distributions ideally have the form 
A = A 0 e~iP x , neglecting losses. The signal 
from the probe in the antenna was mixed with 
the signal from a sensitive, very loosely 
coupled probe on the auxiliary slotted line 
which did not introduce a significant departure 
in the standing-wave ratio of unity. By moving 
this probe along the nonresonant line to a 
point where the two signals were 180° out of 
phase, a minimum indication was obtained. 
This established a reference point for com¬ 
paring phases, since variations in the phase 
of the signal from the probe in the antenna 
as this probe is moved may be compensated 
by a measurable displacement Ax in the 


position of the probe in the auxiliary line. 
The difference in phase between the first and 
second minimum settings is A <f> = ft Ax. 
Graphs of the relative phases of current and 
charge are in Figs. 26.6 to 26.15. 

In Figs. 26.7, 26.9, 26.11, 26.12, 26.13, 
26.14, the distributions are also given in the 
junction region and in the coaxial line; 
note that the scale is smaller over most of this 
range. The behavior at the junction between 
antenna and line is well shown, as is the be¬ 
havior at the dielectric support placed in the 
line near, but not at, the junction with the 
antenna. As could have been predicted, the 
current is continuous, the charge discon¬ 
tinuous. In Figs. 26.6 to 26.11 the two com¬ 
ponents I" and /' of the current also are 
plotted. 

Comparison of the several experimental 
curves of current and charge with the first- 
order King-Middleton distributions shows 
good agreement except near p 0 z = 0, where 
at least a second-order theory is required 
for a satisfactory approximation. The assump¬ 
tion that a knowledge of the first-order current 
and the second-order current at the driving 
point is adequate is thus confirmed. If base- 
separation and terminal-zone effects are small, 
the normalized second-order current at the 
driving point is given by the input admittance 
of the isolated antenna. If these effects are 
large, currents in the terminal zones cannot, 
in general, be determined accurately. 

The experimental results of Morita are 
compared with the approximate second-order 
curves for current in Figs. 22.9b, 22.106, 
22A lb, and 22.12 b. The agreement between 
theory and experiment is seen to be entirely 
satisfactory in view of the relatively large 
base separation at the driving point of the 
antenna. Note that significant differences 
between measured and calculated input 
currents occur principally in the case of 
P a h = 77, where terminal-zone effects are 
greatest. This phase of the problem is con¬ 
sidered in Sec. 34 when the impedance is 
investigated. 

The distribution of current along an antenna 
driven from an open-wire line was determined 
experimentally by Angelakos 4 using techniques 
similar to those of Morita 60 . In order to pro¬ 
vide a completely balanced system and 
eliminate the disturbing effect of apparatus 
and the observer in the field of the antenna, 
an image method was used with a single 
conductor of radius a = 0.317 cm driving an 
antenna parallel to a large, highly conducting 




Fig. 26.8. Experimentally determined curves of magnitude of current 
fiji = IT 12, n = 10.12 (Morita). 
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Fig. 26.12. Experimentally determined curves of Fig. 26.13. Experimentally determined curves of 
relative magnitude of charge;/1,>A=n-/2, 12 = 10.12 relative magnitude of charge; 12 = 11.5 

(Morita). (Morita). 



Fig. 26.14. Experimentally determined curves of relative magnitude of 
charge; fijt = 3w/2,12 = 12.3 (Morita). 
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Fig. 26.15. Phase of current and charge distribu- Fig. 26.16. Schematic diagram of open-wire 
tions (Morita). measuring unit. 



Fig. 26.176. Structure for mounting current and charge 
probes in antenna. 
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plane as shown schematically in Fig. 26.16. 
The distance from the plane to the axis of 
the line was bj2 = 0.98 cm. The frequency 
was 750 Mhz. The auxiliary equipment 
shown in the figure was all placed behind 
the ground screen. Current and charge 
probes were arranged to move in slots along 
the driving line and its extension in a sup¬ 
porting stub if this was used in the manner 
shown in Fig. 26.17a. A similar arrangement 
for the antenna is shown in Fig. 26.176. Note 
that by rotating the entire slotted line (Fig. 
26.17a) about its own axis, the shielded 
loop or the charge probe—whichever is 
inserted in the slot and connected to the 
pickup cable—may be oriented so that it is 
in the plane of the line and the antenna or 
perpendicular to this plane. The observations 
made with either probe, first in the one 
and then in the other of these positions, 
differ negligibly for locations along the line 
that are not too near the antenna. However, 
very close to the junction of antenna and line 
large differences are to be expected, especially 
with the loop as probe, since when this is 
in the plane of antenna and line it is coupled 
to the currents in the antenna as well as in the 
line. For this reason, all distribution curves 
in Figs. 26.18 to 26.21 were taken with the 
probes perpendicular to the plane containing 
the antenna and the line, that is, with the 
slot rotated through 90° from the position 
shown in Fig. 26.17 b. 

Measurements of the magnitude and phase 
of the current (/ = Iei°‘) and charge per unit 
length (q = qe^i) were made with the antenna 
and the end of the line supported (a) by 
Styrofoam blocks which have a dielectric 
constant that differs negligibly from air and 
(6) by a high-impedance stub consisting of 
an extension of the driving line beyond its 
junction with the antenna and a connection 
to the ground screen at a point such that a 
voltage maximum was maintained exactly at 
the point of attachment for the antenna but 
with this removed. The Styrofoam-supported 
line and antenna corresponded to the simple 
case of the antenna as end load discussed in 
Sec. 8 and illustrated in Figs. 8.1 and 8.2, 
whereas the stub-supported end is the arrange¬ 
ment discussed in Sec. 9 in conjunction with 
Fig. 9.7. In view of the fact that the apparent 
terminal impedance of an antenna with and 
without stub support is necessarily different, 
since the constants of the terminal-zone 
network are not the same, it is to be expected 
that the distributions of current and charge on 


antenna and line must differ at least in the 
terminal zone near the antenna-line junction. 
The measurements made by Angelakos verify 
this. Moreover, since the theoretical deter¬ 
mination of the actual currents in antenna 
and line near their junction has been side¬ 
stepped with the introduction of the terminal- 
zone networks with lumped constants, a 
knowledge of these actual currents must be 
obtained experimentally. 

In Figs. 26.18a, 26.19, 26.20, and 26.21a 
are experimentally determined distributions 
of current and charge per unit length on the 
antenna and on the main feeding line when 
this is supported by Styrofoam (solid lines) 
and by a high-impedance stub (broken lines). 
Note that the currents and charges in the 
antennas in the four figures are plotted as if 
the antenna were a continuation of the line 
conductor instead of at right angles to it. 
This presentation permits convenient com¬ 
parison of the magnitudes and the continuity 
of current and charge as the junction is 
approached from antenna and line. With the 
Styrofoam supports, the current is continuous 
at the junction; with the stub support, the 
current divides between the antenna and the 
stub inversely as their impedances. The 
currents and charges on the rather long stub 
are on the left in Fig. 26.186 for an antenna 
near resonance, and on the left in Fig. 26.216 
for an antenna near antiresonance. Since the 
impedance at resonance is much smaller than 
at antiresonance, the fraction of current 
entering the stub supporting the resonant 
antenna is very small, as seen in Fig. 26.186. 
The current entering the stub when the antenna 
is antiresonant is relatively greater but still 
quite small. The charge per unit length on 
the antenna would necessarily become equal 
to the charge per unit length on the Styrofoam- 
supported line as the junction is approached 
if they actually joined without providing 
additional chargeable surfaces not included 
in the cylindrical envelopes of the antenna 
and the line conductor. Since with a right- 
angled bend in a conductor of finite cross 
section the corner includes metal surfaces 
that in part belong to both the theoretical 
antenna and the theoretical line and in part 
to neither, and since a charge probe actually 
measures the average field due to all charges 
near it, it is not possible in a quasi-one- 
dimensional analysis to determine theoretically 
the distribution of charge per unit axial 
length on the surfaces forming the corner, 
nor is it possible to measure such distributions. 



[ 11 . 26 ] 


THEORY OF LINEAR ANTENNAS 


137 



Fig. 26.18a. Experiment¬ 
ally determined distribu¬ 
tions of current and charge 
on antenna and open-wire 
line, 1.7 (Angelakos). 


Fig. 26.186. Experiment¬ 
ally determined distribu¬ 
tions of current and charge 
on line and supporting stub 
when electrical length of 
antenna is PJi — 1.7 
(Angelakos). 




Fig. 26.19. Experiment¬ 
ally determined distribu¬ 
tions of current and charge 
on antenna and open-wire 
line, §Ji=2.2 (Angelakos). 
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Fig. 26.20. Experimentally 
determined distributions of 
current and charge on 
antenna and open-wire 
line, poh=ir (Angelakos). 


Fig. 26.21a. Experiment¬ 
ally determined distribu¬ 
tions of current and charge 
on antenna and open-wire 
line, /3 0 A = 3.5 (Angelakos). 




Fig. 26.216. Experiment¬ 
ally determined distribu¬ 
tions of current and charge 
on line and supporting stub 
when electrical length of 
antenna is fiji — 3.5 
(Angelakos). 
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What is required is a three-dimensional 
analysis and an experiment with sufficiently 
small and mobile probes to determine the 
charge density. This is no less true of the 
stub-supported antenna, where the part of 
the line conductor of length la at the base 
of the antenna cannot be assigned to line, 
stub, or antenna unambiguously. Hence a 
charge per unit length for antenna, line, or 
stub can neither be defined nor measured. 
Thus, the curves for q in Figs. 26.18 to 26.22 
can not in general be extrapolated across the 
junction nor are their values quite close to 
the junction particularly meaningful. Unlike 
the loop for current measurement, the charge 
probe can not be oriented to respond only 
to the charge on antenna, line, or stub. 
It responds to all charges that are sufficiently 
near. Nevertheless, some indication of the 
nature of the distributions of charge is given 
in Figs. 26.18 to 26.22. 

A comparison of Fig. 26.18 for the resonant 
antenna with Fig. 26.21 for the antiresonant 
antenna is interesting. Note that near 
resonance the distributions in Fig. 26.18a 
with the stub support differ negligibly from 
the corresponding distributions with the 
Styrofoam supports. Since the inductive 
end correction L T is about equal and small 
in the two cases, and voltages are small 
so that the effect of the shunt capacitance C T 
is negligible, it follows that Z sa = Z 6 when 
P 0 h is adjusted near resonance, that is, when 
Pah = 1.7 or p o (h - \b) = p 0 (h - 6) = 1.52. 
Hence, differences in distribution with the 
two types of support must be confined to the 
terminal zone and there can be no difference 
in the location of charge maxima and current 
maxima on the line. This situation is altered 
greatly when p o h = 3.5, a value near anti¬ 
resonance, as shown in Fig. 26.21a. The distri¬ 
bution curves on the line for the two types 
of support, while similar in shape, are shifted 
significantly in their relative positions along 
the line, indicating an appreciable change 
in the apparent reactance. Since the general 
distributions of current on the antenna 
are essentially the same in the two cases, 
it follows that these distributions must differ 
greatly very near the junction of the line 
with the antenna. 

A comparison of the magnitudes of current 
and charge on the outer parts of antennas of 
different lengths as determined experimentally 
by Angelakos is shown in Fig. 26.23. The 
distributions are represented only as near to 
the line as the curves for Styrofoam and stub 


supports coincide. Corresponding theoretical 
values are not plotted in the same figure, 
since accurate values are not available with 
fi < 10, but the agreement in general shape 
is seen to be very satisfactory. Note particu¬ 
larly the linear rather than cosinusoidal 
distribution of charge near the end of the 
antenna. 

The distribution of current in a very long 
antenna {P 0 h = 22.77 n; Cl = 15.3) is shown 
in Figs. 26.24 and 26.25 as measured by 
Roberts, using the method of Morita described 
earlier in this section. It is seen that the two 
components of current behave essentially 
in the manner predicted theoretically in 
Fig. 22.8. However, as pointed out near the end 
of Sec. 22, the large in-phase component of 
current If makes the current in very long 
antennas depart sufficiently from the zeroth- 
order distribution to make advisable the use 
of two real integral equations in the two 
components of current, instead of one 
complex equation as in Sec. 25. 

THEORETICAL IMPEDANCE AND 
ADMITTANCE OF CYLINDRICAL 
ANTENNA 

27. General Formula for Impedance and 
Admittance of Center-Driven Antenna 

An independent impedance characteristic 
of a symmetrical antenna center-driven from a 
two-wire line can be defined in an operationally 
significant sense only for the antenna and a 
section of the transmission line that is longer 
than the terminal zone d ~ 106. That is, 
only the input impedance of a section of the 
line of length w > d terminated in the antenna 
is measurable. Even this impedance is not 
independent in the sense that it has a meaning 
when the particular section of line is detached 
from the long driving line or when it is 
arranged in any other way than as a smooth 
continuation of the driving line. However, 
it does have the important physical significance 
that it satisfies the well-known power relations 
of the transmission line, so that a knowledge 
of the impedance and the current at or the 
potential difference across its terminal points 
is sufficient to determine the transfer of power 
to it and the load connected to it. 

The input impedance of a section of line 
terminated in an antenna or other load may 
be measured by conventional transmission-line 
techniques, using observations made on the 
line outside the terminal zones. The imped¬ 
ance so determined then may be used in 
conventional transmission-line formulas to 
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calculate the apparent terminal impedance Z sa . 
This impedance, in turn, may be considered 
to be that of a network consisting of an 
impedance Z s characteristic of the load in 
series with ah inductance L T and in parallel 
with a capacitance C T . 

Although the elements Z 6 , L T , C T are 
individually fictitious in a physical sense, 
their combination in the prescribed network 
terminating a fictitious line with a terminal 
zone of zero length permits the calculation 
of a measurable transmission-line impedance. 
Since L T and C T have been determined for 
important types of lines, it remains to deter¬ 
mine Z 6 , which is defined as the ratio of 
scalar potential to current at the edges of the 
cylindrical antenna with base separation 2<5, 
under the assumption that the only chargeable 
surfaces are those of the cylindrical envelope 
of length h for each half. As has been discussed, 
the hemispherical ends at top and bottom 
approximate fictitious cylindrical ends of an 
equal axial length that have no end surfaces 
or inside surfaces. Approximate account is 
taken of the junction region of antenna and 
line by measuring the length of the antenna 
from the axis of the line and the length of 
the line to the axis of the antenna. If additional 
correction is required, it must be made by 
experimental determination of effective 
lumped capacitances. The problem of deter¬ 
mining Z 6 reduces to setting z = <5 in the 
expression for the current I z in (21.16) 
and solving for the ratio V s /I z (d). In spite of 
the serious physical limitations of the sig¬ 
nificance of this ratio, it is called the impedance 
of the antenna, with the understanding that 
it is a fictitious impedance for use in a specified 
equivalent network only. It approaches the 
independent impedance of the idealized 
“cylindrical-surface” antenna as 2<5 is reduced. 
A true, independent impedance of the antenna 
can be defined only in the limit as <5 approaches 
zero and the structure of the antenna is such 
that only its cylindrical surface is available 
for charges and currents. This is theoretically 
true when the antenna is a complete trans¬ 
mitting system driven by an idealized slice- 
generator as discussed in Sec. 4. In this case, 
Z 0 , although physically unavailable, is never¬ 
theless useful for studying the properties 
characteristic of an independent antenna. 
The impedance Z 0 may be defined operation¬ 
ally as the impedance obtained by measuring 
the apparent terminating impedance Z sa on a 
transmission line for successively smaller 
line spacings and then extrapolating the 


[11.27] 


results to zero line spacing. The impedance 
Z 6 is approximated by the impedance of 
an antenna perpendicular to the plane of 
a two-wire line, as discussed in Sec. 10 and 
represented in Fig. 10.2. 

The mth-order impedance (Z e ) m is obtained 
from (21.1) by setting z = <5. Thus, 

(Z 6 ) m = V a KI s ) m , (la) 

where phase is referred to the voltage with 
(F,,) inst = V d sin tot — I.P. V e eW, 

(lb) 

(Z 6 ) n = 


cos /So (h-6) + 2A nK !'¥" K1 
x __ 

m 

sin f) 0 (h - 6)+ Z BnJ'n, 

_ n = l _ 

Alternatively, in the form of (21.16), 

(z 6 ) m - -M* 


cos fi 0 (h - d) + 2(D n ) m _ l A nB l'¥% l 

_ n =-1 _ 

(Z>j) m sin p 0 (h - d) 


+ I(D n+ i) m B ns m i 

n — 1 


The functions A t and A 2 are given in 
(15.29) with an identifying 'subscript K or H 
affixed to each of the A’s, F’s, and G’s. 
The functions 

B n ^ M n (6) (3) 


are given by M n (z) in (15.27) and (15.28) for 
n = 1, 2, • • • by setting z = <5 and adding 
subscripts K or H to each of the M’s, F’s, 
and G’s. The factors ( D n ) m in (2b) are 
defined in (21.17, 18) and shown graphic¬ 
ally in Fig. 21.1. The expansion parameter 
is given graphically in Fig. 20.7. The 
original Hallen solution is obtainable from 
(2b) by substituting il for and setting 
all D factors equal to unity. 

In practice, only a small number of terms 
can be evaluated. While there is no difficulty 
in breaking off the series in (2a), some care is 
required in (2b). The rule is that all terms 
belonging to a given order of solution must 
be retained and no others. The order of the 
solution is determined by the number of 
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substitutions made in the method of successive 
approximations used in deriving the general 
formula for current. The mth-order solution 
is given by (2) if terms are included in both 
numerator and denominator which have 
l/*F n , with n = 0, 1,2, • • •, w, as an explicitly 
written factor, and all higher-powered terms 
are omitted. The number of terms to be 
retained in the several D factors in (26) is 
obtained from (21.18). All terms up to and 
including those in column m are retained in 
an mth-order solution; all others are omitted. 
For example, with C 0 I2jt = 60 ohm, zeroth-, 
first-, and second-order solutions in the forms 
(2a) and (2b) are, respectively, 

• (Z s ) 0 = -jMT sl cot p 0 (h - 6), (4) 


(Z 0 ) 1 and (Z 0 ) 2 and providing correction 
factors to obtain (Z d ) 1 and (Z 6 ) 2 . This is 
done in Sec. 29. The specific forms in which 
(Z 0 )j and (Z 0 ) 2 have been computed are 
(5a) and (5b) with 

a ir = F i n(h) = <4 + K 

+ jhrjir* + jx 0, (8a) 

B lu = F 1h (0) sin P 0 h + G ui (h) 

- G lu (0) cos P a h 

= P[ + jPi + jhr^y + jx% (8b) 

where 


(Z 6 \= —y'60'r 


cos P 0 (h-6)+A 1 „l'i r K1 


K1 (D 1 ) 1 sinp 0 (hS)+B l JT Kl ’ 

(5a) 


(Z s ) 2 = ~/60T A1 x 

cos P 0 (h -6) + (DJM'Yx 1 + A 2H /n 1 
(D^sm^h -6) + (D 2 ) 2 B ul IT Kl + B u ?¥\i 


a i = ilcos P 0 h(Cin 4p <t h — 2 Cin 2p 0 h) 

- sin p 0 h Si 4p fl h], (9a) 

aj 1 = | [cos p 0 h(Si 4 fi 0 h — 2 Si 2P it h) 

+ sin p 0 h Cin 4/IJi], (9b) 


(56) 

Note that Z d in (4) and (5) is in ohms. 

The functions A and B in (2a, b) are defined 
as follows: 

A ! = A\ +jA? = F x (h) cos P 0 d 

+ G x (h) sin P 0 S, (6a) 

B, = B[ + jB\ l = F j(0) sin PqH 

+ G#) - Gj(0) cos p 0 h, (6b) 

A 2 = A\ + yV4 2 = F 2 (6) cos P 0 8 

-f- G 2 (h) sin P 0 8, (la) 

B 2 = B! 2 + jB\ l == F 2 (0) sin /3 0 6 

+ G 1 (/i)F 1 (0) - G^F^h) 

+ G 2 (h) - G 2 (0) cos /3oA. (76) 

With appropriate subscripts K and H on 
A, B, F, and G, these formulas apply to 
either (2a) or (2b). Specific formulas for 
F i*(0), F 1K (h), G 1k ( 0), and G 1K (h) may be 
obtained from (21.1a-tf). Similar formulas 
for F 1 h (0), F 1H (h), G lu ( 0), and G 1H (6) with 
6 = 0 are in (19.11a-<f). 

Numerical determination of (Z d ) 1 and 
(Z 6 ) 2 has been carried out by evaluating 


P\ = Hcos P 0 h(4Si Ifiji - Si 4P 0 h) 

+ sin P 0 h(2Cin 2P u h 

- Cin 4/ij/i + 4 In 2)], (9c) 

P\ ! = ^[cos P 0 h(Cin 4p o h - 4C7h 2PJ>) 

+ sin PJi(2Si2P 0 h - Si4P 0 h)], 
(9 d) 

r a i = i sin pji - cos p 0 h( 1 - cos P 0 h)IP 0 h, 

(9c) 


eg! = (sin 2 P 0 h - sin PJi)l2PJi - \ cos PJt, 

( 9 /) 



Numerical values of the first-order functions, 
“1, PI Pi, r a i, r pi are given in Table 27.1 
and in Fig. 27.1 and Fig. 27.3 for p 0 h sS 7.* 


For (5 Q h > 7 the formulas 
sin x w cos x 

S,x ~2 
used to simplify (9o)-(94). 


In x — 


Cinx = 0.5772 + 
lxl> 1, may be 
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The functions A w = A\„ + jA}f„, B 2a = 
B\b + jB"a m ay be expressed as follows: 

A\ b ■ jA 2H = F 2u (ti) jy-2 

+ jhrJLr* + jx% (11a) 
B\u + jB"« = F 2«(0) sin pfi + G lfl (//)F lff (0) 

- + G 2 „(/ ; ) 

- G 21i (0) cos PJi = P\ 4- jP 2 

+ jhr^r* + jx% (116) 


Numerical values of the second-order 
functions, a!,, aj 1 , jJJ, are given in Table 
27.1 and in Fig. 27.2. The functions r a2 and 
rp 2 have not been computed, but since the 
contributions of the terms with z* as a factor 
are usually negligible, this is of no importance. 

In order to evaluate the impedance from 
(2) or from (5) it is convenient to write 
numerator and denominator separately in 
polar form. Thus, omitting many subscripts, 





^ 1 e KO n -o d ) 

9 


where 

n 2 = (n 1 ) 2 + («“)*, 

(12) 

(13a) 

d 2 = M 1 ) 2 + (d' l )\ 

(136) 

6 n = tan 1 («‘/« 11 ). 

(13c) 

8 d = tan _1 (rfV</ n ), 

and 

_r . i D 2 A l f , 

n ' * 

(13rf) 

(14a) 

n 11 = - j^cos P n (h - <5) + 


i b 2 a\ .... 

I 

D Z? 1 

d 1 = D 1 sin P 0 (h - <5) + 


+ + . 

(14c) 

d 2 b[' d 3 b" 

u 1 x^2 ' 

(14 d) 


where 

R»= i^ cos(e » -U 06 ) 

X 6 = ¥> in (0 " ~ 6d) - (17) 

A simple and general representation of 
the resistance and reactance given in (16) 
and (17) as functions of p 0 h and 6/a is possible 
only if the terms involving the internal imped¬ 
ance per unit length of the conductor, that is, 
z*, are negligible. This is due to the fact that 
the expression for z ! does not involve the 
frequency in the combination of p 0 h, but 
directly and under a radical. Fortunately, 
z* is so small for all good conductors, in 
particular for coppet which is the usual 
material for antennas, that the contributions 
to the impedance from terms in z* are no 
greater than at most 3 percent in a well- 
designed antenna. Accordingly, these terms 
may be omitted in the calculations. This is 
accomplished by writing a l n , a“, p' n , p" res¬ 
pectively for A' n , A\\, B\, B" in (14a, b, c, d). 

The general formula for the admittance is 
the reciprocal of (2). Thus, 

Y s = G s +JB 6 = i- 

_ ^ 6 _ ; n s i 

Rj + X! J Rj+X r U8J 

28. Impedances of Zeroth and Modified Zeroth 
Order 

The simple zeroth-order solution for the 
impedance of the center-driven cylindrical 
antenna of half length h is given by (27 A). 
It is a pure reactance. For simplicity, let the 
subscripts be omitted from the expansion 
parameter. Thus, 

(F«)o = 0, ^ 

(Z s ) 0 = j(X 6 )o = co t f) 0 ( h - 6). 

Evidently this is only a very rough approxi¬ 
mation of the impedance except for values of 
P 0 (h — S) for which the higher-order terms 
are negligible. This is true subject to the 
following conditions: 


The number of terms in the series and the 
values of the Z)-factors depend upon the 
order of the solution, as already explained. 

The resistance R d and reactance X A are 
the real and imaginary parts of (12). Thus, 

Z d =R d + jX 6 , (15) 


cos p a (h — S) 


> 


2 


«= 


(DJ m ^AJY« , 


(2a) 


sin P 0 (h — <5) 


> 


(DO, 


m 


Z(D n+l ) n Bjr» 

n = 1 


(2b) 
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Table 27.1. The functions a„ a 2 , p,, p 2 .* 



cos f 3 a h 

R 

H* 

II 

s 

i+K 

a 2 = a 

i+K 

sin P 0 h 


i+K 

P2 — + K 

0.0 

+ 1.000000 

- 0.0000 

+ 0 . 0000 / 

- 0.0000 

+ 0 . 0000 / 

+ 0.000000 

+ 0.0000 

+ 0 . 0000 / 

+ 0.0000 

+ 0 . 0000 / 

0.1 

+ 0.995004 

- 0.0100 

+ 0 . 0006 / 

- 0.0360 

+ 0 . 0022 / 

+ 0.099833 

+ 0.3374 

+ 0 . 0000 / 

+ 1.3462 

+ 0 . 0002 / 

0.2 

+ 0.980067 

- 0.0393 

+ 0 . 0053 / 

- 0.1415 

+ 0 . 0171 / 

+ 0.198669 

+ 0.6667 

+ 0 . 0006 / 

+ 2.6426 

+ 0 . 0039 / 

0.3 

+ 0.955336 

- 0.0864 

+ 0 . 0175 / 

- 0.3100 

+ 0 . 0563 / 

+ 0.295520 

+ 0.9802 

+ 0 . 0028 / 

+ 3.8420 

+ 0 . 0192 / 

0.4 

+ 0.921061 

- 0.1490 

+ 0 . 0407 / 

- 0.5311 

+ 0 . 1285 / 

+ 0.389418 

+ 1.2710 

+ 0 . 0083 / 

+ 4.9014 

+ 0 . 0591 / 

0.5 

+ 0.877583 

- 0.2234 

+ 0 . 0773 / 

- 0.7920 

+ 0 . 2392 / 

+ 0.479426 

+ 1.5326 

+ 0 . 0197 / 

+ 5.7838 

+ 0 . 1399 / 

0.6 

+ 0.825336 

- 0.3061 

+ 0 . 1293 / 

- 1.0784 

+ 0 . 3901 / 

+ 0.564642 

+ 1.7594 

+ 0 . 0397 / 

+ 6.4599 

+ 0 . 2792 / 

0.7 

+ 0.764842 

- 0.3925 

+ 0 . 1974 / 

- 1.3762 

+ 0 . 5790 / 

+ 0.644218 

+ 1.9475 

+ 0 . 0713 / 

+ 6.9079 

+ 0 . 4946 / 

0.8 

+ 0.696707 

- 0.4781 

+ 0 . 2816 / 

- 1.6723 

+ 0 . 8004 / 

+ 0.717356 

+ 2.0938 

+ 0 . 1176 / 

+ 7.1141 

+ 0 . 8018 / 

0.9 

+ 0.621610 

- 0.5583 

+ 0 . 3812 / 

- 1.9559 

+ 1 . 0462 / 

+ 0.783327 

+ 2.1960 

+ 0 . 1811 / 

+ 7.0723 

+ 1 . 2134 ) 

1.0 

+ 0.540302 

- 0.6291 

+ 0 . 4935 / 

- 2.2191 

+ 1 . 3069 / 

+ 0.841471 

+ 2.2540 

+ 0 . 2641 / 

+ 6.7825 

+ 1 . 7374 ) 

u 

+ 0.453596 

- 0.6866 

+ 0 . 6157 / 

- 2.4564 

+ 1 . 5728 / 

+ 0.891207 

+ 2.2682 

+ 0 . 3681 / 

+ 6.2504 

+ 2 . 3770 / 

1.2 

+ 0.362358 

- 0.7278 

+ 0 . 7450 / 

- 2.6654 

+ 1 . 8344 / 

+ 0.932039 

+ 2.2403 

+ 0 . 4941 / 

+ 5.4859 

+ 3 . 1306 / 

1.3 

+ 0.267499 

- 0.7504 

+ 0 . 8778 / 

- 2.8455 

+ 2 . 0844 / 

+ 0.963558 

+ 2.1725 

+ 0 . 6423 / 

+ 4.5019 

+ 3 . 9915 / 

1.4 

+ 0.169967 

- 0.7527 

+ 1 . 0090 / 

- 2.9977 

+ 2 . 3171 / 

+ 0.985450 

+ 2.0681 

+ 0 . 8112 / 

+ 3.3135 

+ 4 . 9495 / 

1.5 

+ 0.070737 

- 0.7345 

+ 1 . 1351 / 

- 3.1232 

+ 2 . 5291 / 

+ 0.997495 

+ 1.9308 

+ 0 . 9996 / 

+ 1.9376 

+ 5 . 9908 / 

1.6 

- 0.029200 

- 0.6957 

+ 1 . 2517 / 

- 3.2229 

+ 2 . 7192 / 

+ 0.999574 

+ 1.7644 

+ 1 . 2042 / 

+ 0.3921 

+ 7 . 0994 / 

1.7 

- 0.128844 

- 0.6377 

+ 1 . 3550 / 

- 3.2969 

+ 2 . 8875 / 

+ 0.991665 

+ 1.5731 

+ 1 . 4216 / 

- 1.3036 

+ 8 . 2580 / 

1.8 

- 0.227202 

- 0.5619 

+ 1 . 4419 / 

- 3.3436 

+ 3 . 0354 / 

+ 0.973848 

+ 1.3601 

+ 1 . 6477 / 

- 3.1291 

+ 9 . 4484 J 

1.9 

- 0.323290 

- 0.4708 

+ 1 . 5097 / 

- 3.3604 

+ 3 . 1643 / 

+ 0.946300 

+ 1.1301 

+ 1 . 8781 / 

- 5.0620 

+ 10 . 6524 / 

2.0 

- 0.416147 

- 0.3673 

+ 1 . 5562 / 

- 3.3431 

+ 3 . 2752 / 

+ 0.909297 

+ 0.8864 

+ 2 . 1071 / 

- 7.0786 

+ 11 . 8517 / 

2.1 

- 0.504846 

- 0.2541 

+ 1 . 5805 / 

- 3.2867 

+ 3 . 3680 / 

+ 0.863209 

+ 0.6317 

+ 2 . 3304 / 

- 9.1530 

+ 13 . 0282 / 

2.2 

- 0.588501 

- 0.1343 

+ 1 . 5819 / 

- 3.1862 

+ 3 . 4413 / 

+ 0.808496 

+ 0.3691 

+ 2 . 5431 / 

- 11.2576 

+ 14 . 1641 / 

2.3 

- 0.666276 

- 0.0108 

+ 1 . 5605 / 

- 3.0369 

+ 3 . 4922 / 

+ 0.745705 

+ 0.1011 

+ 2 . 7393 / 

- 13.3631 

+ 15 . 2414 / 

2.4 

- 0.737394 

+ 0.1134 

+ 1 . 5170 / 

- 2.8350 

+ 3 . 5166 / 

+ 0.675463 

- 0.1701 

+ 2 . 9154 / 

- 15.4390 

+ 16 . 2421 / 

2.5 

- 0.801144 

+ 0.2360 

+ 1 . 4528 / 

- 2.5787 

+ 3 . 5091 / 

+ 0.598472 

- 0.4425 

+ 3 . 0676 / 

- 17.4539 

+ 17 . 1481 ) 

2.6 

- 0.856889 

+ 0.3552 

+ 1 . 3695 / 

- 2.2678 

+ 3 . 4640 / 

+ 0.515501 

- 0.7142 

+ 3 . 1931 / 

- 19.3764 

+ 17 . 9411 / 

2.7 

- 0.904072 

+ 0.4687 

+ 1 . 2691 / 

- 1.9045 

+ 3 . 3755 ) 

+ 0.427380 

- 0.9833 

+ 3 . 2883 / 

- 21.1756 

+ 18 . 6030 ) 

2.8 

- 0.942222 

+ 0.5756 

+ 1 . 1534 / 

- 1.4931 

+ 3.2385 / 

+ 0.334988 

- 1.2479 

+ 3 . 3520 / 

- 22.8220 

+ 19 . 1159 ) 

2.9 

- 0.970958 

+ 0.6750 

+ 1 . 0247 / 

- 1.0397 

+ 3 . 0487 / 

+ 0.239249 

- 1.5065 

+ 3 . 3828 / 

- 24.2878 

+ 19 . 4628 ) 

3.0 

- 0.989992 

+ 0.7662 

+ 0 . 8851 / 

- 0.5524 

+ 2 . 8034 / 

+ 0.141120 

- 1.7560 

+ 3 . 3799 / 

- 25.5479 

+ 19 . 6277 / 

3.1 

- 0.999135 

+ 0.8487 

+ 0 . 7362 / 

- 0.0402 

+ 2 . 5018 / 

+ 0.041581 

- 1.9946 

+ 3 . 3422 / 

- 26.5798 

+ 19 . 5964 ) 

3.2 

- 0.998295 

+ 0.9225 

+ 0 . 5800 / 

+ 0.4869 

+ 2 . 1448 / 

- 0.058374 

- 2.2200 

+ 3 . 2732 / 

- 27.3644 

+ 19 . 3568 ) 

3.3 

- 0.987480 

+ 0.9876 

+ 0 . 4181 / 

+ 1.0187 

+ 1 . 7349 ) 

- 0.157746 

- 2.4292 

+ 3 . 1705 / 

- 27.8859 

+ 18 . 8991 / 

3.4 

- 0.966798 

+ 1.0435 

+ 0 . 2515 / 

+ 1.5450 

+ 1 . 2770 ) 

- 0.255541 

- 2.6196 

+ 3 . 0361 / 

- 28,1322 

+ 18 . 2165 ) 

3.5 

- 0.936457 

+ 1.0905 

+ 0 . 0816 ) 

+ 2.0560 

+ 0 . 7771 / 

- 0.350783 

- 2.7884 

+ 2 . 8713 / 

- 28.0945 

+ 17 . 3054 ) 

3.6 

- 0.896758 

+ 1.1280 

- 0 . 0903 ) 

+ 2.5430 

+ 0 . 2427 / 

- 0.442520 

- 2.9325 

+ 2 . 6772 / 

- 27.7679 

+ 16 . 1655 ) 

3.7 

- 0.848100 

+ 1.1556 

- 0 . 2634 ) 

+ 2.9979 

- 0 . 3177 / 

- 0.529836 

- 3.0495 

+ 2 . 4552 / 

- 27.1510 

+ 14 . 7998 ) 

3.8 

- 0.790968 

+ 1.1731 

- 0 . 4364 / 

+ 3.4141 

- 0 . 8948 / 

- 0.611858 

- 3.1375 

+ 2 . 2070 / 

- 26.2459 

+ 13 . 2150 ) 

3.9 

- 0.725932 

+ 1.1795 

- 0 . 6082 / 

+ 3.7862 

- 1 . 4792 ) 

- 0.687766 

- 3.1945 

+ 1 . 9344 / 

- 25.0578 

+ 11 . 4213 ) 

4.0 

- 0.653644 

+ 1.1743 

- 0 . 7772 / 

+ 4.1100 

- 2 . 0610 / 

- 0.756802 

- 3.2188 

+ 1.6393) 

- 23.5957 

+ 9 . 4320 ) 

4.1 

- 0.574824 

+ 1.1569 

- 0 . 9422 / 

+ 4.3828 

- 2.6312 / 

- 0.818277 

- 3.2096 

+ 1 . 3235 ) 

- 21.8709 

+ 7 . 2642 ) 

4.2 

- 0.490261 

+ 1.1265 

- 1 . 1017 / 

+ 4.6030 

- 3 . 1808 / 

- 0.871576 

- 3.1662 

+ 0 . 9889 / 

- 19.8980 

+ 4 . 9376 ) 

4.3 

- 0.400799 

+ 1.0829 

- 1 . 2535 / 

+ 4.7700 

- 3 . 7021 / 

- 0.916166 

- 3.0891 

+ 0 . 6383 / 

- 17.6939 

+ 2 . 4748 / 

4.4 

- 0.307333 

+ 1.0253 

- 1 . 3960 / 

+ 4.8839 

- 4 . 1880 / 

- 0.951602 

- 2.9790 

+ 0 . 2743 / 

- 15.2780 

- 0 . 0991 / 

4.5 

- 0.210796 

+ 0.9541 

- 1 . 5271 / 

+ 4.9459 

- 4 . 6330 / 

- 0.977530 

- 2.8369 

- 0 . 1003 / 

- 12,6714 

- 2 . 7570 / 

4.6 

- 0.112153 

+ 0.8695 

- 1 . 6448 / 

+ 4.9568 

- 5 . 0323 / 

- 0.993691 

- 2.6647 

- 0 . 4823 / 

- 9.8976 

- 5 . 4705 / 

4.7 

- 0.012389 

+ 0.7719 

- 1 . 7467 / 

+ 4.9180 

- 5 . 3825 / 

- 0.999923 

- 2.4645 

- 0 . 8681 / 

- 6.9814 

- 8 . 2099 / 

4.8 

+ 0.087499 

+ 0.6625 

- 1 . 8316 / 

+ 4.8308 

- 5 . 6811 / 

- 0.996165 

- 2.2390 

- 1 . 2535 / 

- 3.9490 

- 10 . 9449 / 

4.9 

+ 0.186512 

+ 0.5424 

- 1 . 8974 / 

+ 4.6959 

- 5 . 9263 / 

- 0.982453 

- 1.9903 

- 1 . 6345 / 

- 0.8285 

- 13 . 6451 / 

5.0 

+ 0.283662 

+ 0.4129 

- 1 . 9426 / 

+ 4.5142 

- 6 . 1171 / 

- 0.958924 

- 1.7214 

- 2 . 0072 / 

+ 2.3511 

- 16 . 2805 / 

5.1 

+ 0.377978 

+ 0.2763 

- 1 . 9665 / 

+ 4.2860 

- 6 . 2526 / 

- 0.925815 

- 1.4356 

- 2 . 3666 / 

+ 5.5596 

- 18 . 8212 / 

5.2 

+ 0.468517 

+ 0.1345 

- 1 . 9683 / 

+ 4.0117 

- 6 . 3321 / 

- 0.883455 

- 1.1361 

- 2 . 7086 / 

+ 8.7656 

- 21 . 2388 / 

5.3 

+ 0.554374 

- 0.0108 

- 1 . 9475 / 

+ 3.6915 

- 6 . 3547 / 

- 0.832267 

- 0.8252 

- 3 . 0290 / 

+ 11.9367 

- 23 . 5055 / 

5.4 

+ 0.634693 

- 0.1572 

- 1 . 9044 / 

+ 3.3261 

- 6 . 3196 / 

- 0.772764 

- 0.5062 

- 3 . 3234 / 

+ 15.0407 

- 25 . 5949 / 

5.5 

+ 0.708670 

- 0.3026 

- 1 . 8394 / 

+ 2.9167 

- 6 . 2254 / 

- 0.705540 

- 0.1824 

5880 ) 

+ 18.0441 

- 27 . 4821 / 

5.6 

+ 0.775566 

- 0.4448 

- 1 . 7536 / 

+ 2.4651 

- 6 . 0711 / 

- 0.631267 

+ 0.1437 

- 3 . 8194 / 

+ 20.9140 

- 29 . 1438 / 

5.7 

+ 0.834713 

- 0.5822 

- 1 . 6480 / 

+ 1.9742 

- 5 . 8555 / 

- 0.550686 

+ 0.4696 

- 4 . 0142 / 

+ 23.6183 

- 30 . 5577 / 

5.8 

+ 0.885520 

- 0.7131 

- 1 . 5241 / 

+ 1.4480 

- 5 . 5774 / 

- 0.464602 

+ 0.7922 

- 4 . 1701 / 

+ 26.1252 

— 31 . 7044 J 

5.9 

+ 0.927478 

- 0.8359 

- 1 . 3873 / 

+ 0.8916 

- 5 . 2364 / 

- 0.373877 

+ 1.1087 

- 4.2854 j 

+ 28.4052 

- 32 . 5655 / 

6.0 

+ 0.960170 

- 0.9496 

- 1 . 2287 / 

+ 0.3111 

- 4 . 8327 / 

- 0.279415 

+ 1.4166 

- 4 . 3583 / 

+ 30.4303 

- 33 . 1255 / 

6.1 

+ 0.983268 

- 1.0528 

- 1 . 0608 / 

- 0.2862 

- 4 . 3674 / 

- 0.182163 

+ 1.7134 

- 4 . 3874 / 

+ 32.1751 

- 33 . 3710 / 

6.2 

+ 0.996542 

- 1.1450 

- 0 . 8821 / 

- 0.8922 

- 3.8426 j 

- 0.083089 

+ 1.9963 

- 4 . 3725 / 

+ 33.6173 

- 33 . 2915 / 

6.3 

+ 0.999859 

- 1.2256 

- 0 . 6946 / 

- 1.4983 

- 3 . 2620 / 

+ 0.016814 

+ 2.2623 

- 4 . 3145 / 

+ 34.7378 

- 32.8797 j 

6.4 

+ 0.993185 

- 1.2940 

- 0 . 5002 / 

- 2.0957 

- 2 . 6302 / 

+ 0.116549 

+ 2.5087 

- 4 . 2133 / 

+ 35.5210 

- 32 . 1313 / 

6.5 

+ 0.976588 

- 1.3497 

- 0 . 3005 / 

- 2.6753 

- 1 . 9533 / 

+ 0.215120 

+ 2.7331 

- 4 . 0697 / 

+ 35.9550 

- 31 . 0456 / 

6.6 

+ 0.950233 

- 1.3926 

- 0 . 0976 / 

- 3.2286 

- 1 . 2385 / 

+ 0.311541 

+ 2.9325 

- 3 . 8852 / 

+ 36.0321 

- 29 . 6257 / 

6.7 

+ 0.914383 

- 1.4224 

+ 0 . 1067 / 

- 3.7474 

- 0 . 4941 / 

+ 0.404850 

+ 3.1054 

- 3 . 6621 / 

+ 35.7484 

- 27 . 8787 / 

6.8 

+ 0.869397 

- 1.4387 

+ 0 . 3111 / 

- 4.2243 

+ 0 . 2707 / 

+ 0.494113 

+ 3.2485 

- 3 . 4022 / 

+ 35.1043 

- 25 . 8153 / 

6.9 

+ 0.815725 

- 1.4412 

+ 0 . 5135 / 

- 4.6530 

+ 1 . 0462 / 

+ 0.578440 

+ 3.3602 

- 3 . 1072 / 

+ 34.1037 

- 23 . 4505 / 

7.0 

+ 0.753902 

- 1.4301 

+ 0 . 7123 / 

- 5.0281 

+ 1 . 8222 / 

+ 0.656987 

+ 3.4392 

- 2 . 7801 / 

+ 32.7545 

- 20 . 8028 / 


* From King and Biake, Proc. I.R.E. 30, 337 (1942) and E. Hallen, Trans. Roy. Inst. Techno!., Stockholm , 

No. 13, p. 10 (1947). 
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Fig. 27.1. First-order functions a}, {'a, /3J 1 . Fig. 27.2. Second-order functions aj, a”, p\, p\ l . 



Fig. 27.3. First-order functions r al , r^. Fig. 28.1. The function (A^) 0 =6O cot p a (h—6). 
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For very large values of these conditions 
should be satisfied for fi 0 (h — 6) not too near 
mr/2, with n integral. As the radius a of the 
antenna is made smaller and smaller, the 
parameter *F becomes larger and larger, so 
that the ranges of fi 0 (h — 6) for which (2 a) 
and (2b) are satisfied increase until only 
narrow bands at fi 0 (h — 6) = mr/2 are 
excluded. The impedance given by (1) is then 
accurate for virtually all values of /3 0 (/x — 6) 
except fi 0 (h — 6) = mr/2. It consists of prac¬ 
tically vertical lines from enormous negative 
values to enormous positive values at 
fi 0 (h — 6) = mr/2, n = 0, 1, 2, • • • . The 
reactance is very large and negative between 
fi 0 (h — <5) = 0 and fi 0 (h — 6) = rr/2; it is 
positive between fi 0 (h — 6) = ir/2 and fi Q (h — 
<5) = 7r; and so on. Curves of the function 
(? 0 'F/2 tt) cot fi Q (h — <5) with £ 0 /2rr = 60 ohm 
are shown in Fig. 28.1 for T == 10, 20, 30, 
100, and °o. 

The zeroth-order formula (1) is not a good 
approximation near fi 0 (h — <5) = mr/2, even 
for very large. Furthermore, since (Z a ) 0 as 
given in (1) is a pure reactance, the leading 
real term is not available. This means that 
over the ranges specified by (2a, b) the resist¬ 
ance is small compared with the reactance. 
Since the reactance can be tuned out, and the 
resistance is involved in the radiated power, 
it is important to determine the leading real 
term in the impedance. This is readily done 
by suitable rearrangement of the first-order 
solution. 


< z *)i = z ¥- 


[cos fi 0 (h -S) + A\m + j(A\'m\ 
.[sin fi 0 (h - S) + Dim + j[Bim I 


( 3 ) 


Rationalization of this expression to separate 
real and imaginary parts leads to 



x 


r 4 I 1 ‘[sin/J 0 (6-<5) + .B-/'F] 

- Bl'lcos fi 0 (h -d) + Aim 
.[sin fi 0 (h - S) +1 BJ'IT + (B\'m 2 


, (4a) 


["[cos fi n (h - 8) + A\m 

x [sin fi 0 (h -S) + Bim - Al'Bl'm . 

. [sin fi 0 (h - <5) + Bim 2 + (B"m 2 . 

m 


The leading terms in (4a, b ) constitute an 
improved zeroth-order solution. They are 
obtained by neglecting all terms in the square 
brackets which have l/'F or l/'F 2 as a factor. 
Thus, 


Woi — 


io 

2rr 


( 0 \ Al 1 - B\ l cot fi 0 (h - 6) 


(xa 0 = - cot m 


sin fi 0 (h — 6) 
6 ). 


y 


(5a) 

(5b) 


A modified form of (56) is often given. It is 
obtained from (46) by retaining the next-order 
terms in powers of l/'F in the numerator, 
but not in the denominator. Hence, it is a 
better approximation than (56) near and at 
fi 0 (h — 6) = rr/2, but no better at or near 
fi 0 (h — S) = Jr. It is 

(X s ) 01 = -^['Fcot^ (h-6) 

+ A\lsm fi 0 (h — 6) 

+ 5} cot fi 0 (h - 6)/sin fi„(h — 6)]. (5c) 

Formulas (5a) and (5c) are frequently given 
in the literature as the resistance and reactance 
of a cylindrical antenna using Hallen’s 
parameter 'P = H and with 6 = 0. If these 
substitutions are made and the explicit for¬ 
mulas for A\, A]’, Bl, B[ l are used with 

Q = 2 In — = 2 In 2 + 2 In - , (6) 

a a 

it is possible to express (5a) and (5c) as 
follows: 

(R 0 ) 01 = R* 0 + R},, (7) 

(X„) 01 = + Xi, ( 8 ) 

with 

^ = ^[(1 - cot 2 fifth) Cin 4/y, 

+ 4 cot 2 fi 0 h Cin 2fi 0 h 
+ 2 cot fi 0 h(Si 4fi 0 h - 2Si 2fi 0 h)], (9) 

X e 0 = £ {(1 - cot 2 fifth) Si 4(1 n h 
+ 4 cot 2 fioh Si 2fifth 
+ 2 cot fifth j^2C/n 2fifth — Cin 4fi g h 

~ 2 ;])• 1101 
Ri = (Clfift)(fifth esc 2 fifth - cot fifth), (11) 

XI = (x i tfi 0 )(fifth esc 2 fifth - cot fifth). (12) 


X 
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Note that £ 0 /4*r = 30 ohms. It is significant 
that (9) is independent of the radius a. 

It is important to note that in the modified 
zeroth-order forms (5a) and (5c), when written 
as in (7) to (12), it is possible to separate the 
resistance (R 0 ) 01 into an external resistance R„ 
due to radiation and an internal resistance 
due to dissipation in the conductor. These 
resistances are additive and independent. 
In the general form (2) or in approximations 
of higher order than the modified zeroth, 
such a separation is not possible. This means 
that the distribution of current is determined 
by radiation and thermal dissipation in a 
complex manner. This is not of great signi¬ 
ficance in practice when good conductors are 
used, since the effect of ohmic dissipation 
usually is negligible. The form (7) with (9) 
and (11) is useful in comparing orders or 
magnitude of R* and R e . 

Since the zeroth-order distribution of 
current is sinusoidal, the external resistance 
and reactance given in (9) and (10) must 
correspond to such a distribution. When 
given in the literature these formulas often 
are not derived from a general formula such 
as (2). They are obtained by integrating the 
normal component of the Poynting vector in 
the form (1.10.1) over a cylindrical envelope 
of radius a and length 2 h that completely 
encloses the antenna. Since the antenna is 
driven by a discontinuity in scalar potential, 
it constitutes a complete transmitting system. 
This is the so-called emf method; it is discussed 
in Sec. 40. In carrying out the integration, a 
sinusoidally distributed current is assumed to 
exist. Strictly, such a current can be maintained 
only by a distribution of generators along the 
entire length of the antenna, and not by a 
single generator at its center. An equivalent 
integration for R e (but not for X e ) is carried 
out in Chapter V, where the electromagnetic 
field and the Poynting vector due to a sinu¬ 
soidally distributed current are derived. In 
evaluating R e by either of these methods, 
it is possible to refer the distribution of 
current to any desired reference current other 
than the input current / 2 (0) implied in (5a). 
In particular, the maximum current in the 
sinusoidal distribution may be chosen. If this 
is done, the resistance obtained is denoted by 
R e m ; it is related to R% by the formula 

P = tyWl = /i max K, (13) 
where P is the total power radiated. Since 

4 max = I m = /*(0)/sin 0 O h (14) 


if the distribution is sinusoidal of zeroth 
order, it follows that with (9) and (13) 

R'm = ^ [- cos 20 o h Cin 40 O 6 

+ 4 cos 2 0 O 6 Cin 20oA 

+ sin 20o h(Si 40o6 - 2Si 20„6)]. (15) 

An important special case is for = mr/2 
with n odd. Then 

RZ = Rfn = — Cin 2m. (n odd) (16) 

4rr 

Note that f 0 — 120 jt ohm, so that for 

«= 1, R e m = 73.13 ohm, (17a) 

n = 3, R e m = 105.5 ohm. (176) 

A curve of (15) for a range of values of 
6/A 0 = 0 o 6/2ir is shown in Fig. V.12.1. 
Corresponding to (16), (10) reduces to 

X* = 1° Si 2m. (n odd) (18) 

Specifically, 

w = 1, X e 0 = 42.5 ohm, (19a) 

n = 3, XI = 45.8 ohm. (196) 

The significance of these values is considered 
after the second-order impedance has been 
discussed. 

The formulas (16)—(19) may be derived 
directly from the first-order form (3) without 
introducing the modified zeroth-order 
solution. By setting 6 = 0, 0 O 6 = mr/2, n odd, 
in (3) this becomes 

( z o)i = (j + bjy) ' (20) 

For sufficiently thin antennas, it is a good 
approximation to set 

[BJV] < 1 , ( 21 ) 

so that with (27.6a) and (21.16) 

(Zo)oi c ° {h ’ /( )- < 22 ) 

This is a convenient simple form. It is reduced 
further by using (19.33) with 0oA = mr/2, n odd. 
Thus, 

( Z °)oi ~ ~hr [Cs( 0oa, 20o*) 


- y5s(0 o a,20 o A)]. (23) 
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Finally, with M = 0, and (19.27a, c), 

(Zo)oi = ^ [Cin Wi - j Si AMI 

M = /m/2, n = 1, 3, 5, ■ • •. (24) 

This coincides with (16) and (18). 

In dealing with antennas and arrays with 
M = /m/2, n odd, it is often convenient to 
make use of (22) or its equivalent. Corre¬ 
spondingly simple formulas are obtained in 
Chapter III for coupled antennas. 

29. Admittance and Impedance Factors for 
Small Base Separation 
In the general formula (27.2) for Z d there 
is no restriction on the magnitude of the 
base separation 26. Actually, since Z s is 
useful only in conjunction with an appropriate 
network involving L T and C T as a termination 
for a two-wire line which must satisfy a 
condition of the form 


M < i, 


The impedance is given by 

Z d = Z 0 /( 1 - e), (6) 

R 0 {\ - e") + X 0 F 


so that 


R » (1 - e") 2 + (O 2 ’ 

v X 0 (l - e") - R r / 

6 (1 - e'T + (O 2 ‘ 


(7) 


( 8 ) 


In order to evaluate e" and e' it is necessary 
to differentiate the following expression for 
( Y d ) m with respect to f a 6: 




fa 


( 1 ) 


(£>i) m sin fg(h - 6) 


~ I <D ri+1 )rnBZl'¥» 1 

n = 1 


the separation 26 is limited. For the con¬ 
ventional method of driving the antenna as 
an end load or as a center load, 26 is taken 
to be equal to the line spacing b. For other 
arrangements, including those described in 
Sec. 10 for minimum coupling, 26 may be 
considerably less than b. Accordingly, little, 
if anything, is gained by permitting 26 in the 
expression for Z d to exceed b for a two-wire 
line. Hence, conditions like (1) may be written 
with b replaced by 26 or, since only the order 
of magnitude is involved, by <5. If P 0 6 is 
required to be small compared with unity, 
it is possible to express Y d (or Z d ) in a 
Maclaurin series in powers of the small 
quantity f 0 6 and retain only the first cor¬ 
rection term. Thus, 


where* 


cos fl Q (h — 6) + 2 (/)«)*_! AiJVh 

n = l _ 

( 9 ) 

and use this derivative in (3) in conjunction 
with (F(,) m obtained from (9) by setting 6 = 0. 
With subscripts on Y omitted, the expression 
for e is 

e = e" — ye' = [) n 6 

f [sin M + G,(b)/Y + G 2 (A)/Y* + • • •] 

X \ [cos M + FjW/Y + F 2 (A)/Y* + • • • J 
2 e~iPo h 

[(1 - cos M) + [fi(0) - F^hyi/Y + •••] 
X [ cos M + Fj(A)/Y + F 2 (A)/Y 2 + • • • j 

2 


\dY 6 1 

v M 

U®«L-o“ o( €)> 

[ sin M + C 1 WIY + ■ ■ ■ 

X Lsin M + M,( 0)/Y + M 2 (0)/Y* + • • - Jj 

(2) 


, s _ W [Ha] 
E Y 0 [dp 0 6\ 


<s=o 


(3) 


With Y = G -f jB, it follows that 

G d = G 0 ( 1 - e*) - B 0 F, (4) 

B { = B 0 ( 1 - e*) 


G 0 F. 


(5) 


* € = e" — jt' in this section is not to be confused 
with the dielectric constant. 


( 10 ) 

Curves of the second-order factors (A/6)e" 
and (A/6)e' as computed by Winternitz from 
(10) are shown in Figs. 29.1 and 29.2 for 
0 = 10, 15, and 20 in the range of M from 
1.1 to 4.0. These factors are required in ob¬ 
taining the second-order admittance (Y d ) 2 or 
impedance (Z d ) 2 from (Z 0 ) 2 . The functions 
(A/6)e" and (A/6)e' are shown instead of e" 
and e', since they are more conveniently 
represented graphically. 
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The problem of determining Y 6 or Z 6 for of first and second order for z f = 0 and <5 = 0 
antennas with a small base separation 28 are as follows. The numerical value, Ijlir == 60 
that satisfies the condition ohm, has been inserted, so that Z 0 is in ohms. 


/3 0 <5<1 or fiS* < (in (11) 

has been reduced to evaluating Y 0 or Z 0 . 

30. Impedance and Admittance for Zero Base 
Separation; First- and Second-Order Solutions 

The impedance Z 6 of an antenna with a 
small base separation 28 may be expressed in 
terms of the impedance Z # of an antenna with 
zero base separation (Sec. 29). This makes 
Z 0 a convenient reference quantity for 
expressing the general circuit properties of a 
cylindrical antenna and studying the signifi¬ 
cance of the several variables and parameters. 
Whenever reference is made to the impedance 
of a cylindrical antenna without specific 
reference to a finite base separation 28, the 
value Z 0 is meant. 

General formulas for impedance and 
admittance with (5 = 0 are obtained from 
(27.2) and (29.9). In order to evaluate the 
impedance and the admittance numerically 
and so obtain a graphical representation, the 
functions A nu and B n „ as well as the Z)-factors 
and the expansion parameter must be known 
to the desired order of approximation. The 
functions A nH and B nu are given by 


(Z 0 \ = 1 !(Y 0 \ 


= ffiQ'F \ cos M ± (a i ± -/ a “>/ T 1 (3) 

7 L(£>i)i sin f 0 h + (fi\ + pY)IT\ ’ 

(Z 0 ) 2 = l/(y 0 ) 2 

r cos p 0 h + (dom + j<wi 


= -j6 OT' 


_ + (cd + 

(/>i) 2 sin/S 0 h + (D 2 ) 2 (p\ 

+ jP\')IT + (fil + MW 2 


(^i)i = (2 - , (5a) 

a>i) 2 =(3-3j+g), (5b) 

(/> 2 ) 2 = (3-2 ^. (5c) 


For the King-Middleton solution, numerical 
values of the Z)-factors are given in Fig. 21.1, 
and those of T" = 4’ xl in Fig. 20.7. For the 
Hallen solution, 4’ = fi, so that all Z>-factors 
are equal to unity. For purposes of com¬ 
putation, (3) and (4) are more convenient 
in polar form: 


A n fi = a‘„ + /a" + jhr„M + jx*) 1 30, (1) 

Bn ,1 = + jPu + jhr np (r l + />')/30. (2) 

Typical /3-factors are shown in Fig. 21.1; 

is shown in Fig. 20.7. Numerical tables 
have been computed for a n + ,/ a »> Pn + jP'n 
for n = 1 and n = 2. The functions and 
r nf) are available only for n = 1. These 
tables are given in Sec. 27, together with 
graphical representations. Since the correction 
factors e" and d involved in the solution for 
small values of 28 are available in second-order 
form, the apparent impedance of an antenna 
terminating a two-wire line can be computed 
if terms with the internal impedance per unit 
length z l are neglected. These terms must be 
neglected if a general representation of the 
impedance as a function of ftO 1 i s t0 be possible. 
That they are negligible for good conductors 
may be verified in terms of the first-order 
solution for appropriately chosen special cases. 
Formulas for the impedance and admittance 


(^o)m — 

= 604" a,n +A" e Kton-Ht> m la m )-tan-Hd m lc m )] 
Cm 4~ jdm 

( 6 ) 

where, for the first-order King-Middleton 


solution, m — 1, 

a l = a 1 /, (7 a) 

by = -OF cos f 0 h + a}), (lb) 

Cy = T(Dy)y SU1 + /?{, (7c) 

dy = P'y\ (Id) 

and for the second-order King-Middleton 
solution, m = 2, 

a 2 = af (Dy)y + ay/4", (8a) 

b 2 = — [T cos p 0 h + “l(Z3j)i + a'/T], (8/>) 
c 2 = 4"(Z) 1 ) 2 sin p 0 h + p[ (Z> 2 ) 2 + (8c) 

d 2 = P\ l (D 2 ) 2 + p 2 /4". (8 d) 
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For the simpler Hallen solution, the corre¬ 
sponding factors for the first-order solution are 

a x = a} 1 , (9a) 

b x = —(A cos pji + aj), (9 b) 

<T = A sin p e h + p\, (9c) 

d x = Pi ■ (9d) 

For the second-order Hallen solution, 

a 2 = aj 1 + a^/A, (10a) 

b 2 — —(A cos p 0 h + a} + a^/A), (10 b) 

c 2 = A sin P 0 h + P\ + P\l A, • (10c) 

d 2 = p[ l + j9»/A. (lOrf) 

Graphical representations of the King- 
Middleton impedances and admittances com¬ 
puted from (6) are shown in Figs. 30.1-30.10. 
Numerical values are given in Tables 
30.1-30.11.* The general shapes of the 
curves are best represented using a linear 
scale as in Figs. 30.1a and' 30.2a, b, where 
R 0 and X 0 in Z 0 — R 0 + jX a and G 0 and B 0 
in y 0 = G 0 + jB 0 are plotted as functions of 
Poh for several values of A ^ 2 In 2h/a. Since 
Po = a>lv 0 , p 0 h may be varied either by 
changing the length of the antenna at a 
fixed frequency or by changing the driving 
frequency for an antenna of fixed length. 
In both cases, the ratio 6/a is kept constant 
for each curve. A very compact representation 
is given in Fig. 30.3a, b, c, where Z 0 is plotted 
in the complex plane with A as parameter. 
Similar graphs of Y () are shown in Figs. 
30.4a, b. In Figs. 30.5a, b, R 0 and |A" 0 | are 
shown on a logarithmic scale; the values of 
X 0 near its zeros are shown in Fig. 30.5c. 
Corresponding logarithmic curves for G 0 
and |B 0 | and linear curves of B 0 near its 
zeros are in Figs. 30.6a, b, c. 

The general discussion of the characteristics 
of the curves for the impedance Z 0 = R 0 + jX 0 
of a perfectly conducting cylindrical antenna 
driven from a line with almost zero spacing 
or by a slice generator is centered conveniently 
about certain critical points. Of these, the 
most important are the values of P 0 h for which 
the reactance vanishes. These may be divided 
into two distinct groups designated as input 
resonance and input antiresonance. 


* As tl is reduced below 10, the accuracy decreases 
rapidly. With Q = 7, hja — 16.4, little more than 
the correct order of magnitude is assured. This is 
considered in Sec. 38. 


Input resonance is characterized by 

X 0 = 0, P 0 h = (pji) r es is near mr/2 with 
n= 1,3, 5,7, (11a) 

R 0 = (R 0 )res is near minimum except for 

« = 1. (116) 

As Poh is increased from zero, the condition 
of input resonance occurs first when p 0 h is 
somewhat smaller than w/2 and is repeated 
at intervals that are slightly less than ir. 
The quantities ir/2 — (p 0 h) res and 3«/2 — 
(Poh) T ea are shown in Fig. 30.7a as functions 
of A = 2 In 2 6/a. It is seen that the resonant 
length of an antenna approaches ml 2, n odd 
as the ratio h/a and hence as A is increased. 
For h/a sufficiently large, (p 0 h) Tea differs 
negligibly from ml 2, n odd. For all finite 
values of A, (p 0 h) te% is less than mr/2, n odd, by 
an amount that is appreciable in the range 
of practical antennas for which A usually is 
less than 15. The resonant resistances (R 0 ) les 
are near minimum values except for » = 1. 
Their values for each n are virtually indepen¬ 
dent of the ratio h/a in the range 6/a S 75 
(A S; 10) for which the present quasi-one- 
dimensional theory is a good approximation 
as seen in Fig. 30.7 b. For n = 1 and 3, 
(^o)res (Fig- 30.7 b) is very close to the values 
73.13 ohm and 105.5 ohm obtained by the 
Poynting-vector method (see Chapter V) 
for antennas with an assumed sinusoidal 
distribution of current. This is reasonable, 
since at and near resonance the distribution 
of current even in a moderately thick antenna 
does not differ significantly from the sinu¬ 
soidal, as is pointed put in Sec. 16. Actually, 
a truly sinusoidal distribution is possible 
only with a distribution of generators along 
the antenna. It cannot be maintained by a 
single generator, regardless of the radius of 
the antenna. 

The behavior of X 0 and R 0 near resonance 
and particularly between (P 0 h) re9 and mr/2, 
n odd, is interesting. The variation of X 0 with 
P 0 h and its dependence upon the ratio h/a 
in A are well shown in Fig. 30.5c. It is seen 
that the slopes of the reactance curves for 
different values of A increase with A. This 
steepening of slope is accompanied by a 
shift of the point of zero reactance from 
smaller values of p 0 h towards m/2. The points 
of intersection of the reactance curves with 
one another and with the abscissas Poh = n/2, 
3 tt/ 2 occur at values of X 0 between 40 and 
50 ohm. Curves of X 0 as a function of A 
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for pji = it/2, 37 t /2 are shown in Fig. 30.76. 
For antennas in the practical range of A, 
these do not differ greatly from the values 
42.5 and 45 ohm determined by the Poynting- 
vector method for a physically unavailable 
antenna of radius a with a sinusoidally 
distributed current. 

The behavior of R a near resonance may be 
determined from Fig. 30.5a. It is seen that 
in a range extending above and below 3ah = 
rtjr/ 2 , n odd, the resistances of thicker antennas, 
with smaller values of A are larger than for 
thinner antennas. Curves of R 0 as a function 
of A for pft = n/2, 3tt/ 2 are shown in Fig. 
30.1b. It is seen that R 0 decreases with 
increasing A. For sufficiently large values of 
A, R 0 (p 0 h = n/2) must be near (R 0 ) res , 
which remains sensibly constant near 72 ohm. 
Thus the curves for R 0 at p a h = n/2, 3^/2 
should approach (/?„) res , (« = 1, 3) as A 
increases. The constancy of (R 0 ) rea as h/a 
or A is varied is the result of the simultaneous 
increase in R 0 and the shift of (R 0 ) re a to 
smaller values of pft as A is decreased. The 
two changes effectively cancel. 

Input antiresonance is characterized by 

X 0 = 0, P 0 h — (/f(/ 0 nntirt '9 is near /iir/2, 
with n — 2, 4, 6, 8 , • • •, (12a) 

R„ — (^o)antirea is very near a maximum. 

(126) 

It occurs at values of Pft that are less than 
7 t, 277, 377 , •• • by an amount that increases with 
decreasing A in a manner resembling the 
occurrence of resonance near 77/2, 3 t 7 / 2 , • • •. 
Flowever, the magnitudes of the shifts from 
the values /w/ 2 , n even, at antiresonance very 
much exceed corresponding shifts from 
mrj2, n odd, at resonance. This is shown in 
Fig. 30.1a and also in Fig. 30.5c. From the 
latter figure it is clear that the slope of the 
A" 0 -curves near antiresonance is much steeper 
than, and of course opposite to, that near 
resonance. The steepness of the curves 
increases with A and the location of its zero 
value shifts nearer ft,ft = m/2, rt even. 

The reactance A " 0 has a maximum for Pft 
slightly less than (/VOantires and a minimum 
at [Ift slightly greater than (ft/Oantires- The 
resistance R 0 has its maximum very nearly 
at antiresonance; its magnitude at antireson¬ 
ance together with Jr 0mln and X 0niax are 
shown in Fig. 30.1b as a function of A. The 
ratio lA'minl/jATmaxIn is an important 
quantity characterizing the behavior of the 


reactance near the «th antiresonance. It is 
always greater than unity; it decreases with 
increasing A; it increases as rt is increased. 
In effect this means that the capacitive lobe 
of the reactance curve is always larger than 
the associated inductive lobe, and that the 
reactance becomes increasingly capacitive as 
the length of the antenna is increased. This 
is shown well in Fig. 30.56, and also in Fig. 
30.3 by the tilt in the diameters of the circles. 
The quantity |A' min |/|A' max |„ for n = 1, 2 is 
shown in Fig. 30.8. 

It is significant that for each n 

|2fmin| "I - | T m ax| = Rmux- (13) 

For convenient reference, numerical values of 
important critical quantities are given in 
Table 30.1. Curves of R 0 and X 0 as functions 
of A are given in Figs. 30.9, 30.10a, 6 . 

Note that the input impedance at anti¬ 
resonance as determined by the King- 
Middleton theory cannot be compared with 
a quantity at fS<ft = 77 corresponding to 
Z 0 = 73.13 + y'42.5 at [l 0 h = 77/2 determined 
by the Poynting-vector method with an 
assumed sinusoidal distribution of current. 
At pft = 77 the input current is zero for a 
sinusoidally distributed current, so that Z 0 is 
necessarily infinite. This failure of a method 
based on an assumed sinusoidal current is 
readily understood in the light of the discussion 
of Sec. 16, from which it is clear that a simple 
sinusoidal distribution is a good approxi¬ 
mation only for antenna half-lengths for which 
Pft is near nir/2, n odd. 

A discussion of critical points in the ad¬ 
mittance curves paralleling this discussion 
of the impedance is readily carried out 
using the appropriate Figs. 30.2a, 6 , 30.4, 
30.6, and Table 30.2. Perhaps the most 
significant point, aside from the generally 
reciprocal nature of the curves, is the relative 
constancy of the maximum values of con¬ 
ductance as A is varied. Since these maxima 
occur very near resonance, so that G 0 = 1 jR 0 , 
the explanation is the same as that given for 
the constancy of R 0 at resonance. Since G 0 
is unaffected by capacitance in parallel with 
the antenna at its terminals, it follows that <7 0 
should be relatively insensitive to transmission¬ 
line spacing (so that G d should not differ 
greatly from G„) and be quite unaffected by the 
capacitance C T in the lumped-constant net¬ 
work required to correct for line theory and 
antenna-iine coupling. Since the effect of the 
series inductance L T is relatively very small, 
it follows that the conductance G 0 should be 
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Fig. 30.2a. Admittance of cylindrical antenna, King- Fig. 30.2A. Admittance of cylindrical antenna, King- 
Middleton second-order expansion; A = 10. Middleton second-order expansion; A = 15. 



Fig. 30.3a. Circular graphs of King-Middleton second-order 
impedance; A = 7, 8, 9. 
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Fig. 30.3c. Circular graphs of King-Middleton second-order impedance; Ci = 15, 20. 





























Fig. 30.4a. Circular graphs of King-Middleton second-order admittance. 
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Fig. 30.46. Second-order input admittance of center-driven dipole; Mhos X 10~ s vs. ftji; after King' 
Middleton. 













































Fig. 30.5a. Resistance R„ of cylindrical antenna, King-Middleton second-order expansion. 
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Fig. 30.56. Reactance X 0 of cylindrical antenna, King-Middleton second-order expansion. 
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Fig. 30.5c. Conductance G 0 of cylindrical antenna, King-Middleton second-order expansion. 
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Fig. 30.66. Susceptance B a of cylindrical antenna near resonance and antiresonance, King-Middleton 
second-order expansion. 
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Fig. 30.7a. Resonant and antiresonant 
lengths from King-Middleton second- 
order expansion. 
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Fig. 30.76. Critical resistances and reactances from 
King-Middleton second-order expansion. 
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Fig. 30.8. Curves of •* rn j n /A' max , King-Middleton 
second-order expansion. 
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Fig. 30.10a. Inductive reactance as a function of Fig. 30.106. Capacitive reactance as a function of 

n with /So h as parameter, King-Middleton second- Cl with fi„h as parameter, King-Middleton second- 

order expansion. order expansion. 
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Fig. 30.116. King-Middleton second-order react¬ 
ance as a function of with a/A 0 as parameter. 
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Fig. 30.12a. King-Middleton second-order resistance as a Fig. 30.12 b. King-Middleton second-order react- 

function of a/A„ with jS 0 A as parameter. ance as a function of a/A 0 with as parameter. 
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Table 30.1. Critical quantities in King-Middleton second-order impedance Z a = R a + jX„* 


n 

n 

(^o^)antires 

(-^o) an tires 

(ohms) 

(^o)max 

(ohms) 

(^m»x 

(ohms) 

(ohms) 

Mmln 

l-^olmax 

n 

(M)res 

(^o)res 

(ohms) 

Ro 

Shh=~ 2 

(ohms) 

ft* = 3 

(ohms) 

7 

2 

2.13 

321.6 

344.6 

83.6 

215.2 

2.574 

i 

1.419 

67.25 

95.68 

35.85 

8 

2 

2.30 

469.4 

480.0 

140.7 

290.3 

2.063 

i 

1.445 

68.92 

91.62 

38.98 

9 

2 

2.43 

630.8 

646.6 

213.4 

379.8 

1.780 

i 

1.463 

69.76 

88.66 

40.68 


2 

2.54 

844 

855 

305 

492 

1.613 

i 

1.477 

70.3 

86.5 

41.7 


4 

5.42 

484 

500 

130 

302 

2.325 

3 

4.560 

94.0 

122.5 

46.0 

11 

2 

2.62 

1072 

1095 

413.7 

618.5 

1.495 

1 

1.487 

70.55 

84.80 

42.36 


2 

2.72 

1520 

1531 

615 

850 

1.381 

1 

1.504 

71.0 

83.0 

43.0 

1 

4 

5.70 

928 

942 

324 

535 

1.650 

3 

4.615 

101.2 

116.6 

46.5 


2 

2.83 

2430 

2438 

1050 

1335 

1.271 

1 

1.514 

71.7 

80.8 

43.4 


4 

5.87 

1555 

1565 

610 

865 

1.418 

3 

4.636 

103.2 

114.0 

46.5 


2 

2.95 

4940 

4950 

2230 

2640 

1.181 

1 

1.530 

72.2 

78.5 

43.6 


4 

6.04 

3330 

3340 

1446 

1800 

1.245 

3 

4.662 

104.6 

111.5 

46.5 


* Values for Q = 7, 8, and 9 are less accurate than those for the thinner antennas since the approximations 
of the theory are not well satisfied. 


Table 30.2. Critical quantities in King-Middleton second-order admittance Y 0 = G 0 + jB 0 * 


n 

n 

(/VOres 

(^o)res 

(^o)max 

(^o)max 

(^o)min 

|-®o |max 

n 

(/MOantires 

(^o)antires 




(10 -3 mho) (10 3 mho) (10~ 3 mho) (10~ 3 mho) 

1 -®o |min 



(10" s mho) 

7 

i 

1.419 

14.87 

16.10 

11.80 

3.50 

3.37 

2 

2.13 

3.11 

8 

i 

1.445 

14.51 

15.42 

10.60 

4.08 

2.60 

2 

2.30 

2.13 

9 

i 

1.463 

14.33 

14.90 

10.00 

4.50 

2.22 

2 

2.43 

1.58 

10 

i 

1.477 

14.22 

14.66 

9.53 

4.81 

1.98 

2 

2.54 

1.11 

3 

4.560 

10.64 

11.09 

6.98 

2.79 

2.50 

4 

5.42 

2.07 

11 

1 

1.487 

14.17 

14.50 

9.15 

5.00 

1.83 

2 

2.62 

0.933 

12.5 

1 

1.504 

14.08 

14.30 

8.80 

5.33 

1.65 

2 

2.72 

0.658 

3 

4.615 

9.88 

10.06 

6.00 

3.35 

1.79 

4 

5.70 

1.08 

15 

1 

1.514 

13.95 

14.10 

8.37 

5.63 

1.49 

2 

2.83 

0.412 

3 

4.636 

9.69 

9.70 

5.58 

3.70 

1.51 

4 

5.87 

0.643 

20 

1 

1.530 

13.85 

13.96 

7.90 

6.00 

1.32 

2 

2.95 

0.202 

3 

4.662 

9.56 

9.58 

5.29 

4.05 

1.31 

4 

6.04 

0.300 


* Values for Cl = 7, 8, and 9 are less accurate than those for the thinner antennas since the approximations 
of the theory are not well satisfied. 
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Table 30.3. King-Middleton second-order impedances; O = 2 In 2 h/a = 7, hja = 16.56. 


Poh 

Z 0 (ohms) 

|Z 0 | (ohms) 

Y„ (10 

~ 3 mho) 

1 Vo| (10~ 3 mho) 

0.5 

4.985 

—y'375.6 

375.6 

0.035 

+y 2.662 

2.662 

.7 

10.38 

-jin A 

237.6 

.184 

+y 4.204 

4.208 

.9 

18.66 

—y 150.6 

151.8 

.810 

+j 6.539 

6.589 

1.1 

31.31 

-j 85.40 

90.96 

3.785 

+yl0.32 

10.99 

1.2 

39.84 

-j 56.87 

69.43 

8.264 

+yn .80 

14.40 

1.3 

50.64 

-j 30.05 

58.88 

14.61 

+y 8.667 

16.99 

1.4 

64.06 

-j 4.582 

64.23 

15.53 

+j 1.111 

15.57 

1.5 

80.83 

+j 19.70 

83.20 

11.68 

-y 2.846 

12.02 

1.6 

101.8 

+j 42.51 

110.3 

8.365 

-y 3.493 

9.065 

1.7 

129.1 

+j 63.01 

143.7 

6.255 

-y 3.053 

6.961 

1.8 

164.8 

+j 78.42 

182.5 

4.947 

-j 2.354 

5.478 

1.9 

210.2 

+j 83.60 

226.2 

4.108 

-j 1.634 

4.421 

2.0 

264.0 

+j 69.99 

273.1 

3.539 

-y 0.938 

3.661 

2.1 

315.9 

+j 21.16 

317.2 

3.140 

-y 0.276 

3.152 

2.2 

344.6 

-j 44.82 

347.5 

2.853 

+y 0.371 

2.877 

2.3 

330.5 

-y 127.0 

354.1 

2.636 

+y i.oi3 

2.824 

2.4 

279.0 

—/187.6 

336.2 

2.469 

+y 1.660 

2.975 

2.5 

215.2 

—y'214.4 

303.8 

2.332 

+y 2.323 

3.291 

2.6 

158.2 

-7215.2 

267.1 

2.218 

+y 3.016 

3.744 

2.7 

114.8 

-y'202.5 

232.8 

2.119 

-j 3.738 

4.296 

2.8 

83.36 

-j 184.6 

202.6 

2.032 

+y 4.499 

4.937 

2.9 

61.37 

-j 165.9 

176.9 

1.961 

+y 5.302 

5.653 

3.0 

46.08 

-j 148.1 

155.1 

1.915 

+y 6.155 

6.446 

3.1 

35.77 

-/132.0 

136.7 

1.913 

+y 7.059 

7.314 

3.2 

28.95 

—y 117.8 

121.3 

1.968 

+y 8.008 

8.246 

3.3 

24.72 

-y 105.0 

107.9 

2.124 

+y 9.021 

9.268 

3.4 

22.43 

-j 93.61 

96.26 

2.421 

+yio.io 

10.39 

3.5 

21.54 

-j 83.35 

86.09 

2.906 

+yn.25 

11.62 

3.6 

21.82 

-y 73.79 

76.95 

3.685 

+y 12.46 

12.99 

3.7 

22.96 

-y 64.61 

68.57 

4.883 

+yi3.74 

14.58 

3.8 

24.87 

-j 55.50 

60.82 

6.723 

+yi5.oo 

16.44 

3.9 

27.61 

-j 46.21 

53.83 

9.527 

+yi5.94 

18.57 

4.0 

31.20 

-j 36.40 

47.94 

13.58 

+yi5.84 

20.86 


a good approximation without correction 
both of G s and of G sa . However, at its maxi¬ 
mum value near fl 0 h = n~/2, n odd, C 0 is quite 
insensitive to changes in H, so that (C 0 ) max 
is not nearly so critical a test of the agreement 
between experiment and theory as is (f? 0 )max- 
Similarly, (p 0 h) res or p a h for maximum G 0 
(which differ only slightly) are much less 
sensitive to changes in H than (/J 0 /?) an tires. 
which is also very nearly for maximum 
resistance. 

The plotting of impedance and admittance 
curves as functions of p 0 h = wh/v „ with 
H = 2 In 2hja as a parameter is convenient 


theoretically and also for engineering applic¬ 
ation in conjunction with a fixed installation 
for which only the frequency is varied. For 
laboratory experiments, on the other hand, 
where precision measurements are attempted, 
the most convenient arrangement is to main¬ 
tain a constant frequency and a fixed apparatus 
except for the half-length h, which is varied in 
discrete steps. With h as the only variable, 
f) 0 a or a/A # is the constant parameter, rather 
than H or h/a. Table 30.12 gives Z 0 as a 
function of P 0 h with ajl a as parameter. 
Curves of R 0 and X 0 plotted against fi 0 h with 
ajl 0 as parameter are shown in Figs. 30.11 a, b, 
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Table 30.4. King-Middleton second-order impedances; Q = 2 In 2hja = 8, hja = 27.30. 



Z 0 (ohms) 

|Z 0 | (ohms) 

Y 0 (10- 3 mho) 

|r 0 | (10- 3 mho) 

0.5 

4.984 

—/484.5 

484.6 

0.021 

+j 2.063 

2.063 

.7 

10.30 

—y'308.4 

308.6 

.108 

+j 3.239 

3.240 

.9 

18.49 

-/198.2 

199.0 

.467 

+j 5.002 

5.024 

1.1 

30.70 

—yi i6.o 

120.0 

2.132 

+j 8.056 

8.333 

1.2 

38.94 

-j 80.11 

89.07 

4.908 

+yio.io 

11.23 

1.3 

49.14 

-j 46.43 

67.60 

10.75 

+yio.i6 

14.79 

1.4 

61.83 

-j 14.11 

63.42 

15.37 

+j 3.508 

15.76 

1.5 

77.59 

+j 17.28 

79.49 

12.28 

-j 2.735 

12.58 

1.6 

97.41 

+j Aim 

108.6 

8.262 

-j 4.065 

9.208 

1.7 

123.0 

+j 77.81 

145.5 

5.807 

-j 3.674 

6.872 

1.8 

157.1 

+j 105.6 

189.3 

4.384 

-j 2.947 

5.282 

1.9 

202.1 

+y 128.5 

239.5 

3.523 

-y 2.240 

4.175 

2.0 

261.1 

+j 140.7 

296.6 

2.968 

-j 1.599 

3.370 

2.1 

334.1 

+/131.5 

359.0 

2.592 

-y 1.020 

2.785 

2.2 

411.6 

+J 86.47 

420.6 

2.327 

-j 0.489 

2.378 

2.3 

469.4 

-j 2.858 

469.4 

2.131 

+j .013 

2.131 

2.4 

474.3 

—-yi 18.5 

488.9 

1.984 

+y .496 

2.045 

2.5 

421.2 

—y'218.4 

474.4 

1.871 

+j .970 

2.107 

2.6 

338.9 

—y'274.3 

436.0 

1.783 

+y 1.443 

2.294 

2.7 

259.0 

—y'290.3 

389.1 

1.711 

+j 1-917 

2.569 

2.8 

194.5 

-y282.1 

342.6 

1.657 

+y 2.403 

2.919 

2.9 

146.7 

—y'263.1 

301.2 

1.617 

+y 2.899 

3.320 

3.0 

112.6 

-/240.6 

265.6 

1.595 

+y 3.409 

3.763 

3.1 

88.63 

—y'218.0 

235.3 

1.600 

+j 3.936 

4.248 

3.2 

72.01 

—y 196.8 

209.6 

1.640 

+j 4.481 

4.772 

3.3 

60.59 

-j 177.4 

187.4 

1.724 

+j 5.048 

5.334 

3.4 

52.92 

-yl59.8 

168.3 

1.867 

+j 5.639 

5.940 

3.5 

47.88 

-/143.7 

151.4 

2.087 

+j 6.264 

6.602 

3.6 

44.92 

—/128.7 

136.3 

2.418 

+y 6.927 

7.337 

3.7 

43.34 

-yii4.5 

122.4 

2.891 

+y 7.638 

8.167 

3.8 

42.96 

-yioo.5 

109.3 

3.595 

+y 8.410 

9.146 

3.9 

43.61 

-j 86.53 

96.90 

4.645 

+y 9.216 

10.32 

4.0 

45.33 

-j 72.25 

85.29 

6.231 

+y 9.931 

11.72 


and of R 0 and X 0 plotted against o/A 0 with 
pji as parameter in Figs. 30.12 a, b. 

Numerical values of Z 0 = R 0 + jX 0 and 
Y„ = G„ + jB 0 are given in Tables 30.3 
to 30.7. 

The impedance of a cylindrical antenna is 
often compared with the impedance of an 
appropriately end-loaded section of two-wire 
line, or a section of line made of resistance 
wire. Such comparisons are interesting, and 
by judicious adjustment of the end load or 
of the parameters of the line, a measure of 
correspondence can be demonstrated. 

A word is in order regarding the finite 
ohmic resistance of all practically available 


conductors. In computing impedance, terms 
involving z\ the internal impedance per unit 
length, have been omitted. This is necessary if 
curves of general significance are to be ob¬ 
tained, since terms with z * as a factor contain 
the frequency under a radical in conjunction 
with the radius a of the conductor. In order 
to obtain a definite picture of the significance 
of ohmic resistance, computations for Z 0 
were made for two particular antennas of 
copper. Since it is merely a question of 
relative order of magnitude, the impedances 
were calculated only in a first-order approxi¬ 
mation, using, for simplicity, the expansion 
parameter H of Hallen. Typical and critical 
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Table 30.5. King-Middleton second-order impedances; f) — 2 In 2 hja = 9, hja = 45.01. 



Z 0 (ohms) 

|Z 0 [ (ohms) 

Yo (10 

r 3 mho) 

|y,| (10~ 3 mho) 

0.5 

4.988 

—y'594.6 

584.6 

0.014 

+j 1.681 

1.681 

.7 

10.31 

—y'379.8 

379.9 

.071 

+j 2.632 

2.633 

.9 

18.39 

—y'245.9 

246.6 

.302 

+j 4.044 

4.055 

1.1 

30.31 

—y'146.7 

149.8 

1.351 

+j 6.537 

6.675 

1.2 

38.29 

—y'103.6 

110.4 

3.138 

+j 8.492 

9.053 

1.3 

48.15 

-j 63.05 

79.33 

7.650 

+y 10.02 

12.60 

1.4 

60.27 

-j 24.07 

64.90 

14.31 

+j 5.715 

15.41 

1.5 

75.34 

+y 14.00 

76.63 

12.83 

-j 2.384 

13.05 

1.6 

94.16 

+y 51.69 

107.4 

8.159 

-j 4.479 

9.308 

1.7 

118.5 

+j 89.54 

148.5 

5.372 

-j 4.059 

6.733 

1.8 

150.3 

+yl26.9 

196.7 

3.885 

-j 3.280 

5.084 

1.9 

193.1 

+yl62.9 

252.6 

3.026 

-j 2.552 

3.958 

2.0 

250.6 

+yl94.0 

316.9 

2.496 

-j 1.932 

3.156 

2.1 

327.3 

+y'213.4 

390.8 

2.143 

-j 1.397 

2.558 

2.2 

425.4 

+y207.1 

473.2 

1.900 

-j 0.925 

2.113 

2.3 

534.9 

+/154.7 

556.8 

1.725 

-j -499 

1.796 

2.4 

624.1 

+j 40.64 

625.4 

1.596 

-j .104 

1.599 

2.5 

646.6 

—yl 17.4 

657.2 

1.497 

+j .272 

1.522 

2.6 

586.5 

—y'261.8 

642.3 

1.422 

+j .635 

1.557 

2.7 

480.0 

—y'349.1 

593.6 

1.362 

+y .991 

1.684 

2.8 

371.8 

-y'379.8 

531.5 

1.316 

+y 1.344 

1.881 

2.9 

283.1 

—y'374.5 

469.5 

1.284 

+j 1.699 

2.130 

3.0 

217.0 

—/352.7 

414.1 

1.265 

+y 2.056 

2.414 

3.1 

169.4 

-y 324.7 

366.2 

1.263 

+y 2.421 

2.731 

3.2 

135.4 

—y'295.8 

325.3 

1.280 

+j 2.796 

3.075 

3.3 

111.3 

—y268.1 

290.3 

1.321 

+y 3.182 

3.445 

3.4 

94.12 

-y'242.4 

260.0 

1.392 

+j 3.585 

3.846 

3.5 

81.77 

—y'218.6 

233.4 

1.501 

+j 4.013 

4.285 

3.6 

73.05 

—y'196.4 

209.5 

1.664 

+j 4.473 

4.773 

3.7 

66.77 

—y 175.3 

187.6 

1.897 

+j 4.981 

5.330 

3.8 

62.46 

—y'154.9 

167.0 

2.239 

+y 5.554 

5.988 

3.9 

59.86 

—y 134.8 

147.5 

2.752 

+y 6.198 

6.782 

4.0 

58.68 

—yl 14.5 

128.6 

3.546 

+y 6.918 

7.774 


results are listed in Table 30.13. They are 
necessarily only approximate, but the orders 
of magnitude are correct. It is seen that numeri¬ 
cal values for each antenna with z i for copper 
and for z l = 0 differ by a negligible amount. 
This justifies the statement repeatedly made 
that, for highly conducting antennas, ohmic 
resistance may be neglected. 

For some purposes, it is convenient to 
specify a quality factor Q for an antenna near 
resonance. This is readily done if Q is defined 


by 


Qr a/’ 


(14a) 


where f m is the frequency at which maximum 


power is supplied to the antenna, Af = 
f 2 — fi, and f 2 and f x are the frequencies at 
which the power to the antenna is reduced 
to one-half the maximum at constant voltage 
K 0 . Multiplication of numerator and denomin¬ 
ator in (14a) by 2nhlv 0 , where h is the fixed 
half-length of the antenna and v 0 = 3 x 10 8 
m/sec, gives 


(ffo h)m 
Atf 0 h )' 


(14 b) 


The power supplied to the antenna at the 
fixed voltage V 0 is 

P= \V*G 0 , (15) 


where G 0 is the conductance. Since V 0 is 
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Table 30.6. King-Middleton second-order impedances; fl = 2 In 2/j/a = 10, hja = 75.206. 



z 0 

(ohms) 

|Z 0 | (ohms) 

Vo (10' 

' 3 mho) 

|V„| (10~ 3 mho) 

0.5 

4.988 

—y'704.8 

704.8 

0.0100 

+y 1.419 

1.419 

.7 

10.30 

—/451.3 

451.5 

.0506 

+y2.214 

2.215 

.9 

18.29 

—y293.8 

294.4 

.2110 

+y3.390 

3.397 

1.1 

30.02 

—j 177.4 

179.9 

.9277 

+y'5.481 

5.559 

1.2 

37.84 

—yl27.1 

132.6 

2.153 

+y7.229 

7.543 

1.3 

47.41 

-y 79.76 

92.79 

5.507 

+y9.264 

10.78 

1.4 

59.15 

—j 34.27 

68.36 

12.66 

+y7.333 

14.63 

1.5 

73.65 

+y 10.30 

74.37 

13.32 

-y 1.862 

13.45 

1.6 

91.73 

+7 54.72 

106.8 

8.040 

—y'4.797 

9.363 

1.7 

114.8 

+7 99.67 

151.3 

4.967 

—y'4.310 

6.608 

1.8 

145.2 

+7145.5 

205.5 

3.437 

-y'3.444 

4.865 

1.9 

185.5 

+7191.8 

266.8 

2.606 

-y2.693 

3.748 

2.0 

240.2 

+7237.1 

337.5 

2.109 

—y'2.082 

2.963 

2.1 

314.8 

+ ,277.6 

419.8 

1.787 

-y 1.576 

2.382 

2.2 

416.1 

+_/303.8 

515.2 

1.568 

—y 1.145 

1.941 

2.3 

547.5 

+y296.8 

622.8 

1.412 

—y'0.7652 

1.606 

2.4 

697.1 

+7227.3 

733.3 

1.297 

-j .4228 

1.364 

2.5 

820.4 

+7 71.37 

823.6 

1.210 

—y .1052 

1.214 

2.6 

849.9 

—/145.6 

862.4 

1.143 

+7 .1958 

1.160 

2.7 

765.5 

-7339.9 

837.5 

1.091 

+7 .4846 

1.194 

2.8 

622.2 

-7452.6 

769.4 

1.051 

+7 .7646 

1.300 

2.9 

479.4 

-7489.4 

685.1 

1.021 

+y 1.043 

1.460 

3.0 

364.5 

-7480.4 

603.1 

1.002 

+71.321 

1.658 

3.1 

280.0 

-7450.6 

530.5 

0.9950 

+71.601 

1.885 

3.2 

219.6 

-7414.0 

468.6 

.9999 

+71.885 

2.134 

3.3 

175.6 

—/376.2 

415.2 

1.019 

+72.182 

2.409 

3.4 

143.8 

-7339.9 

369.1 

1.056 

+72.495 

2.709 

3.5 

120.9 

-73O6.I 

329.1 

1.116 

+72.826 

3.038 

3.6 

103.9 

-7274.5 

293.5 

1.207 

+73.186 

3.407 

3.7 

91.22 

—/244.7 

261.2 

1.337 

+73.588 

3.829 

3.8 

81.84 

-7’216.4 

231.3 

1.530 

+;4.044 

4.323 

3.9 

75.09 

-7I88.4 

202.8 

1.825 

+7-4.5 80 

4.930 

4.0 

70.61 

-7160.8 

175.6 

2.289 

+75.213 

5.693 

4.1 

68.42 

-y 133.3 

149.8 

3.049 

+75.938 

6.676 

4.2 

68.61 

-7105.4 

125.8 

4.337 

+76.664 

7.951 

4.3 

71.37 

-7 76.93 

104.9 

6.481 

+ /6.9S6 

9.529 

4.4 

77.17 

-j 47.77 

90.76 

9.368 

+75.800 

11.02 

4.5 

86.62 

—j 17.91 

88.45 

11.07 

+72.289 

11.31 

4.6 

100.6 

+7 12.49 

101.4 

9.791 

—y 1.216 

9.867 

4.7 

120.2 

+7 43.02 

127.6 

7.376 

—72.641 

7.834 

4.8 

147.0 

+7 72.76 

164.0 

5.464 

-72.705 

6.097 

4.9 

182.8 

+7 99.87 

208.3 

4.213 

-y-2.302 

4.801 

5.0 

229.5 

+7121.0 

259.4 

3.410 

-7I.798 

3.855 

5.1 

287.9 

+7-130.5 

316.1 

2.882 

-71.306 

3.164 

5.2 

356.3 

+/120.5 

376.0 

2.519 

-70.8516 

2.660 

5.3 

425.9 

+j 82.34 

433.8 

2.263 

-/ .4376 

2.305 

5.4 

480.6 

+7 12.16 

480.8 

2.079 

-7 .0526 

2.080 

5.5 

502.0 

-7 79.40 

508.2 

1.944 

+7 .3074 

1.968 

5.6 

483.1 

-7170.1 

512.2 

1.842 

+7 .6486 

1.952 

5.7 

433.4 

—/240.3 

495.5 

1.765 

+7 .9786 

2.018 

5.8 

370.0 

—7282.3 

465.4 

1.708 

+71.303 

2.148 

5.9 

307.5 

-7299.7 

429.4 

1.668 

+y 1.626 

2.329 

6.0 

253.0 

—/300.1 

392.5 

1.642 

+71.948 

2.548 

6.1 

208.4 

-7290.3 

357.4 

1.632 

+72.273 

2.798 

6.2 

173.2 

-/275.2 

325.2 

1.639 

+72.602 

3.075 

6.3 

145.8 

-7-257.4 

295.8 

1.666 

+72.941 

3.380 

6.4 

124.7 

-)238.8 

269.4 

1.719 

+73.290 

3.712 

6.5 

108.8 

—/220.4 

245.8 

1.802 

+ /3.648 

4.069 

6.6 

96.66 

-7202.2 

224.1 

1.924 

+ /4.026 

4.462 

6.7 

87.46 

-7184.4 

204.1 

2.099 

+ /4.427 

4.899 

6.8 

80.60 

-7167.0 

185.4 

3.345 

+ /4.857 

5.394 

6.9 

75.60 

-7I49.6 

167.6 

2.690 

+>5.324 

5.965 

7.0 

72.19 

—y 132.0 

150.5 

3.188 

+75.830 

6.645 
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Table 30.7. King-Middleton second-order impedances; fi = 2 in 2hja = 11 , hja = 122.4. 


M 

Z 0 (ohms) 

|Z 0 | (ohms) 

Y 0 (10- 

- 3 mho) 

|F 0 | (10- 3 mho) 

0.5 

4.977 

-y'815.1 

815.1 

0.007 

+j 1.227 

1.227 

.7 

10.30 

—y'522.9 

523.0 

.038 

-f-y 1-912 

1.912 

.9 

18.24 

-y 341.7 

342.2 

.156 

+/2.918 

2.922 

1.1 

29.81 

—y'208.3 

210.4 

.673 

+y'4.704 

4.752 

1.2 

37.51 

-y'150.5 

155.1 

1.559 

+y'6.255 

6.447 

1.3 

46.87 

-j 96.41 

107.2 

4.076 

+j 8.389 

9.327 

1.4 

58.31 

-y 44.56 

73.40 

10.83 

+y 8.273 

13.63 

1.5 

72.38 

+j 6.378 

72.66 

13.71 

-j 1.208 

13.76 

1.6 

89.92 

+j 57.21 

106.6 

7.915 

—y'5.036 

9.381 

1.7 

112.0 

+j 109.0 

156.3 

4.586 

—y'4.463 

6.399 

1.8 

141.1 

+y'162.3 

215.0 

3.051 

—y'3.509 

4.650 

1.9 

179.2 

+/217.6 

281.9 

2.255 

—y’2.738 

3.547 

2.0 

231.0 

-l-y274.6 

358.9 

1.793 

—y'2.132 

2.786 

2.1 

302.2 

+/331.2 

448.3 

1.503 

—y 1.648 

2.231 

2.2 

400.7 

+y'382.2 

553.7 

1.307 

—yl .246 

1.806 

2.3 

537.6 

+/413.7 

678.4 

1.168 

—y'0.899 

1.474 

2.4 

715.9 

+j 398.1 

819.1 

1.067 

-j .593 

1.221 

2.5 

917.1 

+j 292.0 

962.4 

0.990 

-y'0.315 

1.039 

2.6 

1070. 

+j 64.78 

1072. 

.931 

-j .056 

0.933 

2.7 

1080. 

—y’230.7 

1104. 

.885 

+y .189 

.905 

2.8 

939.9 

—y 471.5 

1052. 

.850 

+y .426 

.951 

2.9 

740.9 

—y'592.2 

948.5 

.824 

+y .658 

1.054 

3.0 

560.2 

—y'618.5 

834.5 

.804 

+y .888 

1.198 

3.1 

421.6 

—y594.4 

728.8 

.794 

+yl.H9 

1.372 

3.2 

321.5 

—y'549.8 

636.9 

.793 

-Fy 1.356 

1.571 

3.3 

250.6 

—y500.0 

559.3 

.801 

+y 1.598 

1.787 

3.4 

199.9 

—y 451.3 

493.6 

.821 

-Fyl.853 

2.027 

3.5 

163.0 

—y'405.1 

436.7 

.855 

+/2.124 

2.289 

3.6 

135.7 

—y'361.4 

386.0 

.911 

+y'2.425 

2.590 

3.7 

115.5 

—y 321.0 

341.2 

.992 

+y'2.758 

2.931 

3.8 

100.2 

—y'282.7 

299.9 

1.114 

+y'3.142 

3.333 

3.9 

88.98 

—y'245.9 

261.5 

1.301 

+y'3.596 

3.776 

4.0 

81.06 

—y'209.8 

224.9 

1.602 

+y'4.147 

4.445 


constant, the power varies linearly with G 0 . 
Hence Q in (146) may be evaluated by 
determining the value of (3 0 h for which G 0 is 
maximum and the difference between the 
values of f) 0 h for which G 0 is one-half the 
maximum. This may be done using Figs. 
30.2 a-d. 

An alternative and essentially equivalent 
definition* of Q r that is convenient when only 
the resistance and reactance curves are avail¬ 
able is the following: 



This definition is obtained by analogy with a 
lumped-constant series LRC circuit for which 


X = (oL -— , 

co C 

d £=L + - l - 

dco co 2 C ’ 


so that 


(£L- 2L 

since resonance is defined by 

coL = 

co C 


(17) 

(18) 

(19) 


Suggested by P. Le Corbeiller. 


( 20 ) 
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Table 30.8. King-Middleton second-order impedances; Cl = 2 In 2h/a = 12.5, hja = 259.01. 


P«h 

z 0 

(ohms) 

|Z 0 | (ohms) 

Vo 00 

~ 3 mho) 

IT^KlO- 3 mho) 

0.5 

5.005 

—/980.6 

980.6 

0.0052 

+y 1.020 

1.020 

.7 

10.29 

—/630.3 

630.4 

.0259 

+>1.586 

1.586 

.9 

18.18 

-,413.6 

414.0 

.1061 

+>2.413 

2.416 

1.1 

29.60 

—,254.2 

255.9 

.4520 

+ /3.88I 

3.907 

1.2 

37.13 

-j 185.7 

189.3 

1.049 

+>5.211 

5.315 

1.3 

46.27 

—,'121.6 

130.1 

2.733 

+>7.183 

7.685 

1.4 

57.39 

- j 60.07 

83.08 

8.314 

+y8.703 

12.04 

1.5 

71.02 

4y 0.2681 

71.02 

14.08 

—y'0.0532 

14.08 

1.6 

87.90 

+y 60.62 

106.8 

7.718 

-,'5.322 

9.375 

1.7 

109.2 

+y'122.2 

163.8 

4.068 

—y'4.552 

6.104 

1.8 

136.6 

+y 186.1 

230.8 

2.563 

—y'3.492 

4.332 

1.9 

172.7 

+y'253.4 

306.7 

1.837 

—y2.694 

3.261 

2.0 

221.2 

+y'325.0 

393.1 

1.435 

—>2.101 

2.544 

2.1 

287.7 

+y'400.9 

493.5 

1.182 

-y 1.646 

2.026 

2.2 

381.2 

+ ,'479.5 

612.6 

1.016 

-,'1.278 

1.632 

2.3 

514.5 

+y'554.2 

756.2 

0.8997 

—y'0.9691 

1.322 

2.4 

705.0 

+/606.5 

930.1 

.8150 

-y .7011 

1.075 

2.5 

965.3 

+y'594.0 

1133. 

.7514 

-y .4624 

0.8822 

2.6 

1268. 

+y'443.0 

1344. 

.7025 

-y .2449 

.7440 

2.7 

1499. 

+y 93.51 

1502. 

.6643 

-,' .0414 

.6656 

2.8 

1490. 

—j 358.7 

1533 

.6343 

+y .1527 

.6524 

2.9 

1248. 

—y696.0 

1429. 

.6111 

+y .3408 

.6997 

3.0 

943.6 

-j 835.5 

1260. 

.5941 

+y .5260 

.7934 

3.1 

689.7 

—y 841.4 

1088. 

.5827 

+/ .7108 

.9191 

3.2 

506.0 

—y'787.8 

936.3 

.5772 

+y' .8986 

1.068 

3.3 

378.4 

—>714.7 

808.7 

.5785 

+y 1.093 

1.236 

3.4 

289.7 

—y'640.3 

702.8 

.5870 

+>1.297 

1.424 

3.5 

227.1 

—y'569.4 

613.0 

.6042 

+>1.515 

1.631 

3.6 

182.0 

—y'504.4 

536.2 

.6331 

+>1.754 

1.865 

3.7 

149.0 

—y'444.2 

468.5 

.6787 

+y2.023 

2.134 

3.8 

124.6 

-y'388.3 

407.8 

.7493 

+>2.335 

2.452 

3.9 

106.7 

-j 336.0 

352.5 

.8592 

+ ,'2.704 

2.837 

4.0 

93.91 

-y'286.1 

301.1 

1.036 

+>3.155 

3.321 

4.1 

85.39 

—y'237.9 

252.8 

1.336 

+y3.723 

3.955 

4.2 

80.70 

—>191.0 

207.3 

1.877 

+y*4.443 

4.823 

4.3 

79.63 

-y 144.7 

165.2 

2.919 

+ ,'5.304 

6.054 

4.4 

82.23 

-y 98.56 

128.3 

4.993 

+y'5.982 

7.792 

4.5 

88.77 

-j 52.14 

103.0 

8.375 

+y'4.919 

9.713 

4.6 

99.77 

-y 5.109 

99.90 

9.997 

+ ,'0.5119 

10.01 

4.7 

116.0 

+y 42.88 

123.7 

7.584 

—y2.802 

8.085 

4.8 

138.8 

+y 91.94 

166.5 

5.006 

—>3.316 

6.005 

4.9 

169.9 

+ ,'141.9 

221.4 

3.466 

-(2.895 

4.516 

5.0 

211.8 

+y'192.2 

286.1 

2.589 

-,'2.348 

3.495 

5.1 

268.1 

+y241.1 

360.6 

2.062 

—>1.854 

2.773 

5.2 

342.9 

+ (284.5 

445.6 

1.727 

—j 1.433 

2.244 

5.3 

440.5 

+y'315.0 

541.5 

1.502 

-j 1.074 

1.846 

5.4 

562.7 

+y'319.5 

647.1 

1.344 

—y*0.7629 

1.545 

5.5 

703.2 

+y'278.7 

756.4 

1.229 

-j .4871 

1.322 

5.6 

838.4 

+ ,'174.0 

856.3 

1.143 

-y .2373 

1.168 

5.7 

927.2 

+ ,' 5.512 

927.2 

1.078 

-y .0064 

1.078 

5.8 

933.5 

-,'191.0 

952.8 

1.029 

+y .2107 

1.050 

5.9 

856.6 

-,'361.6 

929.8 

0.9908 

+ ,' .4183 

1.075 

6.0 

734.5 

—y'472.9 

873.6 

.9625 

+y .6197 

1.145 

6.1 

605.1 

—y'525.0 

801.1 

.9429 

+,' .8180 

1.248 

6.2 

490.3 

-,'534.5 

725.3 

.9317 

+,'1.016 

1.378 

6.3 

396.7 

—>519.1 

653.3 

.9293 

+>1.216 

1.530 

6.4 

323.1 

-y'490.5 

587.3 

.9367 

+/1.422 

1.703 

6.5 

266.3 

—y'455.9 

527.9 

.9554 

+>1.636 

1.894 

6.6 

222.1 

—>419.3 

474.5 

.9869 

+>1.862 

2.108 

6.7 

187.7 

-,'382.2 

425.8 

1.035 

+/2.108 

2.348 

6.8 

160.7 

-,'345.5 

381.0 

1.107 

+y 2.379 

2.624 

6.9 

139.6 

—/309.5 

339.5 

1.211 

+y2.685 

2.945 

7.0 

123.1 

-)273.7 

300.1 

1.367 

+y'3.039 

3.333 
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Table 30.9. King-Middleton second-order impedances; fl = 2 In 2 h/a — 15, hi a = 904.02. 


f> 0 h 

Z 

0 (ohms) 

|Z 0 | (ohms) 

Y 0 (10 - 3 mho) 

| Yo| ( 10 - 3 mho) 

0.5 

5.000 

-J 1256. 

1256. 

0.0032 

+70.7960 

0.7960 

.7 

10.28 

-j 809.3 

809.3 

.0157 

+j 1.236 

1.236 

.9 

18.13 

-j 533.2 

533.5 

.0637 

+j 1.873 

1.874 

1.1 

29.36 

—j 330.9 

332.2 

.2660 

+/2.998 

3.010 

1.2 

36.73 

-/ 244.4 

247.1 

.6014 

+7'4.001 

4.046 

1.3 

45.62 

-j 163.5 

169.7 

1.584 

+75.676 

5.892 

1.4 

56.38 

-j 86.00 

102.8 

5.331 

+78.132 

9.724 

1.5 

69.46 

—j 10.23 

70.21 

14.09 

+72.076 

14.24 

1.6 

85.53 

+j 65.50 

107.7 

7.369 

-75.644 

9.282 

1.7 

105.7 

+7 142.8 

177.7 

3.348 

-74.525 

5.629 

1.8 

131.5 

+j 223.4 

259.2 

1.956 

-73.324 

3.857 

1.9 

165.0 

+j 309.1 

350.3 

1.344 

-72.518 

2.854 

2.0 

209.4 

+j 401.7 

453.0 

1.021 

-71.957 

2.208 

2.1 

269.8 

+j 503.3 

571.0 

0.8273 

-71.543 

1.751 

2.2 

354.8 

+j 616.3 

711.4 

.7016 

-71.219 

1.406 

2.3 

476.3 

+j 740.3 

880.3 

.6146 

-70.9553 

1.136 

2.4 

656.3 

+j 871.2 

1091. 

.5518 

-7 .7337 

0.9180 

2.5 

929.4 

+7 988.5 

1353. 

.5047 

-7 .5397 

.7389 

2.6 

1330. 

+71045. 

1691. 

.4684 

-7 .3639 

.5932 

2.7 

1878. 

+j 860.4 

2066. 

.4401 

-7 .2017 

.4841 

2.8 

2361. 

+7 278.9 

2378. 

.4177 

-7 .0493 

.4206 

2.9 

2362. 

-j 570.8 

2430. 

.4000 

+7 .0967 

.4115 

3.0 

1870. 

—y 1159. 

2200 . 

.3864 

+7 .2393 

.4545 

3.1 

1312. 

-j'1328. 

1705. 

.3765 

+7 .3809 

.5356 

3.2 

898.8 

-71273. 

1558. 

.3702 

+7 .5242 

.6417 

3.3 

626.4 

-71146. 

1306. 

.3674 

+7 .6720 

.7659 

3.4 

449.8 

- 71008 . 

1104. 

.3689 

+7 .8271 

.9050 

3.5 

332.8 

-7 881.1 

941.9 

.3752 

+7 .9932 

1.062 

3.6 

253.2 

-7 767.3 

808.0 

.3878 

+71-175 

1.238 

3.7 

197.6 

-7 666.1 

694.8 

.4093 

+71.380 

1.439 

3.8 

158.1 

-7 574.7 

596.0 

.4450 

+ 71.616 

1.676 

3.9 

129.9 

-7 492.9 

509.8 

.4998 

+71.897 

1.962 

4.0 

110.0 

-7 417.0 

431.2 

.5913 

+72.242 

2.319 

4.1 

97.25 

-7 345.9 

359.3 

.7380 

+72.646 

2.747 

4.2 

89.70 

-7 278.2 

292.3 

1.036 

+73.267 

3.427 

4.3 

85.53 

-7 212.5 

229.1 

1.630 

+74.049 

4.365 

4.4 

85.48 

-7 148.5 

171.3 

2.881 

+75.056 

5.819 

4.5 

89.91 

—7 85.51 

124.1 

5.837 

+75.509 

8.026 

4.6 

99.14 

-7 22.67 

101.7 

9.537 

+ 72.218 

9.792 

4.7 

113.5 

+7 41.25 

120.7 

7.784 

-72.830 

8.282 

4.8 

133.9 

+7 107.2 

171.5 

4.551 

-73.644 

5.830 

4.9 

161.9 

+7 175.7 

238.9 

2.840 

-73.079 

4.189 

5.0 

199.8 

+7 247.1 

316.4 

1.979 

-72.447 

3.147 

5.1 

250.9 

+7 321.7 

408.0 

1.507 

-71.933 

2.451 

5.2 

320.2 

+7 399.2 

511.7 

1.223 

-71.524 

1.954 

5.3 

414.5 

+7 476.5 

631.6 

1.037 

-71.195 

1.583 

5.4 

543.5 

+7 547.5 

771.5 

0.9132 

-70.9199 

1.296 

5.5 

717.7 

+7 597.1 

933.6 

.8234 

-7 .6850 

1.071 

5.6 

944.4 

+j 596.8 

1117. 

.7566 

-7 .4782 

0.8951 

5.7 

1210 . 

+7 500.0 

1309. 

.7060 

-7 .2919 

.7640 

5.8 

1452. 

+/ 262.2 

1475. 

.6672 

—7 .1205 

.6780 

5.9 

1564. 

—7 99.34 

1567. 

.6368 

+7 .0404 

.6381 

6.0 

1481. 

-7 469.4 

1554. 

.6135 

+7 .1944 

.6436 

6.1 

1258. 

-7 726.5 

1453. 

.5961 

+7 .3443 

.6884 

6.2 

1001 . 

-/ 843.2 

1308. 

.5839 

+7 .4925 

.7639 

6.3 

775.0 

-7 862.1 

1159. 

.5767 

+7 .6415 

.8626 

6.4 

598.4 

-7 826.7 

1020 . 

.5746 

+7 .7937 

.9798 

6.5 

465.6 

—7 766.8 

897.1 

.5784 

+7 .9524 

1.114 

6.6 

367.4 

-7 698.8 

789.5 

.5893 

+/ 1.121 

1.266 

6.7 

293.8 

-7 629.8 

695.0 

.6083 

+71.304 

1.439 

6.8 

238.5 

-7 562.5 

611.0 

.6389 

+71.507 

1.637 

6.9 

196.6 

—7 497.9 

535.3 

.6860 

+71.738 

1.868 

7.0 

164.7 

-/ 436.0 

466.0 

.7584 

+72.007 

2.146 
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Table 30.10. King-Middleton second-order impedances; H = 2 In 2 hja = 20, hja = 11013. 


i %h 

Zo 

(ohms) 

|Z 0 | (ohms) 

y. 

( 10 - s mho) 

|Y 0 | ( 10 -* mho) 

0.5 

5.030 

—y1809. 

1809. 

0.0015 

+y0.5527 

0.5527 

.9 

18.93 

—y 885.4 

885.6 

.0241 

+yl.l29 

1.129 

1.3 

44.92 

—y 247.3 

251.3 

.7110 

+y3.914 

3.978 

1.4 

55.22 

—y 138.0 

148.6 

2.499 

+y'6.246 

6.728 

1.5 

67.65 

—j 31.59 

74.66 

12.14 

+y'5.667 

13.40 

1.6 

82.98 

+j 74.58 

111.6 

6.666 

—y'5.991 

8.963 

1.7 

101.9 

+j 182.9 

209.4 

2.325 

—y'4.172 

4.776 

1.8 

125.3 

+j 295.1 

320.6 

1.219 

—y 2.871 

2.022 

1.9 

155.5 

+j 414.3 

442.5 

0.7941 

—y 2.116 

2.260 

2.0 

195.3 

+y 544.3 

578.3 

.5840 

—j 1.628 

1.729 

2.1 

247.7 

+j 688.9 

732.1 

.4537 

-j 1.285 

1.363 

2.2 

320.0 

+j 853.0 

911.0 

.3855 

—y 1.028 

1.098 

2.3 

432.1 

+yl043. 

1129. 

.3338 

—y0.8231 

0.8857 

2.4 

576.0 

. +yl269. 

1394. 

.2966 

—j .6543 

.7174 

2.5 

815.1 

+;1538. 

1741. 

.2689 

-j .5075 

.5744 

2.6 

1210 . 

+ /1850. 

2211 . 

.2475 

—y .3786 

.4523 

2.7 

1895. 

+)2150. 

2866. 

.2307 

—y .2617 

.3488 

2.8 

3075. 

+y2165. 

3761. 

.2174 

-y .1531 

.2659 

2.9 

4567. 

+yll04. 

4699. 

.2068 

—J .0500 

.2128 

3.0 

4790. 

—y 1191. 

4888. 

.1984 

+y .0498 

.2046 

3.1 

3262. 

—72521. 

4123. 

.1919 

+y .1483 

.2425 

3.2 

1944. 

-j 2570. 

3223. 

.1872 

+j .2475 

.3103 

3.3 

1182. 

-j 2240. 

2533. 

.1842 

+j .3493 

.3949 

3.4 

759.3 

—y1890. 

2037. 

.1831 

+J -4557 

.4911 

3.5 

514.3 

—71591. 

1671. 

.1892 

+y .5693 

.5999 

3.6 

364.1 

-y 1343. 

1392. 

.1880 

+j .6935 

.7185 

3.7 

267.5 

—y1138. 

1170. 

.1956 

+j .8325 

.8552 

3.8 

203.1 

-y 964.9 

986.2 

.2089 

+y .9924 

1.014 

3.9 

159.4 

-y 814.9 

830.4 

.2311 

+>1182 

1.204 

4.0 

130.4 

-y 682.2 

694.5 

.2707 

H-y'l-414 

1.440 

4.1 

109.3 

-y 562.4 

573.1 

.3329 

+;1.713 

1.745 

4.2 

96.62 

-j 452.2 

462.4 

.4519 

+>2.115 

2.163 

4.3 

89.81 

-y 348.6 

360.1 

.6929 

+y2.690 

2.778 

4.4 

88.04 

-j 249.7 

264.8 

1.256 

+j 3.562 

3.778 

4.5 

90.90 

-y 153.5 

178.4 

2.846 

+/4.817 

5.596 

4.6 

98.33 

—j 58.47 

114.4 

7.512 

H-y‘4.467 

8.740 

4.7 

110.6 

+j 37.10 

116.6 

8.127 

-j 2.126 

8.572 

4.8 

128.5 

+j 134.8 

186.2 

3.706 

-y3.887 

5.371 

4.9 

153.1 

+j 236.2 

281.6 

1.932 

-y 2.981 

3.552 

5.0 

186.2 

+y 343.4 

390.7 

1.220 

—y'2.250 

2.560 

5.1 

230.8 

+j 458.5 

513.4 

0.8761 

-y 1.740 

1.948 

5.2 

291.1 

+y 583.8 

652.4 

.6841 

-y 1.372 

1.933 

5.3 

373.8 

+ / 721.8 

813.1 

.5657 

-y 1.092 

1.230 

5.4 

489.7 

+y 875.0 

1003. 

.4871 

—y’0.8703 

0.9973 

5.5 

656.1 

+y'1043. 

1233. 

.4320 

-y .6868 

.8114 

5.6 

901.4 

+ 71220 . 

1517. 

.3917 

-y .5302 

.6592 

5.7 

1270. 

+yl 379. 

1875. 

.3613 

-y .3925 

.5334 

5.8 

1815. 

-t-y 1442. 

2318. 

.3378 

—j .2683 

.4314 

5.9 

2542. 

+y 1222 . 

2821. 

.3196 

-y .1536 

.3545 

6.0 

3215. 

+j 447.8 

3247. 

.3053 

—J .0455 

.3086 

6.1 

3273. 

—j 651.4 

3337. 

.2940 

+ / .0585 

.2998 

6.2 

2663. 

—y’1497. 

3055. 

.2854 

+y .1604 

.3274 

6.3 

1904. 

— 7 1786. 

2612. 

.2793 

+y .2620 

.3829 

6.4 

1314. 

—y1744. 

2199. 

.2755 

+y .3658 

.4581 

6.5 

916.4 

— 71 582. 

1828. 

.2743 

+j .4734 

.5471 

6.6 

656.2 

—/1395. 

1542. 

.2760 

+ /' .5869 

.6485 

6.7 

482.1 

— 7121 7. 

1310. 

.2811 

+j .7100 

.7636 

6.8 

363.2 

—y'1056. 

1117. 

.2910 

+y .8465 

.8951 

6.9 

280.2 

—y 912.7 

954.9 

.3074 

+>1.001 

1.048 

7.0 

221.3 

-y 786.3 

816.4 

.3316 

+>1.178 

1.224 
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Table 30.11. Additional values of Z 0 (ohms) near antiresonance. 


boh 

n = 7 

n = 8 

a 

= 9 

a 

= 10 

2.00 

264.0 +j 69.90 






2.05 

291.4 +j 52.98 






2.10 

315.9 +j 27.76 

334.1 +/131.5 





2.15 

334.9 -j 5.498 

373.5 +yll4.3 





2.20 

334.6 -j 44.82 

411.6 +j 86.47 

425.4 

+/207.1 



2.25 

343.4 -j 86.82 

445.1 +j 47.07 

480.3 

+yl88.1 



2.30 

330.5 —y 127.0 

469.4 -j 2.858 

534.9 

+y 154.7 

547.5 

+y'296.8 

2.35 

308.0 —y'161.3 

479.9 -j 59.87 

584.9 

+yl05.3 

621.9 

+/271.9 

2.40 

279.0 —y'187.6 

474.3 —y 118.5 

624.1 

+j 40.64 

697.1 

+y227.3 

2.45 

247.1 —y'205.0 

453.8 —y'173.1 

646.1 

-j 36.01 

766.7 

+y’160.4 

2.50 

215.2 —y‘214.4 

421.2 —y'218.4 

646.6 

-j 117.4 

820.4 

+y 71.37 

2.55 


381.5 —y'252.2 

625.3 

—y'195.3 

850.3 

-j 33.55 

2.60 


338.9 —y'274.3 

586.5 

—y'261.8 

849.9 

—y'145.6 

2.65 



535.6 

—y'313.7 

819.6 

—y'250.9 

2.70 



480.0 

—y'349.1 

765.5 

—y'339.9 

2.75 





696.6 

—y'407.3 

2.80 





622.2 

—y452.6 

Poh 

n = ii 

n = 12.5 

a. 

= 15 

n 

= 20 

2.40 

715.9 +y398.1 






2.45 

816.9 +y359.1 






2.50 

917.1 +y'292.0 

965.3 4y594.0 





2.55 

1007. +yl92.4 

1116. 4y540.9 





2.60 

1070. +j 64.78 

1268. +/443.0 

1330. 

+yl045 



2.65 

1098. -j 82.37 

1405. +y291.9 

1593. 

+j 987.8 



2.70 

1080. —y’230.7 

1499. +j 93.51 

1878. 

+j 860.4 

1895. 

+y'2150. 

2.75 

1025. —y'364.6 

1531. —y 133.6 

2153. 

+j 626.0 

2413. 

+y'2228. 

2.80 

939.9 —/471.5 

1490. —y'358.7 

2361. 

+y 278.9 

3075. 

+y'2165. 

2.85 

842.1 —y'546.0 

1388. —y'552.1 

2438. 

-j 166.7 

3847. 

+y 1834. 

2.90 

740.9 —y'592.2 

1248. —y'696.0 

2362. 

-j 570.9 

4567. 

+yll04. 

2.95 


1094. —y'787.9 

2149. 

-y 924.4 

4943. 

~j 5.4 

3.00 


943.6 —y'835.5 

1870. 

—y 1159. 

4790. 

—yi i9i. 

3.05 



1579. 

—y 1285. 

4076. 

-y'2071. 

3.10 



1313. 

—y1328. 

3262. 

—>2521. 

3.15 





2527. 

—y'2639. 

3.20 





1944. 

-y'2570. 


By definition, 

so that with (19), 



If this is accepted as the definition of Q r 
multiplication by A/c 0 gives (16) directly. 
The slope of the reactance curve at resonance 
and the values of (/VOrea and R les are readily 
obtained from Figs. 5c and lb. Approximate 
values of Q r for antennas with eight values of 
hja are given in Table 30.14. 

The usual method of supplying power to an 
antenna is with a transmission line. The 
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Table 30.12. Tables of impedance of cylindrical antenna with constant radius-to-wavelength ratio; 
h = half-length of antenna; a = radius of antenna. 



0 

, = 0.001191 



a/J 

l 0 = 0.001588 


Pah 

Za 

(ohms) | , 

Z 0 | (ohms) 

Pah 

Za 

(ohms) | 

Z 0 1 (ohms) 

1.1 

29.73 

-/ 219.5 

221.5 

1.1 

29.86 

-y'201.7 

203.9 

1.2 

37.38 

—j 165.7 

169.8 

1.2 

37.52 

—/ 149.8 

154.4 

1.3 

46.58 

-/ 108.2 

117.8 

1.3 

46.82 

—j 98.8 

109.3 

1.4 

57.77 

-j 53.1 

78.47 

1.4 

58.13 

—j 47.2 

74.88 

1.5 

71.42 

4/ 2.50 

71.46 

1.5 

71.94 

4/ 4.8 

72.10 

1.6 

88.35 

4/ 54.7 

103.9 

1.6 

89.10 

4/ 58.5 

106.6 

1.7 

109.6 

4/ 120.2 

162.6 

1.7 

110.6 

4/115.0 

159.6 

1.8 

136.9 

4/ 183.8 

229.2 

1.8 

138.3 

4/174.9 

223.0 

1.9 

172.8 

4/ 252.4 

305.9 

1.9 

174.8 

4/239.0 

296.1 

2.0 

218.0 

+j 326.9 

392.9 

2.0 

222.0 

+y309.0 

380.5 

2.1 

281 

4/ 406 

494 

2.1 

289 

4/382 

479 

2.2 

380 

4/ 495 

624 

2.2 

389 

4/461 

603 

2.3 

509 

4/ 581 

772 

2.3 

518 

4/533 

743 

2.4 

698 

+j 658 

959 

2.4 

709 

4/586 

920 

2.5 

961 

4/ 689 

1182 

2.5 

960 

4/584 

1124 

2.6 

1298 

4/ 606 

1432 

2.6 

1263 

4/445 

1339 

2.7 

1639 

4/ 295 

1665 

2.7 

1518 

4/123 

1523 

2.8 

1760 

-/ 234 

1775 

2.8 

1549 

—/336 

1585 

2.9 

1580 

-/ 687 

1723 

2.9 

1338 

—/698 

1509 

3.0 

1234 

-j 959 

1563 

3.0 

1045 

—/881 

1367 

3.1 

905 

—y 1018 

1362 

3.1 

780 

—/910 

1198 

3.2 

654 

—/ 976 

1175 

3.2 

570 

—/868 

1038 

3.3 

480 

-/ 890 

1011 

3.3 

425 

—/795 

901 

3.4 

350 

-/ 793 

867 

3.4 

319 

/713 

781 

3.5 

277 

-/ 714 

766 

3.5 

253 

—/643 

691 

3.6 

218 

-/ 634 

670 

3.6 

202 

—/573 

608 

3.7 

176 

-/ 558 

585 

3.7 

164 

-/508 

534 

3.8 

143 

-/ 488 

508 

3.8 

135 

—/445 

465 

3.9 

122 

—/ 422 

439 

3.9 

116 

—/385 

402 

4.0 

104 

-/ 363 

378 

4.0* 

100 

-/333 

348 


For 3 0 = 1 

m. 2a - 3/32 in. 



For = 

1 m, 2o = 1/8 in. 




“IK 

= 0.002381 



— 

0.003175 


Pah 

Za 

(ohms) 

| Z„ | (ohms) 

Pah 

Z 0 

(ohms) 

| Z„ | (ohms) 

1.1 

30.07 

—/ 176.9 

179.4 

1.1 

30.20 

—/159.2 

162.0 

1.2 

37.79 

-/ 130.8 

136.2 

1.2 

38.01 

—/117.4 

123.4 

1.3 

47.26 

-j 85.1 

97.34 

1.3 

47.60 

-/ 75.5 

89.25 

1.4 

58.72 

-/ 38.8 

70.38 

1.4 

59.23 

-/ 33.3 

67.95 

1.5 

72.80 

4/ 7.9 

73.22 

1.5 

73.59 

+/ 10.2 

74.29 

1.6 

90.35 

4/ 56.5 

106.5 

1.6 

91.42 

+/ 55.1 

106.7 

1.7 

112.4 

4/ 107.8 

155.7 

1.7 

113.9 

+/102.5 

153.2 

1.8 

141.2 

4/ 161.7 

214.7 

1.8 

143.5 

+ /151.4 

208.6 

1.9 

178.9 

4/ 219.9 

283.5 

1.9 

182.3 

+/204.9 

274.3 

2.0 

229.8 

4/ 281.0 

363.0 

2.0 

234.3 

4/259.0 

350.1 

2.1 

300 

4/ 344 

456 

2.1 

305 

4/315 

438 

2.2 

398 

4/ 408 

570 

2.2 

403 

4/367 

545 

2.3 

529 

4/ 457 

699 

2.3 

537 

4/400 

648 

2.4 

718 

4/ 476 

862 

2.4 

717 

4/392 

817 

2.5 

944 

4/ 418 

1032 

2.5 

921 

4/300 

969 

2.6 

1179 

4/ 231 

1201 

2.6 

1091 

4/ 90.0 

1095 

2.7 

1310 

-/ 86.0 

1313 

2.7 

1140 

— / 196 

1157 

2.8 

1245 

-j 426 

1316 

2.8 

1020 

—;464 

1121 

2.9 

1037 

-/ 664 

1231 

2.9 

845 

—>621 

1049 

3.0 

805 

— / 764 

1110 

3.0 

656 

— /678 

943 

3.1 

602 

-/ 764 

973 

3.1 

500 

—/670 

836 

3.2 

454 

—/ 726 

856 

3.2 

389 

— /634 

744 

3.3 

348 

-/ 668 

753 

3.3 

298 

—/584 

656 

3.4 

271 

—/ 607 

665 

3.4 

240 

— / 533 

584 

3.5 

218 

— / 549 

591 

3.5 

193 

—/483 

520 

3.6 

178 

— / 491 

518 

3.6 

160 

—/435 

463 

3.7 

147 

-/ 438 

462 

3.7 

134 

— / 390 

412 

3.8 

124 

-/ 384 

404 

3.8 

114 

-j 344 

362 

3.9 

108 

—/ 335 

352 

3.9 

102 

-/ 302 

319 

4.0 

93.8 

-/ 289 

304 

4.0 

89.7 

—/260 

275 


For = 

1 m, 2o = 

3/16 in. 


For 3 0 = 1 

m, 2n = 1/4 in. 
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Table 30.12 (cont.) 



afX , 

„ = 0.003969 



a/A 0 = 0.004763 

0o* 

Z 0 (ohms) 

|Zc 

1 1 (ohms) 


Z 0 (ohms) 

|Z. 

| (ohms) 

1.1 

30.35 

—j 145.6 


148.7 

1.1 

30.48 

—/134.5 


138 

1.2 

38.20 

—j 106.8 


113.4 

1.2 

38.41 

-j 98.2 


105 

1.3 

47.92 

-j 67.7 


82.9 

1.3 

48.23 

-j 61.8 


78.4 

1.4 

59.72 

-j 28.6 


66.2 

1.4 

60.15 

—j 24.9 


65.1 

1.5 

74.26 

+7 11.9 


75.2 

1.5 

74.94 

+j 13.3 


76.1 

1.6 

92.37 

+7 53.7 


106.9 

1.6 

93.28 

+7 52.7 


107 

1.7 

115.3 

+7 97.9 


151.3 

1.7 

116.7 

+j 94.2 


150 

1.8 

145.4 

+7 144.3 


204.8 

1.8 

147.0 

+7138.3 


202 

1.9 

185.2 

+7 193.0 


267.5 

1.9 

187.7 

+7183.2 


262 

2.0 

238.8 

+7 243.2 


340.9 

2.0 

242.4 

+7'228.8 


333 

2.1 

310 

+7 291 


425 

2.1 

314 

+7'271 


416 

2.2 

409 

+7 332 


527 

2.2 

415 

+ /303 


514 

2.3 

542 

+ 7 351 


646 

2.3 

545 

+ /307 


626 

2.4 

710 

+7 322 


780 

2.4 

700 

+7255 


745 

2.5 

888 

+7 203 


911 

2.5 

850 

+7126 


859 

2.6 

1005 

-7 10.1 


1005 

2.6 

929 

-j 84.0 


933 

2.7 

1001 

- j 260 


1034 

2.7 

884 

-j 303 


934 

2.8 

885 

-7 473 


1003 

2.8 

763 

-/469 


896 

2.9 

713 

-7 582 


920 

2.9 

613 

-7544 


820 

3.0 

555 

-7 615 


828 

3.0 

478 

-7'563 


738 

3.1 

426 

-7 598 


734 

3.1 

370 

-j 546 


660 

3.2 

333 

-7 566 


657 

3.2 

292 

—/514 


591 

3.3 

260 

-7 523 


584 

3.3 

233 

—7'476 


530 

3.4 

214 

-7 478 


524 

3.4 

191 

-/434 


474 

3.5 

174 

-7 433 


466 

3.5 

159 

— 7396 


427 

3.6 

146 

-/ 392 


418 

3.6 

133 

—7'359 


383 

3.7 

124 

-7 353 


374 

3.7 

115 

-7323 


343 

3.8 

108 

-7 313 


332 

3.8 

102 

—/288 


305 

3.9 

96.2 

-7 275 


291 

3.9 

90.7 

—/253 


269 

4.0 

85.6 

-7 236 


251 

4.0 

82.7 

-7’218 


233 


For A 0 = 

1 m, 2a = 5/16 in. 



For A 0 = 

1 m, 2 a ~ 

3/8 in. 



a/A o 

= 0.006350 



a/Ao = 0.009525 

00* 

Z 0 (ohms) 

|Z< 

1 1 (ohms) 

0o * 

Z„ 

(ohms) 

|Zo 

| (ohms) 

1.1 

30.70 

-7 116.6 


121 

1.1 

31.19 

-7 91.4 


96.6 

1.2 

38 87 

—/ 84.7 


93.2 

1.2 

39.48 

-7 65.7 


76.6 

1.3 

48.77 

-j 52.2 


71.4 

1.3 

49.75 

—7 38.7 


63.0 

1.4 

60.99 

-7 19.1 


63.9 

1.4 

62.37 

-7 11-2 


63.4 

1.5 

76.06 

+7 15.3 


77.6 

1.5 

78.02 

+7 17.6 


80.0 

1.6 

94.83 

+7 50.8 


108 

1.6 

97.58 

+7 47.7 


109 

1.7 

118.9 

+7 88.1 


148 

1.7 

122.6 

78.8 


146 

1.8 

150.3 

+ / 126.2 


196 

1.8 

155.8 

+7110.0 


191 

1.9 

192.3 

+7 165.7 


254 

1.9 

199.5 

+7139.3 


243 

2.0 

250.0 

+7 203.9 


323 

2.0 

260.0 

+7163.0 


307 

2.1 

320 

+7 234 


396 

2.1 

330 

+7174 


373 

2.2 

420 

+7 251 


489 

2.2 

421 

+7I6O 


450 

2.3 

542 

+7 228 


588 

2.3 

522 

+7IO4 


532 

2.4 

674 

+7 150 


690 

2.4 

596 

+7 2.50 


596 

2.5 

764 

+7 5.00 


764 

2.5 

612 

—j 140 


628 

2.6 

786 

-7 184 


807 

2.6 

563 

—/264 


622 

2.7 

703 

-7 349 


785 

2.7 

480 

-7349 


594 

2.8 

598 

-7 446 


746 

2.8 

392 

—7'388 


552 

2.9 

472 

-7 484 


676 

2.9 

310 

-/393 


500 

3.0 

370 

-7 483 


608 

3.0 

250 

-,/377 


452 

3.1 

290 

-7 466 


549 

3.1 

192 

-/363 


411 

3.2 

233 

-7 437 


495 

3.2 

162 

-7 339 


376 

3.3 

190 

-7 404 


446 

3.3 

136 

-7310 


338 

3.4 

156 

-7 368 


400 

3.4 

115 

-7285 


307 

3.5 

134 

-7 338 


364 

3.5 

102 

—/264 


283 

3.6 

115 

-7 308 


329 

3.6 

90.0 

-7240 


256 

3.7 

102 

-7 279 


297 

3.7 

82.5 

-7218 


233 

3.8 

91.3 

-7 248 


264 

3.8 

75.5 

-7196 


210 

3.9 

82.8 

-7 219 


234 

3.9 

71.0 

-7174 


188 

4.0 

77.2 

-7 189 


204 

4.0 

68.7 

-7151 


166 


For A 0 = 

1 m, 2a = 

1/2 in. 



For A,, = 

1 m, 2a = 

3/4 in. 
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Fig. 30.13. Curves of the terminal functions p and $ for the second-order impedance of the cylindrical 
antenna terminating a low-loss line, O = 10. The standing-wave ratio on the line is 5 = coth p. 
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Fig. 30.14. Curves of the terminal functions p and <I> for the second-order impedance of the cylindrical 
antenna terminating a low-loss line, fl = 20. The standing-wave ratio on the line is S = coth p. 



Fig. 30.15. Second-order resistance according to 
formulas of Hallen and of King and Middleton. 









182 THEORY OF LINEAR ANTENNAS [11.30] 

Table 30.13. Effect of ohmic-resistance on first-order Hallen theory.* 


fl/Ao 

(/5o^)res 

(^o)res 

(^o^)ant'ires 

(■^o)antires 


io- 5 

1.540 

65.4 

3.054 

9040 

perfect conductor 


1.539 

66.8 

3.051 

8930 

copper, A 0 = 100 m, a = 1 mm 

10“ 3 

1.519 

60.3 

2.997 

3120 

perfect conductor 


1.518 

60.3 

2.996 

3120 

copper, A 0 = 5 m, a — 5 mm 


*Note that the first-order results of the Hallen theory differ considerably from the second-order 
King-Middleton values. However, the relative effect of ohmic resistance is quite comparable. 


Table 30.14. Q of antenna. 


£2 

h\a 

Qr 

7 

16.6 

2.5 

8 

22.3 

3.2 

9 

45.0 

4.0 

10 

75.2 

4.7 

11 

122.4 

5.1 

12.5 

259.0 

6.4 

15 

904 

8.0 

20 

11,013 

11.3 


Table 30.15. Conductance and resistance at 
pjt = W 2.* 


a 

fy [Gola 

w (10 3 mho) 

[Co], [jRJ, [*„], 

(10 -3 mho) (ohms)(ohms) 

7 

4.74 

8.35 

9.16 

107.9 

95.7 

8 

5.70 

8.73 

9.24 

97.3 

91.6 

9 

6.68 

8.97 

9.32 

93.8 

88.7 

10 

7.66 

9.15 

9.38 

89.9 

86.5 

12.5 

10.15 

9.41 

9.50 

84.3 

83.0 

15 

12.65 

9.56 

9.61 

81.5 

80.8 

20 

17.64 

9.76 

9.74 

78.1 

78.5 


* The second-order values are those computed from 
(4); the third-order values are computed from (27). 


properties of a load impedance Z as ter¬ 
mination for a line are expressed conveniently 
by the terminal functions p and of the 
impedance normalized to the characteristic 
impedance Z c of the line. In general, Z c is 


complex with a relatively very small imaginary 
part if the line consists of good conductors 
separated by good dielectrics. If Z c = R c ( 1 — 
j<j> c ), the distortion factor <j> c is equal to the 
ratio a//3 of the attenuation constant to the 
phase constant if the leakage conductance 
per unit length of the line is negligible. For 
a good line, <j> c == a If! is of the order of magni¬ 
tude 10“ 3 or less. Except for very low im¬ 
pedances, <f> c may be neglected by setting 
Z c = R c . The normalized impedance of the 
load Z is by definition 

*! = »!+ jx 1 = Z/Z c = ZIR C . (23) 

The complex terminal function is defined as 
follows*•**: 

8 = p +y'<I> = cotlr 1 z v (24) 

The function p is a measure of the over-all 
attentuation of the load, $ is a measure of 
the over-all phase shift. These functions are 
related to the coefficient of reflection as 
follows: 


T = |T| ei v 

Z - z c 
“ Z + Z c ’ 

(25a) 

|r| = 

V = — 2<E>. 

(256) 


The standing-wave ratio on a lossless line is 
given by 

S = coth p. (26) 

This is a good approximation for a low-loss 
line if aw < p where w is the distance from 
the load to the point where the maximum or 
minimum of the standing wave is measured. 

Curves of p and 3> for the second-order 
impedance of the cylindrical antenna ter¬ 
minating a low-loss line are shown in Figs. 
30.13 and 30.14 for £2=10 and 20 and a 
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range of values of R c . It is assumed that <f> c 
is negligible. The function p is infinite at 
resonance (or antiresonance) if R c is equal 
to the resonant (or antiresonant) resistance. 
The function <t> is discontinuous at resonance 
(or antiresonance) by w/2 if R c is equal to 
the resonant (or antiresonant) resistance. 
The lowest standing-wave ratio is obtained 
when p is greatest; it is essentially unity if p is 
equal to two or more, exactly unity when p 
is infinite. 

A comparison of the second-order resist¬ 
ances (« 0 ) 2 as derived from (4), using the 
King-Middleton expansion parameter *F = 
and the Z)-factors as defined in (5a, b, c) and 
using the original Hallen expansion parameter 
*F = n with all Z)-factors equal to one, is 
shown in Fig. 30.15. It is seen that Hallen’s 
formula leads to higher resistances near 
antiresonance, lower resistances near reson¬ 
ance, and longer resonant and antiresonant 
lengths than the King-Middleton formula. 
The reactances behave in an analogous 
manner. In general, the second -order formula 
of Hallen leads to results comparable to 
those obtained with the first -order King- 
Middleton formula. This suggests that the 
closer approximation of the current and the 
resulting more complicated expansion para¬ 
meter in the King-Middleton formulation 
in itself represents an improvement in accuracy 
corresponding roughly to one order of 
approximation since it is verified in Sec. 34 
that the King-Middleton second-order values 
are consistently in very good agreement with 
experimental results. An additional com¬ 
parison of the two expansions is given in 
Figs. VIII-11.1 and VIII-11.2, where 
maximum resistances and conductances are 
shown together with experimental results. 

From separate integral equations for the 
components of current in phase and in phase 
quadrature with the driving voltage, it is 
shown in Sec. 25 that the leading term in the 
denominator of the formula for the in-phase 
component I" is of second order when PJi 
is at or very near mj2, n odd, since zeroth- and 
first-order terms vanish. It may be anticipated, 
therefore, that quantities which depend 
primarily or entirely on the in-phase current 
may be determined less accurately by a 
second-order formula for these values of fiji 
than for others. Evidently, this is true particu¬ 
larly of the conductance G 0 which has a 
sharp maximum near flji = ml 2, n odd. 

It is possible to investigate the conductance 
at 3oh = nir/2, n odd, using terms up to and 


including those of the third order in the small 
denominator by setting z = 0 in (25.14). The 
resulting expression is 

'[Fij + W~\Fs x Gc x - GsjFcj)] ' 
+ W- l [F Cl (Q)F Sl - Fs 1 (0)Fc 1 ] 
[Fc\+ Fs\] + 2W~\Fc 1 (Fc i ( 
— Fss 2 )+ Fs 1 (Fs 2 + Fes 2 )3 J 
(27) 

where, for /? 0 6 = tt/ 2, using the notation 
of Secs. 27 and 19, 

Gs l = Fc 1 = a\ — —\Si 2n = —0.709, 

(28a) 

F Sl = a} 1 = \Cin 2n = 1.219, (286) 

Gc x = -a” + 2 In 2 = 0.1675, (28c) 

Fcj(0) = W - R.P. CJh, 0) 

= -R.P. C a (h, h) = = -0.709, 

(28 d) 

Fsj(0) = -I.P. C a (h, 0) = 1.852, (28c) 

(Fc 2 — Fss 2 ) = a l + (W — Q)aJ 

= -3.19 + 0.709(0 - IV), (29a) 

(Fsj> + Fes 2 ) = a” + (tV — OK 

= 2.65 - 1.219(0 - W), (29b) 

fV = IV(0) = R.P.[C 0 (6,0) - C a (h, h)]. (30) 

Numerical values of the expansion parameter 
W for a series of values of O = 2 In (26/a) 
are given in Table 30.15. Third-order* values 
of G 0 computed from (27) also are shown in 
this table together with the second-order 
values calculated from the data in Table 30.1. 
Since the second-order reactance is known to 
be quite accurate at /? 0 6 = tt/ 2, the values of 
resistance corresponding to the newly deter¬ 
mined third-order values of G 0 also may be 
evaluated. These are given in Table 30.15 
with the previously determined second-order 
values. It is seen that the new and more 
accurate formula (27) gives values of the 
conductance at P 0 h = tt/ 2 that are somewhat 


* The numerator in (27) actually includes only 
zeroth- and first-order terms. However, since the 
contribution of the first-order terms is only 0.8 percent 
for O = 7 and 0.2 percent for Cl = 20, it is evident 
that contributions from second- and third-order 
terms must be negligible, so that the results are in 
effect of third-order. 
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lower, and of the resistance that are somewhat 
higher than those obtained from (4), the 
difference being greater for thicker antennas 
and relatively unimportant for t2 > 10; 
at Cl = 10 the difference is about 4 percent. 
It is evident from this analysis that the 
theoretical conductances computed from the 
second-order formula (4) are somewhat too 
high in the range of resonance and it is likely 
that the new values computed from (27) also 
are above rather than below the true value. 


31. Impedance and Current for the Electrically 
Short Antenna 


An electrically short antenna may be 
defined by the inequality 


PJi = ^ 0.5. 

*0 


(i) 


For such an antenna the expansion parameter 
Y Al has been shown in (20.35) to have the 
simple form, T Al — Cl — 2. For the first-order 
impedance, (Z>i)i — 2 — Clj'l' — (Cl — 4)l(Cl — 2). 
Subject to (1) the following approximate 
formulas are derived readily from the general 
expressions in Sec. 18; only leading terms 
are retained: 


“i = -(/VO 2 . «" = 2 (P 0 h) 3 , 

Pi — 2.p 0 h(\ + In 2), ft 1 = (/Vf) 4 /3. 

( 2 ) 

On expanding sin p 0 h and cos p 0 h the first- 
order formula for the impedance of the short 
antenna becomes 


-ji o(A ~ 2) 

2iTfS 0 h 

x L_i n - 2 > 

[(Cl - 


-./2(/y>) 3 /3 


2 + 2 In 2) + j(P 0 hfl 3 


(3) 


so that 



For n = 10, R 0 = 19.6/Jg/i 2 ohm; 


(4a) 


(4 b) 


X 0 = —60 x 6.82 IPJi = —409.2Ip Q h ohm. 


Before accepting (3) and (4) as satisfactory 
first-order formulas, it is well to verify 
whether the implied requirement that Y Al 
shall be the essentially constant value assumed 
by | Y a 1 (z) | is satisfied. This has not been 
verified for values of p 0 h less than w/2. In 
Fig. 31.1 the function Y A1 (£) = v>i(0/0 - 0 
with C 35 z/h is shown for Cl = 10. It is seen 
that the value Y A1 (0) = 0 — 2 actually occurs 
at a sharp cusp and not in the middle of an 
essentially constant range as when p 0 h = tt/2. 
This behavior might have been anticipated, 
since the vector potential theoretically must 
have a discontinuous slope at z = 0 with a 
triangular zeroth-order current. Evidently, 
the parameter Y Al is far from an ideal 
expansion parameter for antennas electrically 
much shorter than p 0 h = w/2. 

As implied with reference to L x (z, z') in 
(14.17), a function of the form 

'!•((, i) - y a1 (o - y a1 (d = y/ffl ~ ^ l(1) , 

(5) 


which is proportional to the vector potential 
difference between the point z on the antenna 
and its end at z = h or £ = 1, is more nearly 
constant. This function is also shown in 
Fig. 31.1. Although not actually constant 
over the length of the antenna, its value at 
( = 0 is a reasonable approximation of its 
value along most of the antenna. If this value 
m 1) = Y a1 (0) - Y a 1 (1) = n - 2 - 2 In 2 
= 12 — 3.39 is used in place of T A1 (0) = 
Cl — 2 in the formula for impedance, the 
following first-order values are obtained: 


Zo 


-y{ 0 (a - 2- 2 In 2) 



27T/9q/j 

, (/v>) 3 1 

J 3 (a - 2 - 2 In 2)J ‘ 


(6a) 


Significantly, there is no first-order correction 
on the zeroth-order reactance in this formula, 
indicating that it is a very good approximation, 
and that second-order terms are not required. 
This is verified later in this section. Reactances 
computed from (6a) are plotted in Fig. 31.4; 
they are excellent approximations of the 
correct value for p 0 h tS: 0.2 and quite good 
approximations for p 0 h S 0.5. This is dis¬ 
cussed later. The new resistance and reactance 
are, for Cl — 10, 


R 0 = ^ (P 0 hf 


20 Pgh 2 ohm, 


m 


2f 0 = 


-C 0 (I2 - 3.39) 
2nP 0 h 


396.8 

u 


ohm. (6c) 
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Fig. 31.2. Distributions of current and charge on Fig. 31.3. Potentials and potential differences with 
short antenna. adjusted current. 
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Although the reactance in (6c) is essentially 
the correct value, (as is shown later in this 
section), the resistance is seen to be that of 
an infinitely thin antenna with a triangular 
current. Since the resistance is very small 
compared with the reactance and the zeroth- 
order formula contains no resistive term, it is 
not to be expected that a first-order solution 
will provide as accurate a value of the re¬ 
sistance as of the reactance. Actually, R 0 in 
both (4) and (6) are approximately 10 percent 
in error for Q = 10. The real reason for this 
is that the zeroth-order current includes no 
component in phase with the driving voltage. 
Although this component is small, it is signi¬ 
ficant in the determination of the no less 
small value of R 0 . Fortunately, it is possible 
to obtain a very useful solution of the entire 
problem of the electrically short antenna 
without using the method of successive 
approximations quite simply by taking full 
advantage of the relative smallness of R 0 
compared with X 0 . 

The integral equation (14.3) with (5 = 0 
and z * — 0 may be expressed as follows: 

4 rrv 0 A z (z) = f mm, n dc 

Jo 


= - ^ [C cos PJit, +iV 0 sin PohQ, 

to 

where £ = zjh and ^ 

e -jP a hr l 

m, o = -— l . + e ——, ( 8 fl ) 


r, = V({' - £) 2 + (a/6) 2 , 


r 2 = ^(C + £) 2 + (alh) 2 . (86) 

The complex equation (7) may be separated 
into two real equations by setting 

1(C) = nC) + jl'U) 

= V 0 [G 0 f r (O + jB 0 f t (C)\, (9) 
where G 0 and B n are the input conductance 
and susceptance, f r (C) is the real distribution 
function for the component /"(£') in phase 
with the voltage V 0 , and f t (C) is the real 
distribution function for the quadrature 
current. 

The integral in (7) may be separated into 
four terms with the aid of (9). They may be 
expressed as follows: 

47rt> 0 A z (z) = V 0 G 0 [vv(£) 4- jy>'r(0 1 
where + V 0 B 0 [v t (Q + >,'(£)], 00) 

Jo L r i r 2 J 

(11a) 
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»■«> - -/> [ S ^+ a, 

(116) 

and subscripts r or t are affixed to y> and f. 

The substitution of (10) in (7) gives, after 
division by V 0 , 

[G 0 vv(£) - B^m 4- j[G 0 V>r(0 + B 0 y>‘(0] 

= — [O' cos P a hi + sin PJi £], (12) 

Co 

where C' = 2 C/ V 0 . This equation is valid 
with £ ranging between 0 and 1. The constant 
C' may be expressed in terms of the functions 
V>(0) by setting £ = 0 in (12), and in this man¬ 
ner it may also be separated into its real and 
imaginary parts. Let the value of C' so ob¬ 
tained be substituted in (12), and then let 
the same equation with £ = 1 be subtracted 
from (12). With the notation 

mo - v>(o - v(D, 03) 

the real and imaginary parts of the resulting 
equation are as follows: 

G 0 WXO ~ B 0 W[(0 

= [G 0 vv(0) - F ( ,y>,'(0)] F 02 , (14a) 

G 0 fv;(0 + B 0 fv;'(0 

= [GoV-;(0) + B 0 y,';m F 02 - 2 ~ G 02 , (146) 
where 

F 0z = cos i? 0 6£ — cos [l 0 h, (15a) 

G 0z = sin // 0 6£ — sin [l 0 h. (156) 

These equations have not yet been restricted 
to the electrically short antenna. They corre¬ 
spond to (25.4a, 6) with C and C" expressed 
by y> functions at z = 0.* 


* When applied to antennas for which /9 0 /» ^ ”12, 
equations (14a, b ) are appropriate. For longer 
antennas, for which p 0 h 5: w/2, an alternative set of 
equations is preferred. These are obtained by setting 
{ = 1 — * 0 / 4/1 (instead of £ — 0) in (12) to obtain 
the functions y(l — *o/4A) instead of v(0). The 
resulting equations corresponding to (14a, b) are 

[G„1V"(0 - B 0S in p a h 

° 4c) 

[G 0 iv ;(0 + B 0 W\(0) sin P„h 

— v- \Gdz sin ft>6 + F 0Z cos P 0 h], (14 d) 
Co 

Note that in equation (144) C 02 sin p 0 A + F 0 , cos P 0 h 
= -[1 - cos P„h( 1 - £)]. Evidently these equations 
coincide with (14a, b) when P 0 h = n/2. They have a 
meaning only when p 0 h a ”12. 
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In applying (14a, 6) to the electrically 
short antenna, advantage may be taken not 
only of (1) but of (4) and (6), which show that 


This may be solved as follows, care being taken 
to retain all terms of order (S\h z or less; note 
that fV/ 2 is of order bob 2 : 


5 0 --l~/? 0 6, G 0 = |f~^. (16) 

^0 ^ 0 

With (1) and (16) it is evident that if the 
principal term and the first correction term of 
order /?j}6 3 are to be retained in solving (146) 
for B 0 , all terms with G 0 as a factor are 
negligible in (146). The value of G 0 may then be 
determined from (14a) using B 0 as obtained 
from (146). This involves expanding the 
trigonometric factors in (11a, 6) as follows: 

v>"(£) = vKO + via) + via) + (na) 


y 1 _ c, wyx> , gg(0 

0 B 0 2 nboh 1 - £ 1 - £ 

fth\ 1 - ( 3 )v;'o(0 
6(1 - £) 2 

_ - c> w (Q) l (l9b) 

2(1-0 J 

For sufficiently small values of /? 0 6, in partic¬ 
ular, if (1) is satisfied, the terms with fifth 2 as 
a factor contribute negligibly, so that 


Y-'(C) = 

via) + 

via) + via) h—. 




* 

(176) 

where 




Vo'(C) = 

J/<»< 

- + -W, 

t'l rj 

(18a) 

via) = 


\ fOyri + rJdC, 

0 

(186) 

via) = 

“ ■ %' 0 

(18c) 

via) = 

-2/y*J 

•1 

now, 

0 

(18 <0 

via) = 

^ f/CC'Kr? +rl)dC, 
o Jo 

(18e) 

via) = 

120 . 

f 1 f (I'M+ r\)d?. 
Jo 

(18/) 


Identifying subscripts r and t are to be added 
to the f’s and y’s as required. Note that the 
numerical subscript on the y>'s is the same as 
the power to which the factor p 0 h is raised. 

If only terms with factors of the order /J 3 6 3 
or less are retained, (146) reduces to the 
following: 


bjlwz + = tBovimihW - c 2 ) 


2WVK1 - Q 
Co 


, mi - 0)1 

60 - o J' 

(19a) 


.v ^ 1 _ C» 

° B 0 2tt/( 0 6 



( 20 ) 


This equation indicates that the quantity 
^io(C) = vUO - WoO)* which is propor¬ 
tional to the principal part of the vector 
potential difference A x (z) — A z (h), varies 
linearly with £ = zjh along the antenna. It 
follows that the solution of (20) is found 
when a current-distribution function /,(£') 
is determined that makes 1FJ' 0 (£) a linear 
function of £. More conveniently, the required 
distribution function must satisfy the relation 


W'miO _ V-;'o(C) - Vto( 1) 
1 - C 1 - C 


const. = K'lo, 


( 21 ) 

in the range 0 g; £ Si 1. 

Subject to (1) the principal part vVo(C) 
of the integral y£(£) is given by (18a). It is 
verified in Fig. 31.1 for 0=10 that the 
zeroth-order linear distribution 


J T^ = /(C')= 1 — £', (22) 

•o 

when substituted in (18a), does not give a 
constant as £' is increased from 0 to 1 with 
ajh finite. On the other hand, an inspection of 
the relatively small variation in this function 
suggests that a moderately small modification 
of/(£') from the value in (22) should yield a 
constant for the ratio on the left in (21). 
By superimposing on the triangular distri¬ 
bution (22) when multiplied by a suitable 
factor similar distributions of much smaller 
amplitude defined along sections of half-length 
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hi 10 which are distributed along the actual 
half-length 6, a composite distribution of 
current and an associated vector potential 
difference W'[ a (Q may be determined which 
satisfy (21) approximately. Since a distribu¬ 
tion consisting of a sum of a large number 
of linear distributions over parts of the antenna 
is awkward in the evaluation of higher-order 
terms, an essentially equivalent exponential 
distribution may be constructed in the follow¬ 
ing analytically simple form: 

= /,(0 = <?~ ac - (23) 

where <5 and n are constants. For O = 10 the 
required constants are <5 = 1.46, n = 4. 
This distribution is shown in Fig. 31.2 together 
with the linear distribution (22). The associated 
distributions of charge as determined from 
the equation of continuity also are shown. 
(Note that /'(£) = / 0 '/,(£) is the component 
of current in phase quadrature with the driving 
voltage.) It is clear from Fig. 31.2 that the 
principal component of current departs 
considerably from a linear distribution. 
This is a necessary consequence of the fact 
that the vector potential, A z (z), is itself 
linear in £. That the modified exponential 
current (23) actually maintains a linear 
vector potential is evident from Fig. 31.3, 
where Wt'oiO as calculated from (18a) using 
(23) is shown. Only very near £ = 0 is there 
a slight departure from linearity. Actually, 
the requirement that the vector potential be 
linear to £ = 0 is a consequence of the assumed 
driving condition consisting of a discontinuity 
in scalar potential at £ = 0. Since this idealized 
generator is equivalent to a transmission-line 
drive in the limit as the line spacing approaches 
zero, and since in practice the spacing may 
be extremely small but never zero, the vector 
potential is always rounded off in a small 
region near £ = 0. It follows that whereas 
the distribution (23) with 5 = 1.46, n = 4 
does not quite satisfy the idealized integral 
equation very near £ = 0, it does agree with it 
if the halves of the antenna are separated 
by a very small distance 2<5. Evidently, account 
must be taken of terminal-zone effects as 
discussed earlier in this chapter. The ratio (21) 
is shown in Fig. 31.3. It is seen to be essentially 
constant over the entire length of the antenna. 
The average constant for ft = 10 is A'/q = 6.60. 
Except near the point £ = 0, no part of the 
function on the left in (21) differs from 6.60 
by even as much as 1 percent. 


The reactance of a sufficiently short antenna 
is given by 



UK. 

2- p 0 h ’ 


(24a) 


for O = 10, - X 0 = P ohm. (246) 

“o Po ' 1 

Note that this agrees almost exactly with the 
first-order value given in (6), but differs by a 
fraction of a percent from the slightly less 
accurate value in (4). 

It is interesting to compare the essentially 
correct value (24) with the reactance deter¬ 
mined from a well-known formula for 
the static capacitance between two ellipsoids 
each of axial length h and radius at the 
center a. The formula in question is (see 
ref. 1.34, p. 66): 

*0 = - 4r = - (Q ~ ln 12). (25) 
coC 0 Pah 

For O = 10, this gives X 0 = — 60 x 7.515 /Pah 
= —450.9/Pah ohm. Clearly, since a cylinder 
has the distribution of charge shown in Fig. 
31.2, with much higher concentrations near 
the ends than in the center, and not a uniform 
distribution per unit length as has the ellipsoid, 
only a rough correspondence between the 
value of the capacitive reactance for the 
cylinder given in (24) and that for the ellipsoid 
in (25) is to be expected. For 0—10 the 
difference is roughly 12 percent. 

Although (24) is an accurate formula for 
the reactance of a sufficiently short antenna 
(Pah SS 0.2), the accuracy necessarily decreases 
as Pah is increased. By solving (196) instead of 
(20) a formula for X 0 that includes the next- 
order correction term as p 0 h is increased may 
be determined and the range for X 0 thus 
extended. Strictly, this involves a redeter¬ 
mination of the distribution of current. 
However, since it is a question merely of 
obtaining a higher-order correction term, it is 
adequate to assume the same distribution 
of current so that the first term in (196) is 
simply K t Jj. Since for each value of p 0 h the 
sum of the last three terms in (126) must be a 
constant independent of £, the value at 
£ = 0 may be used without determining the 
individual variations of the three terms with 
£. The resulting formula is 

- x ^i-m lK+WS0> 

+ ^! W!m <20 
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Using (23) with n = 4 in (186), the following 
results are obtained: 

«°> - -«** [* - «-* 0 + i + 0] • 

(27) 

^(l)=-^[|-^(i+i)]. (28) 

For Cl = 10 with <5 = 1.46, 

<2(0) = v4(0) - <2(1) = 0.367$6 2 . (29) 

From Fig. 31.3 it follows that 

< 0 (0) = 8. (30) 

Substitution of <(0) = K t " 0 = 6.60 in (26) 
gives directly 

-*, = 1 = ^ (1 - 0.383$/,*) ohm. 

i>0 PQfl 

(31) 

The term in $6 2 evidently contributes 
significantly when jiji exceeds 0.3. Since the 
term in $6 4 , which is neglected in (31), is of 
the order of magnitude of $A 4 /24, (31) is a 
good approximation provided 

Poh H 1 (32) 

A comparison of X a as determined from (31) 
and as given by the second-order results 
tabulated in Sec. 30 using as the expansion 

parameter is given in Table 31.1 and in Fig. 
31.4. Since the formula for the short antenna 
is more accurate for short antennas, whereas 
the second-order values obtained using the 
expansion parameter T w are more accurate 
as (S 0 h approaches and exceeds 1, a corrected 
curve and table have been constructed. 

With the susceptance B 0 == — 1/X 0 quite 
accurately determined from (146) for $6 ^ 1, 
the conductance G 0 = R 0 I X£ may be evaluated 
for the same range of fl 0 h from (14a) by re¬ 
taining its leading terms, which are of order 
$A 4 , and its first correction terms, which are of 
order $6®. By retaining only required terms, 
(14a) may be expressed as follows, using (18): 

GoTOO + «')] 

- B 0 [K i(0 + <(0 + <(()] 

= {G 0 VVo(0) - BJffi i(P) + V«(0)]} 

x[^(l -£ 2 )-^-\l -£ 4 )] (33a) 


This equation may be rearranged as follows, 
again retaining only terms of order $6® and 
lower; note that since Vi(0 as given in (18<f) 
actually is independent of £, <(£) = 0, so 
that the terms of lowest order have $A 4 as 
a factor: 

GoiKo(o+ «) - »v;(oxi - c 2 )] 
= b^w’jx) -(i - ( 2 ) 

+ < 5 (o - mvdo) a - ( 2 ) 

+ <0X1 -c 4 )]. 

(336) 

The leading terms of order $A 4 are 



(34) 


Since the distribution of current /,(£') for use 
in determining <(£), <(£), and W ( '(() is 
given by (23), these functions may be deter¬ 
mined. In particular, with ti in (23) equal to 4, 


/ 1 _ e -» e -&\ 
v'aiO = -2/y, - r j , 

(35a) 

- w - TH 1 T '- V ) 

+ <S 3 

./l 2 2 l\l 

(356) 



It follows that 


< 3 (0_ Pltfll-e-* 

1 - £ 2 3 \ 6 5 / 

With d — 1.46 for Cl = 10, 

Vh( 0) = —0.9589$6, (36a) 

V ; 3 (0) = 0.02778$A», (366) 

Ku = -0.1598$/r>. (36c) 

Since for terms of order $6 4 the right-hand 
member of (34) is equal to a constant inde¬ 
pendent of £, the same must be true for the 
terms of the same order on the left. That is. 


(35c) 


<,(0 
1 - £ 2 


yvo(U - <p(i) 

i - s 2 


= const. = K^g. 


(37) 
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Evidently, the evaluation of K ^ involves the 
simultaneous determination of the distri¬ 
bution function / r (£') of the small component 
of current, /"(£) = / 0 7r(D, in phase with the 
driving voltage. The correct value of / r (D 
is that which reduces the function on the left 
in (37) to a constant for all values of £ in the 
range g 1. The integral involved is 

(18a) with subscript t on and /(£'). 

It is shown in Fig. 31.5 that the parabolic 
distribution / r (£) = 1 — £ 2 does not yield a 
constant vector-potential difference when 
substituted in (18a) and used in (37). On the 
other hand, by slightly modifying the para¬ 
bolic distribution by adding to it the distri¬ 
bution p(l) shown near the bottom in Fig. 
31.5 to obtain the distribution / r (£) = 1 — £ 2 
+ />(£), and then substituting this function 
(with p(0 represented as a superposition of 
triangular distributions) in (18a), the curve C 
in Fig. 31.5 is obtained. When this is used in 
(37), the constant function shown in curve B is 
obtained. It follows that 

f r ( £) = 1 - £ 2 + />(£), (38) 

as shown in Fig. 31.5, is essentially the correct 
distribution for the in-phase component of 
current with £2 = 10. With it the following 
values are obtained: 

K" m = 6.90, vVo(O) = 9.0. (39) 

The substitution of (35c) and (37) in (34) 
gives 


The numerical value of this ratio for O = 10 is 

“ ^ = 0.0463^*3(1 + 0.469/? 2 6 2 ). 

-^0 "0 

(43) 

With (31) this gives 

R 0 = I8.3/>q/i 2 (1 + 0.086$;/i 2 ) ohm. (44) 

The following quantities not previously 
determined are involved in the evaluation 
of (42); in this evaluation / r (£') is taken from 
(38) and/f(£') from (23) with n = 4; numerical 
values are for £2 = 10 with 8 — 1.46: 

$j^ 5 [24 _ a /l 4 12 

V ‘ 5 60 [<5 5 6 U + 62 + <5 3 

24 24 1 \ 1 

+ ¥ + ¥ + 9/ I = -°- 000587 ^ 5 . (45a) 

«■»<')--w{[s 0-«-*)-U6S.-*] 

+ 6 [3 _, ' _ '(s + I + I)] 


24 . r 1 4 

8 s 18 6 2 


,12 24 24 

+ 8 3 + <5 4 + <5 5 ' 


= —0.0169/Jq/i 5 , ( 

= v>«(0) - v'dD = 0.0163/;^, 


Ro . G 0 _ K a \VndWah 2 /ArVi 

— — JT7, . W 

•^0 n 0 ^ro 

Using (24a), 

^ ~ (41a) 

For £2=10, using (36) and (39), 

R 0 = 18.3/?|6 2 ohm. (416) 

In order to obtain the first-order correction 
for R 0 , it is necessary to solve (336) instead of 
(34). If it is assumed that the distribution of 
current is given by (38), the correction terms 
may be evaluated at £ = 0, and 



- WamVi 2 + ^(0) - k«(0)$j6 2 

_ + -h 

K* + ^«(o) - mwdv) 


= ~(WI^ VV 2 (1) = -2$6 2 /3, 

= 5$6 2 /12. (45 d) 

The resistance given in (44) for £2 = 10 is 
plotted with the zeroth-order values from 
(6) in Fig. 31.6 together with the second-order 
King-Middleton values. It is seen that the 
values given by (44) are only slightly lower 
than both the zeroth-order and the King- 
Middleton second-order values. Since the 
terms with $j6 6 as a factor, which are neg¬ 
lected in (44), have an extremely small 
numerical factor, it follows that (44) is highly 
accurate for fiji ^ 0.5 and an excellent 
approximation for pji ^ 1. On the other 
hand, the use of the expansion parameter 
Tjd, in which the component of current in 
phase with the driving voltage is not included 
in the zeroth-order distribution function, 
leads to a value of resistance for the short 
antenna that is slightly too large. This differ¬ 
ence is of the order of magnitude of 10 percent. 



192 


THEORY OF LINEAR ANTENNAS 


111 . 31 ] 


Accordingly, since the formula (44) for the 
short antenna is an excellent approximation 
for 3oh < 1, a value of R 0 may be constructed 
which is computed from the short-antenna 
formula (44) for small values of p<Ji .which uses 
the King-Middleton second-order values for 
values of P a h near and above resonance, and 
which interpolates a smooth curve between 
these for intermediate values of p 0 h. This 
curve is shown in Fig. 31.4 as the interpolated 
R 0 . The values computed from (44), the 
second-order King-Middleton values and 
the interpolated resistance are given in Table 
31.1. These last are obtained by taking first 
and second differences, and it may be assumed 
that they are more accurate than the King- 
Middleton values, from which they differ by 
only a few percent over most of the range. 

It may be concluded that a complete and 
accurate solution of the circuit properties of 
an electrically short transmitting antenna 
has been obtained. For the particular case 
for which ft = 2 In (26/a) = 10, the impedance 
and admittance are well represented by the 
following formulas, provided pji g 1: 

R 0 = 18.3/3^2(1 + 0.086/) 2 6 2 ), (46a) 

X ° ~ ~ JjT ( ‘ “ °- 38 W. (466) 


. ^ R 0 ^ /1.165 x 

°~ X\ ~ \ 1 - 0.852/? 2 6 2 ) ’ 

, ^ 1 ^ /2.525 x 10 ~ 3 P 0 h\ 

X 0 ~\ 1 - 0.383/Sg^ 2 ) 


(47 a) 
■ (47 b) 


The analog of (46a) for ft -* oo is obtained 
in (V.12.18). It is 


R 0 = 20/Sq 6 2 (1 + 0.133/3gA*), (48) 

and is also shown in Fig. 31.4 and Table 31.1. 
Note that (48) is quite a good approximation 
of the interpolated curve for ft = 10. The 
current, J(0 = /"(0 + jl\0, is given by 

1[ = F 0 G 0 [1 - £ 2 + p(0], 

I[=e~ 1.46C _ g-1.46^ ( 49 ) 

where { = zjh. 

Corresponding formulas for other values 
of ft may be obtained by the same procedure. 
In general, the resistance for ft > 10 must 
lie between the curves for ft = 10 and the 
curve for R 0 = 20/3 2 6 2 (l + 0.133/3 2 6 2 ). The 
reactance is quite accurately given by 


*o = 


60(ft - 3.39) 
P 0 h 


(50) 


for PJi g 0.5. For larger values of PJi the 
second-order King-Middleton values are good 
approximations. 


Table 31.1. Resistance and reactance of short antenna. 


1 

X a (ohms) 


*0 

(ohms) 


Formula 
(44) for 
short 
antenna 

King- 

Middleton 

second-order 

Inter¬ 

polated 

Formula 
(44) for 
short 
antenna 

King- 

Middleton 

second-order 

Inter¬ 

polated 

20^A^1 + 

0 

— 00 

— oo 

— O0 

0 

0 

0 

0 

0.1 

-3945 


-3945 

0.183 


0.183 

0.200 

.2 

-1950 


-1950 

.732 


.732 

.804 

.3 

-1274 


-1274 

1.66 


1.66 

1.82 

.4 

- 929 


— 929 

2.97 


2.97 

3.27 

.5 

- 716 

-704.8 

- 716 

4.67 

4.99 

4.67 

6.17 

.6 

- 569 


- 569 

6.80 


6.80 

7.54 

.7 

- 460 

-451.3 

— 460 

9.35 

10.30 

9.4 

10.44 

.8 

- 373.7 


- 370 

12.38 


12.5 

13.89 

.9 

- 303.5 

-293.8 

- 294 

15.82 

18.3 

16.2 

17.95 

1.0 

- 238.2 


— 234 

19.90 


21.0 

22.67 

1.1 


-177.4 

— 177.4 


30.0 

27.3 

28.10 

1.2 


-127.1 

- 127.1 


37.8 

35.4 

34.33 

1.3 


- 79.8 

— 79.8 


47.4 

45.6 

41.41 

1.4 


- 34.3 

- 34.3 


59.1 

58.2 


1.5 


+ 10.3 

+ 10.3 


73.6 

73.6 


1.6 


+ 54.7 

+ 54.7 


91.7 

91.7 


1.7 


+ 99.7 

+ 99.7 


114.8 

114.8 
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32. Impedance of Antenna with Small Base 
Separation 

Using the second-order impedance Z 0 
determined in Sec. 30 and the factors e\ and 
e' 2 as given in Figs. 29.3 and 29.4, the imped¬ 
ance Z ,, is readily determined for sufficiently 
small values of fi 0 d to satisfy the inequality 
P 0 d < 1 or $<5 2 < [In Idjaf. In Figs. 32.1 
to 32.3 graphs of R s and X 6 are shown for 
a range of values of P 0 d including zero. The 
differences R 0 — R d and X 0 — X s are shown 
in Figs. 32.4 to 32.6 for fl = 10, 15, 20, with 
p 0 h as variable and /J 0 <5 as parameter, and in 
Figs. 32.6 to 32.9 with P 0 d as variable and 
PcJt as parameter. Y s is shown in Fig. 32.10. 

A study of Z 6 compared with Z 0 shows 
that the relative importance of the correction 
for finite <5 is greatest near resonance and 
quite small near antiresonance. Near reson¬ 
ance it is essentially equivalent to a shift 
in PJi by fi 0 d. That is, if h = h — d is used 
instead of h, the values of Z 6 differ negligibly 
from Z # . This is in agreement with the 
conclusions reached in conjunction with the 
zeroth-order impedances. In general, the 
correction for a small but finite <5 is not very 
great, and no serious error is made by omitting 
it entirely. 

Theoretically, the most convenient para¬ 
meter for studying the effect of a small base 
separation is the quantity P 0 d = tod jv Q . In 
engineering applications, where 6 is usually 
fixed and where the frequency is the variable, 
it is not possible to keep /? 0 <5 constant, and 
curves of impedance with d/h or d/a as con¬ 
stant parameters would be more convenient 
if a complete impedance graph as a function 
of fift were required. Actually, this is seldom 
true, since for engineering installations interest 
is usually in a fairly narrow frequency 
range as applied to a particular installation. 
For such a purpose, the required result may 
be obtained by interpolation from the curves 
of Figs. 32.1 to 32.9 or by direct calculation 
using Figs. 29.3 and 29.4. For 1 ^ fit/ 1 £= 2 
it is a satisfactory approximation to assume 
that Z 6 for a given value of p 0 h is equal to 
Z 0 for pfh — <5). In practice, when P„h < 1 
for an antenna, this is a result of a low fre¬ 
quency so that fl 0 d is correspondingly reduced, 
usually to so small a value that Z s == Z 0 . 

In precise laboratory measurements of the 
impedance as affected by base separation, 
convenience and accuracy usually demand the 
use of the half-length h as the single variable 
while all other quantities including the 


frequency are held constant. With h as the 
variable, P 0 d is very satisfactory as a parameter. 
With h as the variable, H is not a constant 
parameter. However, for Pfi 2s 2, the varia¬ 
tion of H with h is very slow, so that no 
serious error is involved in correcting for 
small values of d by assuming il constant 
at a convenient value in the required range of 

PA 

APPARENT IMPEDANCE OF 
CYLINDRICAL ANTENNA AS LOAD ON 
A TRANSMISSION LINE 
33. Antenna with Positive or Negative 
Capacitance in Shunt 

When an antenna is driven from a two-wire 
line, a coaxial line, or the equivalent, the 
terminating impedance Z 6 of the uncoupled 
antenna is often in parallel with a capacitance 
—positive or negative. For the conventional 
end-loaded line or the center-loaded sym¬ 
metrical line, a negative capacitance in parallel 
is required for use with ordinary line theory 
in order to compensate for the variable 
capacitance per unit length of the line near 
its junction with the antenna and for the 
coupling between antenna and line. If a 
dielectric support is used, or enlarged metal 
terminals occur at the junction, these are 
well approximated by a positive capacitance 
in parallel with Z 6 . The size of the negative 
compensating capacitance C T required for 
the conventional end-loaded line is indicated 
by the numerical results in Sec. 8. Corre¬ 
sponding numerical values of C T for the 
center-loaded line are given in Sec. 9. Positive 
capacitances involved in dielectric supports, 
metal terminals, etc., are of the same order 
of magnitude. To obtain a comprehensive 
picture of the effect on the combined ad¬ 
mittance Y s or impedance Z s or a positive 
or negative capacitance C s in parallel with 
Z 0 , computations have been made of Y s and 
Z s for a series of values of C s , both positive 
and negative. In these C s is expressed in 
terms of the parameter K: 

toC s = Kp 0 h. (1) 

In this form, C s and h are assumed to be 
constant for a particular antenna while 
a> = Inf is the variable. The parameter K is 
allowed to vary from —0.0048 to +0.0048. 
Curves of B s in Y s = G s + jB s and R s and 
X s in Z $ = R s + jX s are shown in Figs. 
33.1-33.3 for n= 10, 12.5, 15; G 0 is un¬ 
affected by a capacitance in parallel, so that 
G„ = G q . 
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Fig. 32.7. Curves of R„ — Rg and X 0 — Xg as functions of fl 0 S with ftjt as parameter; fl 


T 



Fig. 32.8. Curves of R„ — Rg and X 0 — Xg as functions of /J 0 <5 with fiah as parameter; f2 = 15. 











Fig. 32.10. Curves of Y$ as a function of PJt with /3 0 <5 as parameter; O = 10 (Wintemitz). 
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Strictly, the effect of the capacitance C s 
should be examined when it is connected in 
parallel with Z 6 rather than Z 0 , since a 
negative capacitance specifically to take 
account of the effects that occur only when 
<5 > 0 and a positive capacitance to represent 
a dielectric support, end surfaces, or enlarged 
metal terminals also imply a finite separation. 
However, it follows from the results of 
Sec. 31 that Z 6 differs relatively little from Z 0 
for the small base separations encountered 
in practice, except near resonance where the 
effect of a capacitance in parallel is practically 
zero. It follows that the correction for capacit¬ 
ance in parallel and for finite base separation 
may be treated as approximately independent 
in so far as determining the nature and order 
of magnitude of the change in impedance is 
concerned. Hence, the general effect of 
capacitance in parallel may be studied for Z 0 
instead of for Z d without serious error. If 
numerically accurate results are required 
for a specific antenna and driving line, they 
must be analyzed as an individual unit. 

The general formulas for R s and X s for 
a parallel combination of Z 0 = R 0 + jX 0 and 
C s are 

Rs = 1 - 2c oC s X 0 + co 2 C 2 s (R$ + XI)’ (2) 

y = x 0 - oC s (Rl + Xp 
s 1 - 2(oC s X 0 + co 2 C|(R 2 + XI) ■ 

By differentiating R s with respect to wC s it is 
possible to determine the magnitude of wC s 
that maximizes R s . The result is 

“C, = ~ B » f° r ~ (^s)raax- 

(4) 

Substitution of this extremizing value of c oC s 
in (2) and (3) gives 

(«,W= Ro+ Xl/R 0 = (5) 
x 3 = 0 = B s . 0 (6) 

Thus, the maximum value of R s occurs at 
zero reactance; this defines antiresonance for 
Z s . Evidently if C s is positive, the maximum 
value of R s occurs at positive values of X 9 
or negative values of B 0 in F 0 = G 0 + jB 0 . 
Reference to curves of X n or B 0 in Sec. 30 
shows that this implies a shift of antiresonance 
toward smaller values of /S 0 A, just as occurs 
in Figs. 33.1 to 33.3. On the other hand, if 
C s is negative, X 0 must be negative, B 0 
positive, for maximum R s , and this involves 


a shift in antiresonance toward larger values 
of fl 0 h. This is also verified in Figs. 33.1 to 
33.3. The value (R s ) ma x as defined in (5) is 
plotted in Fig. 33.2. From this it is clear that 
whenever positive capacitances are connected 
in parallel with Z 0 , the antiresonant resistance, 
(R$) max, of the combination is lower than 
(^o)max and occurs for smaller values of 
Poll. Similarly, when negative capacitances are 
involved, (R s ) ma x may exceed greatly (R 0 )max 
and it occurs for larger values of p 0 h. The 
largest possible value of (R s ) ma x, with the 
associated values of p 0 h, R 0 , X 0 , may be 
determined from Fig. 33.2 in conjunction with 
curves for R 0 and X 0 in Sec. 30. For O = 10, 
for example, 

(^s)max max —1000 at fi 0 h = 3.2, 

R 0 = 200, X 0 = -400. (7) 

The value of a>C s required to produce this 
extreme value is 

" c -=RgfVr ~ 2 x 10 " (8) 

for which 

K=^ = -6.25 x 10~*. (9) 

P o" 

It is evident from Figs. 33.1 to 33.3 that a 
small positive or negative capacitance in 
parallel with Z 3 may affect the impedance 
very greatly. Certainly it is not correct to 
expect agreement between a measured im¬ 
pedance Z s and a theoretical impedance Z s 
unless the effective capacitance in parallel 
is virtually zero. Note that this condition may 
be achieved by connecting a lumped positive 
capacitance in parallel with the antenna of 
such magnitude that it effectively cancels the 
negative capacitance introduced by end 
effect and coupling. 

34. Apparent Load Impedance of Antenna; 
Summaries of Theoretical and Experimental 
Results 

The general, theoretical foundations re¬ 
quired for determining the apparent 
impedances of antennas driven in various 
ways from two-wire lines are contained in 
the formulas and curves for the impedance 
Z 0 of an antenna driven by a discontinuity 
in a scalar potential. By supplementing Z 0 
with corrections for a small base separation, 
for a negative series inductance, and for a 
shunt capacitance that may be positive or 
negative, information is provided for deter¬ 
mining the apparent impedance Z sa of the 
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Fig. 33.16. Apparent susceptance of antenna in 
shunt with capacitance; 0 — 12.5 


Fig. 33.1c. Apparent susceptance of antenna in 
shunt with capacitance; 0 = 15. 
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Fig. 33.3c. Apparent reactance of antenna in shunt with capacitance; ft = 15. 
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antenna as a load on a transmission line when 
this is analyzed by conventional line theory. 
Since the apparent impedance is not a function 
alone of the structure of the antenna but 
depends on the properties of the transmission 
line near the junction and on the coupling 
between antenna and line, the actual numerical 
evaluation of Z sa requires a detailed speci¬ 
fication of the complete geometry of line and 
antenna. Only when the line spacing b is so 
small compared with A 0 that all base-separation 
effects, coupling effects, and end effects are 
negligible, is it possible to identify the ter¬ 
minating impedance as a quantity character¬ 
istic of the antenna alone. Whenever this is 
true, Z sa == Z e = Z 0 . Present interest is in 
the direct numerical evaluation both from 
theoretical formulas and from experimental 
measurements of the apparent impedance Z 3a 
of a cylindrical antenna when used as a load 
for a practical transmission line with small 
spacing b. Three types of circuits are involved: 

(1) Two-wire line loaded by an antenna that is 
in the plane of the line. The antenna may be 
an end load of conventional type, or it may 
be a center load on a symmetrically driven, 
double-ended line, or an end load with stub 
support. Since there is a plane of symmetry 
midway between the conductors of the line 
and perpendicular to the plane containing 
these and the antenna, image methods may 
be used in which the plane of symmetry is 
replaced by a highly conducting surface. 

(2) Two-wire line loaded by an antenna that 
is perpendicular to the plane containing the 
line. The antenna may be an end load or a 
load in series with one of the conductors of 
the line. Image methods are unavailable. 

(3) Self-contained antenna-transmitting system 
approximated by a coaxial line ending in an 
image plane with its inner conductor extending 
outward perpendicular to and through a small 
hole in the plane. 


Results obtained for circuits of all three 
types are compared in this section; the 
apparatus and experimental techniques are 
described in later sections. 

1 . Summary of results for circuits of type 
1 —Antenna in plane of two-wire line. Experi¬ 
mental procedures usually are most advan¬ 
tageous with an apparatus that is operated 
at a single frequency. Hence, impedance as 
a function of = co/i/p 0 must be impedance 
as a function of h with to constant. That is, 
the actual independent variable in determining 
curves of impedance is the half-length of the 
antenna. All other parameters are kept 
constant in each sequence of measurement 
in which (IJi is varied with /?„ fixed. They 
include the radius a of the antenna and the 
conductors of the line (for simplicity these 
have been kept the same), the distance b 
between centers of the line, and the base 
separation 26. For antennas of type 1 ,b = 26; 
for antennas of type 2, b and 26 are indepen¬ 
dent. Since the frequency is constant, <o and 
(3 0 are constant, as are (i (t a, (S 0 b , fl 0 6. However, 
the ratio h/a and the important parameter 
Cl = 2 In (2h/a) necessarily vary as h is adjusted 
over the desired range with constant radius a. 
This means that impedances are to be plotted 
for constant p o a or a/A 0 and not for constant 
£2 as is convenient for theoretical curves of Z 0 . 

In selecting numerical data characteristic 
of a practical antenna and transmission-line 
system the obvious choice is the dimensions 
and properties of the particular systems used 
in obtaining the experimental results.* The 
three systems involved, called the “Conley 
line”, the “Angelakos line”, and the “Tomi- 
yasu line,” are described in later sections. 


* Measurements by Essen and Oliver, ref. 17, 
involve significant two-wire-line spacing and in¬ 
adequate data are given to permit computation of 
terminal-zone effects. 


Table 34.1. End-loaded line without support. 


Line 

? 

o 

(10- 2 m) 

R c 

(ohms) 

to 

(MMO 

*0 

(m) 

Ltc 

(10- 9 h) 

wLie 

(ohms) 

(k, = 1) 

Ct, 

(ft«f) 

(*<, = 1) 

1 °C T , 

(10 -a mho) 

Tomiyasu 

1.538 

11 


m 


-3.66 

-6.9 

-0.109 

-0.205 

Conley 

1.588 




0.4 

-1.53 

-7.2 

WsSkVtlKM 

-0.50 

Angelakos 

3.17 

1.91 

215.4 

15.5 


-3.18 

-14.9 

-0.26 

-1.22 


t For the Angelakos line b, = |6[1 + Vl — (2o/i) 2 J is given. 
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Essential data are listed in Table 34.1 for the 
three different lines when used with an end 
load, in Table 34.2 when used with a center 
load and double-end drive, and in Table 34.3 
when used with an end load with stub support. 
This means that the end-loaded line is a 


Table 34.2. Center-loaded line. 


Line 

LtJ2 
(10- 9 h) 

ojLtc/2 

(ohms) 

(*.=1) 

2 Ctc 

(pmO 

(k„=D 

2 cdCtc 
(10 _s mho) 

Tomiyasu 

-3.66 

-6.9 

-0.26 

-0.485 

Conley 

-1.53 

-7.2 

-0.236 

-1.1 


symmetrical line with two conductors and 
no image plane as in Fig. 34.1a, whereas the 
center-loaded line consists of only one line 
conductor over an image plane as in Fig. 
34.2 b. This choice of equivalent circuits is 
made since the impedance actually evaluated 
is Z sa and the impedance of the antenna with 
base separation (in the mathematical sense 
of V s /I s ) is Z s , so that no conversion factors 
are required. Since the shunt capacitance 
C T c as calculated in Sec. 9 for the center- 
loaded line is across each half of the line 
just as is Z 6 , the effective capacitance for 
each half is C T c just as the effective load is 
2 Z s as shown in Fig. 34.2a. For the image line 
all impedances are halved and admittances 
doubled so that 2 C TC is in parallel, and 
\L tc in series, with Z & . 

The several quantities in Table 34.1 were 
calculated using the following formulas 
taken from Sec. 8: 

T _ b e - a 

Lre “ ~2^r ’ (lfl) 

o)L Te —z (b e a) , (I b) 

L7T TT 


Cj>g — c q Kb, sinh 

-i d 
kb e ' 

(lc) 

where 



c - 7760 

0 In (bja) ’ 


(2a) 

s ‘-j[ 1 + V 


(2b) 


and K and k are evaluated for k q = 1 as is 
explained in Sec. 8. 

Similarly, for Table 34.2, as obtained from 
Sec. 9, 

L tc = - , (3a) 

7TV 0 

oL tc = - (b e - a) = - ^2 fj s, (3b) 

TT TT 

C TC = —c 0 Kb e sinh -1 , (3c) 

kb e 

where K and k are evaluated for k v — 1 as 
explained in Sec. 9. The appropriate equivalent 
networks are shown in Figs. 34.1 and 34.2. 
The terminal-zone distance d = 106 was used 
for the Conley and Tomiyasu lines. The 
Angelakos line is discussed on page 209. 

The sequence of calculation involves the 
following steps: 

1. Determination of fi as a function of (3 0 h 
as the latter is varied over the desired range 
for the specified values of [i^a. For the Conley 
line, P 0 a = 0.025; for the Tomiyasu line, 
Pffl = 0.0097, for the Angelakos line, fi^a = 
0.050. 

Conley line: £2 = 2 In — = 2 In 

1 a 0.025 

= 2 In 80/J 0 /i. (4a) 

Tomiyasu line: £2 = 2 In 207/? 0 /i, (4b) 

Angelakos line: £2 = 2 In 40(3 0 h, (4c) 


Table 34.3. End-loaded line with stub support. 


Line 

Lfs — Lfe 

(10-® h) 

OjLf , — (I)Lxe 
(ohms) 

(*. = 1) 
2Ct$ — 2 Ct c 

(k, - 1) 

2(oC T9 — 2 ojCtc 
(10 -3 mho) 

Tomiyasu 

-3.66 

-6.9 

-0.26 

-0.485 

Conley 

-1.53 

-7.2 

-0.236 

-1.1 

Angelakos 

-3.18 

-14.9 

-0.63 

-2.97 
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Fig. 34.1. Equivalent networks of antennas 
as end loads. 


Fig. 34.2. Equivalent networks of antennas 
as center loads. 
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These functions are plotted in Fig. 34.3. 
Evidently A = 10 is a fair mean value for the 
antenna in the range of fiji from 1 to 3.5 
for the Conley line, Cl = 12 for the Tomiyasu 
line, and A = 9 for the Angelakos line. 

2. Evaluation of Z 0 for the antenna as a 
function of p 0 h with Cl varying as shown in 
Fig. 34.3. This is accomplished using the 
curves of Fig. 30.9 and 30.10 giving R 0 and 
X 0 as functions of A with p 0 h as parameter. 

3. Computation of Z s using Z 0 and the 
correction for finite fiji given in Sec. 32. 
Since this correction is relatively small, a 
satisfactory approximation is obtained if a 
constant mean value of A is used. (If greater 
accuracy is desired, interpolation curves can 
be plotted.) 

4. Combination of a>L T with X 6 . Since L TC 
for the center-loaded line is exactly double L Te 
for the end-loaded line, the combination of 
(\<dL tc + X e ) for the center-loaded line is 
identically the same as ( (oL Te + X d ) for the 
end-loaded line. 

5. Evaluation of Y sa = G sa + jB sa from 


Y.„ = 


Z s + jwL, 


+ j<°c T , 


( 5 ) 


for the end-loaded line, and from 


= 




+ jo>C T , 


( 6 ) 


for the center-loaded line. 

6. Calculation of Z sa = 1/F S0 . 

Theoretically determined values of R sa 
and X m for the three types of line are given 
in Figs. 34.4a, 6, 34.5a, and 34.7a together 
with R 0 and X 0 . 

Theoretical curves of R sa and X sa as 
functions of fljt and evaluated using the 
constants of the Tomiyasu line are shown in 
Figs. 34.4a, b. Curves E are with the antenna 
as end-load with no support; curves S, C are 
for the antenna as end load with stub support 
or as center load with equal and opposite 
generators at the ends. Curves A are for R d 
and X d . The large differences between the 
magnitudes of R sa , X sa , and R s , X 6 are 
significant; note also the shift of the curves 
to larger values of fiji. 

Measurements were made by Tomiyasu for 
an antenna with high-impedance stub support. 
The apparent terminal impedance measured 
and computed using transmission-line methods 
described in Sec. 36 is represented in Figs. 
34.4a, b by the curves marked M s . Although 
the agreement between the theoretical curves 
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S and the experimental curves M s is far from 
perfect, it is nevertheless very much better 
than between the theoretical curves A (which 
are not corrected for terminal-zone end 
and coupling effects) and M s . The approxi¬ 
mate correction using a lumped-constant 
network involving negative capacitances and 
inductances is satisfactory for most engineering 
purposes, whereas the uncorrected curves 
A are not. 

Theoretical curves of R sa and X sa evaluated 
for the constants of the Conley line with the 
antenna as center load are shown in Fig. 
34.5a together with R 0 , X 0 and R d , X 6 . 
Curves of R sa , X sa determined experimentally 
with the antenna as center load on a specially 
designed image-plane line by Conley are also 
shown in the figure. Once again the agreement 
between measured and calculated values of Z so 
is incomparably better than the agreement 
between the measured curves of R sa and X sa 
and the theoretical curves for R 0 , X 0 and R d , 
X s . As will be shown directly, the experi¬ 
mental curves for R aa and X sa probably are 
considerably in error, especially near the 
maxima, where they are too high. Experi¬ 
mental values of R 0 and X a at their maxima 
as determined by interpolation almost coincide 
with the corresponding theoretical results. 
The theoretical curve for R sa decreases 
more rapidly than the experimental one, 
since the lumped correction for end and coup¬ 
ling effects with k g = 1 is a good approxi¬ 
mation principally at and near antiresonance. 

More complete experimental data as deter¬ 
mined by Conley are shown in Fig. 34.5 b 
for four values of a/A 0 ; R 0 and X 0 also are 
shown for ready comparison. The experi¬ 
mental curve in Fig. 34.5a coincides with one 
of the curves in Fig. 34.5 b. As explained in 
Sec. 35, the curves for the two smallest 
ratios 6/A 0 are much less accurate than those 
for the larger values of this ratio. It is readily 
seen from Fig. 34.56 that precisely the curve 
represented in Fig. 34.5a is definitely too high 
at its maximum. Figure 34.56 is particularly 
valuable in illustrating the great effect of the 
line spacing on the apparent terminal imped¬ 
ance of the antenna. It is also clear that the 
theoretical curves for zero spacing fit well 
into the picture, thus suggesting that the 
impedance seen by a fictitious “slice” gener¬ 
ator may be defined operationally as the limit 
of the impedance measured with finite line 
spacing 6 and extrapolated to zero line 
spacing. This is verified further in Fig. 34.6, in 
which resonant and antiresonant lengths and 
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resistances are shown as a function of O. 
Since radiation from the rather widely spaced 
line is not negligible compared with the re¬ 
sistance at resonance, the approximate radi¬ 
ation resistance of the line (/?u ne — 60/J 2 6 2 
for a matched line) is subtracted from the 
apparent resistance R sa at resonance and 
plotted as R $a — Rf ine in Fig. 34.6a. The 
vanishing of the apparent reactance X sa 
does not constitute exactly resonance for the 
antenna. This is given approximately by the 
vanishing of X sa — u>L TC . Since zeros of 
X m — ojL tc occur at slightly different values 
of p 0 b, the resonant resistance is modified 
slightly, as shown by the lowest of the three 
curves in Fig. 34.6a. No explanation in terms 
of theoretical curves is available to explain 
the increase in resistance with line spacing 
even after correction has been made for 
radiation and inductive end effect. Actually, 
and as seen from Fig. 34.4c as well, the 
agreement between theory and experiment 
is poorest in the value of the resistance 
near resonance. Experimental results clearly 
indicate an upward bump on the resistance 
curve near /yi = w/2 considerably greater 
than is predicted by the second-order theory. 
This is confirmed by the third-order values in 
Table 30.15, which, as shown in Sec. 38, are 
in excellent agreement with experiment. It 
is seen in Fig. 34.6c that ft 0 (h — <5) res with 
the correction for inductive end effect is 
a straight line, in agreement with the general 
predictions of the theory. The antiresonant 
length 0 o /iantires is in Fig. 34.6 d together 
with p 0 (h — <i)a n tirea- Since the base separation 
28 does not have the simple effect at anti- 
resonance as at resonance, the electrical 
half-length P a (h — <5)antires of the conductor 
is not actually useful. The differences between 
Poh Tea in Fig. 34.6d and R sa in Fig. 34.66 
and horizontal lines through the theoretical 
points at 6/A 0 = 0 are due principally to 
capacitive end effect. Since it is not adequate 
to represent this with lumped elements when 
6/2 0 exceeds about 0.03, no attempt is made 
to draw R 0 and its antiresonant half-length 
in Figs. 34.6. The agreement for a smaller 
line spacing is verified in Fig. 34.5a. 

The line used by Angelakos differs only 
in details from that used by Conley, except 
that instead of measuring Z sa with the antenna 
as center load with the line driven symmet¬ 
rically from each end, as did Conley, Ange¬ 
lakos measured Z 3a with the line end loaded 
by the antenna using both Styrofoam 


supports and a high-impedance stub support. 
The experimental impedance curves are 
shown in Fig. 34.7a and 34.76. The difference 
between the two curves in Fig. 34.76 is due 
entirely to the effect of the high-impedance 
stub. 

In determining the apparent terminal 
impedance Z sa from the ideal theoretical 
value Z { using a lumped-constant network, 
Angelakos did not assume the average charge- 
ratio factor k Q = q T lq L equal to unity but 
determined it assuming a cosinusoidal distri¬ 
bution of charge continuing smoothly from 
the antenna onto the line. That is, 

I cos [IqX dx 

r. _ JMh’-g) _ 

K i | 'P„(h' + g) 

cos PqX dx 

Jfloh' 

tan jp 0 g + cot PJi' 

-tan ±P 0 g + cot p„h' ’ 

where g is the distance from the junction 
along the antenna and line over which the 
charge is averaged and h' — h — 8. Since 
C T is important only when cot PJi is large, 
the value of g is not critical if /l 0 g is small. 
Angelakos chose g = 0.05A 0 to determine 
k Q from (7) for use in (8.18). He evaluated 
C T from a formula like (8.23) using d = 206 e , 
which is too large when b e = 0.05A 0 . Since 
only qualitative results can be expected when 
6„/A 0 is so large, and Angelakos’ results are 
not altered greatly if a smaller value of d is 
used, his Table 34.3 and Fig. 34.7a are 
reproduced. L T was not used and the values 
of Z 0 differ slightly from those in recently 
corrected tables. Numerical values are given 
for the magnitudes of k„ and C T and the imped¬ 
ances Z 0 , Z sa (theoretical with k Q = 1), Z sa 
(theoretical with k„ as computed using (7)), and 
Z sa (measured). It is seen that k„ differs con¬ 
siderably from unity and that the value of 
Z sa calculated using the variable k Q agree 
better with measured values than those 
calculated with k a = 1 except near anti¬ 
resonance, where the variable k Q is near unity. 
Experimentally determined values of k Q 
are given in Table 34.4 together with theor¬ 
etical ones derived from (7). 

It may be concluded that the lumped- 
constant terminal-zone networks introduced 
to take account of end and coupling effects 
for antennas driven from open-wire lines 



RESONANT HALF-LENGTH IN RADIANS ^ RESONANT RESISTANCE IN OHMS 


210 


THEORY OF LINEAR ANTENNAS 


[11.34] 




LINE SPACING IN WAVELENGTHS 


LINE SPACING IN WAVELENGTHS 


VARIATION IN RESONANT RESISTANCE WITH LINE SPACING 


VARIATION IN ANTI-RESONANT RESISTANCE WITH LINE SPACING 


(a) 


(b) 



LINE SPACING IN WAVELENGTHS 


LINE SPACING IN WAVELENGTHS 


VARIATION IN RESONANT HALF-LENGTH WITH LINE SPACING VARIATION IN ANTI-RESONANT HALF-LENGTH WITH LINE SPACING 

(C) (d) 


Fig. 34.6. Measured resistances and resonant lengths of antenna as center load as function of line 
spacing b near resonance and antiresonance. 
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a* 


Fig. 34.8a. Apparent terminal impedance of 
antenna (Tomiyasu). 



Fig. 34.86. Region of resonance in Fig. 34.8a 
(Tomiyasu). 



Fig. 34.8c. Region of antiresonance in Fig. 34.8a 
(Tomiyasu). 



Fig. 34.9. Comparison of theoretical and measured 
impedances using coaxial line; experimental values 
are doubled for comparison with theoretical curves 
for center-driven antenna. 






























Fig. 34.10a. Comparison of theoretical and measured Fig. 34.106. Comparison of theoretical and measured impedances near 

impedances near resonance using coaxial line (Hartig). antiresonance using coaxial line (Hartig). 
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Table 34.4. Theoretical and measured apparent impedances of antenna. (Angelakos) 


00* 

Q Calc. 

= 2 In 2 h/a k Q 

-c Te 

(W‘0 

Z 8a for antenna as end load 

-ICTc 

(«rf) 

Z sa for antenna with stub support 

A 

2nd-order 

King- 

Middleton 

Calc., 
k Q = 1 

Calc., 
k Q variable 

Measured 

Calc.. 

Calc., 
k q variable 

Measured 

2.2 

8.95 

0.54 

0.14 

224+J269 

307+^273 

293 1-7181 

0.36 

97+7210 

176+7254 

213+7192 

430+7227 

2.6 

9.29 

.77 

.20 

564+7304 

657+J221 

625+7172 

.56 

169+7310 

264+7340 

327+7302 

650-7230 

3.0 

9.58 

.91 

.24 

865—)262 

810-7326 

754-7327 

.58 

246+7333 

430+7460 

581+7362 

300-7440 

IT 

9.67 

.96 

.25 

560-J427 

540 -7433 

646 -7452 

.61 

540+7424 

590+7407 

732+7308 

200-7370 

3.3 

9.77 

1.00 

.26 

517-/470 

517-7470 

517-7517 

.63 

740+7160 

740+7160 

885+7207 

155-7350 

3.5 

9.89 

1.07 

.28 

280—7386 

301-7450 

334 -7504 

.67 

830+7 34 

900-7140 

959-7 52 

122-7290 

3.8 

10.00 

1.19 

.32 

138—j247 

153-7248 

183 -]396 

.73 

366 -7423 

540-7400 

663-7431 

80-7200 

4.0 

10.16 

1.32 

.35 

112-7195 

133-7205 

134 -7310 

.80 

237-7226 

320-7330 

409-7431 

72-7165 


and oriented in the plane of the line are 
useful and necessary. Theoretical analyses 
of the apparent impedance of an antenna 
loading a two-wire line lead to much better 
approximations with these networks than 
without. 

2. Summary of results for circuits of type 
2 —Antenna perpendicular to plane of two-wire 
line. General considerations for antennas of 
type 2 differ from those of type 1 principally 
in the absence of a plane of symmetry common 
to both the antenna and the line. This makes 
the image-plane techniques incorporated in the 
Conley line unavailable. Since the antenna is 
perpendicular to and in the neutral plane of 
the two-wire line, there is no coupling be¬ 
tween antenna and line. This means that the 
end of the line may be supported by a stub 
or a stub and a dielectric and the antenna 
attached at a point of maximum potential 
difference across the line. The only com¬ 
plication arises from the short half-bridges 
that join antenna and line. If these bridges 
are made of heavy copper their inductance is 
negligible, so that their effect on the measured 
impedances may be ignored. Accordingly, 
the measured impedance Z sa should virtually 
coincide with Z d , and Z d should be nearly 
the same as Z 0 if 26 is made small enough. 


Table 34.5. Theoretical and experimental values 
of k 0 for antenna as end-load. (Angelakos) 




K 


Calc. 

Measured 


Styrofoam supports 

Stub support 

2.2 

0.54 

0.46 

0.52 

7r 

.96 

.81 

.85 

3.5 

1.07 

.88 

.96 

4.0 

1.32 

1.19 

1.03 


(Note that 26 is in no way dependent upon 
the line spacing b.) The theoretical curves 
for R 0 and X 0 according to the King-Middle- 
ton second-order solution are shown in 
Fig. 34.8 together with experimental points 
determined by Tomiyasu as described in 
Sec. 35. The agreement is seen to be very good. 
Note that the impedance measured for the 
antenna in the plane perpendicular to the 
line is essentially equal to the theoretical 
impedance seen by a “slice” generator. 

3. Summary of results for circuits of type 
3 —Antenna driven from coaxial line through a 
hole in the image plane. A theoretical and 
experimental study of the apparent terminal 
impedance loading a coaxial line due to an 
antenna extending out over an infinite, 
perfectly conducting plane as a function of the 
radial dimension b — a of the hole in the 
conducting plane through which the antenna 
projects is given in Sec. 38. When b — a is 
sufficiently small compared with the wave¬ 
length transmission-line end-effects, coupling 
effects, and the phase lag f) 0 (b — a) are 
negligible. A study of the effect of large 
values of b — a in Sec. 38 shows that the 
theoretical impedance Z 0 is obtained in the 
limit as b/a -* 1. 

When P 0 (b — a) is small, Z sa differs from 
Z 0 primarily if a dielectric support is used 
to center the antenna and the inner conductor 
of the line at their junction. If such a dielectric 
support is made sufficiently thin, its effect is 
approximately that of an added lumped posi¬ 
tive capacitance in parallel with the antenna at 
its junction with the line. This capacitance 
may be determined experimentally. In careful 
measurements, described in Sec. 37, D. D. King 
has determined the impedance Z sa and from it 
Z 0 , using a specially designed, vertical slotted 
line. Comparison of these measured imped¬ 
ances with the theoretical values for an ideal¬ 
ized “slice” generator is conveniently made in 
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Fig. 34.9 by plotting experimental values with 
the theoretical curves of the most critical quan¬ 
tities, namely, antiresonant lengths and 
resistances, resonant lengths and resistances, 
and ratios of maximum to minimum reactance. 
These data of D. D. King are supplemented 
by measurements made by E. Hartig (see 
Sec. 38) using the same line but with a Styro¬ 
foam dielectric support and with an improved 
ground screen. Points determined by Hartig 
are also shown in Fig. 34.9 and complete 
ranges near resonance and antiresonance in 
Figs. 34.10a and 34.106. These last two figures 
include experimental points determined by a 
method described in Sec. IV.8, in which the 
antenna under test is used for reception 
instead of for transmission. Throughout, the 
agreement between theory and experiment is 
seen to be good. Note that the experimentally 
determined ratios of maximum to minimum 
reactance are obtained from curves in which 
ajX n is kept constant while h is varied. Conse¬ 
quently, the values of fl = 2 In (2 h/a) are not 
the same at maximum reactance, maximum 
resistance, and minimum reactance. These 
ratios are plotted at the value of fl corre¬ 
sponding to that for the associated value 
of maximum resistance. The theoretical 
curve for the ratio of maximum to minimum 
reactance for constant fl is shown together 
with a single theoretical point for this ratio 
obtained from Fig. 34.106 in which the theore¬ 
tical curve is determined for constant a/X 0 . 

A review of the several sets of experimental 
data and the corresponding theoretical values 
indicates that appropriate application of 
antenna and transmission-line theory permits 
the prediction within reasonable approxi¬ 
mation of the measurable apparent terminal 
impedance of cylindrical antennas driven from 
actual transmission lines of various types 
using different connections. It is important 
to repeat that the type of line and the nature 
of the connection are significant in deter¬ 
mining the apparent impedance. A quantita¬ 
tive study of the accuracy of the second-order 
theory for antennas with 7 S fi Si 11 is given 
in Sec. 38. 

35. Impedance Measurements with Open-Wire 
Lines; the Image-Plane Line* 

The design of an antenna-two-wire-line 
system that is suitable for moderately precise 
measurement of the apparent impedance 
loading the line is not simple. Numerous 

* This section is based on the work of Dr. P. 
Conley, refs. 15 and 16. 


experimental and constructional difficulties 
are involved, quite apart from the problems 
of generators and sensitive detectors that are 
characteristic of all measuring lines. Several 
of the more important difficulties characteristic 
of open-wire lines are as follows: (1) A first 
major difficulty of open-wire lines is the 
requirement that the line with its generator 
and load be completely symmetric and 
balanced so that the currents on the two 
conductors of the line and the halves of the 
antenna are exactly equal in magnitude and 
opposite in direction. With commercially 
available unbalanced oscillators this is not 
easily accomplished. Extensive balancing 
networks and suppressors of unbalanced 
currents are required. Failure to obtain 
equal and opposite currents on a two-wire 
line is primarily responsible for the fallacious 
belief that two-wire lines radiate excessively. 
If the line is balanced and the spacing is 
well below one-tenth wavelength, radiation 
and pickup are very small. If the currents are 
not exactly equal and opposite, the two 
conductors of the line form an effective 
antenna with large radiation and pickup. 
Essential aspects of the balancing problem 
are considered later. Alternatively, two-wire 
line systems of type 1 (antenna in plane of 
line) may be studied using an equivalent 
half-system over a conducting image plane. 
In this manner, the entire problem of balancing 
the line may be eliminated. (2) A second 
major difficulty is the problem of supporting 
the line so that (a) there are no supports 
along the active part of the line, or (6) the 
supports introduce an effect that is known to 
be negligible, or (c) the effect of the supports 
can be measured accurately and taken into 
account in the equivalent network of the 
terminal zone. Of these three possibilities, 
the first is the best and is readily achieved 
on a center-loaded double-ended line. (3) A 
third difficulty involved in open-wire line 
measurements is the problem of eliminating 
the effect of the observer, auxiliary apparatus, 
walls, etc. This may be accomplished in one 
of two ways. ( a ) An image line is used and 
the observer with all equipment is behind 
the conducting image plane, and the antenna, 
erected on the front of the conducting plane, 
is at sufficient distances from all walls, etc. 
(6) A very long line is used so that the 
measuring end is sufficiently far from the load. 
For systems of type 1, both alternatives are 
useful but the first is more convenient since 
it also solves the problem of balance. In 
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systems of type 2 (antenna perpendicular to 
plane of line), only the second method is 
available. 

In order to eliminate all the principal 
difficulties of conventional open-wire lines, 
the image-plane line of Fig. 35.1 was designed 
by P. Conley. 16 This consists of a single 
conductor D, of any desired diameter, placed 
parallel to and at an adjustable distance from 
a large conducting sheet of aluminum and 
wire netting F. There are no supports in the 
active part of the line. Both the metal sheet 
and the line conductor are under great tension, 
so that a nearly constant line spacing is 
achieved. Only for very small separations 
were inaccuracies due to a slight bowing of 
the sheet encountered. These were later 
corrected. The antenna E is attached to the 
line conductor at the center. The identical 
halves of the line are equipped with movable 
bridges A, driving units B, and detector 
probes C, that are connected by cables and 
move symmetrically in pairs from controls 
at one end. They make contact with the metal 
sheet by phosphor-bronze fingers G. All 
auxiliary equipment and the observer are 
behind the image plane. The front of the plane 
faces a wooden wall entirely free of metal 
to which the antenna is perpendicular. The 
distance from the antenna to the floor and 
ceiling is approximately five wavelengths 
of 0.4 m each, so that all coupling effects are 
negligible. Experimental measurements on 
surface currents at 3,000 Mhz on a scale 
model of the long slots parallel to the line 
conductor showed that they had no effect on 
the distribution or magnitude of the currents 
and charges. A block diagram of the driving 
apparatus is shown in Fig. 35.2. The principal 
experimental problem in operating the line 
was the balancing of the two sides, which, 
however, was accomplished very successfully. 
Small differences were canceled by taking 
measurements on both sides and averaging 
the results. 

A schematic diagram of the double-ended 
line is shown in Fig. 35.3. With reference 
to this figure, let 


Z ( = Z c coth 0 { , i = 1, 2, L, ■ 

( 1 ) 

®i = Pi + j®i, i = 1,2 , L, • ■ 

•, (2) 

N 

1 

rH 

11 

rl 

a 

(3) 

*^2 — s S 1 — S d> 

( 4 ) 

■« 

1! 

( 5 ) 

® 2 — ®1 + 9, 

( 6 ) 


[//. 35 ] 


where Z c is the characteristic impedance of 
the line, y = “ + jP is the complex propa¬ 
gation constant, I Zl is the current at a point 
z 1 to the left of the load, and J 2j is the current 
at a point z 2 to the right of the load. With 
these definitions and the superposition prin¬ 
ciple, the distributions of current on the halves 
of the line are: 


V e 

J 2 , = ^sinhOj 


x 


G coth B l sinh y>*’ 1 + cosh yh ) 1 ‘ 
G coth 0 £ sinh (y^i + 8 X ) 

+ cosh (y^i + Oj) 


(7 a) 


— V e 

Ii t = -jr 1 sinh e 2 


x 


~H coth 0 £ sinh (—y>Vi) + cosh (—Y^i) 
H coth B l sinh (y.r 2 + ® 2 ) 

+ COS (y^ 2 + he 2 ) 


(7 b) 


where 


G = 


cosh (y?i + 0! + Y s d + O’) 
cosh (y-?i + 0i + Y'd + 9) 

+ coth 0 £ (sinh (y-Vi + 0i + Y^ + 


+ 6 cosh & cosh (y^i + 0i) 

— 8 cosh 9- sinh (y?i + 0i) 

+ 8 coth 8 t sinh 9 cosh (Y-?i + Bj) 

— 8 coth 0j sinh 9 sinh (y^i + ®i)l 


(7c) 


H = 


cosh (ys 2 + 0 2 — Y sq ~ 9) 
cosh (y-s 2 + ® 2 — ys d — 9) 

+ coth 8i[sinh (ys 2 + ®2 — Y s d ~ 


+ (1/8) cosh (—9) cosh (y,y 2 + 0 2 ) 

— (1/8) cosh (—9) sinh (y.r 2 + 0 2 ) 

+ (1/8) coth 0 2 sinh (—9) cosh (ys 2 + 0 2 ) 

— (1 /8) coth 0 2 sinh (—9) sinh (ys 2 + 0 2 )] 


m 


Now consider the conventional transmission 
line in Fig. 35.4,* and let Z 0 — Z c coth 0 O , 
Z s = Z c coth 0 5 , w = s — z; it follows that 
V e 

I = -J- sinh 0 O 

"C 

[ coth 8 S sinh yh’ + cosh ym 7 1 
coth 8 S sinh (ys + 0 O ) + cosh (ys + 0 O )J 

( 8 ) 


* A discussion of the presentation of conventional 
line theory by use of terminal functions may be found 
in R. King, ref. 44 and 1.3 la. 
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Fig. 35.2. Block diagram of driving apparatus. 
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Fig. 35.4. Conventional transmission line. 
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It is clear from (1) that G coth 6 t is simply 
the product of the normalized load impedance 
coth 0 L and the complex factor G. With 
this in mind, comparison of (7a, b) and (8) 
leads to the conclusion that the distribu¬ 
tions of current and voltage on the right 
and left sides of this line, driven at both 
ends and loaded in the center with an im¬ 
pedance Z L , are exactly those obtaining on a 
conventional line, driven at one end, and with a 
load impedance ZJG or ZJH, depending 
on which side of the double line the obser¬ 
vation is made. The net effect of the double- 
ended drive is to cause a given load impedance 
Z L to be measured (by either a voltage- 
distribution or current-distribution method), 
as GZ l on the left side or as HZ L on the 
right side. 

Evidently, impedance measurements may 
be made on either side of the double-ended 
line as if it were a conventional line, if one 
simply remembers to divide the answer by 
G or H. This procedure is complicated by 
the difficulty in determining G or H. In order 
to simplify the cumbersome expressions, let 
the line be the same on each side of the load. 
That is, let 


F| = VI (6 = 1), 

(9a) 

e 2 = e x (f> = 0 ), 

(9b) 

= ■*! fad 0). 

(9c) 

With the assumptions (9) great 

simpli- 

fications may be made in (7c) and (Id). 

The result is 


G = H = 2. 

(10) 


The practical problem now is simplified to 
measuring the impedance on either side of 
the double-ended line and dividing the result 
by two. This assumes, of course, that the 
assumptions (9) can be fulfilled. 

Since it is unlikely that the halves of the 
line could be duplicated exactly, a deter¬ 
mination of the effect upon G and H of small 
departures from (9) is appropriate. By 
expansion in a Maclaurin series it may be 
shown that the first-order effect of a departure 
from (9) is to cause G and H to vary equally 
and in opposite directions. Thus, it is conven¬ 
ient and relatively accurate to keep the line 
as symmetric as possible about the load and 
to average the measurements on both sides 
of the line. The conditions of balance are not 
entirely independent. A small error in line 
length, for instance, may be corrected par¬ 
tially by a slight change in the phase of the 
applied voltage, etc. If the line is electrically 
symmetric, there is a current null at the load, 


since the currents from the two ends are equal 
in magnitude and opposite in direction at 
that point. This is a convenient check for 
symmetry, as is the symmetry of current or 
voltage distributions on both sides of the 
load or the measurement of impedance on 
the two sides. 

The normal operation of the double-ended 
line is with equal and opposite currents, so 
that the unloaded center is a current null. 
This leads to an apparent open circuit at the 
center of the line when viewed from either 
end. Hence, the open circuit is the appropriate 
reference termination. The problem of ad¬ 
justing the phases and magnitudes of the 
voltages applied to the two ends of the line 
so as to produce a current zero at the center 
of the line is difficult. With no load, detectors 
loosely coupled, and the line properly trimmed, 
the power standing-wave ratio is of the order 
of 10 4 . This compares favorably with that 
obtainable on good coaxial lines at the 
same frequency. 

The antenna the impedance of which was 
measured was identical to the single-line 
conductor in material and diameter (1/8-in. 
O. D. brass tubing. Data were taken for 
“full-line” spacings of 0.0159 A 0 , 0.0238A 0 , 
0.0556A 0 , and 0.1032A 0 (measured from 
center of physical conductor to center of 
imaginary image conductor), corresponding to 
values of A (clearance between image plane and 
physical line conductor) of 1/16 in., 1/8 in., 
3/8 in., and 3/4 in., respectively. Both the 
standing-wave ratio method and the distri¬ 
bution-curve dip-width method were used 
for the determination of damping. 33,1 ' 310 To 
determine the phase function of the ter¬ 
mination, the distribution-curve minimum was 
plotted in every case. Data from the two sides 
of the line were averaged to give the result 
of each measurement. The antenna was 
shortened between successive measurements 
by cutting off, facing on a lathe, and replacing 
the hemispherical cap; the line trimming was 
adjusted with the antenna in place at the 
beginning of each measurement. 

Figures 35.5 and 35.6 show typical experi¬ 
mental curves of the apparent damping and 
phase functions, p sa and <I> so . The apparent 
impedance Z so = R sa + jX sa may be ob¬ 
tained by use of the relations 38,1 ' 310 


2 


R c sinh 2 Psa 
cosh 2 Psa — cos 2<I>, a ’ 


( 11 ) 


2^ S a 


-Rc sin 2<S> sa 
cosh 2 Psa - cos 2<X> sa ‘ 


( 12 ) 
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The values of p sa and ® sa are plotted as 
functions of antenna half-length h, measured 
from the tip of the antenna (of radius a) to 
the surface of the image plane. It includes 
the single-line spacing <5. The factors 2 in 
the left-hand members of (11) and (12) take 
account of the use of double-ended drive. 
Owing to difficulties in trimming the line 
when the antenna was near resonance, the 
results are least accurate near fi 0 h = n/2. 

A small outward bow in the center of the 
image plane caused a small change in the 
line spacing over a considerable distance. 
With no load the effect is similar to that of 
a small capacitance located at the center of 
the line, the reactance of which may be 
measured with the customary transmission¬ 
line techniques. While this effect is not 
measurable if the line spacing is large, it 
becomes more important with small line 
spacings. Since the presence of such an 
effective capacitance alters the measured 
impedances, these were corrected by assuming 
that the capacitance is lumped at the driving 
point. This should introduce too large a 
correction, as the driving point is particularly 
sensitive when the antenna length is in the 
region near antiresonance. Therefore, both 
the corrected and the uncorrected impedances 
are plotted with the understanding that the 
actual experimental value for a smooth plane 
lies between them. The impedance curves are 
given and discussed in Sec. 34. 

The measurements of Angelakos, the results 
of which are summarized in Sec. 34, were 
made using the same image-plane line but 
with the outward bow straightened. Instead 
of driving the line from both ends with the 
antenna as center load, Angelakos drove the 
line from one end only and used the other as 
a stub support or removed it completely and 
supported the line and antenna with blocks of 
Styrofoam. 

36. Impedance Measurements with a Long, 
Two-wire Line* 

The impedances of antennas perpendicular 
to the plane of the line can not be measured 
using an image-plane line since the line and 
the antenna do not have the same plane of 
symmetry. Accordingly, a long two-wire line 
is appropriate. One of the essential experi¬ 
mental requirements for making measure¬ 
ments on two-wire lines is to have balanced 
currents, since for reasonably small line 

* This section is based on the work of Dr. K. 
Tomiyasu, refs. 83, 85, and 86. 


spacings this makes radiation from the line 
negligible. Moreover, in the presence of 
unbalanced currents, observations vary with 
the location of the movable equipment and 
of the operator. Unbalanced currents can 
be eliminated if each of the following elements 
is balanced independently: the load, the 
two-wire line, the standing-wave detector, 
and the line excitation. A block diagram of 
the circuit and its components is given in 
Fig. 36.1. 

The load, the two-wire line, and the 
standing-wave detector may be balanced by 
making them geometrically and electrically 
symmetric. Balanced excitation is more diffi¬ 
cult to achieve. A two-wire open line evi¬ 
dently can be driven from a shielded pair line. 
However, most commercially available oscil¬ 
lators have coaxial outputs, and most devices 
that transform from coaxial to shielded-pair 
lines introduce significant unbalanced currents. 
For the unbalanced component of two un¬ 
equal currents, the two inner conductors 
of a shielded-pair line are effectively in 
parallel, so that the line behaves like a coaxial 
line with a double inner conductor. It follows 
that the unbalanced currents can be eliminated 
by using a double stub device called an “un¬ 
balance squelcher.” 86 It is shown schemati¬ 
cally in Fig. 36.2. Each stub is a half-wave¬ 
length long and has a short-circuiting bar 
between the two inner conductors a quarter- 
wavelength from the junction. The two stubs 
are a quarter-wavelength apart and form a 
short-circuiting bridge for the unbalanced 
component. The balanced component is not 
affected, since for it only high-impedance 
stubs are placed across the line. The “un¬ 
balance squelcher” was tested in the shielded- 
pair circuit in conjunction with several devices 
for obtaining balanced excitation on two-wire 
lines and was found to give perfect balances 
for all. 85 The method finally adopted for 
transforming from the coaxial line to the 
shielded pair uses a coaxial “T”-junction and 
one line that is longer than the other by a 
half-wavelength. 

Perhaps the most important factor in de¬ 
signing a two-wire line for measuring antenna 
impedance is its length. A short line places 
the equipment and operator so close to the 
antenna that currents induced in them may 
seriously affect the antenna impedance. A 
very long line, on the other hand, introduces 
excessive attenuation and the problem of 
supports. In the apparatus actually used, a 
two-wire line 35 ft long was supported at the 
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IN RADIANS 


Fig. 35.5. Experimental curves of apparent damping 
function p, a of antennas as center load (Conley). 



/fy IN RADIANS 


Fig. 35.6. Experimental curves of apparent phase function 
<!>«, of antennas as center load (Conley). 
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Fig. 36.1. Block diagram of two-wire-line measuring circuit. 
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Fig. 36.2. Tomiyasu’s unbalance 
squelcher. 



Fig. 36.3. Antenna in plane 
perpendicular to two-wire 
line. 
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antenna in Fig. 36.3. 
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ends. At the operating frequency of 300 Mhz 
this is about 10 wavelengths. The line was 
constructed of copper conductors having a 
diameter of 0.120 in. and spaced at 2.0 cm. 
This gives a characteristic impedance of 
308 ohm, a value chosen to yield greatest 
accuracy in all antenna impedance measure¬ 
ments. The attenuation is 1.55 X 10 -3 
neper/m, which is low, but not negligible for 
the long line. 

The Tine was driven by a tone-modulated 
oscillator. Its coaxial output was passed 
through a piston attenuator, transformed to 
a shielded-pair line, and passed through an 
“unbalance squelcher” and a line stretcher 
to the coupling unit. In addition to short- 
circuiting the unbalanced radio-frequency 
currents, the “unbalance squelcher” presents 
a zero impedance to audio-frequency voltages 
and prevents these from appearing at the 
coupling unit. 

The detector consisted of the shielded-pair 
probe, an “unbalance squelcher,” a bolo¬ 
meter, and a bolometer amplifier with Ballan- 
tine voltmeter. It was calibrated using a 
piston attenuator. The power abstracted by 
the balanced voltage probe was very small and 
comparable to that dissipated by the mosf 
sensitive coaxial and waveguide detectors. 

The first antenna to be measured was 
placed perpendicular to the plane of the 
transmission line, as in Fig. 36.3. A stub 
support was required in order to hold up the 
wires of the line. The construction of the 
antenna with its supporting half-bridges is 
shown in Fig. 36.4. It is pointed out in 
Sec. 34 that there is no coupling between the 
antenna and the transmission line when the 
antenna is in the neutral plane of the line. 
However, there is a transmission-line end 
effect due to the presence of the driving 
structure. Instead of determining the equi¬ 
valent reactance mathematically as a correc¬ 
tion, it was found expedient to tune it out 
electrically by adjusting the supporting stub 
to place a voltage maximum at the antenna 
terminals with the antenna removed. The 
impedances in Fig. 34.8 were measured with 
this structure. 

The second antenna measured was oriented 
in the conventional manner in the plane of 
the transmission line. A high-impedance 
stub was used as a support, but with this 
orientation the antenna is coupled to the 
transmission line and the stub. Impedances 
measured for this antenna are shown in 
Fig. 34.4a, b, curves M s . 


All impedances were measured by the 
standing-wave-ratio or the resonance-curve 
peak-width methods. 33,132 Corrections were 
made throughout for the finite attenuation of 
the long measuring line. 

37. Impedance Measurements with a Vertical 
Coaxial Line; Effect of Dielectric Bead* 

The antenna configuration consisted of a 
half-dipole and an image plane. For measur¬ 
ing purposes the dipole is mounted on the 
inner conductor of a concentric line the outer 
conductor of which is attached to the image 
plane. The coaxial line spacing produces an 
annular gap at the center of the image plane. 
The antenna is driven by the fields in this 
region and hence the input impedance is also 
defined here. The currents at the driving 
point are indicated in Fig. 37.1. There is a 
phase lag between the actual currents on the 
image plane and those that would exist in 
the ideal case of a base-driven dipole. The 
amount of lag is fif b — a), where a and b 
are the inner and outer radii of the line and 
ft a = 2 n/X 0 . The magnitude of the quantity 
/S 0 (6 — a) is determined by other considera¬ 
tions to be examined later. Thus, a principal 
consequence of the concentric line spacing 
is to introduce a lag in the currents in the 
image antenna proportional to this quantity. 
Discontinuities at the junction of line and 
antenna conductors may cause an added 
lumped capacitance. The geometries at the 
junction of line and antenna shown in 
Figs. 37.2 a and 37.2 c apply to the present 
measurements. The arrangement shown in 
Fig. 37.2 b was not used. 

Another consequence of the finite spacing 
(b — a) is to distribute the driving field along 
a segment of the center conductor of approxi¬ 
mate length (b — a). The physical boundary 
condition for concentric-line excitation there¬ 
fore does not contain well-defined terminals; 
instead, it involves a potential difference 
distributed about the base of the half-dipole. 
Impedance measured between terminals with 
appreciable spacing is an apparent impedance 
defined by 

Z,* = (<t>„ (37.1) 

The scale of the apparatus and antennas 
used depends on the choice of wavelength. 
In making this choice, two basic limitations 
are encountered. At long wavelengths the 
earth introduces errors, since it is an imperfect 

* This section is based on work by Dr. D. D. King, 
refs. 33 and 34. 
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conductor and not well suited for use in an 
image plane. On the other hand, extremely 
short wavelengths decrease the inherent 
accuracy of the apparatus. This is because 
dimensions and tolerances decrease in pro¬ 
portion to the wavelength. For operation in 
the laboratory the range between 10 cm and 
100 cm is indicated. In this region an accuracy 
of 0.1 mm in position is adequate and readily 
attainable, as are the usual constructional 
tolerances of ±0.001 in. An image surface of 
sufficient size may also be provided 
without resort to a field station. The choice 
of characteristic resistance of the measuring 
line is dictated by the loads to be measured. 
In general, the best accuracy is achieved 
when power is efficiently transferred to the 
load. However, since impedance measure¬ 
ment often involves the use of cables, the 
available fittings and cables must be con¬ 
sidered. In this instance a line resistance of 
49 ohms was chosen. Having thus fixed the 
ratio of conductor diameters, the magnitude 
of the quantity (b — a) at the image surface 
is fixed by the antenna diameters to be used. 
This precludes very small values of (b — a). 
The small dimensions of the line at this point 
are not favorable to measuring procedures 
since closer tolerances are required in a thin 
line. Accordingly, a 16-in. linear taper was 
used in the present measurements which 
everywhere maintained the characteristic re¬ 
sistance. No reflections from this tapered 
section were detectable and the measuring-line 
diameter could thereby be set at 1 in. while 
the hole in the image plane was only 5/16 in., 
which gives /?„(b — a) = 0.05 radians at the 
standard wavelength of 28.00 cm. The phase 
lag introduced by the hole in the image plane, 
though small, is therefore not negligible. 

In order to assure maximum accuracy in 
the measurements it seemed advisable not to 
rely exclusively on the standing-wave-ratio 
(SWR) method. For small losses in line and 
load this method is open to criticism because 
of the possibility of detector loading. An 
apparatus permitting both the conventional 
SWR method and the resonance-curve method 
to be used provides greater flexibility in 
obtaining results for all values of terminal 
impedance. The use of resonance curves 
implies a movable piston at one end of the 
line, and this eliminates the possibility of 
using solid-dielectric-filled lines. In order to 
avoid the errors due to movable beads and 
other types of dielectric supports, the measur¬ 
ing line used for the present measurements was 


designed to avoid the use of all supports. 
This was accomplished by mounting the 
conductors vertically. Several important ad¬ 
vantages result from this type of mounting. 
Thus, the image plane could be located several 
feet above the operator, thereby minimizing 
disturbing effects from objects in the room. 
The weight of the inner conductor and 
attached antenna is borne by the brass base¬ 
plate at the bottom of the line. At the extreme 
upper end of the line a thin, perforated poly¬ 
styrene wafer is inserted flush with the surface 
of the image plane. This wafer, being less 
than 0.004 in. thick (1 mm), may be treated 
as a lumped capacitance in parallel with the 
load. The reactance introduced by the poly¬ 
styrene may be measured and removed from 
the final results by subtracting its admittance 
from the load admittance. The end effect at 
the open end of the line is also compensated 
by this procedure. But note that it does not 
correct for end effect when the antenna is in 
place. The open end requires a small positive 
capacitance, the antenna a small negative 
capacitance as a correction. However, the 
small values of b/a and p Q {b — a) make both 
of these corrections negligible. This problem 
is examined in detail in Sec. 38 for lines with 
larger cross-sectional dimensions. 

The thin dielectric support maintains the 
line spacing well since gravitational effects 
are eliminated. The space between the two 
coaxial conductors is then left free to permit 
a piston to travel up and down for resonance- 
curve measurements. Adequate rigidity is 
obtained from the silvered ground steel (drill 
rod) inner conductor and the 1/4-in. wall 
of the aluminum outer conductor. Tolerances 
were better than ±0.001 in. The radii of the 
inner and outer conductors were a = 0.5588 
cm and b = 1.2738 cm. The calculated char¬ 
acteristic resistance is R c = 49.38 ohm; the 
attenuation constant a = 3.78 X 10 -4 neper/ 
cm. At the standard wavelength of 28.00 cm, 
the phase constant is 3 ~ 0.2244 radian/cm. 
A movable, tuned probe is provided for 
detecting the voltage amplitude along the line; 
probe depth is readily adjustable by a lead 
screw. The output of a Sylvania 1N21—B 
crystal in the probe is fed through a selective 
amplifier into a Ballantine voltmeter. The 
voltage gain of this amplifier is 78 db and 
the noise level about 78 db below 1 mv. 
Extensive grounding proved to be essential 
in maintaining the noise level. Power is 
furnished by a 2C40 triode in a tuned cavity; 
1100-hz square-wave modulation is applied. 
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Fig. 37.1. Currents at junction of antenna 
and image plane. 



Fig. 37.3. High-frequency circuit for use with slotted 
line. 



Fig. 37.4. Typical resonance curves (D. D. King). 



Fig. 37.5. Terminal damping function p, a in nepers as a function of antenna length in radians; radius of 
dipole is a; solid points from resonance data; circles from standing-wave data (D. D. King). 
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For low values of damping the resonance- 
curve method of measurement was used; 
for high damping, the standing-wave ratio 
supplemented the resonance-curve data. Cir¬ 
cuit adjustments to permit changing from 
one method to another could be made quickly. 
Particular emphasis was placed upon the 
monitoring in order to eliminate fluctuation 
errors. In resonance-curve measurements it is 
essential that the oscillator be coupled loosely 
to the line. This is accomplished by the circuit 
shown in Fig. 37.3. A concentric-line-type 
wavemeter and a bolometer amplitude monitor 
are continuously coupled to the circuit. 
Constant information on the output amplitude 
and frequency is furnished by direct-reading 
meters. Amplifiers provide a monitor sensi¬ 
tivity equal to the sensitivity of the detector 
on the line. If the amplitude and frequency 
monitors are undisturbed by the tuning of the 
measuring line through the required interval, 
then the coupling between oscillator and 
measuring line is loose, by definition. In order 
to provide flexibility in adjustment two 
separate coaxial feeders are provided in the 
piston assembly. Each feeder terminates in a 
loop 3 cm long on the face of the upper 
piston. Tandem pistons with 3-cm brass 
flutes assure complete decoupling between the 
line and the cavity located between the back 
of the pistons and the line baseplate. Each 
feeder cable is attached to an independent 
phasing stub in a twin line-stretcher. A shunt 
stub is placed to form a four-way junction 
with these feeders and the line from the 
oscillator. This shunt stub forms the mutual 
impedance Z 12 between the oscillator (primary) 
and measuring line (secondary). Suitable 
stops on the stub permit rapid adjustment of 
the coupling between oscillator and line. 
For standing-wave-ratio measurements a 
larger amplitude is required along the line, 
since the minima of the distribution curve 
must be measured. The resonance-curve pro¬ 
cedure deals only with the peak of the res¬ 
onance curve and hence requires less power 
input to obtain adequate deflections. Any 
desired degree of coupling can be obtained 
readily by means of the shunt stub mentioned 
above. Provision is made to permit accurate 
reproduction of the settings of this stub. 
This is needed in the resonance-curve pro¬ 
cedure which requires the terminal im¬ 
pedance at the sending end to remain constant 
between comparisons with the standard 
termination. An auxiliary probe near the 
sending end of the slotted section of line 


may be inserted to permit a direct test of 
probe loading. Probe effects cancel out in 
the resonance-curve procedure, but the 
standing-wave method may suffer from probe¬ 
loading effects at higher standing-wave ratios. 3 
No loading effects were detected for the 
standing-wave ratios measured. 

The upper limit of accuracy of the ap¬ 
paratus depends principally on two factors: 
first, the precision of linear measure along 
the line; and second, the accuracy of the 
detector reading. Steel scales and verniers 
permit readings to within 0.1 mm. Since a 
sliding contact is involved, some irregularities 
might be expected. However, the original data 
yielded uniformly smooth resonance curves. 
A sample family of resonance curves for an 
antenna load is shown in Fig. 37.4. A fair 
estimate of the accuracy of the positions of 
the maxima is probably better than ±0.1 mm. 
This is because the aggregate of all the points 
determines these positions, which is therefore 
more accurately known than the location of 
any one point. Tests on the standard copper¬ 
plate termination made at regular intervals 
bear this out. The width of the curves is 
given to nearly the same precision, but 
additional error is introduced here in fixing 
the level at which the width is to be measured. 
The width of the curves was measured at 
(l/'V / 2)F max . This level, somewhat higher 
than the usual half-power point, was chosen 
to extend the range of the method in the 
direction of high damping (low SWR), 
thereby securing a greater overlap with the 
standing-wave-ratio method. Increased accu¬ 
racy in measuring the width of the curves is 
required at the level chosen, but the limit 
of error mentioned above is sufficiently small 
to permit this. The square of the amplitude 
level was read on a Ballantine voltmeter. 
An accuracy within ±0.1 db was expected. 
Repeated calibration tests were made and the 
deviations on the calibration curve confirm 
this as the likely error. The original experi¬ 
mental results are in terms of the load phase- 
shift 4> sa and the load damping p S0 . 39,I ' 31 ° 
The resistance and reactance of the load are 
functions of both these independent variables: 


R,* = 2 R. 


sinh 2 p s , 


c cosh 2 p sa — cos 20 ,, 


(37.2) 


X m = -2 R 


sin 24> s „ 

c cosh 2 Psa - cos 20, a ' 


(37.3) 


The factor 2 in Eqs. (37.2) and (37.3) converts 
the results to symmetric dipole impedance. 
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The accuracy of the final results is not so 
easily stated, since the transformation from 
O sa and p sa to R sa and X sa may increase or 
reduce the inaccuracies in the measured 
variables. A measurement depending princi¬ 
pally on the phase-shift function O sa was 
made at regular intervals to determine the 
impedance of the open end with associated 
wafer support. A value of —y'1440 ohm ± 5 
percent was obtained. Since polystyrene is 
somewhat affected by the humidity, some of 
the deviation recorded is probably not caused 
by the measuring technique. Measurements 
made at large terminal damping depend 
principally on the damping function p sa . 
Independent determinations of p sa were 
made, using the resonance-curve method and 
the standing-wave-ratio method. The two 
methods agreed very closely. The experi¬ 
mental points from both methods are plotted 
along the curves. An error of about 5 per¬ 
cent is indicated by the location of the points 
along the curves for p sa . Values taken from 
the smooth curve should be more accurate. 
A much smaller deviation of the experimental 
points is apparent in the curves of the phase- 
shift function ® 3a . The curves are shown in 
Fig. 37.5 and 37.6. 

The curves of R sa and X sa shown in 
Figs. 37.7 and 37.8 give both compensated 
and uncompensated values. The compensa¬ 
tion involves elimination of the parallel 
reactance of —1440 ohm introduced by the 
polystyrene wafer support. Evidently, the 
presence of even a small section of dielectric 
influences the results appreciably. The signi¬ 
ficance of conditions at the driving point is 
therefore borne out by the experimental 
results. The curves for p sa and ® sa are slowly 
varying when the corresponding R sa - and 
Ajd-curves exhibit rapid changes. Therefore 
the use of the p sa and <5 sa graphs effectively 
increases the number of experimental points 
available in critical regions of the resistance 
and reactance graphs. Several additional 
points were chosen in this manner about the 
resonant and antiresonant lengths. 

The image plane used consisted of a square 
sheet of aluminum 90 cm on a side, supple¬ 
mented by eight brass rods interconnected 
by heavy wire. The total area of this assembly 
was about eight times that of the center 
section and corresponded roughly to a square 
of seven wavelengths on a side. Data taken 
with only the inner section in place differed 
from values taken with the added section 
by less than 3 percent for several antenna 


lengths. The phase function <I> sa remained 
unaltered, while the damping p sa increased 
slightly with the size of the plane. (This is 
confirmed theoretically in Sec. VII.28 and 
by an extensive experimental study 58 of the 
effect of the size and shape of the ground 
plane on the measured impedance of antennas 
which shows that the impedance is an oscilla¬ 
ting function of the ratio Z)/A 0 of ground- 
plane dimension to wavelength. The amplitude 
decreases with increasing values of this ratio. 
For a square ground plate the amplitude is 
about half that for a circular plate and it 
decreases more rapidly with increasing size 
of the plate. For a square plate the amplitude 
of the fluctuations from the mean resistances 
near resonance and antiresonance are about 
5 percent for D/A 0 = 6 and about 9 percent 
for Dj\ 0 = 2.5.) 

Several critical points in the impedance 
characteristics of an antenna may be chosen 
for comparison of the experimental results 
obtained with calculated values. In general, 
the maximum, minimum, and zero values of 
reactance are determined primarily by phase- 
shift data, while the resistance is also a 
function of the damping. In view of the 
greater precision of phase-shift determinations, 
somewhat greater accuracy may be expected 
in the reactance data than in the resistance 
values. Table 37.1 and Fig. 34.8 show the 
results of the King-Middleton formula and 
of the present measurements. 


Table 37.1. Comparison of experimental and 
theoretical critical values for cylindrical antenna, 
D = 10. 


D. D. King King-Middleton 

measurements second-order theory 

(^o)antires 

820 

844 

7r — (/W)antires 

0.60 

0.60 

l^lmin/l-^lmax 

1.95 

1.63 

(^o)res 

71.5 

70.3 

w/2 (/MOres 

0.098 

0.094 

(Ra) 

85 

86.5 

(A'o)^ 0 A = W2 

47 

41.7 


A comparison with experimental results of 
Brown and Woodward 12 is included in 
Table 37.2. These writers used a 5-m wave¬ 
length with a conventional slotted line. The 
agreement is rather good, with the exception 
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Fig. 37.6. Terminal phase-shift function <X>,„ in radians as a function of antenna length in radians 
(D. D. King). 



,1—1 1_I_L 

0 1 ^ 0 h 2 3 
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11_I_I_L 

0 '/3. h 2 3 


Fig. 37.7. Input resistance of dipole; solid curves compensated for effect of support (D. D. King). 





Fig. 37.8. Input reactance of dipole; solid curves compensated for effect of support (D. D. King). 
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Table 37.2. Comparison of experimental critical values for cylindrical antenna. 



D. D. King 

Brown and 
Woodward 

(all) x 10- 3 

compensated 

uncompensated 

(■^o) an tires 

1320 

1080 

1340 

3.13 


1080 

880 

1050 

4.53 


820 

700 

800 

6.21 

w (^o^)antires 

0.36 

0.70 

0.47 

3.13 


.44 

.72 

.59 

4.53 


.60 

.79 

.68 

6.21 

I-^lmin /1^| max 

1.55 

2.0 

1.8 

3.13 


1.88 

2.32 

2.3 

4.53 


1.95 

2.57 

4.2 

6.21 


of the reactance ratio. This is to be expected, 
however, since Brown and Woodward directed 
their measurements toward cases of practical 
engineering significance. Considerable base 
capacitance is encountered in base-driven 
dipoles attached through standard cable 
connectors. The effect of base capacitance is 
clearly indicated by the uncompensated results 
in Table 37.2 and in the next section. 

38. Effect of Transmission-Line Dimensions 
on Impedance of Antennas Measured with 
Coaxial Line* 

It is shown in the preceding section that 
the theoretical impedance Z 0 of a cylindrical 
antenna of half-length h center-driven by a 
slice generator is well approximated by 
twice the experimentally determined im¬ 
pedance of a half-dipole base-driven from a 
coaxial line, as shown in Fig. 38.1 , provided 
(a) the coaxial-line spacing ( b — a) is small 
enough, and (b) a correction is made for a 
dielectric bead or wafer if one is used. This 
is equivalent to stating that if (l 0 b and b — a 
are sufficiently small, the field that drives the 
antenna at the end of the coaxial line is 
concentrated in a band that is sufficiently 
narrow to be practically equivalent to a dis¬ 
continuity in scalar potential V = (<$> — 0) 
across a ring around the surface of the antenna 
where it joins the conducting plane, as in 
Fig. 38.2. Note that the cylinder has no flat, 
circular base; all currents and charges are 
on the cylindrical envelope or the image 
plane. 

In this section the effects on the impedance 
of a cylindrical half-dipole with hemispherical 

* All of the experimental data in this section are 
taken from the work of Dr. E. O. Hartig, ref. 27. 


cap of (1) increasing b with b — a fixed and 
(2) increasing b with a fixed are determined 
experimentally with precision. In order to 
make it unnecessary to construct a new 
slotted line for each value of b, a slotted 
section of fixed cross-sectional dimensions 
was used in conjunction with sections of line 
with abrupt changes in b or a or both, as 
shown in Fig. 38.3. It is shown by Hartig 
that an abrupt step or change in b or a or 
both at a distance A 0 /2 from the end of the 
line is equivalent to a lumped shunt capacitance 
across the line that may be determined 
experimentally by placing a short-circuiting 
piston exactly one quarter wavelength from 
the step. With the aid of steps of the types 
shown in Fig. 38.3 it was possible to measure 
impedances of antennas with a wide range of 
values of b and b/a using a single slotted line. 
This line was arranged in a vertical position 
below an aluminum ground plane 18.3 wave¬ 
lengths square at the operating wavelength of 
0.6 m.. The line was current fed by small 
loops extending above the tuning piston. It 
was replaced by a line of large diameter for 
the one set of values involving the greatest 
value of b used in the measurements. This 
line was voltage fed at the base. The two 
lines and all associated gear are shown 
schematically in Fig. 38.4. The detector 
system consisting of probe, crystal, and 
amplifier were calibrated as a single unit. In 
both lines the antenna and the inner con¬ 
ductor of the line were kept centered and 
rigid with Styrofoam wafers which have a 
dielectric constant differing negligibly from 
unity. It is shown in Fig. 38.5 that the presence 
of such a wafer even at a voltage maximum 
in a resonant line can not be detected. In this 
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Fig. 38.1. Half-dipole 
base-driven from co¬ 
axial line. 



Fig. 38.2. Half-dipole Fig. 38.3. Methods of feeding antenna, 
driven by discontinuity 
in scalar potential. 
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87.3 


Fig. 38.5. Measured 
effect of styrofoam 
support (Hartig). 








SCALE READING IN cm 

Fig. 38.7. Typical measured distribution curves with voltage-fed measuring line (Hartig). 
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terminal damping function p, a for current-fed terminal damping function p sa for voltage-fed 
measuring line (Hartig). measuring line (Hartig). 



Fig. 38.9a. Typical measured 
curves of apparent terminal 
phase-shift function <J> S0 for 
current-fed measuring line 
(Hartig). 


Fig. 38.96. Typical measured 
curves of apparent terminal 
phase-shift function ®, 0 for 
voltage-fed measuring line 
(Hartig). 
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Table 38.2a. Measured resistances, R, a (ohms); a/Ao = 2.98 x 10~ 3 , A 0 = 0.6 m (Hartig). 



b 

- = 2.21 
a 

- = 5.32 
a 

- = 7.09 
a 

b 

- = 10.64 
a 

- = 25.11 
a 

0.105 

_ 

_ 

_ 

— 

_ 

.209 

— 

— 

— 

— 

— 

.314 

— 

— 

— 

— 

— 

.419 

— 

— 

— 

— 

— 

.524 

3.25 

3.13 

3.36 

3.71 

3.28 

.628 

4.21 

4.47 

4.66 

5.21 

6.30 

.732 

6.92 

6.17 

7.07 

8.18 

9.71 

.838 

8.69 

8.70 

8.95 

10.48 

11.76 

.942 

11.70 

11.83 

11.89 

13.52 

14.17 

1.047 

15.19 

15.41 

15.08 

16.21 

17.16 

1.152 

18.38 

19.13 

18.97 

19.96 

20.92 

1.256 

22.80 

23.66 

24.00 

24.46 

25.34 

1.361 

28.98 

29.10 

28.54 

28.93 

30.36 

1.413 

32.64 

32.69 

31.79 

32.69 

— 

1.466 

36.30 

36.03 

35.74 

36.15 

37.06 

1.518 

41.34 

39.90 

39.67 

39.84 

— 

1.571 

45.62 

43.13 

42.22 

45.12 

44.29 

1.623 

52.55 

— 

— 

— 

— 

1.675 

57.55 

55.67 

54.96 

54.33 

54.12 

1.780 

73.72 

71.37 

69.83 

68.91 

66.11 

1.885 

92.73 

90.09 

86.38 

83.76 

80.54 

1.989 

127.1 

114.9 

108.3 

104.7 

110.7 

2.094 

167.5 

151.0 

140.1 

133.5 

128.9 

2.199 

217.5 

191.9 

178.1 

168.0 

161.0 

2.303 

298.2 

257.7 

227.0 

217.2 

211.5 

2.408 

385.0 

331.4 

302.8 

286.9 

275.3 

2.513 

493.7 

436.0 

395.6 

381.5 

363.6 

2.618 

568.9 

534.1 

493.8 

475.9 

469.4 

2.670 

580.1 

557.6 

539.4 

— 

— 

2.722 

592.1 

581.8 

584.4 

576.5 

599.5 

2.774 

— 

601.9 

602.3 

608.3 

— 

2.827 

530.9 

600.3 

610.5 

622.3 

686.0 

2.880 

— 

— 

— 

614.7 

690.8 

2.932 

432.8 

505.5 

560.1 

596.7 

686.4 

3.036 

318.5 

394.0 

453.8 

501.0 

582.6 

3.141 

253.8 

311.3 

360.7 

401.3 

464.7 

3.246 

— 

231.8 

270.2 

298.8 

336.0 

3.351 

— 

178.4 

— 

220.8 

244.3 

3.456 

—- 

— 

— 

— 

181.1 


conductors of the transmission line. The 
resistances R sa and reactances X sa computed 
from (1) and (2) using the experimentally 
determined values of p sa and <I> sa (corrected 
for the capacitance due to a step in the line 
when one of these was used) are listed in 
Tables 38.2 through 38.5 and represented 
graphically in Figs. 38.10 through 38.13. 

In Figs. 38.10a, b are shown the measured 
apparent resistance and reactance of a thin 
antenna (a/A 0 = 2.98 x 10~ 3 ) as a function 
of 2wA/A 0 . Comparison with Sec. 33 shows 
that the effect of the radial separation b — a 


is that of a negative shunt capacitance which 
increases as b — a increases. This behavior 
is exactly parallel to that of an antenna 
center-driven as end load on a two-wire 
line as described in Sec. 34. The insert in 
Fig. 38.10a gives the range near resonance. 
For a thin antenna of fixed radius a the 
apparent impedance varies only slowly with 
changes in b over this range of h, so that mean 
curves of R sa and X sa for all values of b\a 
are shown together with the King-Middleton 
second-order curve and a single third-order 
value of R 0 at 3 0 h = w/2. It is seen that 
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Table 38.26. Measured reactances, X, a (ohms); ajX 0 = 2.98 x 10 -3 , Ao = 0.6 m (Hartig). 



b 

b 

b 

b 

b 


- = 2.21 

- = 5.32 

- = 7.09 

- = 10.64 

- = 25.11 

a 

a 

a 

a 

a 


0.105 

- 808.8 

-1104 

.209 

- 507.5 

- 609.4 

.314 

- 380.7 

- 431.1 

.419 

- 304.0 

- 339.8 

.524 

- 248.7 

- 271.8 

.628 

- 211.8 

- 228.1 

.732 

- 188.4 

- 189.1 

.838 

- 146.1 

- 154.5 

.942 

- 118.1 

- 123.8 

1.047 

- 93.61 

- 97.78 

1.152 

- 69.36 

- 72.06 

1.256 

- 46.49 

- 48.47 

1.361 

- 23.44 

- 25.27 

1.413 

- 11.09 

- 11.86 

1.466 

0.24 

0.31 

1.518 

11.97 

11.17 

1.571 

21.63 

21.37 

1.623 

34.79 

— 

1.675 

48.27 

47.96 

1.780 

73.29 

73.73 

1.885 

101.3 

99.53 

1.989 

135.4 

128.3 

2.094 

165.5 

154.7 

2.199 

186.3 

182.0 

2.303 

208.5 

203.7 

2.408 

191.1 

211.8 

2.513 

147.1 

192.9 

2.618 

42.89 

110.9 

2.670 

- 36.71 

51.96 

2.722 

- 104.8 

- 19.41 

2.774 

— 

- 95.98 

2.827 

- 243.0 

- 171.5 

2.880 

— 

— 

2.932 

- 312.2 

- 284.0 

3.036 

- 349.6 

- 331.0 

3.141 

- 340.4 

- 347.1 

3.246 

— 

- 331.1 

3.351 

— 

- 311.4 

3.456 

— 

— 


the second-order theoretical value is con¬ 
sistently too low by a few percent. This 
agrees with the measurements on two- 
wire lines reported in Sec. 34. However, it is 
significant that the third-order value from 
Table 30.15 for fiji = 7t/ 2 is in excellent 
agreement with experiment. The ranges of 
R sa and X 3a in Figs. 38.10a, b near anti- 
resonance are shown in Figs. 38.10c, d on an 
enlarged scale, together with the second-order 
King-Middleton values of R 0 and X 0 . The 
agreement is seen to be excellent in the sense 
that the apparent resistances and reactances 


-1141 

-1311 

- 875.4 

- 637.2 

- 757.8 

- 688.1 

- 449.5 

- 501.8 

- 500.1 

- 348.9 

- 377.0 

- 382.6 

- 282.9 

- 297.7 

- 299.1 

- 234.0 

- 237.8 

- 246.5 

- 189.7 

- 194.0 

- 200.4 

- 157.7 

- 161.6 

- 166.0 

- 124.3 

- 127.7 

- 128.9 

- 98.27 

- 99.68 

- 100.2 

- 73.36 

- 73.24 

- 73.10 

- 49.06 

- 49.08 

- 47.73 

- 24.29 

- 24.22 

- 22.90 

- 11.65 

- 10.69 

— 

0.59 

0.72 

2.27 

11.84 

11.66 

— 

21.28 

23.12 

24.95 

47.43 

48.22 

51.60 

73.48 

74.07 

78.07 

98.53 

99.57 

103.6 

125.0 

127.0 

131.7 

152.0 

157.9 

161.3 

178.6 

186.6 

188.8 

207.6 

213.5 

221.1 

220.0 

223.5 

248.1 

212.6 

230.2 

263.0 

166.3 

187.9 

238.5 

126.3 

— 

— 

51.63 

87.01 

174.4 

- 18.75 

27.52 

— 

- 96.62 

- 49.28 

32.78 

— 

- 129.5 

- 42.80 

- 234.4 

- 192.4 

- 153.1 

- 323.1 

- 311.0 

- 298.1 

- 350.7 

- 359.5 

- 377.3 

- 348.5 

- 359.6 

- 391.1 

— 

- 338.3 

- 371.5 

— 

— 

- 334.2 


approach the theoretical curves as b/a is 
reduced. The percentage difference between 
theoretical curves (b/a-y 1) and the experi¬ 
mental curves for b/a = 2.21 is very small; 
the entire theoretical curve for R 0 is slightly 
low; the curve for X 0 agrees almost per¬ 
fectly. Thus it seems clear that the fictitious 
slice generator or discontinuity in scalar 
potential is approximated in the coaxial-line 
drive in the limit as b approaches a if a is very 
small compared with the wavelength. 

The curves in Figs. 38.11 a to 38.1 Id parallel 
those of Figs. 38.10a to 38.10c/ for a somewhat 
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Table 38.3a. Measured resistance, R sa ( ohms ); a/Ao = 3.97 x 10 ~ 3 , A 0 = 0.6 m (Hartig). 


M 

a 

- = 1.33 
c 

- = 1.67 
a 

b 

- = 4.00 
a 

b 

- = 5.33 
a 

b 

- = 8.00 
a 

b 

- = 18.88 
a 

0.105 

_ 

_ 

- 

__ 

_ 

.209 

— 

— 

— 

— 

— 

.314 

— 

— 

— 

— 

— 

.419 

2.13 

1.85 

1.61 

1.75 

4.05 

.524 

3.14 

2.48 

3.98 

2.83 

6.06 

.628 

4.45 

3.45 

5.46 

4.84 

7.76 

.732 

5.98 

6.15 

7.64 

6.89 

9.60 

.838 

7.85 

8.65 

9.29 

9.91 

11.58 

.942 

11.08 

11.50 

12.20 

12.85 

14.27 

1.047 

14.38 

15.01 

15.46 

18.38 

17.51 

1.152 

18.32 

18.56 

19.42 

20.09 

20.44 

1.256 

23.52 

23.65 

24.31 

24.41 

25.62 

1.361 

29.98 

29.49 

29.33 

29.47 

30.57 

1.413 

33.56 

33.20 

32.83 

33.47 

— 

1.466 

37.04 

37.05 

36.72 

36.58 

37.68 

1.518 

42.22 

40.51 

39.85 

40.06 

— 

1.571 

48.21 

44.78 

45.08 

44.36 

45.54 

1.675 

60.33 

58.42 

56.81 

55.03 

56.07 

1.780 

80.24 

74.41 

71.24 

69.25 

67.18 

1.885 

103.5 

92.75 

89.81 

86.65 

83.23 

1.989 

137.1 

120.0 

113.5 

109.4 

103.2 

2.094 

182.4 

154.3 

145.9 

138.1 

130.4 

2.199 

238.7 

201.4 

188.9 

176.4 

166.2 

2.303 

306.1 

263.1 

241.5 

227.2 

211.5 

2.408 

393.7 

336.7 

312.5 

296.9 

274.5 

2.513 

461.4 

428.1 

397.5 

389.6 

353.5 

2.566 

475.2 

470.0 

438.6 

— 

— 

2.618 

488.7 

498.1 

483.1 

462.8 

455.8 

2.670 

481.6 

521.1 

512.8 

528.8 

-- 

2.722 

465.5 

531.6 

536.9 

— 

544.1 

2.774 

— 

— 

— 

555.5 

582.6 

2.827 

392.5 

507.1 

522.3 

554.1 

596.9 

2.880 

— 

— 

— 

538.1 

— 

2.932 

319.6 

436.0 

464.0 

501.2 

579.4 

3.036 

247.6 

345.0 

375.6 

419.3 

504.0 

3.141 

191.9 

267.6 

292.8 

325.1 

395.9 

3.246 

— 

199.4 

222.5 

250.2 

295.3 

3.351 

— 

— 

— 

191.4 

217.5 

3.456 

— 

— 

— 

— 

163.0 


thicker antenna. The general nature of the 
curves is the same and the agreement with 
theory in the limit as b approaches a is equally 
good, except, apparently, in the case of the 
curve marked F (Figs. 38.11c, d). As shown 
in the inserts, the smallest ratio of bja was 
obtained by using an antenna of radius a 
considerably greater than that of the inner 
conductor of the line and with the step or 
change in size occurring at the base of the 
antenna. This was done deliberately in order 
to determine the effect of a step in the radius 


at the base. Since a discontinuity of this type 
is known to be equivalent to a lumped positive 
capacitance when it occurs back in the line, 
it is to be expected that its effect is essentially 
the same at the end of the line. Since the effect 
of the discontinuity can not be separated from 
the over-all end effect of the line, the measured 
apparent impedances in this case include both 
the negative capacitive effect of the finite 
value of b — a and the positive capacitance 
of the discontinuity. It is evident from 
Figs. 38.11c, d that the positive effect exceeds 
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Table 38.3ft. Measured reactances, X sa (ohms); a/A 0 = 3.97 x 10~ 3 , A 0 = 0.6 m (Hartig). 



- - 1.33 
c 

- = 1.67 
a 

ft 

- = 4.00 
a 

- = 5.33 
a 

ft 

- = 8.00 
a 

ft 

- = 18.88 
a 

0.105 

-694.0 

-980.0 

-1006 

-1100 

-957.8 

.209 

-443.1 

-522.9 

- 572.2 

- 632.5 

-610.8 

.314 

-333.5 

-376.6 

- 398.8 

- 427.6 

-445.3 

.419 

-269.8 

-297.2 

- 301.3 

- 309.2 

-342.8 

.524 

-221.9 

-241.0 

- 250.7 

- 259.2 

-271.3 

.628 

-184.9 

-199.0 

- 205.9 

- 212.3 

-221.0 

.732 

-156.1 

-165.9 

- 169.6 

- 177.1 

-181.1 

.838 

-130.0 

-136.2 

- 138.5 

- 143.6 

-146.3 

.942 

-105.6 

-110.2 

- 111.4 

- 114.8 

-116.9 

1.047 

- 83.81 

- 86.62 

- 87.32 

- 89.62 

- 90.35 

1.152 

- 62.81 

- 64.59 

- 64.73 

- 65.98 

- 60.73 

1.256 

- 42.00 

- 42.53 

- 42.37 

- 43.42 

- 42.61 

1.361 

- 20.50 

- 20.49 

- 20.64 

- 20.49 

- 19.38 

1.413 

- 9.93 

- 9.09 

- 8.76 

- 8.49 

— 

1.466 

0.48 

1.01 

1.25 

2.09 

3.57 

1.518 

11.62 

12.48 

12.16 

12.99 

— 

1.571 

21.75 

23.71 

22.85 

24.26 

26.12 

1.675 

43.35 

45.63 

45.31 

46.16 

48.96 

1.780 

68.75 

70.54 

73.19 

69.52 

71.96 

1.885 

93.52 

93.38 

92.03 

93.81 

97.30 

1.989 

116.7 

116.9 

116.3 

117.9 

121.7 

2.094 

138.9 

141.7 

142.1 

144.9 

149.1 

2.199 

148.4 

162.7 

165.4 

168.4 

175.4 

2.303 

142.0 

175.7 

182.2 

185.4 

196.0 

2.408 

108.6 

170.9 

188.4 

192.9 

215.7 

2.513 

28.19 

136.4 

161.1 

192.9 

220.2 

2.566 

- 24.52 

101.1 

128.6 

— 

— 

2.618 

- 75.54 

60.06 

90.60 

140.3 

194.3 

2.670 

-138.0 

- 0.69 

40.85 

44.64 

— 

2.722 

-183.0 

- 59.50 

- 18.85 

— 

115.4 

2.774 

— 

- - 

— 

- 19.34 

55.90 

2.827 

-261.6 

-174.7 

- 143.6 

- 89.45 

- 19.23 

2.880 

— 

— 

— 

- 151.9 

— 

2.932 

-295.5 

-261.7 

- 246.3 

- 216.9 

-168.8 

3.036 

-297.6 

-304.1 

- 299.7 

- 287.0 

-280.5 

3.141 

-291.2 

-313.3 

- 313.6 

- 322.9 

-335.0 

3.246 

— 

-304.7 

- 308.7 

- 317.1 

-345.4 

3.351 

— 

— 

— 

- 298.7 

-324.9 

3.456 

— 

— 

— 

— 

-294.4 


the negative effect, since curves F are shifted 
to the left of the theoretical curve A. It is 
shown in Sec. 33 that the location of anti- 
resonance is shifted to shorter lengths than 
for a slice generator if a positive capacitance 
is connected in parallel with the antenna, 
and toward longer lengths with a negative 
capacitance. Evidently, by proper choices of 
ft — a and of an increase in radius at the base, 
the negative capacitive effect of the gap and 
the positive effect of the step could be made 
to cancel. 


Experimental curves giving the measured 
apparent impedances of moderately thick 
and thick antennas are in Figs. 38.12a, ft, c, d 
and 38.13a, ft, c, d, together with second- 
order theoretical curves and third-order 
theoretical points. Since the impedance near 
resonance is more sensitive to changes in 
6/a for thick antennas than for thin ones, 
separate curves are given for this range. The 
large negative capacitive end effect is evident 
from these figures. 

The general effect on the location and 
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Table 38.4a. Measured resistances, R, a (ohms); a/A 0 = 9.26 x 10~ 3 , A 0 = 0.6m (Hartig). 


ft* 

b = 1.71 
a 

- = 2.28 
a 

b 

- = 3.43 
a 

b 

- = 8.10 
a 

0.105 





.209 

1.00 

0.59 

1.55 

— 

.314 

1.14 

1.43 

2.02 

— 

.419 

2.53 

2.46 

2.70 

2.82 

.524 

3.57 

2.81 

3.62 

5.63 

.628 

4.50 

4.12 

5.50 

7.47 

.732 

6.31 

6.42 

7.34 

9.64 

.838 

8.44 

8.64 

9.87 

11.94 

.942 

11.00 

11.58 

12.72 

14.42 

1.047 

13.63 

15.04 

16.28 

17.37 

1.152 

18.28 

19.24 

20.34 

21.62 

1.256 

23.02 

24.46 

23.67 

26.42 

1.361 

29.92 

30.79 

30.12 

31.57 

1.466 

38.55 

39.08 

38.46 

38.80 

1.571 

48.56 

49.39 

49.03 

48.01 

1.675 

63.83 

62.88 

59.88 

58.21 

1.780 

84.20 

81.53 

75.32 

72.12 

1.885 

106.5 

104.9 

96.27 

89.49 

1.989 

137.6 

134.4 

124.8 

107.0 

2.094 

175.2 

171.7 

157.4 

135.1 

2.199 

220.8 

214.1 

199.0 

168.9 

2.303 

263.2 

256.2 

238.8 

212.9 

2.408 

293.1 

294.9 

287.9 

260.2 

2.513 

289.5 

316.0 

318.8 

306.7 

2.618 

274.6 

305.2 

330.2 

353.5 

2.722 

236.1 

273.8 

315.3 

381.7 

2.827 

198.6 

235.5 

282.6 

373.7 

2.932 

164.7 

195.4 

235.6 

336.3 

3.036 

138.1 

159.7 

195.0 

285.7 

3.141 

110.1 

127.0 

160.0 

232.1 


magnitude of the maximum resistance and 
the location of zero reactance (antiresonance) 
of varying b/a with a/A 0 fixed is shown in 
Fig. 38.14. It is seen that the experimental 
points define curves that decrease continu¬ 
ously as b/a decreases, and that these approach 
the theoretical values for a slice generator in 
the limit bja 1 when O ^ 10. Reasonable 
agreement is still obtained for Q 8.5 where 
hja ^ 35. For smaller values of fi, a quasi- 
one-dimensional analysis is inadequate for 
determining more than the order of magni¬ 
tude, as is clear from Table 38.6. 

Since only capacitive end and coupling 
effects are significant as shown in Sec. 10, 
the apparent conductance G sa should be 
independent of 6/a and should differ negligibly 
from G 0 . Curves of the apparent conductance 
G sa and susceptance B sa are shown in Figs. 
38.15 to 38.18 for the four values of a/A 0 . It 


is seen that G sa is essentially independent of b/a 
even for the thick antenna, whereas B sa (in 
Y sa = G sa + jB sa ) decreases with b/a correspon¬ 
ding to the addition of negative capacitance. 

A quantitative check of the lumped negative 
capacitance C T that must be used in parallel 
with Z 0 (derived theoretically for a slice 
generator corresponding to the limit bja -*• 1) 
in order to obtain the apparent impedance 
Z sa (measured on the coaxial line a half¬ 
wavelength from the antenna) may be carried 
out as follows. Instead of evaluating theoreti¬ 
cal curves of Z sa or Y sa for the values of 
b/a and a/A 0 for which experimental curves 
are available for comparison, it is more con¬ 
venient to determine experimentally values of 
C T from the observed differences in the 
locations of the antiresonances, B sa = 0 
and B 0 = 0. The latter is obtained by extra¬ 
polating the values of /^antii-ea as functions 
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Table 38.46. Measured reactances, X,„ (ohms); a/A 0 = 9.26 x 10~ 3 , A 0 = 0.6 m (Hartig). 



- = 1.71 
a 

b 

- = 2.28 
a 

b 

- = 3.43 
a 

b 

- = 8.10 
a 

0.105 

-433.8 

-482.4 

-572.2 

-635.2 

.209 

-283.3 

-307.9 

-352.5 

-414.3 

.314 

-220.1 

-237.5 

-261.8 

-304.3 

.419 

-179.1 

-191.8 

-208.4 

-237.4 

.524 

-150.3 

-159.0 

-171.4 

-192.2 

.628 

-126.2 

-133.9 

-141.5 

-157.5 

.732 

-107.7 

-112.4 

-117.8 

-129.0 

.838 

- 90.06 

- 93.54 

- 98.36 

-105.3 

.942 

- 73.50 

- 75.96 

- 78.89 

- 83.37 

1.047 

- 58.50 

- 59.53 

- 61.20 

- 63.97 

1.152 

- 43.31 

- 43.58 

- 44.88 

- 45.54 

1.256 

- 27.62 

- 28.46 

- 27.17 

- 27.86 

1.361 

- 12.92 

- 11.92 

- 10.47 

- 11.06 

1.466 

2.64 

2.93 

4.66 

5.70 

1.571 

18.01 

19.13 

21.12 

21.86 

1.675 

31.90 

34.23 

35.80 

39.34 

1.780 

47.53 

50.21 

52.84 

56.33 

1.885 

60.21 

64.11 

69.33 

72.57 

1.989 

70.67 

76.02 

81.36 

89.12 

2.094 

72.49 

80.63 

88.52 

98.81 

2.199 

51.62 

70.65 

87.05 

114.1 

2.303 

17.35 

48.66 

73.03 

120.6 

2.408 

- 31.34 

4.44 

44.96 

115.2 

2.513 

- 87.51 

- 53.67 

- 6.04 

85.35 

2.618 

-134.6 

-109.3 

- 63.25 

44.08 

2.722 

-175.2 

-154.1 

-123.8 

- 28.61 

2.827 

-194.9 

-186.9 

-169.9 

-101.0 

2.932 

-196.8 

-203.3 

-197.7 

-166.9 

3.036 

-196.5 

-201.7 

-207.6 

-200.4 

3.141 

-187.2 

-197.1 

-205.5 

-223.6 


of b/a to bja = 1, as in Fig. 38.14. These 
measured values of C T are compared with 
the approximate theoretical values obtained 
from Fig. 10.9 with appropriate values of b 
and c 0 in Table 38.7. Alternatively, the 
experimental values of —C T jbc 0 for the two 
sets of values of a/A 0 are shown in Fig. 38.19 
as a function of b/a, together with the approxi¬ 
mate theoretical curve of Fig. 10.9. It is seen 
from Table 38.7 that differences of the order 
of 0.05 nnf are involved. Since c 0 is of the 
order of magnitude 0.3 to 0.4 /i/if/cm, the 
difference between theory and experiment 
corresponds to a length along the coaxial 
line of about 0.1 cm or 0.0016A 0 . In view of 
the approximations made in the integration 
with respect to 0 in the theoretical determina¬ 
tion of C T and the experimental difficulty of 
measuring so small a quantity accurately, 
the agreement between theory and experiment 


in Table 38.7 and in Fig. 38.19 is satis¬ 
factory. In practical applications, measure¬ 
ments of length on transmission lines usually 
are not required within the nearest thousandth 
of a wavelength. 

OTHER FORMULATIONS OF THE 
CYLINDRICAL-ANTENNA PROBLEM 

39. Storer's Variational Modification of 
Hallen’s Integral Equation* 

Hallen’s theory of the cylindrical antenna as 
formulated beginning in Sec. 11 involves 
the derivation of an integral equation and its 
solution by iteration. The modification intro¬ 
duced by King and Middleton in the original 
expansion by Hallen was a more carefully 
chosen approximate distribution function for 
evaluating the integrals. Although the accuracy 

* This section is based on the work of Dr. J. E. 
Storer, ref. 78. 
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Table 38.5. Measured impedances, Z aa = R,a + jN„; a// 0 = 1.59 x 10~ 2 , = 0.6 m (Hartig). 




R ta (ohms) 



X sa (ohms) 


b 

- = 1.33 
a 

b 

- = 2.00 
a 

- = 4.72 
a 

b 

- = 1.33 
a 

b 

- = 2.00 
a 

- = 4.72 
a 

0.015 




-247.6 

-368.5 

-469.0 

.209 

— 

— 

0.89 

-172.0 

-232.3 

-308.6 

.314 

1.42 

1.96 

3.50 

-139.6 

-178.6 

-229.7 

.419 

1.71 

2.79 

4.84 

-117.9 

-144.8 

-181.8 

.524 

2.38 

3.66 

6.02 

-101.1 

-120.9 

-146.4 

.628 

3.60 

4.97 

7.23 

- 85.48 

-101.7 

-119.5 

.732 

5.13 

6.99 

9.58 

- 75.42 

- 85.48 

- 98.46 

.838 

7.40 

9.83 

11.57 

- 64.31 

- 70.93 

- 79.93 

.942 

9.87 

11.91 

14.32 

- 53.40 

- 57.96 

- 63.32 

1.047 

13.37 

15.65 

17.71 

- 42.51 

- 45.25 

- 48.35 

1.152 

17.48 

19.30 

21.57 

- 31.63 

- 33.14 

- 34.09 

1.256 

22.60 

24.32 

26.37 

- 21.22 

- 21.98 

- 19.11 

1.361 

30.66 

30.47 

32.34 

- 10.49 

- 10.23 

- 6.88 

1.466 

39.64 

39.06 

39.16 

0.04 

0.37 

5.86 

1.571 

52.67 

52.19 

49.02 

10.00 

11.90 

18.49 

1.675 

68.96 

65.93 

60.39 

17.06 

20.42 

31.39 

1.780 

88.22 

85.86 

73.07 

22.74 

30.08 

42.69 

1.885 

110.9 

104.9 

89.65 

23.50 

34.24 

52.78 

1.989 

137.5 

129.4 

110.1 

8.46 

35.97 

61.66 

2.094 

156.8 

157.2 

134.3 

- 17.07 

29.80 

66.31 

2.199 

170.5 

184.8 

161.9 

- 44.95 

10.57 

68.60 

2.303 

170.6 

203.5 

198.8 

- 73.11 

- 18.40 

61.45 

2.408 

159.8 

211.6 

229.5 

- 99.44 

- 51.56 

40.87 

2.513 

144.0 

206.3 

254.1 

-117.3 

- 87.66 

5.76 

2.618 

125.4 

191.9 

268.0 

-129.6 

-119.0 

- 34.98 

2.722 

105.9 

168.9 

265.4 

-133.9 

-132.7 

- 80.82 

2.827 

91.69 

146.4 

244.2 

-133.0 

-144.8 

-121.0 

2.932 

78.09 

122.3 

213.0 

-130.0 

-147.4 

-147.8 

3.036 

65.32 

102.0 

187.8 

-125.7 

-145.4 

-160.4 

3.141 

56.76 

83.13 

149.2 

-119.9 

-139.0 

-165.4 


Table 38.6. Approximate percentage difference between the second-order theory of King and Middleton 
and the extrapolated experimental results of Hartig near antiresonance. 


n 

h/a 

Location of 
antiresonance 
(percent) 

Location of 
(percent) 

Magnitude 
of R mnx (percent) 

7.2- 7.5 

18- 21 

21 

9.5 

37 

8.6- 8.8 

37- 41 

8.8 

2.9 

10.7 

10.6-10.7 

100-105 

1.8 

0.8 

1.4 

11.2-11.3 

135-140 

0.6 

0.2 

0.9 
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Fig. 38.11a. Measured apparent resistance and reactance of a moderately thin antenna (Hartig). 



Fig. 38.116. Measured apparent reactance of a moderately thin antenna (Hartig). 


= 2{n 
























































OHMS RESISTANCE 


244 


THEORY OF LINEAR ANTENNAS 



Fig. 38.12c. Measured apparent impedance near 
resonance of a moderately thick antenna (Hartig). 



Fig. 38.12c/. Measured apparent resistance near antiresonance of a moderately thick 
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Fig. 38.13c. Measured apparent impedance near resonance of a 
thick antenna (Hartig). 








Fig. 38.14. Projection of critical experimental values near antiresonance Fig. 38.15. Measured apparent admittance near antiresonance for a thin antenna (Hartig). 
to “zero” line spacing, i.e., bja = 1. 
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Fig. 38.16. Measured apparent admittance near antiresonance of a moderately thin antenna (Hartig). 




















O CO<OVNO<M9<0 

sOHwmiw ni 30Nvid3Dsns ao SDNvionaNoo' 





V010NOV09® 

SOHwmiw ni 30wj.d3osns ao soNvionoNoo 


Fig. 38.17a. Measured apparent admittance near resonance of a moderately thick Fig. 38.176. Measured apparent admittance near antiresonance of a 
antenna (Hartig). thick antenna (Hartig). 
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Fig. 38.18a. Measured apparent admittance near resonance of a Fig. 38.186. Measured apparent admittance near antiresonance 

thick antenna (Hartig). of a thick antenna (Hartig). 
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Fig. 38.19. Curves of —Cy/c 0 b as a function of 6/a. 



Fig. 39.1a. Theoretical impedance of cylindrical 

antennas determined by different methods, ft = 15. Fig. 39.16. Theoretical impedance of cylindrical 

antennas determined by different methods, f2 = 10. 
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Table 38.7. Measured and theoretical terminal-network capacitances 
for antenna terminating a coaxial line. 



a/2o = 2.98 X 10- 3 


ath = 3.97 X 

io- 3 

bja 

Ct (p/if) 

bja 

Ct 

(p/if) 

Theoretical* Measured 

Theoretical* 

Measured 


2.21 

—0.048 /i/if 

-0.048 /i/if 

4.0 

-0.127 /i/if 

-0.159 /i/if 

5.32 

- .111 

- .118 

5.33 

- .147 

- .223 

7.09 

- .123 

- .184 

8.00 

- .186 

- .270 

10.64 

- .139 

- .223 

18.88 

- .226 

- .366 

25.11 

- .193 

- .264 





* Theoretical values of C T are those corresponding to the complete curve of C T /bc 0 in Fig. 10.9, including 
the extrapolated part. 


of the first- and second-order solutions can 
be enhanced further by using a complex 
expansion parameter and a distribution or 
trial function for the current that approxi¬ 
mates the first-order rather than the zeroth- 
order current, there still would be no assurance 
that the form of the integral equation is the 
most desirable one from the point of view of 
achieving a solution that is as insensitive as 
possible to the difference between the approxi¬ 
mate distribution function and the true, but 
unknown, distribution of current. It is for 
this reason that a different approach to the 
problem was indicated in which not only a 
more accurate distribution function than the 
zeroth-order current is used, but the integral 
equation is itself modified so that a specified 
quantity such as the impedance is insensitive 
to errors in the assumed trial function for the 
current. In order to make the new approach 
clear, let the previous approach be reformu¬ 
lated in a slightly different manner, and let 
this then be modified. Since the analysis of 
terminal-zone effects is not involved, let it be 
assumed for simplicity that the antenna 
(radius a, half-length h) is center driven by a 
slice or delta-function generator. The driving 
voltage is 

V 0 = l™j d (E% =a dz, (1) 


belt decreases to zero in the limit, (E% =a 
is an impulse function, as discussed in Sec. 4. 
In terms of the Dirac delta function 6(z) 
defined in Sec. 4, namely, 


IV 


S(z)dz= 1, 

<5(z) = 0, 


(/>> 0 ) 
2 # 0 , 


<5(z) =oo, z — 0, 


( 2 ) 


the representation (1.4.236) is convenient. 
That is, 

(E%=a = V 0 6{z). (3) 

With (4), the field ( E zl ) r=a in (1) at the inner 
surface of the cylindrical conductor (region 1) 
may be expressed essentially as in Sec. 11. 
Thus, 

(E zl )r=a = Z*l z - (E<) T=a = 2*7, - V 0 8(z). 

(4) 


The field on the boundary just outside the 
conductor is 

(E z2 ) r = a = +J a,A ^) r=a 

= + (5> 
Equating (4) and (5) gives 


where (E*) r=a is an impressed field maintained 
only across a narrow belt of thickness 28 on 
the surface at the center of a straight and 
unbroken conductor. Since it is assumed that 
V 0 in (2) remains constant as the width of the 


W =z*7,+i(^ + /i 0 M z ). (6) 

For simplicity the subscript 2 on i4. and 
the specification r = a have been omitted in 
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(6). Since <5(z) = 0 for z ^ 0, (6) gives (11.12) 
in the region where this is defined. Instead 
of solving (6) for A z and then obtaining 
the integral equation for the current, the 
impedance may be introduced directly using 
the definition 


Z 0 - V 0 jI 0 . (7) 

Thus, 



7? 1 = V(z - z') 2 + a 2 . (10) 


It is essentially the solution of (8) that is 
obtained in Secs. 11-21. 

The modification introduced into (8) by 
Storer is to multiply both sides by I z and 
integrate over the length of the antenna. Thus, 

Z 0 I 0 f / 2 <5 (z) dz = z 0 /g= f Z { Ijdz 
J-h J-h 


This is dimensionally a power equation, but 
it is not the time-average power equation 
which is obtained by multiplying (8) with the 
complex conjugate I* instead of I 0 . Note 
that the real part of the left-hand member of 
(11) does not give the power radiated. By 
introducing (9) directly in (11), noting that 
?o = v o/ v o — 120/r ohms, Storer’s form of the 
integral equation is obtained. It is 



P If dz 

nl . 

J-h 

■Ssf 

f K(z — z')I z I’ z dz dz' 


J-h 


where the kernel is 


K(z' - z) = K(z - z') 



The advantage of (12) over the corre¬ 
sponding equation that could be obtained 
from (8) by integrating over the length of the 
antenna is its stationary property. It is readily 
verified that if an approximate current is 
introduced in (12) as a trial function, a small 
difference A I z between the true current I z 


and the trial current I TZ = I z + A I z affects 
the true impedance only in terms that are 
functions of the second-order small quantities 
(A I z ) 2 . In the language of the calculus of 
variations, the first variation of Z 0 with respect 
to I z is zero, or Z 0 is stationary with respect 
to small changes in I z . This can be shown 
directly by taking the variation of (12). 

Without introducing the notation of the 
calculus of variations, this may be proved by 
evaluating the approximate impedance Z a 
obtained from (12) if I TZ — I z + A I z is 
substituted for I z . Thus, with the notation 

K - W), 

Z * = (/„ + 4 V [** + 4,J ' * 

x O' + M' z ) dz' dz] (14) 


(*, 


If dz 


+ 


j h /I j\ K(z ~ Z ’ )IJ: dz dz \ 

[« J dz 

K{z — z')T z \I z dz' rfzj 
(A I z ) 2 dz 


+ 2 
h rh 




h (*k 


■srj- 


K(z — z')A/'A/j dz 


A 


(15) 


With (12) and (9) multiplied by A I z and 
integrated from — h to h with respect to z, 
the first and second square brackets in (15) 
are simplified. Thus, 




(7 0 + A/, 


— [zji 

o) 2 l 


/: 


M z Z g d(z)I 0 dz 


K; 


(A/,) 2 dz 


- A j h K(z - z')M'M z dz' dz ) . 


(16) 


Since 



<5(z) dz = 1 


and S(z) = 0 when 
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z i= 0, the first integral in (16) becomes 
2Z 0 / 0 A/ 0 . By adding and subtracting Z 0 (A J 0 ) 2 ,, 
it follows that 


Z„ = Z n 


(I 0 + A I, 


_ 2 [,« r 

o) 2 L J- 


(A/j ) 2 r/z 


+ 



— z')A/'A / 2 c/z' dz 

— Z 0 (A7 0 ) 2 j . (17) 


Thus it is seen that if A/ 2 is a small quantity 
of the first order, Z a differs from Z 0 by a 
small quantity of the second order, since it 
involves only terms of the order (A/ 2 ) 2 . 
This is equivalent to stating that the first 
variation of Z 0 with respect to small vari¬ 
ations in A/, is zero. 

Since the integral (12) is stationary with 
respect to first-order changes in the current, 
it follows that if the trial function I ZT is a 
good approximation of the true current I z , 
the approximate impedance Z 0T must be a 
still better approximation of the true value Z 0 . 
Evidently, the more accurate I zT , the better 
will Z 0T approximate Z T . Hence, instead of 
using the zeroth-order current as in the 
King-Middleton solution of Hallen’s equation, 
the modified distribution given in Sec. 25 
may be used, since this is known to be a 
fair approximation of the first-order current. 
The particular form of this distribution given 
in (25.21, 22) may be generalized as follows: 

I it = V 0 {A sin P 0 (h - | z |) 

+ B[1 - cos P 0 (h - | z |)]}. 

(/? 0 z < 2 77 ) (18a) 

Note that since 

= V 0 {A sin figh + B[1 - cos fi 0 h]}, 

(186) 


I 0T vanishes when fl 0 h = 277 . Since I[j T 
appears explicitly in the denominator in ( 12 ), 
Z a becomes infinite when = 2 77 if (18a) 
is used as a trial function. Clearly, a trial 
function different from (18a) is required 
if the range near fifi = 2 t 7 is to be included. 
For this purpose Tai 81 introduced the trial 
function 


I ZT = / 0 [sin fi 0 (h - | z |) 

+ A (3 0 (h —- | z |) cos (S 0 {h — |z|)], 

(19) 

where A is an arbitrary constant. Since this 
current obviously is nonvanishing for all 


values of /?„// greater than zero, Z a remains 
finite. In the following analysis Storer’s 
simpler distribution function (18a) is used with 
the understanding that Z 0 is restricted to 
the range 0 s: fs a h sS 377 / 2 . However, Tai’s 
results also are given and, as is to be expected, 
they differ negligibly from Storer’s over the 
more restricted range in which the latter 
are a good approximation. 

Substitution of (18a) in (12) gives 

Z a = ^ [Y aaA 2 + 2y ab AB + Y „bB 2 ] Zg, 

{flgh < 377 / 2 ) ( 20 ) 

where 


+ 


J —A J —A 


X sin flg(h 


47. 

Y "“/6 


r Z 4 f sin p 0 (h - | z 
.0 J-h 


- | z |) dz dz', 

(21a) 


D 


x [1 — cos pg(h — | z |)] dz 

+ f f K(z - z') sin P 9 (h - |z|) 
J-hJ-h 

x [1 - cos p„(h - I z' |)] dz dz’, (21 b) 


4t T 

Yb3= Ko 


•h 

[1 - cos Pg(h - | z |)] 2 dz 

h 

:')[! - cos fi a {h — | z |)] 


477 . r A 

]To Z J- 

rh rh 

+ \ K(z - z')[ 1 - 1 

J-hJ-h 

x [1 — cos /?„(h — | z' |)] dz dz'. ( 21 c) 

By expanding the integrands and arranging 
them these integrals may be expressed in 
terms of the functions 

f* e -tf« R o 

C a (h, 0) = 2 cos /V' —5 — dz', (22a) 

Jo ^0 

C h e-Wo R o 

S a (h, 0 ) = 2 sin fi 0 z' —- — dz', 

Jo K o 

E a (h, 0) s 2 
where 


-TT d ‘'- 


r 9 = Vz ' 2 + a 2 . 



[ 1139 ] 


These are obtained from the more general 
functions in Sec. 19 by setting z = 0. The 
procedure parallels that in Secs. 18 and 19. 
The results are 
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Substitution of (25) in (20) to eliminate B gives 


—wA-W) 


Yab = jr 7r (1 

jto p o 


cos fifth) 2 + E a (2h, 0) 


- cos fi 0 h[C a (2h, 0) - C a (h, 0)] 

- sin fi 0 h[S a (2h, 0) - S a (h, 0)] 

- C a (h, 0) — 2 cos fiJiE a (h, 0) 

+ 2 cos 2 (l 0 hC n (h,0) 

+ sin2fi 0 hS a (h,0), (24 b) 


Y BB 




4 sin fi 0 h + 


sin 2 fi 0 h\ 


+ S a (h, 0) - 4 sin fi 0 hE a (h, 0) 

+ sin 2fi 0 hC a (h, 0) 

+ 2 sin 2 fi n hS a (h, 0) 

- sin 2fi 0 h\C a (2h, 0) - C a (h, 0)] 

+ cos 2fi 0 h[S a (2h, 0) - S a (h, 0)] 

+ 2p 0 hE a (2h, 0) 

—j[e-jP o' / « 2 +® 2 — e~iPo a ]. (24 c) 

In most practical cases the terms with z' as 
a factor are negligible. Since the functions 
C a (h, z), S a (h, z), E a (h, z) are expressed in 
terms of tabulated functions in Sec. 19, the 
three functions y AA , y AB , and y BB in (20) 
may be computed. 

In order to complete the solution for the 
impedance as given in (20) it is necessary to 
determine the complex coefficients A and B 
of the trial distribution of current (18). This 
may be accomplished as follows. 

Since Z a = 1/T a = VJI QT , it follows from 
(19) that 

Y a — A sin y3 0 A 


B = 


Z = J— 

“ 477 


Y aaA 2 + 2y AB A 


t "(t 


— A sin 


/ Y a - A sin fi 0 h \ 
\ 1 — cos fi 0 h / 

f)']zi (26 


— 2 cos jS 0 A[sin fi 0 hC a (h, 0) 

- cos fi 0 hS a (h, 0)] 

+ sin 2fi 0 h[C a (2h, 0) - C a (h, 0)] 

- cos 2fi 0 h[S a (2h, 0) - S a (h, 0) 

+ 5 a (A,0)], (24a) 

An Z' 


— COS fi, 


The remaining parameter A now can be 
determined to give an optimum value of 
Z a with respect to A by imposing the following 
condition: 


£^ = ^ + / !£‘ = o 
324 324 + J dA 


(27) 


This gives 


2Y..+2Y 

\ 1 - COS fi 0 h ) 

7 sin fi 0 h \ 

\l - COS fifth / 


(29) 


(30) 


- 2y AB A\ 

, ( Y 0~ As ' n PA ( Sjn ^ \ 

YiJ, \ 1 - cos fi 0 h/\1 -cosfioh) 
= 0, (28) 

which may be solved for 24 readily. For 
convenience let 

a = [Y^d - cos/VO 2 

- 2y AS (l - cos fi 0 h) sin fi 0 h 

+ y BB sin 2 fi n h]-\ 

With (29), (28) reduces to 

24= y 0 A[y^ sin fi 0 h-y AB (l - cos fi 0 h)]. 

With (30), (25) and (26) become 

B = iV^Y^d - cos fi 0 h)-y AA sin fifth], (31) 

Z o — z a= ~; ^(Y.jjYni - yL). 

fioh SS 3jt/2. (32) 

The admittance Y 0 may be eliminated from 
(30) and (31) using (32). The results are 

A = -J4n r y BB sin fi 0 h - y AB (1 - cos fi 0 h) 1 
(o L YaaYbb Y ab J 

(fifth S 3rr/2) (33) 

Y aa 0 - cos fifth) y AB Sin fifth^ 


B 


i4n h 

o L 


-J4-. 

C, 


YaaYbb 


y L 


1 — cos fi 0 h 


(fifth H 3*12) (34) 


(25) 



256 


THEORY OF LINEAR ANTENNAS 


[11.39] 


With Z 0 determined in (32) and the 
coefficients A and B in (33) and (34), the 
analysis of the impedance and the distribution 
of current of the center-driven antenna is 
completed. It remains to evaluate these 
quantities numerically and compare the 
results with those of the King-Middleton 
formulation, since these have been compared 
with experiment. 

The numerical evaluation of the impedance 
Z 0 = Z a and the coefficients A and B has 
been carried out for Q = 2 In (2h/a) — 15 by 
Storer. The results are given in Table 39.1 and 
in Figs. 39.1* and 39.2. Corresponding calcula¬ 
tions by Tai using the distribution function (19) 
are shown in Figs. 39.1 and VIII. 11.3, 4 for 
fi = 15 and 10. The corresponding King- 
Middleton second-order impedances as given 
in Sec. 30 are shown for comparison. As seen 
in Fig. 39.1, the Storer and Tai forms of the 
variational solution are in almost perfect 
agreement over the range in which the former 
is valid. Moreover, the general agreement 
between the King-Middleton second-order and 
the Storer-Tai variational results is excellent. 
Except for a slight shift of the peak of the 
resistance toward longer lengths, the vari¬ 
ational curve almost coincides with the King- 
Middleton curve for /9 0 /i s; 3w/2. Even for 
longer electrical lengths the agreement is good. 
Referring to the results for fl = 15, (/?„)max 
=2438 ohm (King-Middleton), (R 0 ) ma x =2495 
ohm (Storer), with a difference of 2.4 per¬ 
cent. The minimum resistances near fi 0 h = 4.3 
are (/? 0 )min = 85.0 ohm (King-Middleton), 
(^o)min = 81.6 ohm (Storer), with a difference 
of 4 percent. 

A comparison of values for ff 0 /i S 0.5 can be 
made using (31.6c) for the first-order King- 
Middleton reactance, which for Q = 15 gives 

ohms, [{fSJiY < 1] (35) 
P o'* 

The corresponding variational form is 
obtained by expanding (24a, b, c ) in powers of 
P n h and retaining only the leading terms. Thus, 
with (P 0 h) 2 < 1, 

Iaa = 23Ji[2 + In 4 - Q], (36 a) 

Y BB = Pi h\ 1 + 4 In 2 - G], (366) 

Y,, = $A s [^ + ?ln2 -?aJ . 

(36c) 


* See p. 251. 


Table 39.1. The current distribution 
parameters A and B in 

I T (z) = A sin p 0 (h — |z|) + B[1 - cos/j 0 (/j - |z|)]; 
n = 2 In 2h/a = 15. 


P„h A (ma/volt) B (ma/volt) 


0.5 

0.0126 

+j 

1.499 

-0.0244 

+y0.6647 

.7 

.0420 

+j 

1.800 

- .0550 

+j .3712 

.9 

.1340 

+J 

2299 

- .1153 

+j .1471 

1.0 

.2383 

+J 

2.724 

- .1677 

4 -j .0553 

1.1 

.4325 

+j 

3.332 

- .2522 

-j .0528 

1.2 

.8991 

+j 

4.357 

- .3997 

-j .1668 

1.3 

2.135 

+ / 

6.038 

- .7081 

—j .3006 

1.4 

7.927 

4-y 10.42 

-1.717 

-j .5909 

1.5 

15.74 

+j 

0.8847 

-1.982 

+/1.515 

1.6 

7.664 

—j 

7.385 

-0.2123 

-t-y 1.820 

1.7 

3.146 

-j 

5.868 

.2154 

-t-y 1.210 

1.8 

1.420 

~j 

4.479 

.2768 

+y0.8839 

1.9 

1.042 

-j 

3.604 

.2763 

+y .6998 

2.0 

0.7241 

~j 

3.036 

.2642 

+j .5823 

2.1 

.5247 

~j 

2.641 

.2511 

+j .5005 

2.2 

.4003 

-j 

2.361 

.2390 

+y .4395 

2.3 

.3139 

- j 

2.155 

.2285 

+j .3919 

2.4 

.2506 

~j 

2.001 

.2195 

+j .3534 

2.5 

.2022 

- j 

1.884 

.2117 

+j .3215 

2.6 

.1636 

~j 

1.796 

.2050 

+j .2943 

2.7 

.1319 

- j 

1.731 

.1992 

+j .2709 

2.8 

.1050 

-j 

1.685 

.1942 

+y .2504 

2.9 

.0815 

~j 

1.656 

.1899 

+j .2323 

3.0 

.0604 

~j 

1.641 

.1862 

4 -j .2162 

3.1 

.0407 

-j 

1.641 

.1831 

4 -j .2017 

3.2 

.0216 

- j 

1.655 

.1806 

4 -j .1886 

3.3 

.0023 

~j 

1.684 

.1787 

4 -j .1767 

3.4 

- .0180 

~j 

1.730 

.1776 

4 -j .1658 

3.5 

- .0406 

~j 

1.794 

.1772 

4 -j .1559 

3.6 

- .0671 

~j 

1.880 

.1778 

4 j .1468 

3.7 

- .1002 

-j 

1.994 

.1796 

4 -j .1384 

3.8 

- .1438 

-j 

2.144 

.1830 

4 j .1306 

3.9 

- .2051 

~j 

2.343 

.1884 

4 -j .1232 

4.0 

- .2972 

-j 

2.608 

.1968 

4 -j .1157 

4.1 

- .4459 

- j 

2.972 

.2097 

4-/ .1075 

4.2 

- .6343 

-j 

3.483 

.2296 

4 j .0968 

4.3 

- 1.221 

~j 

4.218 

.2609 

4 -j .0790 

4.4 

- 2.366 

- j 

5.245 

.3103 

4 -j .0399 

4.5 

- 5.182 

- j 

6.111 

.3711 

-y .0660 

4.6 

- 9.913 

- j 

3.195 

.3036 

-y .2865 

4.7 

- 8.477 

+J 

3.133 

.0377 

-y .3008 

4.8 

- 4.618 

+J 

4.210 

- .0479 

-j .1646 

4.9 

- 2.732 

+J 

3.606 

- .0518 

-y .0773 

5.0 

- 1.796 

+j 

2.891 

- .0315 

-y .0469 
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0 0.4 0.8 1.2 1.6 2.0 2.4 ^ oh 2.8 3.2 3.6 4.0 4.4 4.8 5.2 

Fig. 39.2. Current distribution parameters; Ijiz) = A sin fi„(h — | z |) + B[1 — cos fi 0 (h — | z |)] (Storer). 
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With these values 

= 


694.0 


(37) 


The difference between (35) and (37) is less 
than 0.4 percent. 

It may be concluded that the variational 
solution of the impedance of the cylindrical 
antenna is in close agreement with the second- 
order results from the King-Middleton expan¬ 
sion. Since these have been shown to be in 
excellent agreement with experimental results, 
it may be concluded that both forms of the 
theory are entirely adequate except perhaps 
near p 0 h — tt/ 2, where they are in error by 
about 8 percent for fl = 10. Significantly, the 
variational solution with a quasi-first-order 
trial function yields no better results in the 
critical region near resonance than the second- 
order King-Middleton formula. Note, how¬ 
ever, that the third-order King-Middleton 
results agree almost exactly with experiment 
at fioh = 7t/2. 


40. The emf Method and the Poynting-Vector 
Method for Determining the Impedance of 
Cylindrical Antennas 

The general analysis of the center-driven 
cylindrical antenna proceeds from the follow¬ 
ing generalized form of Ohm’s law: 

= («, + Et)r=a, (D 


where the current density (i /2 ),„ 0 at the 
surface of the cylinder is related to the total 
axial current I z by the factor az i , where a 
is the conductivity and z < the internal im¬ 
pedance per unit length. For a slice or delta- 
function generator (Sec. 1.4), E% is replaced 
by V 0 6(z), where <5(z) is the Dirac delta func¬ 
tion. With this substitution (1) is the same as 
(39.4). If it is next multiplied by I z or by its 
complex conjugate I* and integrated over the 
length of the antenna, the result is 

V oh == I o Z o = \ zi If dz— f E z I t dz (2 a) 


Vo = IqZ 0 = r zTf dz- r E z I*dz. (2b) 
J-h J-h 

Note that 7 0 in (2b) is the real magnitude 
of the complex I 0 in (2a). If E z is expressed 
in terms of the vector potential using (1.7.21c), 
(2a) becomes the integral equation solved in 
Sec. 39. Alternatively, the real part of (26) is a 
time-average power equation. Both (2a) and 


(26) may be solved for Z 0 . For a perfect 
conductor 

Z 0 =-i f E z l z dz= -L f E z I*dz. 

11 J-h It J-h 

(3) 

It is readily verified that (3) is equivalent to 
the evaluation of Z 0 by integrating the normal 
component of the Poynting vector over the 
surface 2 r of the antenna. Note that 

(H 0 )r = a = IJI-rra. (4) 

Hence, with the integrands defined at r = a, 

Z 0 = — I- f E z H e do=- i f E Z H* da, 
Igjz U »JE 

(5) 

where da = add dz , 2 is the cylindrical 
surface of the antenna, and E z H e is the radial 
component of the complex amplitude of the 
instantaneous complex vector 

Sj n9t « E inst x H ins t = E x Htf** - S'e^ 

(6a) 

and E Z H$ is the radial component of the 
complex time-average Poynting vector 

S = £E X H*. (66) 

Note that if the contributions from the very 
small currents on the ends of the cylinder are 
included, 

Z, = - 1 f n S'da, (la) 

!l h T 

where S' is given in (6a). Alternatively, 



where /„ is the peak value of the current and S 
is given by (66). The integral in (76) is the 
electromagnetic energy transfer function, of 
which the real part is the time-average power 
transferred from the accelerated charges 
within the conducting cylinder to moving 
charges elsewhere in the universe. Since this 
rate of transfer of energy is independent of the 
shape or size of the surface enclosing the 
antenna, the same value is obtained necessarily 
if a great sphere or any other closed surface is 
substituted for the actual surface 2 r of the 
antenna. Since /| in the denominator of (76) is 
real, it follows that R 0 may be evaluated from 
(76) using any surface whatever that completely 
encloses the antenna. An evaluation of this 
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type using a great sphere is carried out in 
Chapter V. In order to evaluate X 0 from (lb) 
and both R 0 and X 0 from (la), the surface of 
integration must be the surface of the antenna 
itself. 

The use of (3) in the evaluation of Z 0 is 
called the emf method . 10,64 In this rather general 
sense the variational method of Sec. 39 may be 
considered one way of carrying out the emf 
method. Actually, the name emf method 
commonly is restricted to the simpler evalua¬ 
tion of (3) when the trial function is the real 
zeroth-order current ratio, 

sin ML ~ 1 £ I) , 8 \ 

h sin HJt ’ 

instead of the more carefully fitted complex 
distribution for p 0 h < 3w/2, 

I z —A sin p 0 (h—\z |)+B[1 — cos p 0 (h —| z |)], 

(9a) 

/„=A sin p 0 h + B[1 — cos p 0 h] (9b) 

used in Sec. 39. Since the electric field for the 
simple sinusoidal distribution (8) is known 
from (V.3.11) even at radius a, the two 
integrals in (3) can be evaluated. Obviously, 
with (8) they are identical. The z-component 
of the field is from (V.3.11c), 

£ = —j f 0 g 0 / e-JMu e-z'M™ 

4tt sin P 0 h V Ru R 2h 

— -^-cos p 0 h e~iPo R ° I, (10) 

where 

R lh = V(h - zf + a 2 , 

R 2h = V(h + z) 2 + a 2 , 

R 0 = Vz 2 + a 2 . (11) 

Substitution of (10) in (4) gives 

z = 

0 2n sin 2 1 9 g h 

x {sin p 0 h[C a (h, h) - cos P 0 hC a (h, 0)] 

- cos p 0 h[S a (h, h) - cos p 0 hS a (h, 0)]}, (12) 

where C a (h, z) and SJh, z) are defined in 
(19.3) and (19.4). Note that for p 0 h = mr/2, 
n odd, (12) reduces to 

Z„ = §C o (M0, (13) 

which is identically (28.22). 

The formula (12) for the impedance may be 


put into the classical form obtained by 
Bechmann 6 by allowing the radius a to vanish 
except in logarithmic terms, and using (19.33) 
and (19.34) together with (19.27a-/). The 
expressions obtained in this manner for R 0 
and X 0 in Z 0 = R 0 + jX 0 are identically 
(28.9) and (28.10). It is seen, therefore, that 
the conventional emf method using the zeroth- 
order or sinusoidal distribution of current (8) as 
a trial function yields simply the modified 
zeroth-order approximation of the impedance 
(30.4). This is known to be a fair approxima¬ 
tion only near resonance when p 0 h is near 
mr/2, n odd. It is entirely unsatisfactory near 
antiresonance, since the impedance becomes 
infinite at p 0 h = m, n even. 

There is a fundamental difference between 
the conventional emf method with assumed 
sinusoidal current and the integral-equation 
method and its variational modification. In 
the latter the current is the real unknown and 
it is so determined that the field it produces 
satisfies the boundary condition on the cylindri¬ 
cal surface of the conductor. In the former a 
current distribution is postulated which 
maintains a field that actually violates the 
boundary condition. This is shown readily. 
Since (3) assumes a perfect conductor, the 
boundary condition requires E z to vanish at 
the cylindrical surface. However, the field (10) 
due to the assumed current (8) differs from 
zero at r = a. Obviously it is no paradox 7113 
that an incorrect current produces an incorrect 
field that does not satisfy the boundary 
condition and that a combination of this 
current and this field yields an impedance that 
is only a rough estimate. The approximation 
evidently is best when the assumed distribu¬ 
tion of current (8) most nearly matches the 
actual current, that is, when p a h is near n/2, 
377 / 2 , • • • ; the approximation is poorest when 
(8) does not adequately represent the true 
current, that is, when p () h is near n, 2n, ■ ■ ■ . 

41. The Integral-Equation Formulation of 
L. V. King 

The first analysis of the thin cylindrical 
antenna by deriving an integral equation from 
the boundary condition for the tangential 
electric field and solving this by a method of 
successive approximations using the expan¬ 
sion parameter = 2 In (2 hja) is due to 
L. V. King. 37 Although essentially equivalent 
to the method of Hallen, upon which most of 
this chapter is based and which was published 
a year later, it also constitutes a logical 
extension of the conventional emf method in 
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the sense that it modifies the sinusoidal 
current in such a way that the axial electric 
field calculated from it satisfies the boundary 
conditions. The method is formulated con¬ 
veniently as follows. For simplicity the 
cylindrical conductor of half-length h and 
radius a is assumed to be perfect, so that 
2 * = 0 . 

The differential equation for the axial 
component of the vector potential is given by 
(12.1) with 2 *' = 0. It is 


d*A, 
dz 2 


+ ftA z = 0. 


( 1 ) 


Using (14.10) and (14.11) it is possible to 
express A z in terms of the current as follows: 


4nv 0 A z = I Z [T + y(z)]. 


(2) 


where Y is a constant. Substitution of (2) in 
(1) gives 


d 2 I 

^2 — PofO), 


( 3 ) 


where 


MW = - £ 


f + W 




contribution of a continuous distribution of 
elements of the form f(s) sin p 0 (s — z). The 
magnetic field and the axial component of the 
electric field are generalized from (V.2.146) 
and (V.3.11c). They are 

jh 


(B e ) r =a : 


(E z ) r = a 


[e -|_ e — jfio R zs 

4nv 0 a sin i8 0 h 

— 2 cos / 8 0 h e~iPo R o\ 

4 —I* f(s)[e~iP« R u -)- 
4 iraJz 

— 2 cos / 8 0 s e~tfi> R o] ds, (7) 

g —jPt> R u 


jl o£o 

£— jPqRih 

4t t sin p 0 h 

[ Rlh + 


R 


2 h 


—cos jl n h e~jPo R o 

Ro J 


+ tl> 


' e -jP o R i, e-W» R *> 

+ 


R, 


R, 


— ~ cos ft 0 s e~)P« R o 
K o 


ds. 


( 8 ) 


where 


Ru = - ^) 2 + 


r 28 = Vu + zy- + « 2 , 


( 4 ) 


R 0 = Vz 2 + a\ 


( 9 ) 


The sinusoidally distributed current assumed 
in the conventional emf method is the solution 
of the homogeneous part of (3). That is, 


(■^z)o sin/? q(6 j z |) /q 


sin p 0 (h- \z' |) 
sin jS 0 /i 


( 5 ) 


and where R lh and R 2h are given by (9) with h 
substituted for s. The formula for B e is given 
as well as that for E z since it may be used to 
show that the field (7, 8) is consistent with the 
current (6). It follows from Ampere’s law, 

{B e ) r=a = IJ2nv 0 a, (10) 


The solution of (3) is the solution of the homo¬ 
geneous equation plus a particular integral 
which is the same in form as the particular 
integral obtained in Sec. 12. Thus 

l'z=lm sin P 0 (h-\z'\) +J/(s)sin/9 0 (j—z')tfc. 

( 6 ) 

The electromagnetic field due to this distribu¬ 
tion consists of the part (40.10) due to the 
sinusoidal first term plus an integral giving the 


that I z calculated from (10) with (7) should 
reduce to (6). It is readily verified that this is 
true when a = 0 and true except very near the 
ends when a is very small compared with h. 

L. V. King’s integral equation for a perfectly 
conducting cylinder is given by 

(E z \=a ~ 0, (11) 

where (E z ) r=a is given by (8). The solution for 
f(s) is carried out by successive approxima¬ 
tions in reciprocal powers of the same para¬ 
meter Q = 2 In (2 h/a) introduced a year later 
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by Hallen. L. V. King’s determination of the 
distribution of current and the impedance are 
equivalent to the first-order solution of 
Hallen 25 using the expansion parameter fl. 
As pointed out by Hallen, L. V. King’s 
numerical results differ from those calculated 
from Hallen’s first-order theory by King and 
Blake 45 by a factor 4/9 which is missing in 
L. V. King’s final formulas owing to the 
omission by oversight of significant terms for 
/ (s) in formula (46) of L. V. King’s paper. 


42. Storm's Method of Undetermined Co¬ 
efficients 79 

Essential steps in Storm’s method 79 for 
solving the integral equation of Hallen, 



I(,z')Kfz, 


z') dz' = C cos P a z 


+ £F 0 sin/J 0 |z|, (1) 

where 

Kfz, z') = e~Wo R ijR lt Ri= V(z — z') 2 + a 2 , 
are to express the current in the integrand as 
the sum of the sinusoidal (zeroth-order) 
current and an odd cosine series with undeter¬ 
mined complex coefficients, and then integrate 
term by term. The current is 


l(z') — A sin P 0 (h — | z' |) + A x cos k x z 

+ A 3 cos k a z' + A 5 cos k h z' + ■ ■ ■, 

( 2 ) 


where k x = fa/2h and the Af s are undeter¬ 
mined coefficients. The substitution of (2) 


in (1) gives as a leading term 

sin fi Q (h - ] z' \)K x (z, z') dz' 

h 

= C a (h, z) sin fj ix h - S a (h, z ) cos fifi. 


£ 


( 3 ) 


where C a (h, z) and S a (h, z) are expressed in 
(19.33) and (19.34) in terms of tabulated 
functions. The integrals obtained from the 
trigonometric series have not been solved 
exactly or reduced to tabulated functions. 
However, by expressing the integrals in the 
following form: 


Re J* cos (m^zfKfz, z') dz' 

a z —Az rh \ 

+ I cos (m^zfKfz, z') dz' 
-h Jz + Az/ 

J 'z + Az 

cos (m^jzO Kfz, z') dz', (4a) 

z — Az 


Im I cos (mji x z')K x (z, z') dz' 

— Im J cos ( m^zfK'fz , z') dz', (4b) 

where Kfiz, z') = e~iM l ~ l '\j\z — z'\ and 
a < Az < l, approximate values may be 
determined. The first pair of integrals in 
(4a) and the integral in (4b) may be expressed 
in terms of integral sines and cosines. For Az 


Table 42.1. Impedance and admittance; H = 15, pji = 77 / 2 . 


A/2-dipole: Storm 

Calculated with 2 points: 
Calculated with 3 points: 
Calculated with 4 points: 
Calculated with 5 points: 

Z = 73.3 + j 42.9 

Z = 81.1 +y 43.7 

Z = 80.3 + j 44.7 

Z = 81.5 +j 44.5 

F=(10.2 —y 5.95) x 10 -3 

Y = (9.56 —y 5.15) x 10 -s 

Y = (9.51 -j 5.29) x 10“ 3 

Y — (9.45 —y 5.16) x 10 -3 

A/2-dipole: King-Middleton 

First-order 

Second-order 

Third-order* 

Z = 75.0 +j 36.0 

Z = 80.8 +y 43.4 

Z = 81.5 -fy 43.4* 

F=(10.8 —y 5.20) x 10~ 8 
y = (9.60 —y 5.16) x 10 -3 
y = (9.56 —y 5.09) x 10 -3 


* Second-order reactance. 
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Table 42.2. Impedance and admittance; Q = 15, f} 0 h = n. 


A-dipole: Storm 

Calculated with 3 points: 
Calculated with 4 points: 
Calculated with 5 points: 

Z = 1286 —j 1393 

Z = 1324 -y 1440 

Z = 1162 -j 1354 

Y= (0.358 +;'0.388) xlO- 3 
y = (0.346 +y 0.376) xlO" 3 
y= (0.365 +y 0.425) xlO" 3 

A-dipole: King-M iddleton 

First-order 

Second-order 

Z = 1560 -j 1130 

Z = 1000 -j 1350 

y = (0.420 +y 0.304) XlO- 3 
y = (0.354 +y 0.478) XlO- 3 


sufficiently small (for example, Az = 5a), the 
cosine in (4a) may be replaced by unity and 
the integration performed. For larger values 
of Az (for example, Az = 50a), the cosine 
and K x (z, z') may be expanded in series and 
integrated term by term. 

After expressing the left-hand member of 

(1) as a sum of integrated terms, n equations 
may be obtained by selecting n values of z 
distributed between z = 0 and z = h. From 
these rt equations C and n — 1 of the co¬ 
efficients A, may be determined. Since 
C and Ai are complex, this means solving 
In equations for In unknowns. Once the 
n — 1 coefficients are known, the current 

(2) is determined to n — 1 terms, and from it 
the impedance follows immediately. In the 
actual evaluation Storm found that Az = 5 a 
is adequate in evaluating A u but that 
Az = 50a is required for A 3 , A 5 , ■ ■ •. 

Storm has computed the current and 


impedance of moderately thin antennas for 
which fl = 15 for the electrical half lengths 
P 0 h = vj 2 and n using up to 5 points along 
the antenna. For p 0 h = w/2 his results agree 
very closely with the King-Middleton theory. 
For p 0 h = tt the agreement is good in the 
conductance but less satisfactory in the 
susceptance. Presumably this is owing to the 
fact that for this electrical length the difference 
between the component of the actual current 
in phase quadrature with the driving voltage 
and the sinusoidal leading term can not be 
represented accurately by only three terms 
in an odd cosine series. Moreover, the least 
accurate range is very near and at z = 0 where 
the difference curve rises steeply. The imped¬ 
ances and admittances for fi 0 h = n/2 and 
v are given in Tables 42.1 and 42.2 together 
with the King-Middleton values. 

A method similar to that of Storm has been 
described by Nomura and Hatta. 61 



CHAPTER III 


CIRCUIT PROPERTIES OF ARRAYS OF LINEAR RADIATORS 


In Chapter II, the circuit properties of a 
single antenna of very simple structure are 
investigated under the assumption that the 
antenna and its associated network constitute 
a completely isolated transmitter. In practice, 
all systems of radio communication require 
at least two antennas, the transmitting antenna 
and the receiving antenna. Often a large 
number of receiving antennas are involved 
and both the transmitting and receiving 
antennas may consist of a more or less 
extensive combination of simple elements 
in the form of an array that has certain 
desirable properties, to be studied in Chapter 
VI. In a transmitting array several or all of 
the units may be driven in the sense that they 
are directly connected by a transmission line 
or other network to a generator, so that the 
input current for each driven unit may be 
maintained at any desired magnitude and 
phase by appropriate adjustment of the 
generator. Alternatively, some of the units 
in an array may be without connection to a 
generator so that currents in them are main¬ 
tained entirely by induction at magnitudes 
and phases appropriate to the geometry of 
the array and the magnitudes and phases 
of currents in the driven antennas. Such 
units are called parasites. Another common 
arrangement involves several linear elements 
connected to one another by coupling circuits 
such as sections of transmission line, or by 
coils, condensers, or resistors. Finally, a 
single linear element may be driven at more 
than one point by transmission lines or by 
generators, or its halves may be unequal in 
length or nonparallel in the form of a V. 
Since such a single antenna involves the 
problem of coupling between the two parts 
in a much more complicated manner than 
in the case of the center-driven symmetric 
antenna, it is included in this chapter on 
coupled antennas rather than in Chapter II. 

The object of this chapter is to study the 
circuit properties of various combinations of 
coupled linear elements and of single elements 
with coupling between component parts. 
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This requires, in particular, an investigation 
of the coupling between antennas and parts 
of antennas in various geometric configur¬ 
ations and of the definition and determination 
of self- and mutual impedances. Although 
the general problem of N arbitrarily oriented 
antennas can be formulated and simultaneous 
integral equations derived, the actual solution 
of such a problem has not been achieved 
without specialization. Therefore, it is con¬ 
venient to resolve the general problem into 
two parts, of which the first concerns itself 
with the more or less closely coupled or 
adjacent elements such as might constitute 
a single array, and of which the second 
deals with widely separated units involving 
a receiver at a considerable distance from the 
transmitter. The reason for this separation 
lies in the important fact that the relative 
orientations of elements in a particular 
practical array are usually geometrically 
simple, involving in most instances only 
coplanar parallel elements. This means great 
analytical simplification at the expense of 
no practically very important restriction. 
On the other hand, the orientation relative 
to the transmitter of a parasitic antenna used 
for reception is necessarily quite arbitrary. 
Hence, any limitation at all constitutes, in 
fact, a serious practical restriction on the 
generality. However, the requirement of 
loose coupling by wide separation, which is 
no important restriction for receiving an¬ 
tennas, permits sufficient simplification so 
that the analysis with completely arbitrary 
orientation is possible. Thus, the problem is 
conveniently subdivided essentially without 
practical limitation into (a) coplanar elements 
with unrestricted degree of coupling, and 
(b) loosely coupled antennas with no restriction 
on orientation. Of these two major sub¬ 
divisions, the second, dealing with loosely 
coupled elements with arbitrary orientation, 
is considered in Chapter IV, on the receiving 
antenna. The problem of coplanar and 
especially of parallel elements is analyzed 
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in this chapter. Since the complete deter¬ 
mination of the circuit properties of coupled 
antennas is complex, it is advantageous to 
postpone the general analytic formulation 
until after the simpler and actually more 
important special cases have been studied. 

THEORY OF TWO IDENTICAL, 
PARALLEL, NONSTAGGERED, 
CENTER-DRIVEN ANTENNAS 

1. General Discussion of the Problem 

In order to reduce to a minimum the 
complications involved in the study of two 
coupled antennas, this first approach is 
limited to the rather special, but nevertheless 
practically highly important, case of antennas 
that are identical, parallel, nonstaggered, and 
center-driven. The requirement that the 
antennas be identical does not in any manner 
restrict either the impedance or the driving 
voltage of the generator. The circuit to 
be analyzed may have one of several forms 
such as are shown in Figs. 1.1 to 1.5. It consists 
essentially of two cylindrical antennas each 
of radius a and half-length h separated by a 
distance b a between axes and center-driven 
from a two-wire line in one of several possible 
connections.* Or, it may consist of half of 
the structures of Figs. 1.1 to 1.3 over a highly 
conducting image-plane of great extent. 
Yet another possibility is the coaxially-driven 
pair of antennas shown in Fig. 1.6a or their 
more practical approximate equivalents in 
Fig. 1.66. 

All of the circuits shown in Figs. 1.1 to 1.6 
may be approximated by the simple circuit of 
Fig. 1.7 supplemented by corrective networks 
appropriate to each type of line to take 
account of end effects, coupling effects, 
dielectric or stub supports, and adjacent 
chargeable surfaces other than the cylindrical 
envelopes and hemispherical caps of the 
antennas. If the distance b a between axes 
of the antennas is sufficiently great, an 
independent terminal network may be designed 
for each antenna, as discussed in Secs. II.8-10, 
just as though it were isolated. If the distance 
between the antennas is small, coupling 
effects between one antenna and the trans¬ 
mission line feeding the other antenna must be 
considered. Before discussing this phase of 
the problem, it is convenient to study first 
the fundamental circuit of Fig. 1.7 in order 
to determine the impedances 

^16 = ^ldlhdz %26 ~ ^2dl^26y (0 

* Note that the antennas are separated by a 
distance b a , the line conductors by a distance b. 


[IIU] 

where V l6 and V 26 are the scalar potential 
differences across the adjacent edges of the 
cylindrical surfaces (not including end sur¬ 
faces) of the halves of the two antennas and 
I 16 and I 2 ,j are the currents into the antennas 
across areas bounded by these edges. 

In the two-antenna problem, the deter¬ 
mination of Z 16 and Z 2S as defined in (1) 
corresponds to the evaluation of Z 6 in the 
analysis of an isolated, single antenna in 
Chapter II. The input impedances Z 16 and 
Z 2i reduce to Z 10 and Z 20 as <5 0 just as 

Z 6 approaches Z 0 . The impedances Z 10 and 
Z 20 are the input impedances of two parallel 
identical antennas each driven by a “slice” 
generator; alternatively, they are the values 
of the apparent impedances loading the 
transmission lines in Fig. 1.1. when extra¬ 
polated to zero spacing for the line. 

2. Coupled Antennas with Small Base 

Separations; Arbitrary Driving Voltages 

The analysis of the two identical parallel 
antennas of Fig; 1.7 parallels closely that of a 
single antenna in Sec. 11.11. Assumed con¬ 
ditions are 

< 1, a <6. (1) 

The boundary conditions on the tangential 
components of the electric field at the surfaces 
of the two conductors are; 

(E'iz)r I =a = {E'iz)r I =a, 

i^2z)r 2 = a = (^|z)r a =a> (2) 

where the superscripts refer to the field inside 
and external to the conductor. Introduction 
of the scalar and vector potentials, the total 
current, and the internal impedance per unit 
length as in Sec. II. 11 gives 

(^ + * 1 .,)^( 3 «) 

<“> 

The vector potential has only a z-component, 
since all currents are in the z-direction. 
The components on the surfaces of the two 
antennas are 
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where* 


i?n = V( Zl - zj ) 2 + a 2 , 

R 22 = V(z 2 — z' 2 ) 2 + a 2 , (6a) 

R 12 = V(z, - z' 2 ) 2 + b 2 , 

R 21 = V(z 2 - zi) 2 + b 2 . (6b) 

The distances 7J n , R 22 , R 12 , and R 21 are 
shown in Fig 1.7. 

Equations (3) may be solved for A lz and 
A 2z in terms of a complementary function 
and a particular integral that has z l as a 
factor. Although the contribution to the 
impedance of an isolated antenna by the 
internal impedance has been shown to be 
negligible when good conductors are involved, 
as is usual, it does not follow necessarily that 
the same is true of coupled antennas. Actually, 
when equal and opposite currents are close 
together, ohmic losses may provide the 
principal dissipation of energy, with radiation 
losses quite negligible. Nevertheless, the 
terms with z‘ as a factor are omitted in 
the following analysis for convenience until 
the final formula, where they are included. 

Since each antenna is center-driven and 
the two antennas are parallel and not stag¬ 
gered, it follows that just as for a single 
isolated antenna the currents and vector 
potentials must be even functions of z, 
the charges and scalar potentials odd functions 
of z. Thus, for each antenna, 

I z (-z) = I z (z), A z (—z) = A z (z), (la) 

q(-z) = -q(z), <K-z) = -4>(z). (lb) 

(Note that components of currents that are 
odd functions of z would occur if the antennas 
were driven off center, if the antennas were 
not parallel, or if they were staggered.) 

Solutions of the homogeneous equations 
obtained from (3) are 

A lz = -1 (C u cos /Vi + C 12 sin /Vi)> 

(<5 =S Zj s; h) (8) 


* Since no transmission line is involved, the sub¬ 
script a on the distance b a between the antennas may 
be dropped without ambiguity with a transmission¬ 
line spacing b. 


A 2z = —1 (C 22 cos P 0 z 2 + C 21 sin P 0 z 2 ), 

(-5 z 2 iS h) (9) 

where C n , C 12 , C 22 , C 21 are complex con¬ 
stants of integration to be evaluated from 
the boundary conditions at z 12 = 6 and h\ 
the factors —y'/r 0 are added for dimensional 
reasons. Subject to (la, b), equations for the 
lower halves of the antennas are like ( 8 ) and 
(9) with — sin p 0 z written for -f sin p (> z. 
As in (11.13.11), 


A v . 0J dA u(zi) 


— Cu sin p 0 z 1 + C 12 cos /Vii 

6 ^ zj g h. ( 10 ) 


Using the symmetry condition (7) at Zj = 6, 
and proceeding as in Sec. 11.13, a result similar 
to (II. 13.20) is obtained. If V 1A is the scalar 
potential difference across z x = ±6 in antenna 
1 , the result is 

v is = 2<J> 1 (<5) = 2(—C u sin P 0 d 

+ C 12 cos p 0 S), (11) 

so that 


C 12 — (5 V u -f- Cu sin /V)/cos p ( />. ( 12 ) 

In the same way, with V 2d the scalar potential 
difference across z 2 = ±<5, 


C 21 = + C 22 sin P 0 d)/cos P 0 S. (13) 

Substitution of (4), (5), (12), and (13) in ( 8 ) 
and (9) gives 


(/r+DMF* 


j, e~iPi R n , 

+ hz —=- dz 2 

^12 / 


-y'477 


: (Cn COS p 0 (z 1 - (5) 


(/>/:)( 


C 0 cos p 0 d 

+ |F w sin PgZj), 
(S^z,^ h) (14) 
, e —iPo R n 


dz 2 


, j, e W« R ti , ,\ 

+ I -^r d V 


= 

Co COS p 0 d 


(C 22 cos p 0 (z 2 — d) 


+ s i n ^0 Z 2>- 

(S ^z 2 ^ h) (15) 
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The simultaneous solution of the integral 
equations (14) and (15) for the currents 
7 l2 (z 1 ) and 7, 2 (z 2 ) may be carried out in 
general for arbitrary driving voltages V u 
and V 2d . This is accomplished by resolving 
V 1S and V 2d into a codirectional, or symmetric, 
pair and an oppositely directed, or anti¬ 
symmetric, pair. Whatever the magnitudes 
and relative phases of V ld and V 2ti , they can 
always be expressed as follows: 

Vu =n+ V% V 26 = V% - V% (16) 

where V\ stands for the equal and codirec¬ 
tional parts of V ia and V 2S and V“ and — V a 
the equal and oppositely directed parts. 
With V ld and V 26 given, the symmetric 
and antisymmetric parts are 

V a = i(V is + V 2d ), Vf — %(V U — V 26 ). 

(17) 

The currents in the two antennas due to 
the simultaneous application of the equal and 
codirectional voltages V a are themselves 
equal and codirectional: If z (z) = I 2z {z) = If. 
Correspondingly, the currents due to the 
simultaneous application of the equal and 
opposite voltages V% and — F“ are themselves 
equal and opposite: If z (z) = — I 2z (z) = I a z . 
By the principle of superposition, the currents 
due to the combined application of the 
two sets of voltages in the form (16) are 

I u (z) =P Z + If, I 2z (z) = 1} - If. (18) 

These are the desired currents due to the 
simultaneous application in the two antennas 
of the arbitrary voltages V ld and V 26 . 

Equations (18) may be solved for If and 
If to give 

if = K4U) + 7 22 (z)], 

If = i[I u (0 - hz(Ol ( 19 ) 

The solution of the problem of arbitrary 
driving voltages in the two antennas has been 
reduced to the independent solution of the 
problem of equal and codirectional voltages 
and the problem of equal and opposite 
voltages. These are now examined in turn. 

3. Symmetrically Driven Antennas 

If the complex amplitudes of the voltages 
across z = ±<5 in the two antennas of Fig. 1.7 
are both equal to V% the complex amplitudes 
of the currents in the two antennas are also 
equal at the same value of z; that is, 

4 = 4 = if- (i) 


Subject to (1), the two integral equations 
(2.14) and (2.15) are identical and are given by 

(J 1 + D n ' Ks{ Z' z) dz 

= t—~- v [4 cos 5 0 O — <5) + \ sin /Vl> 
4 0 cos 

(S^z^h) (2) 


where the kernel for the symmetrically 
driven pair is due to Tai 51 and is defined as 
follows: 


K,(z, z') 


e W*ii 

*n 


+ 


e ^0^12 
*12 


(3) 


Since the subscripts on z are no longer 
required, let them be omitted. Thus, 


*u = VU - z'f + a\ 

. _ ( 4 ) 

*12 = V(Z - Z ') 2 + b 2 . 


The integral equation (2) is the same as 
(II. 14.3) for the isolated antenna except for 
a different kernel. It may be transformed in 
the same manner by defining the function 




=(£-£) 


g s (z, z')K s (z, z') dz’. 

(5) 


in terms of a relative distribution function 
g,(z, z') which approximates the true current 
distribution If'/If. Thus, 

,/ 47T 


If'i’Az) 


[C i cos /?o (z — <5) 


Co cos P 0 d 

+ \ V\ sin i?oz] 

- ( J ^ - J J[4 - g s u. z')l K s(+ z') dz'. 


( 6 ) 


The function 'F^z) is proportional to the 
ratio of the vector potential A z on the surface 
of one antenna divided by the total current 
in the antenna at z if g s (z, z') is exactly equal 
to If'/If. Specifically, 


VsO) = 4 ^ 


A* 

If 


4vrv n 


+ A , 


(7) 


where, however, A z is determined by the 
currents in both antennas. If the two antennas 
are not very close together the vector potential 
on the surface of antenna 1 is determined 
largely by the current in antenna 1 and only 
in a small degree by the current in antenna 2. 
In this case, T , S() (z) must behave much as for a 
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single, isolated antenna. If the two antennas 
are close together, so that both currents 
contribute significantly, the vector potential 
on antenna 1 due to the current in antenna 2, 
namely, A 12z , must vary with z in a manner 
closely resembling that of A llz , since the 
currents in both antennas have by definition 
identically the same distribution. The fact 
that the distance b between the antennas is 
always greater than the radius a, so that 
R 12 is greater than R lv makes the response of 
A 12z to variations in I 2z less sensitive than 
the response of A lu to variation in I lz , but 
the general conclusion that 'F s (z) is sensibly 
constant and predominantly real is still valid. 
Just as in Sec. 11.14 for the isolated antenna, 
it is correct to set 


Vsi(z) = + y 3 (z), (8) 

where 4' s is real and equal to the magnitude 
of 'F slS (z) at a suitably chosen reference point 
and y s (z) is a correction term that should be 
very small except near the ends of the antenna, 
where it may be infinite. 

Substitution of (8) in (6) and formal solution 
for I z leads to a formula essentially like 
(II.14.13) with K s written in place of K 1 and 
with the terms in z ! omitted. 

This formula is modified by subtracting (2) 
(with the integral transferred to the right-hand 
member and z = h) just as in Sec. 11.14. 
The final integral equation corresponding 
to (11.14.16) is (9), in which, for completeness, 
the terms with the internal impedance z\ 
which have been omitted heretofore, have been 
added: 


V = ~j Ajr 

z 4' s ( 0 cos /J 0 <5 


x jCjtcos P 0 (z — 6) — cos /? 0 (/i — 6)] 
4- i^fsin ft 0 z - sin /? 0 /i] 


_1_ 

4^ 


I*zY(z) 


( •a rd \ 

J-h j-sj 


+ 


HT - z')g s (z, z')]K s (z, z') dz' 

I 

jAnZ' r 

7-3— sin PoO - -0 ds 

LJd 


{ 


— T(s) sin p 0 (h — s ) ds 


(8 g, z < h) ( 9 ) 


Following the same method of iteration em¬ 
ployed in Sec. 11.15, I 8 Z may be expressed in 
series form and the constant of integration 
Cj evaluated using (2). The final formula 
for the current corresponding to (11.15.26) is 


n = 


p*v% 

Ui's 


sinp 0 (h-z)+M u (z)l'Z' s +M 2s (z)l'Y s +• ■ - ~J 

cos p 0 (h — <5) + A ls /T s + A 2 S /T f H- J 

8 gz gh. (10) 


The functions M ls (z), M 2s (z), ■ ■ ■, A u , A 2S , 
■ ■ ■ are defined by (II. 15.27)—(II. 15.29) with a 
subscript s added to each F- and G-function. 
These F s - and G s -functions are defined by 
(II. 15. ISa-f) with K s substituted for K v 
Since (10) is just the same in form as the 
corresponding expression (11.15.26), the same 
method of evaluation may be used. Following 
the King-Middleton method of Sec. 11.20 
for determining T by substituting the zeroth- 
order current in (5), one obtains 


'* , s iaW= 



sin/? 0 (/i— zQ 
sin 1 9 0 (h-z) 


K s (z,z’)dz' 


= «KiOO 

sin 1 9 0 (h - z) ’ 

where 

'hi.W = [C a (h, z) - C a (6, z) 

+ C b (h, z) - C„(d, z)] sin P 0 h 
- [S a (h, z) - S a {8, z) 

+ S b (h, z) - S b (6, z)] cos P 0 h. 


( 11 ) 


( 12 ) 


In (12) the functions with subscript a are 
identically (II. 19.3)—(II. 19.4) and those with 
subscript b are like those with subscript a, 
but with b written for a in and R 2 in 
(II. 19.6) and (II. 19.7). As proved in Sec. 
11 .20, the contributions to 'F s , s (z) by terms 
that involve 8 are significant only near z = 8 
and do not modify the magnitude of 'F s 0) 
over the major part of the antenna. These 
terms are, therefore, included in y,?( z ) and 
omitted from (12), which reduces to 


'his(z) — ‘KiW = [C„(h, z)+C b (h, z)} sin/yi 


- [S a (h, z) + S b (h , z)] cos P 0 h. (13) 


The expansion parameter 4’,, is defined as in 
(11.20.29): 

(14fl) 
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Fig. 3.2. The function C t (h, z)\ h = A 0 /4. 
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Fig. 3.5. The function S b (h, z); h = 2 0 /2. 
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T, 


4-i) 


(14) with (13) that 

¥.1=1 C a (h,z) + C b (h, z) | 


T sl = \S a (h,z)+ S b (h,z)\ 

with z — h — — and fi 0 h = n. 


)• 

111 

\_ 

1 Ja¬ 

la- 

1 

1 ©» 

Q» ^ 

J* 

1 

(146) 

P 0 (h) 

from 

0 m (z) - 

Qo(z) 

(15a) 

■-(£»-£) c — 

(156) 

Qo(h ) 


The function Cjjh, z) is shown in Fig. 3.1 
for fi 0 h = tt/2 and a = 2 In 2/i/a = 10, 15, 20; 
C b (h, z) is shown in Fig. 3.2 for fi 0 h = n/2 for 
several values of 6/2 0 ; T S1 is shown in Fig. 3.3 
for fi 0 h = 7t/2, fl = 10, 15, 20, as a function of 
bj>. Q . At infinite spacing *F sl approaches 
the value of which is shown at the extreme 
right in Fig. 3.3. 

The function S a (h, z) is shown in Fig. 3.4 

for p 0 h = n and fl s 2 In — = 10, 15, 20; 

a 

S b (h, z) is shown in Fig. 3.5 for p 0 h = it for 
several values of 6/A 0 ; T sl is shown in Fig. 3.3 
for p 0 h = it, O = 10, 15, 20, as a function of 

b!K 

With the expansion parameter Y s defined 
following the King-Middleton method, the 
expression (10) becomes an explicit solution 
by substituting T sl for T s . The functions 
M ms (z) and A m3 are given by (II. 15.27)— 
(11.15.29) with .. 


/?12 = V(z — z') 2 + b 2 , 

*i» = V{h - z') 2 + 6 2 . (18) 

The first-order functions are readily expressed 
in the forms 

l\(z) = -[C b (h, z) - C b (8, z)] 

+[E b (h, z) - E b (S, z)] cos p 0 h, 

(19 a) 

P i(h) = ~[C b (h, h) - C b (6, /,)] 

+ [E b (h, h) - E b (h, z)] cos p 0 h, 

(196) 

Qi(z) = ~[S b (h, z) - S b (8, z)] 

+[E b (h, z ) - E b (S, z)] sin p 0 h, 

(19 c) 

Qi(h) = —[S b (h, h) - S b {8, h)] 

+[E b (h, h) — E b (6, h)] sin p o h, 

(19 d) 


FJz) replaced by F mK (z) + P m (z), 

(16 a) 

F m (h) replaced by F mK (h) + P m (h), 

(16 b) 


where the functions C b (h, z), S b (h, z), E b (h, z ) 
are defined in (II. 19.3-5) with b substituted 
for a in (II. 19.6) and (II.19.7). They are 
expressed in terms of tabulated generalized 
integral sines and cosines in (11.19.33, 34, 36). 


G m (z) replaced by G mg (z) + Q m (z), 

(16 c) 

Gjh) replaced by G mE (z) + Q m (z), 

(16 d) 


where F mg (z), F mg (h), G mK (z), G mK (h) are 
given in (II.21.la-c/) and (II.21.4a-c/) for 
m = 1 and 2. The newly introduced functions 
PJz), P m (h), Q m {z\ and QJh) are defined 
as follows: 


PJO 




e~ 

-M- —5- dz '> 


R 


12 


P 0 (z) = 0, (17a) 


4. Antisymmetrically and Arbitrarily Driven 
Antennas 

If the complex amplitudes of the voltages 
across z = ±8 in the two antennas of Fig. 
1.7 are F“ and — V’ d \ the complex amplitudes 
of the currents are related by 

= -Ftz = -II ( 1 ) 


Subject to (1), the integral equations (2.14) 
and (2.15) both reduce to the integral equation 
(3.2) for symmetrically driven antennas but 
with a different kernel. This is given by 


K a {z, z') = 


e~i^o R n e~tPoRn 

Ru R12 


( 2 ) 
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It follows that the entire analysis of Sec. 3 
may be repeated if K a (z, z') replaces K s (z, z'). 
The final formula for the current (/“) TO is the 
same as (3.10) with subscripts and superscripts 
s replaced by a. 

The expansion parameter Y al is defined by 
(3.14) with a written for s in subscripts and 
where 

^aiOO = [C a (h, z) — C b (h, z)] sin /J 0 /i 

— [S a (h, z) — S b (h, z)] cos p a h. (3) 

Specifically, 

Y al = | C a (h, z) - C b (h, z) | 

with z = 0 and p 0 h — tt/ 2, (4a) 

'F 0 i = | S a {h, z) - S b (h, z) | 

with z = h — 2 0 /4 and p 0 h = n. (4 b) 

The function 'T’aj is shown in Fig. 3.3 together 
with T’ sl . The behavior of the two parameters 
for small values of 6/A 0 is seen to be quite 
different. For large values both approach 
for the single antenna. 

Functions M a (z) and A a (z) are defined for 
7“ in the same manner as Mfz) and Afz) 
in (3.10) are defined for If They differ only 
in F{z), F(h), G(z), and G(h) as defined in 
(3A6a-d). For the antisymmetric functions the 
plus sign preceding P or 0 must be replaced by 
a minus sign. With these changes in sign and 
T'“ substituted for T 5 , (3.10) is the correct 
expression for If 

Once the currents for symmetrically and 
antisymmetrically driven antennas are deter¬ 
mined, it is a routine matter to obtain the 
currents for the general case in which the 
arbitrary voltages V ld and V 2S are applied. 
The general distributions are 

In =11+ If 1 2Z =11- If (5) 

These may be expressed in terms of V u and 
V 2d instead of V% and V%, using 

vs = ¥ v i« + vj, v% = \(V 1S - v 26 ). 

( 6 ) 

In this general form the current in each 
antenna may be separated into two formally 
independent parts which depend, respectively, 
upon the voltages V ld and V 2d . 

It is demonstrated in the next section that 
the relative distributions of current in the two 
coupled antennas, even when these are 
closely spaced, do not differ greatly from the 
relative distribution in an isolated antenna. 
The magnitudes of the currents naturally 
must differ if the driving voltages are not the 


same. Since effects of the finite separation 3 
are confined to short distances near z = ± <5 in 
each antenna, it is clear that the distributions 
of current for 3 = 0 differ negligibly from 
those for small values of fi 0 3 except near 
z = ±3. Therefore, if the input currents at 
z = ±3 and the distributions for 3 = 0 are 
determined, all practically important informa¬ 
tion is available. 


5. Closely Spaced Antennas: Cage Antenna;* 
Two- Wire Line 

If the two parallel antennas are so close 
together that the following conditions are well 
satisfied, considerable simplification in the 
form of the expansion parameters T sl andT al 
results. The conditions are 

a 2 <b 2 <h 2 , py <p 2 0 b 2 <1. (1) 

The expansion functions may be expressed as 
follows: 

= VjnW + A'fz), (2a) 

*«(*) = ( 2 b) 

where 

,t, C a (h,z) sin p o h - S a (h,z) cos (l 0 h 

W - " a iu _ ’ y ) 




C b (h, z) sin P 0 h - S b (h,z) cos (t t) h ^ 
sinP 0 (h - z) 


The integral functions in (3a, b) are defined by 


C(h,z) =J 

r A 


—jPo^ 2^ 


COS PqZ' 

0 

( *, + - 

^2 / 

Jdz, 





(4) 

i 

r i 

((>— e 

-^(^2 \ 

jdz', 

S(h, z) =J 

1 sin fa | 
0 

i *, + - 

Rt ) 





(5) 

where 






R x = V (z—z') 2 + a 2 ] 
R 2 =+ (z+z ') 2 + a 2 ) 


for C a (h, z ) and 
S a (h, z), 


and where 


( 6 ) 


r 1 = V( z -z , ) 2 + b 2 ) 
R 2 = +(z+z') 2 + b 2 i 


for C b (h, z) and 
S b (h, z). 


(7) 


The functions C a (h, z) and S a (h, z) are 
expressed in terms of the generalized integral 
sines and cosines in (11.19.33, 34). Expressions 


* The n-element cage antenna is analyzed in Sec. 17. 
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for C b (h, z) and S b (h, z) are obtained by 
substituting ft for a (or B = /3 0 ft for A = figO). 
Subject to (1), all the generalized integral sines 
and cosines are practically independent of the 
small quantities (a/A) 2 and ( bjh ) 2 except the 
function Cc { ( U,A ),which involves sinh _1 (£//^). 
That is, subject to (1), 

s(a, u ) = s(b, u), m 

C(A, U) = C(B, U), (8ft) 

Ss(A, U) = Ss(B, U), (8c) 

Sc(A, U) = Sc(B, U), (8 d) 

Cs(A, U) = Cs(B, U), (8c) 

Cc(A, U ) = Cc(B, U). (8/) 


On the other hand, using (11.19.22), 

Cc/A, U) = sinh -1 (U/A) - C(A, U) 

- Cc(A, U), (9a) 

CCi(B, U) = sinh- 1 07/fl) - C(B, U) 

- Cc(B, U), (9b) 

so that, subject to (1) with (8ft,/), 

Cc t (B, U) = CCi(A, U) - sinh-W/O) 

+ sinlr 1 (U/B) (10) 


= Cc t (A, U) 


— In 


B U+ VU 2 + 

A U + Vl/ 2 + B 2 / 


Use of (8 a-f) and (10) in expressions for 
C a (h, z), C b (h, z), S a (h, z), S b (h, z) obtained 
from (II.19.33, 34) with (11.19.37) gives 

C b (h, z) = C a (h, z) 

— cos sinh -1 - + sinh -1 --- 

\ a a 

— sinh -1 , — sinh -1 -—- 7 |, (11) 

ft ft / 

B,,(/i, z) = S a (h, z) 

+ sin P 0 z( sinh -1 — — — sinh -1 --- 

\ a a 

— 2 sinh -1 - + sinh _1 - Z 
a ft 

+ sinh -1 ~—r~ + 2 sinh -1 f) . 

ft ft/ 

(12) 


Since the expansion parameters T' sl and *F al 
are defined at z = 0 for (i 0 h < ct/ 2 and at 
z = ft — A 0 /4 for /3 0 ft ^ w/2, only these two 
values of z need be considered. Specifically, 
with z = 0, 

C b (h, 0) = C a (h, 0) — 2 In (ft/a), (13) 
5»(A, 0) = 5.(ft, 0). (14) 


Similarly at z = A — A 0 /4, using (1), 

C b (h, A - A 0 /4) = C a (A, A - A 0 /4) 

— 2 In (ft/fl) sin /3 0 A, (15) 

S b (h, A - A 0 /4) = S a (h, A - A 0 /4) 

+ 2 In (ft/a) cos /3 0 A. (16) 


Substitution of (13)—(16) in (3ft) and use of 
(3a) gives 

*>(0) = ¥*1(0) - 2 In (ft/a), (17) 

¥ 6 (A - A 0 /4) = ¥ x1 (A - A 0 /4) - 2 In (ft/a). 

(18) 


If (17) and (18) are substituted in (2a, ft) 
with z = z T , the magnitudes of the resulting 
functions ¥ sl (z r ) and ¥„ x (z r ) define the real 
expansion parameters. They are 


¥ 81 = 


¥ sl (z r ) 


¥* t (z r ) - In 


,09) 


z r = 0, ?,Ag^; 

z r = h - ^ 


¥ o1 — | ¥ al (z r ) | — 2 In — . 


( 20 ) 


Since 'V K1 (z r ) is predominantly real and con¬ 
siderably greater than In (ft/a) if (1) is well 
satisfied, it follows that in most instances (19) 
is approximately equivalent to 

¥ S1 ^2^ — ln^. (21) 

When the inequality ft 2 > a 2 is not satisfied 
ft in (20) may be replaced by 

b e = ib(\ + V I - (2a/ft) 2 ]. 

Comparison of the relative distributions of 
current in an isolated antenna and in symmet¬ 
rically driven, closely coupled antennas 
shows that they are very similar. The zeroth- 
order currents have the same distribution. 
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These are, respectively, 
_ j2irV a sin P 0 (h 
fo T n cos P 0 (h 


a,) o 


2(/Do = 




<5)’ 

(6 g; z g; 6) (22) 

sin /3 0 (6 — z) 


S«[^ 


-In(6/a)] cos/? 0 (6 — 6) 

(dgzili) (23) 

In (23) the total current in both of the coupled 
antennas is given. Evidently, the two parallel 
antennas, each of radius a and with voltage 
V s 6> are equivalent to a single, isolated antenna 
with the same voltage V s d but with a radius a e 
that is greater than a by an amount sufficient 
to make its expansion parameter T Ji . le equal 
to [T'a'i — In (6/a)]. The magnitude of the 
required radius may be estimated for an 
antenna that is not too long* for which 
T A . le = 2 In (26/a e ) - 2. Thus, 


21ni* 

a. 


26 6 

2 In --2 — In - , 

a a 

, = N ab. 


(24) 

(25) 

This is an example of the cage antenna in 
which two or more closely spaced conductors 
in parallel are used in place of a single con¬ 
ductor of larger cross section. It is readily 
verified that the conclusions just reached from 
a study of the zeroth-order currents are 
essentially unchanged if the first-order currents 
are examined. This follows from the fact that 
terms like F x (z) + P 1 (z), Gfz) + Q x (z), • • • 
behave roughly like t F ja (z) + ^(z) in (2a). 
This is more nearly true for antennas for which 
/1 0 6 differs considerably from rm. 

The zeroth-order current in one of the 
antisymmetrically driven closely coupled an¬ 
tennas for <5 g z g 6 is given by 

jV% sin f3 0 (h - z) 


a?) o = 


where 


R c cos f} n (h - 6 ) ’ 


R c 3 1° In - . 
t r a 


(26) 


(27) 


Although written as the zeroth-order current, 
(26) is a good approximation of higher-order 
currents. This follows from the fact that 
difference terms of the form F x (z) — P x (z), 


* It is seen from Fig. II.20.7 that an increase in the 
value of the radius a to a greater value such as a e = v" ab 
corresponds essentially to a shift in the entire curve of 
'f>i for fi = 2 In (2 h/a) to a parallel position cor¬ 
responding to Tati for O =2 In (2 h/a e ) over the entire 
range of P 0 h. It follows that the results obtained in 
(25) specifically for a short antenna are, in fact, 
applicable to longer antennas. 


G x (z) — Q x (z), • • • which occur in the 
higher-order terms are necessarily small if 
the conditions 6 2 < 6 2 , ftj6 2 < 1 are satisfied. 

The current defined in (26) with S = 0 is 
precisely the current obtained from con¬ 
ventional transmission-line theory when ap¬ 
plied to a section of lossless line of length 26 
with equal and opposite point generators 
connected in series with the two conductors 
at their centers. The quantity R c defined in 
(27) is the characteristic impedance of such a 
line subject to the condition 6 2 ^> a 2 . 

6 . First-Order Distributions of Current in 
Symmetrically and Antisymmetrically Driven 
Antennas 

The distributions of current for sym¬ 
metrically and antisymmetrically driven an¬ 
tennas vary with the distance 6 between the 
parallel antennas. Therefore, it is best to 
indicate extreme variations in current. Begin¬ 
ning with the current in symmetrically driven 
antennas that are very close together, for 
example, 6/A 0 = 0.01, there is a continuous 
change in the distribution of current as the 
antennas are separated more and more until 
the distribution of the isolated antenna 
given in Sec. 11.22 is reached. If the same 
procedure is followed for antisymmetrically 
driven antennas a similar continuous variation 
may be observed. There is, however, an 
important difference. In the symmetrically 
driven pair, as for the isolated antenna, 
the distribution of current is practically 
independent of the ohmic resistance of the 
conductors for all separations. On the other 
hand, in the case of antisymmetric antennas 
this is true only when the two antennas are 
not brought too close together. When the 
distance between them approaches a small 
fraction of a wavelength all the terms not 
involving z * as a factor become smaller and 
smaller until they become negligible. In this 
case the distribution and amplitude are 
determined entirely by the terms with the 
factor z*. The distribution is that of a 
transmission line and the maximum amplitude 
of the current is enormously greater than for 
the symmetrically driven or the isolated 
antennas. 

In Fig. 6.1 are shown currents for the sym¬ 
metrically driven pair with 6/A 0 = 0.01 and 
6/A 0 = co (isolated antennas with 6 = 0, 
jS 0 6 = tt/2 and II = 15). The currents are 
plotted per unit voltage in the form 

I Z IV 0 = G(z ) + jB(z). 
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Fig. 6.2. First-order distribution of current per unit driving voltage (h 
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On the same sheet is drawn a sine curve of 
arbitrary amplitude to show the distribution 
in antisymmetrically driven antennas when 
6/2 0 = 0.01. Actually, the amplitude of the 
current should be multiplied by 50 to 100 
if the antennas are made of copper of reason¬ 
able size. Comparison of the curves for 
symmetrically driven antennas very close 
together and for an isolated antenna shows 
the current in the former to be slightly more 
than half that in the latter so that the two 
adjacent symmetrically driven antennas to¬ 
gether have essentially the same distribution 
and magnitude of current as a single isolated 
antenna with slightly larger radius. These 
distributions are very nearly sinusoidal. 

In Fig. 6.2 are shown curves corresponding 
to those of Fig. 6.1 but for fS g h = -n instead of 
7 J-/2. It is significant to note that at 6/7. 0 = 0.01 
the current in each one of the symmetric 
antennas is much greater than half of the 
current in the isolated antenna. 

It may be concluded that the relative 
distributions of symmetric current on parallel 
coupled antennas of equal length do not 
depart greatly from the distribution on an 
isolated antenna. 

7. Impedances of Symmetrically and Anti¬ 
symmetrically Driven Antennas; Antenna Paral¬ 
lel to Conducting Plane 

The impedances for the symmetrically and 
antisymmetrically driven antennas are, by 
definition, the ratio of scalar potential 
difference to current at z = ±<5. Using (3.10) 
and its counterpart with subscripts and 
superscripts changed from 5 to a, the imped¬ 
ances are 

Yi = ™ = zMji 

n 6 2n 
"cos p 0 (h - <5) + A 1 J'¥ n 

_ + AJJti + ''' 

sin j8 0 (h - <5) + B ls /T sl 

+ BzsI'Ysi + '' 

(1) 

Yl = 7 a = -jUYa 
n 6 2n 

"cos p 0 (h - d) + A la /T al 

_ + ^2al'Yal + * ‘ ' 

sin P 0 (h — <5) + B 10 /'F 01 

+ ^2a/^al + 

(2) 


The impedances Z h for a small base separ¬ 
ation 2<5 in each antenna may be expressed 
as functions of the impedances Z 0 for <5 = 0 
by expanding the admittance Y s = \jZ s 
in a Maclaurin series in powers of f 0 6, just 
as in Sec. 11.29. It has been shown that the 
difference between Z d and Z 0 for an isolated 
antenna is relatively small except when fji 
is near w/2, where it is roughly equivalent to 
substituting h — 6 for h. Since FJ and Fg 
have the same general form as Y 6 for an 
isolated antenna, and the new functions P 
and 0 depend upon f 0 d in essentially the 
same way as do the functions F and G, it 
may be assumed that the complex parameter 
e = e" — je in (II.29.6), namely, 

Z a = Z 0 /(l - e), (3) 

does not differ greatly from the corresponding 
factors e s and e a appearing in 

Z% = Zj/(1 - e s ), zg = ZSK 1 - O- 

(4) 

That is, a reasonable approximation is 


so that 


Yi 

zg- 


(5) 


( 6 ) 


*-•0 "o 

This means that the functions e’ and e" in 
Sec. 11.29 may be used in evaluating Z“ d from 
Zg and Zg from Zg. 

The actual evaluation of Zg and Zg is more 
involved than the evaluation of Z # for an 
isolated antenna, owing to the presence of 
the functions P m (z) and Q m (z). With available 
tables of generalized sine and cosine integrals, 
the first-order functions may be computed. 
An explicit formula for Zg and Zg follows: 

2n 

( T cos ftp h + F x (/Q ± Pjjh) \ 
x [<F + F j(0) ± P,f 0)] sin /V* - [GjjiO) . 
I ± <?i(0)] cos P 0 h + Gjfh) ± Qm 


(Z 0 )i — 


where* 

Pi( 0 ) = 'F(l 


cos (V0 - Cjh, 0) 

+ cos fji E a (h, 0), 


(7) 


m 


Pli 0) = -C b (h, 0) + cos /?„h E„(h, 0), 

( 86 ) 


* Note that the terms in (8a) and (8e) that have T 
as a factor are a part of the difference integrals which 
make Fj(0) and Gi(0) small. It is not correct to include 
them with the Y in the denominator of (7) and then 
treat the remaining terms as small. 


where 


B = M(<5). 
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F i(/i) = —C a (h, h) + cos fi 0 h E a (h, h), 

(8c) 

Pjih) = -C b (h, h) + cos Poh E b (h, h), 

m 

G x (0) = -Y sin p 0 h - S a (h, 0) 

+ sin P 0 h E a (h, 0), (8c) 

Oi(O) = —S b (h, 0) + sin p 0 h E b (h, 0), 

( 8 /) 

Gi(h) = —S a (h, h) + sin j 3 0 h E a (h, h), 

( 8 ?) 

Oi(h) = -S b (h, h) + sin fi 0 h E b (h, h ); 

m 


Z 0 = Zg with the upper signs and Y = Y ls ; 
Z 0 = Z% with the lower signs and Y = Y la . 
The formulas ( Sa-h ) are taken from 
(II.21.la-i/) and (3.19). 

Of particular interest and simplicity is the 
formula for p 0 h = w/2: 

x [_ Cjh, h) ± C b (h, h) _ \ 

U + ^[F/0) ± P b (0) + G b (h) ± <?#)]] 

(9) 

Y = Y sl = | C a (h, 0) + C b (k, 0) | for 

Zg with upper signs, (10a) 

Y = Y al = | C a (6, 0) — C b (h, 0) | for 

Zg with lower signs. (106) 

This formula is significant since the ratio h/a 
in Y appears only as a factor of the smallest 
term. This means that for values of Y that are 
not too small the impedance of each sym¬ 
metrically driven antenna varies only slightly 
with changes in the radius of the antenna 
if its length is fixed with f) 0 h = n/2. For all 
moderately large values of Y the following 
formulas are fair approximations: 

Z s 0 = & [C a (h, h) + C b (h, h)), (11a) 


Z% =§ [Ca (h, h) - C„(h, />)]. (1 lb) 

These reduce to the modified zeroth-order 
form if the radius a is set equal to zero in 
C a (h, h). The first-order formulas (7) and (9) 
are much better approximations than (11a, b), 
but they are no more accurate than the first- 
order formula for the impedance of an isolated 
antenna, to which they reduce when the 
separation b is made infinite. Reference to 


Figs. 11.30.la, c, d indicates that the first-order 
self-impedance curves resemble the second- 
order curves in shape and magnitude, but 
that they are, in effect, shifted with respect 
to length, so that they are not adequate in a 
quantitative sense in giving the correct 
impedance for a specified value of h. Since the 
symmetric and antisymmetric impedances 
oscillate about the value Z 0 for infinite 
separation as the separation is increased 
from small values, it is evident that Z s 0 and 
Zg must suffer from the same inaccuracy. 
That is, whereas the variations of the first-order 
values of Z b and Z% about Z 0 should be 
adequate, the first-order value of Z 0 is not 
related correctly to h. A method is described 
in the next section for superimposing the 
first-order variations in Z b and Zg on the 
second- order value of Z 0 , which is known to be 
related properly to h. Such modified first-order 
or approximate second-order values of Zg 
and Zg are given in Tables 7.1 and 7.2 and 
in Figs. 7.1 through 7.4 for p 0 h — -n/2 and 
with O = 10, 15, 20, and oo. Magnitudes 
and phases are shown in Fig. 7.5. 

Interesting features of Figs. 7.1 and 7.2 
are that maxima of Rg and X b occur practically 
at minima of Rg and Xg, and vice versa. Note 
that the extreme values of resistance occur 
near b/7 0 = 0.66, the extreme values of 
reactance near bj\ 0 = 0.33 and 0.92. If the 
antennas were very short compared with the 
wavelength (jSg/i 2 < 1), these extreme values 
would occur at 6/2 0 = 0.5 for the resistance 
and at 6/2 0 = 0.25 and 0.75 for the reactance. 
The reason why for P 0 h = w/2 these extremes 
occur at greater separations than for fi 0 h very 
small is related to the fact that the radial 
phase velocity of the electromagnetic field 
near a short antenna is the velocity of light, v 0 , 
whereas it very much exceeds v 0 for antennas 
with p 0 h = 7 t /2. This is shown in Chapter V. 
An interesting fact, which follows directly 
from (11a, b) is that as b approaches a, Zg 
approaches 2Z 0 . 

The modified zeroth-order impedance of 
antisymmetrically driven antennas of electrical 
half-length f} 0 h = n/2 is given by (116) with 
a = 0. Using (11.19.33) with p 0 h = tt/ 2 and 
with a replaced by zero for the first term of 
(116) and by 6 for the second term, the 
following expression is obtained. It involves 
only tabulated functions. 

z °~b [Ss(0 ’ n) ~ SsiJ}(,b ’ 7t) + j' C s{0 ’ n) 

-jCs(P 0 b,n)l (12) 
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Fig. 7.2. Symmetric and antisymmetric react¬ 
ance (jSo h = tt/2). 



Fig. 7.4. Antisymmetric impedance of parallel 
antennas (jSJi — Trjl). 
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Table 7.1. Symmetric impedances (approximate second order); p Q h = -njl, 
Zl = /?£ 4 jX = Z n 4 Z 12 (ohms). 


Wo 

n = io 

n = 15 

n = 20 

n oo 

0 




146.3 4/85.1 

0.01 

171.3 4/77.4 

160.6 4/76.1 

156.5 4/76.9 

146.2 4/81.3 

.02 

169.5 4/69.5 

159.4 4/70.0 

155.9 4/71.6 

146.0 4/77.6 

.03 

168.1 4/62.8 

158.6 4/64.9 

155.4 4/67.0 

145.7 4/74.0 

.04 

166.8 4/56.8 

157.9 4/60.0 

154.7 4/62.6 

145.3 4/70.2 

.05 

165.4 4/51.3 

156.9 4/55.5 

153.9 4/58.4 

144.8 4/66.7 

.06 

163.8 4/46.1 

155.8 4/51.0 

153.0 4/54.2 

144.1 4/63.2 

.07 

162.2 4/41.2 

154.5 4/46.8 

151.9 4/50.4 

143.4 4/59.6 

0.1 

157.1 4/29.9 

150.8 4/35.8 

148.4 4/39.4 

140.5 4/50.1 

.2 

136.6 4/ 5.0 

132.4 4/11.9 

130.8 4/14.9 

124.6 4/23.4 

.3 

112.3 -/ 6.4 

109.0 4/0.1 

107.5 4/ 2.4 

102.4 4/ 8.1 

.4 

89.5 -j 1.5 

85.4 4/ 2.8 

83.9 4/ 3.6 

79.4 4/ 5.1 

.5 

70.6 4/12.2 

66.3 4/13.8 

64.3 4/13.8 

60.6 4/12.6 

.6 

60.0 4/30.4 

55.7 4/30.0 

53.7 4/29.5 

49.8 4/26.6 

.7 

59.1 4/47.8 

54.2 4/46.1 

52.4 4/45.5 

48.3 4/42.3 

.8 

66.7 4/59.8 

61.3 4/57.9 

59.3 4/57.6 

54.7 4/54.8 

.9 

79.1 4/64.4 

73.1 4/62.9 

71.0 4/62.8 

65.7 4/61.1 

1.0 

91.5 4/61.2 

85.1 4/60.6 

82.8 4/61.0 

77.1 4/60.3 



Table 7.2. Antisymmetric impedances (approximate second order); 

/Jo* = »/2, 





Zl = Rl 4 jXl = Z. i 

— Z u (ohms). 



blh 

n = 

= 10 

Q. 

= 15 

a 

= 20 

Q —► oo 

0 







0 

4/ 0 

0.01 

0.065 

4/ 4.8 

0.065 

4/ 4.6 

0.065 

4/ 4.4 

0.059 

4/ 3.8 

.02 

.27 

4/10.3 

.26 

4/ 9.2 

.25 

4/ 8.7 

.24 

4/ 7.5 

.03 

.69 

4/15.4 

.65 

4/13.6 

.61 

4/13.0 

.53 

4/11.1 

.04 

1.20 

4/20.3 

1.11 

4/18.0 

1.07 

4/17.2 

.95 

4/14.9 

.05 

1.84 

4/25.0 

1.70 

4/22.3 

1.65 

4/21.2 

1.48 

4/18.4 

.06 

2.63 

4/29.8 

2.43 

4/26.5 

2.36 

4/25.2 

2.13 

4/21.9 

.07 

3.58 

4/34.4 

3.28 

4/30.6 

3.18 

4/29.2 

2.90 

4/25.5 

0.1 

7.0 

4/45.4 

6.4 

4/41.8 

6.2 

4/40.3 

5.8 

4/35.0 

.2 

26.2 

4/72.4 

24.1 

4/67.7 

23.3 

4/66.8 

21.7 

4/61.7 

.3 

51.7 

4/86.2 

47.9 

4/81.6 

46.7 

4/81.0 

43.9 

4/77.0 

.4 

79.8 

4/84.8 

73.8 

4/81.9 

71.7 

4/81.9 

66.9 

4/80.0 

.5 

100.9 

4/73.1 

94.1 

4/72.2 

91.6 

4/72.5 

85.7 

4/72.5 

.6 

112.3 

4/55.4 

105.4 

4/56.3 

102.8 

4/57.2 

96.5 

4/58.5 

.7 

113.1 

4/38.0 

106.7 

4/40.1 

104.2 

4/40.2 

98.0 

4/42.8 

.8 

105.6 

4/25.7 

99.8 

4/28.2 

97.5 

4/29.1 

91.6 

4/30.3 

.9 

93.5 

4/21.3 

88.0 

4/23.4 

85.9 

4/23.9 

80.6 

4/24.0 

1.0 

81.4 

4/24.8 

76.0 

4/25.8 

74.0 

4/26.0 

69.1 

4/24.8 
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This may be transformed into well-known 
formulas using (11.19.276) and (II.19.27c) to¬ 
gether with (11.19.27^) and (II. 19.276). The 
results are 

R tt 0 = ^ [Ss(0, n) -Ss(fib, n)] 

= [Cin 2 77 + 2Cin fib 


- Cin ( ^ fib 2 + n 2 + n) 

- Cin ( Xfib 2 + „a _ „)], (i 3a) 

x a 0 = ^ [0(0, rr) - Cs(fib, 77 )] 

Z7T 

= ^ [Si 2n + 2Si PJ) 


- Si(Xp2*2 + „* + „) 

- Si ( ^fib 2 TV 2 - 77 )]. (136) 

When the following condition is satisfied: 

fib 2 < 1 , ( 14 ) 

these expressions reduce to very simple 
forms if only the leading terms in the series ex¬ 
pansions for the integral functions are used. 
Thus, 

Cin fib = \fib 2 , Si fib = fib, (15a) 
Cin (V fl fo 2 + 7r 2 + 77 ) = Cin In, 

Si ( v'Pftb 2 + 77 2 + 77 ) = Si In, (156) 
Cin {V fib 2 +n 2 - 77 ) = Wlb 2 !2n) 2 , 

Si (Vfib 2 + 77 2 - 77 ) =£= fib 2 12n 2 . (15c) 

Neglect of powers of /1 0 6 higher than the 
second, according to fib 2 < 1, leads to 

R% = ~ n fib 2 = \5fib 2 ohm 

= 592.2(6/A 0 ) 2 ohm, (16a) 

= 60/3o6[l — fibfAn] ohm 

= 376.7 ^ ( 1 — TT) ohm - 066) 

The values of 7?® and 2fo for 6/A 0 sJ 0.07 and 
H -> qo in Table 7.2 are computed from 
(16a, 6). Note that the corresponding approxi¬ 
mate second-order values for antennas of 
finite thickness with 12 = 10, 15, and 20 are 
considerably higher. This is illustrated graphi¬ 
cally in Fig. 7.4. All values in Table 7.2 


assume the antennas to be perfectly con¬ 
ducting. Dissipation in ohmic resistance is 
negligible compared with radiated power if 
the conductors are good, except in the case 
of antisymmetrically driven antennas that 
are separated by only small fractions of 
a wavelength. These are considered later 
in this section. 

Corresponding to (9) for fiji = 77 / 2 , the 
formula for fih = n is, 

(Z o)l =^X 

f y+ C„(6, h) ± C b (h, h)+E a (h, 6) ± E h (h, h) | 

1 S a (h, 0) ± S b {h, 0 ) + S a (h, h) ± S b (h, h) )’ 

(17) 

r = r al = s a (h,h/2) + S„(h,h/2) 

for Zft with upper signs, (18a) 

r = r al = s a (h, 6/2 - s b (h, 6/2) 

for with lower signs. (186) 

The leading term in (12) has the factor T 2 
which is sensitive to changes in 6/a. It follows 
that Zl and Zg both vary with f! when fifth = n. 
This is evident in Fig. 7.6, in which symmetric 
and antisymmetric resistances and reactances 
are shown as functions of fib with 12 = 10 
and 20 and with fifth near but not exactly at n. 
These curves give the approximate second- 
order values obtained from the general first- 
order formula (7) and a scaling process 
described in Sec. 8. Note that there is no 
correspondence between maxima and minima 
of Z^ and minima and maxima of Zg, as 
when fifth is near resonance. Since C„(6, 6) is 
very nearly the negative of JE 0 (6, 6), it follows 
from (17) with (18a) that, as 6 approaches a, 
Zl again approaches 2Z 0 . 

When a center-driven antenna is placed 
parallel to a perfectly conducting, infinite 
plane, as shown in Fig. 7.7, it is advantageous 
to make use of the theorem of images (ref. 
1.31, Sec. IV.20). This theorem states that in 
the half-space containing the antenna the 
electromagnetic field due to charges and 
currents both in the antenna and on the 
conducting sheet is the same as the electro¬ 
magnetic field in the same half-space due to 
charges and currents in the antenna and in an 
image antenna with currents and signs of 
charges reversed, as shown in Fig. 7.8. Since 
the electric field in the two cases is the same, 
it is clear that the impedances Z CD in Fig. 7.7 
and 7.8 also must be the same if they are 
defined at a distance from the antenna that is 
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Fig. 7.5. Amplitude and angle of symmetric and anti- Fig. 7.6. Symmetric and antisymmetric impedances (fi 0 h = 3.096 and 

symmetric impedances (fi rj h = w/2). fiji = 3.157). 
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Fig. 7.9. Center-fed antenna over Fig. 7.10. End-fed and end-tuned antenna 
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outside the terminal zone so that scalar 
potential differences and line integrals of the 
electric field are equivalent. Therefore, the 
apparent load impedances terminating the 
lines in Figs. 7.7 and 7.8 are the same. Since 
these impedances are those of an antisym¬ 
metrically driven antenna, it follows that the 
apparent load impedance of a center-driven 
antenna at a distance b/2 over an infinite, 
perfectly conducting plane is equal to the 
antisymmetric impedance of two identical 
antennas separated a distance b. If the antenna 
is very close to the conducting plane, so that 
(p 0 b) 2 < 1, the impedance is essentially that 
of an open-end section of two-wire line of 
length h and spacing b. 

If the plane is highly conducting and has 
dimensions that are considerably greater than 
the length of the antenna, the apparent 
terminal impedance is well approximated by 
that calculated for a perfectly conducting, 
infinite plane. The approximation is the 
better the closer the antenna is to the plane. 

The general formulation of the antenna 
problem for both isolated and coupled 
antennas has included terms to take account 
of ohmic resistance but these have been 
neglected since with metallic conductors such 
as copper, brass, or aluminum the effect of 
thermal dissipation on the distribution of 
current or the driving-point impedance is very 
small. That is, of the power supplied to the 
antenna or antenna system by far the greater 
part is transferred to the universe outside the 
antenna; only a negligible fraction is dissipated 
as heat in the conductors. If the radiating 
efficiency of an antenna or array is defined to 
be the ratio of the power radiated to the total 
power supplied, 

Trad = PrIPt, (19) 

then all antennas so far analyzed have been 
assumed to have a 100-percent radiating 
efficiency. In general, this means that the 
contribution to the resistance of an antenna 
by radiation greatly exceeds the contribution 
by ohmic dissipation. 

A radiating system which may have an 
efficiency that differs greatly from 100 percent 
is a cylindrical antenna very close to a metal 
surface such as that in Fig. 7.7. Antennas of 
this type are of considerable importance, for 
example, in high-speed aircraft where antennas 
must be within a stream-lined contour. In 
such cases the feeding transmission line pierces 
the metal surface. A simple arrangement that 
maintains the essential circuit configuration of 


[ 7 / 7 . 7 ] 


Fig. 7.7 is shown in Fig. 7.9. Since terminal- 
zone effects in Figs. 7.7 or 7.9 are the same as 
those considered in Sec. 9, it may be assumed 
for simplicity that the antennas are center- 
driven by an impedanceless slice generator. 
Let the electrical half-length be p a h = n/2. If 
ohmic losses are neglected, the input imped¬ 
ance is the antisymmetric impedance Z% given 
by (9) in first-order form and by (12) or 
(13a, b) in zeroth-order form. Approximate 
second-order and zeroth-order values are 
given in Table 7.2 and Fig. 7.4. It is seen that 
when b/2 0 is less than 0.1 (so that the antenna 
is at a distance b/2 less than 0.05/l 0 from the 
conducting plane) for perfect conductors 
is very small. This means that if much power 
is to be radiated lg must be extremely large. 
The questions quite naturally arise: how large 
is the ohmic resistance? what fraction of the 
power is dissipated in heat? 

Since the ohmic dissipation of the antenna 
over a perfectly conducting infinite plane is 
equal to half that in a two-wire transmission 
line of length h = 7 0 /4 and line spacing b if 
b/2 0 is small, the resistance per unit length of 
such a line is required. According to formula 
(VI.23.13) of ref. 1.31, 


r ‘ na J 2<n’ 0 [l—(2a/T) 2 ] ’ (20) 

where v 0 = 10 7 /47rm/h and a is the conduc¬ 
tivity. It is assumed the conductors are non¬ 
ferromagnetic. The input resistance of the 
section of nonradiating line is 

R l — R c <*h = \r'h. (21) 

Although radiation and ohmic dissipation 
strictly are not independent in general, it is a 
good approximation to evaluate them separa¬ 
tely when both are small and the distribution 
of current is essentially sinusoidal as when 
Po ft = ”72. Thus, the approximate input 
resistance of the antenna is 


7?in = R“ 0 + \R l , (22) 


where R% is obtained from Table 7.2 and R L is 
computed from (21) with (20). Since the total 
power supplied is lgRm and the total radiated 
power is lgRg» the radiating efficiency is 


Trad — 


R°o 

*8 + IV 


(23) 


The losses in a plane of finite conductivity are 
not included in (22) or (23). In general, these 
are negligible if the conductivity of the plane 
is as high as that of the antenna. For sufficiently 
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thin wires and very small distances 6/2, the 
simple zeroth-order formula for the anti¬ 
symmetric or radiation resistance is satis¬ 
factory. This is 

R% == 15/?q 6 2 ohm. (24) 


For copper, a = 5.65 x 10 7 , so that (21) with 
(20) becomes 


Rl 


= - x 10~ 7 / _°: l77 / ._ 
a VI- O-alb) 2 


ohm. 


(25) 


As a numerical example, consider a copper 
antenna with = 10 or h/a = 75 at a distance 
6/2 = 0.01 A 0 from a highly conducting plane. 
From Table 7.2, R% = 0.27 ohm. With 
/ = 300 Mhz or A 0 = 1 m, a = J cm, 
b/2 = 1 cm, 2a/6 = 1/3, 


jR t == 75 x 10 
Hence 


_ 7 /0.531 x 10 8 
V 0.889 


= 0.058 ohm. 

(26) 


0.27 

^ rad ~ <1299 = °' 90 ' (27) 


Compared with isolated antennas this is a low 
radiating efficiency. Nevertheless, it is quite 
high enough to be practical, and yet the axis of 
the antenna is only one hundredth of a wave¬ 
length from the conducting surface. If the 
radius is doubled and it is assumed that R% is 
not changed, R L can be reduced to 0.037 ohm 
and the efficiency increased to 0.93. Note that 
whereas the axis of the conductor is only 
0.01A 0 = 1 cm from the surface, the outer 
edge is now at a distance of 1.67 cm instead 
of 1.33 cm, while the inner edge is within 0-33 
cm instead of 0.67 cm. Evidently the thicker 
antenna can not be moved in much closer 
without coming in contact with the plane. If 
it is moved somewhat nearer the radiation 
resistance decreases rapidly. If the thinner 
antenna (a — 1/3 cm) is moved to b/2 — 0.5 
cm, 2a/6 = 2/3 and R L = 0.074 ohm while 
Rq = 0.065. The efficiency now is only 0.64. 
This is still large enough to make the antenna 
useful even though its center is only 5 mm 
from the conducting surface. Thus, it is 
evident that effective antennas can be 
designed which lie very close to a conducting 
surface. However, it is important to bear in 
mind that with a total load of only a few 
tenths of an ohm, ohmic losses in the feeding 
transmission line are relatively very large so 
that the over-all efficiency of antenna and 
line is much lower unless a very short section 
of line is used. 


Instead of driving the antenna in the center 
from a shielded-pair line as in Fig. 7.9, it may 
be driven from one end by a coaxial line and 
the other end may be supported or tuned 
by a high-impedence section of coaxial 
line as shown in Fig. 7.10. In this 
form the antenna is simply a transmission 
line, as indicated in Fig. 7.10, where an 
approximate equivalent circuit is shown. This 
does not take account of the holes through 
the conducting plane. The zeroth-order radia¬ 
tion input resistance of such a line referred to 
maximum current has been determined 49 in 
the general case in which account is taken of 
ohmic resistance of the line and dissipation 
in the load. The expression is 

R e = £o B 2 h 2 cosh(as + 2p) 

0 8^° | cosh [(a - jfl)s+p+j<l >']\ 2 

[ , sin 2/Jsl 
cosh as - 2 fa~\ ’ 


where s is the length, a the attenuation 
constant, and (I the phase constant of the line. 
The impedance Z s at the load end is expressed 
in terms of its phase function O' and attenua¬ 
tion function p as defined by 

p + y®' = tanh- 1 (ZJZ C ), (29) 

where Z„ is the characteristic impedance. 
(The resistance for a two-wire line with spacing 
b is twice the value given in (28).) Note that 
Ro in (28) does not include the contribution of 
ohmic resistance to the impedance. The input 
resistance of the line is R% plus the conven¬ 
tional input resistance due to ohmic losses. 

If the losses in line and termination are 
small, (as + 2p) <0.1, the radiation input 
resistance is 




1 — (sin 2Ps)l2j}s 
cos 2 (£s + O') 


(30a) 


If the resistance is referred to the maximum 
current, 


Rm = I 2 iW [1 - (sin 2Ps)/2M (30 b) 


For a resonant line terminated in short heavy 
bridges for which O' = 0 so that the condi¬ 
tion for resonance is jls == m, 

Rl = R^n = ^ Pgb 2 = 1 5pgb 2 ohm. (31) 


This is exactly the same as the zeroth-order 
obtained for the antisymmetric resistance of 
the center-driven antenna of electrical length 
2 pgh = 7T in (16a). 
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If the line is loaded with a resistance near 
the characteristic resistance of the line, so that 
P > 3, 

^-^^[cosh *s- Si ^e~«*. 02) 

For a very long line at a distance 6/2 over the 
conducting plane, 

Ra = ^Ptb*= mlb\ (33) 

if attenuation is sufficiently small and s is 
several wavelengths. Note that this is twice 
the radiation resistance of the resonant line, 
but since the line is terminated in R c and the 
power I 2 R C is dissipated in the termination 
whereas only I 2 R n is radiated, the radiating 
efficiency is very low. 

8. Impedance of Antennas with Arbitrary 
Voltages-, Self- and Mutual Impedances 

For parallel, identical antennas with arbit¬ 
rary potential differences V ld and V 2 s, the 
driving-point impedances are defined by 

Z\S — ^lsHlSt Z 2 s — V-a! I it*- ( 1 ) 

From (2.16) 

V lS =V%+ V% V 2S = VS - V% (2) 


impedance referred to the circuit of Fig. 1.7 
with a finite base separation 26 at the center of 
each antenna. Omission of the subscript 
means that 6 = 0.) 

The self-impedance of antenna 1 in the 
presence of antenna 2, Z sl4 , may be defined 
to be the input impedance Z 16 of antenna 1 
when antenna 2 is disconnected from the 
transmission line (or other circuit) at z = ±6 
so that I 2 s — 0. This does not necessarily 
mean that I 2l vanishes elsewhere in the 
antenna. With = 0, (5a) reduces to 

^is — 1 16 ^id — I 1S Z S1S when I 2 s = 0. (7) 

Note that Z S1S is not a unique property of 
antenna 1 even when 6 = 0. It is a function of 
the distance b between the two antennas and 
indirectly of the current I 2z in antenna 2 in so 
far as this modifies the magnitude and distri¬ 
bution of the current in antenna 1. Therefore, 
and in general, Z S1S differs from Z d . Note that 
Z, j is the impedance of an isolated antenna and 
is a function characteristic of an antenna alone 
when 6 = 0. The self-impedance Z slg reduces 
to Z s only when Z 12S = 0, which occurs at 
infinite separation, b = a>. 

For 6 = 0, (5) becomes 

Fio = 7 10 Z sl + 7 20 Z 12 , (8a) 

Y 2 q — I10Z21 + ^ 2 oZ S 2 - ( 8 b) 


Introduction of the impedances and currents 
for symmetrically and antisymmetrically driven 
antennas gives 

V l6 = 1% Z% + 1% Zl V 26 = JJ Z% - 1% Z%. (3) 

However, 7j = \(I lS + I 26 ),I% = \(I ld - I 2i ). 
Therefore, 

Yis=Iid ' i(Zg+Zg)+I 2 # ■ \(Z S S — Zg), (4a) 
(^ 2 s~ iis ■ l(Z-y z4)+ / 2<s ■ |(Zj+zg). (46) 


The symmetric and antisymmetric imped¬ 
ances may be expressed in terms of the self- 
and mutual impedances. Thus, 

Zs — Z sU + Z 12S , (9a) 

Z“ — Z nd — Z 1M . (96) 

The evaluation of Z sld and Z 12<5 may be 
carried out directly using the formulas (7.1) 
and (7.2) for Zg and Z“. Subject to the approxi¬ 
mation discussed in Sec. 7, for which, 


These equations are in the general form 

Vis = IlfiZslS + ^2iZ 1 2i, (5a) 

^2(5 = IisZiis + b 26 Z s2 s, (56) 

where, in the present case of identical antennas, 

Z s is = Z s2d = \(Z\ + ZS), (6a) 

^i2<5 = Z 2 is = \(Zg — ZS). (66) 

The quantity Z sld is the self-impedance of 
antenna 1 in the presence of antenna 2; Z s2i is 
the self-impedance of antenna 2 in the presence 
of antenna 1; Z 21(5 = Z 1M is the mutual 
impedance of antennas 1 and 2 in each other’s 
presence. (A subscript 6 distinguishes an 


Zs Zg Z d 1 

Zq Zg Z 0 1 — e 

it follows that 

Zs\6 Z\ 2 s . Z d 1 



( 10 ) 

01 ) 


where e = c" — ye' is defined and represented 
graphically in Sec. 11.29. The evaluation of 
first-order values of Z sl and Z 12 is con¬ 
veniently carried out from the general rela¬ 
tion (7.7) for Zq and Zg. Curves of first- 
order Z sl = R sl + jX n and Z 12 = R 12 +jX 12 
are in the literature® 1 with / 9 0 h = ir/2 and n for 
a range of 6/2 0 up to 1. Approximate second- 
order values are derived below. 
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Fig. 8.2. Spiral graph of self-impedance Z 0 of isolated antenna. 
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Simple explicit formulas for Z al and Z 12 are 
obtained in the special case for j) 0 h = m/2, 
n odd, with T sufficiently large that (7.1 la) 
and (7.11 b) are good approximations. This is 
roughly true to a degree adequate for some 
purposes, even for fl as low as 10, as seen 
from Fig. 7.1 and 7.2. If the relations (7.11a) 
and (7.116) are used in (6) and (7) with 5 = 0, 
the results for p 0 h — tin/ 2, n odd, are 

z sl =&C a (.h,h), ( 12 ) 

z 12 =§C 6 (M). (13) 

These formulas may be expressed in terms of 
the tabulated generalized integral sines and 
cosines using (II. 19.33) with/J 0 z = fl 0 h = mj2, 
n odd. The results are 

Z 5l = [Ssiftffi, m) + JCs(Poa, m)), (14) 

Z lt = ~ [Sstfob, nrr) + jCs([i 0 b, nn)\. ( 15 ) 

These formulas can be expressed entirely in 
terms of the simple integral sines and cosines 
(. Si-, Ci- functions); this is customary in the 
literature but the equivalent expressions are 
long. Since the generalized integral sines and 
cosines are available in tables, the simpler 
formulas (14) and (15) are preferred. Curves of 
Z 12 = ^12 + ./^ _ 12 — Z 12 as computed for 
n = 1 from the zeroth-order formula (15) are 
shown in Fig. 8.1 for a considerable range of 
6/A 0 . Extensive numerical values are given in 
Table 8.1. For antennas for which h\a is quite 
large, and for thicker antennas when b/X 0 is 1 
these are good approximations. 

The simple expression (14) for Z sl when 
fl 0 h — nrr 12, n odd, may be reduced to more 
familiar form if advantage is taken of the 
condition /J 0 a 1. Subject to this condition, 
the generalized integral sines and cosines may 
be reduced to simple integral functions. Thus, 
with (11.19.19, 20, 24, 26), 

Cs(P,fl, m)==Cs(0, «7t)=|5'(0, 2m)=\Si 2m, 

(16 a) 

SsiPod, nv)==Ss(0, «7r)=|C(0, 2m)=\Cin 2m. 

(16 b) 

With (16a, b), (14) becomes: 

Z sl == ~[Cin 2m+jSi 2m). (17) 

This agrees exactly with the approximate 
expression for Z 0 =R 0 +jX 0 obtained in Sec. 


11.28 (formulas 11.28.16, 18). It follows that for 
P 0 h = mr/2, n odd, 

Z sl = Z 0 = i? [Cin 2m + jSi 2m), (18) 

Z S1 == Z 0 = 73.13 + /42.5. n = 1. (19) 

The simplicity and relative accuracy of 
zeroth-order formulas for Z 0 , Z sl , and Z 12 for 
antennas for which (1^ = m/2, n odd, may be 
ascribed to the important fact that for these 
electrical half-lengths the distributions of 
current are very nearly sinusoidal, whether 
the antenna is isolated or closely coupled to a 
second, identical antenna. This is shown in 
Fig. 6.1. For other lengths, particularly for 
those near p 0 h = m\2, n even, the departure 
from the simple sinusoidal form is consider¬ 
able, and the actual distribution of current is 
determined in appreciable measure by the 
current in a coupled antenna, as is shown in 
Fig. 6.2. 

Since the zeroth-order formulas for Z sl 
and Z 12 are quantitatively sufficiently accurate 
to be of practical value only for very thin 
antennas (fl > 15) of half-length near i 0 /4, it 
is necessary to evaluate impedances of higher 
order for antennas of arbitrary length and at 
least moderate thickness (fi ^ 10). Although 
the first-order formula (7.7) for symmetric 
and antisymmetric first-order impedances is 
far from simple, extensive numerical computa¬ 
tions have been made to determine first-order 
values of ZJ, Zg and from these of Z sl and 
Z 12 for values of f) 0 h from 1.0 to 4.0 in steps 
of 0.5 with a = 10, 12.5, 15, and 20. The 
evaluation of second-order symmetric and 
antisymmetric impedances has not been 
achieved, since very extensive numerical 
integrations are involved. Since it is shown in 
Chapter II that, while much more accurate 
than zeroth-order values, first-order imped¬ 
ances of isolated antennas are not in good 
agreement with experimental measures, where¬ 
as second-order values are, no tabulation or 
graphical representation of first-order values 
of symmetric and antisymmetric, or of self- 
and mutual impedances is provided. In the 
absence of accurate second-order values, a 
method is devised for determining approxi¬ 
mate second-order self- and mutual impedances 
from the computed first-order values of Z sl 
and Z 12 and the known second-order values of 
Z 0 . In effect, the method involves the super¬ 
position of the first-order effect of a coupled 
antenna on the second-order self-impedance 
of an isolated antenna. A description of the 
procedure follows. 
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bjL, Zi 2 (ohms) 0 12 (deg) J? 18 (ohms) X n (ohms) b/L, Z 18 (ohms) 6 12 (deg) R l2 (ohms) Z 12 (ohms) 


0 

84.6049 

30.1895 

0.1 

67.7543 

6.3880 

.2 

54.8570 

- 20.4592 

.3 

45.1834 

- 49.6485 

.4 

37.9412 

- 80.5798 

.5 

32.4582 

-112.7120 

.6 

28.2141 

-145.7650 

.7 

24.8639 

-179.4127 

.8 

22.1858 

146.4645 

.9 

20.0007 

111.9915 

1.0 

18.1900 

77.2592 

1.1 

16.6684 

42.3195 

1.2 

15.3741 

7.2307 

1.3 

14.2611 

- 27.9899 

1.4 

13.2946 

- 63.3133 


btX „ 

Z 12 

(ohms) 

0 l2 

(deg) 

3.0 

6.3294 

85.5656 

3.1 

6.1272 

49.7134 

3.2 

5.9376 

13.8511 

3.3 

5.7593 

- 22.0208 

3.4 

5.5914 

- 57.9013 

3.5 

5.4330 

- 93.7901 

3.6 

5.2834 

-129.6864 

3.7 

5.1417 

-165.5896 

3.8 

5.0075 

158.5009 

3.9 

4.8801 

122.5858 

4.0 

4.7590 

86.6658 

4.1 

4.6436 

50.7482 

4.2 

4.5337 

14.8265 

4.3 

4.4288 

- 21.0991 

4.4 

4.3287 

- 57.0285 

4.5 

4.2330 

- 92.9613 

4.6 

4.1414 

-128.8974 

4.7 

4.0538 

-164.8349 

4.8 

3.9697 

159.2214 

4.9 

3.8891 

123.2100 

5.0 

3.8117 

87.3293 

5.1 

3.7375 

51.3822 

5.2 

3.6656 

15.4328 

5.3 

3.5967 

- 20.5187 

5.4 

3.5303 

- 56.4720 

5.5 

3.4664 

- 92.4272 

5.6 

3.4047 

-128.3841 

5.7 

3.3452 

-164.3423 

5.8 

3.2877 

159.6973 

5.9 

3.2321 

123.7358 

6.0 

3.1784 

87.7731 

6.1 

3.1265 

51.8097 

6.2 

3.0762 

15.8451 

6.3 

3.0275 

- 20.1207 

6.4 

2.9803 

- 56.0875 


73.1296 42.5445 

67.3336 7.5383 

51.3967 -19.1747 

29.2551 -34.4336 

6.2100 -37.4296 


-12.5321 -29.9413 

-23.3256 -15.8729 

-24.8626 - 0.2548 

-18.4922 12.2574 

- 7.4896 18.5454 


4.0116 17.7420 

12.3236 11.2233 

15.2518 1.9351 

12.5930 - 6.6930 

5.9708 -11.8784 


b/Li Z 22 6 j 2 

(ohms) (deg) 


6.5 2.9346 - 92.0554 

6.6 2.8902 -128.0243 

6.7 2.8472 -163.9943 

6.8 2.8054 160.0348 

6.9 2.7648 124.0630 

7.0 2.7254 88.0905 

7.1 2.6871 52.1174 

7.2 2.6498 16.1436 

7.3 2.6136 - 19.8310 

7.4 2.5784 - 55.8062 

7.5 2.5441 - 91.7822 

7.6 2.5107 -127.7588 

7.7 2.4781 -163.7360 

7.8 2.4464 160.2862 

7.9 2.4155 124.3077 

8.0 2.3853 88.3287 

8.1 2.3559 52.3494 

8.2 2.3272 16.3695 

8.3 2.2992 - 19.6108 

8.4 2.2719 - 55.5917 

8.5 2.2452 - 91.5729 

8.6 2.2192 -127.5547 

8.7 2.1937 -163.5369 

8.8 2.1688 160.4805 

8.9 2.1445 124.4970 

9.0 2.1207 88.5142 

9.1 2.0974 52.5300 

9.2 2.0746 16.5465 

9.3 2.0523 - 19.4379 

9.4 2.0305 - 55.4226 

9.5 2.0092 - 91.4076 

9.6 1.9883 -127.3930 

9.7 1.9678 -163.3787 

9.8 1.9478 160.6353 

9.9 1.9281 124.6479 


1.5 12.4482 - 98.7203 

1.6 11.7011 -134.1972 

1.7 11.0372 -169.7322 

1.8 10.4436 154.6836 

1.9 9.9096 119.0577 

2.0 9.4269 83.3957 

2.1 8.9886 47.7028 

2.2 9.5888 11.9829 

2.3 8.2228 - 23.7607 

2.4 7.8864 - 59.5250 

2.5 7.6762 -95.3078 

2.6 7.2893 -131.1068 

2.7 7.0232 -166.9204 

2.8 6.7757 157.2529 

2.9 6.5450 121.4146 

3.0 6.3294 85.5656 


blK Z 12 0 12 

(ohms) (deg) 


10.0 1.9088 88.6626 

10.1 1.8899 52.6758 

10.2 1.8714 16.6888 

10.3 1.8533 - 19.2968 

10.4 1.8355 - 55.2860 

10.5 1.8180 - 91.2737 

10.6 1.8009 -127.2617 

10.7 1.7841 -163.2500 

10.8 1.7676 160.7616 

10.9 1.7514 124.7729 

11.0 1.7355 88.7841 

11.1 1.7199 52.7950 

11.2 1.7045 16.8058 

11.3 1.6895 - 19.1837 

11.4 1.6746 - 55.1733 

11.5 1.6601 - 91.1631 

11.6 1.6458 -127.1531 

11.7 1.6318 -163.1432 

11.8 1.6179 160.8664 

11.9 1.6044 124.8760 

12.0 1.5910 88.8853 

12.1 1.5778 52.8945 

12.2 1.5649 16.9036 

12.3 1.5522 - 19.0875 

12.4 1.5397 - 55.0788 

12.5 1.5274 - 91.0701 

12.6 1.5152 -127.0617 

12.7 1.5033 -163.0533 

12.8 1.4916 160.9549 

12.9 1.4800 124.0630 

13.0 1.4687 88.9710 

13.1 1.4574 52.9788 

13.2 1.4464 16.9866 

13.3 1.4355 - 19.0058 

13.4 1.4248 - 54.9983 


- 1.8873 -12.3043 

- 8.1572 - 8.3891 

- 10.8605 — 1.9674 

- 9.4406 4.4658 

- 4.8130 8.6623 

1.0842 9.3644 

6.0491 6.6485 

8.4016 1.7832 

7.5258 — 3.3131 

3.9997 - 6.7969 

- 0.7008 - 7.5437 

- 4.7924 - 5.4924 

- 6.8410 - 1.5894 

- 6.2487 2.6199 

- 3.4114 5.5856 

0.4894 6.3105 


bl?. v Z 18 b 1 2 

(ohms) (deg) 


13.5 1.4143 - 90,9909 

13.6 1.4039 -126.9837 

13.7 1.3936 -162.9765 

13.8 1.3836 161.0306 

13.9 1.3736 125.0376 

14.0 1.3638 89.0444 

14.1 1.3541 53.0512 

14.2 1.3446 17.0579 

14.3 1.3352 - 18.9355 

14.4 1.3294 - 54.9290 

14.5 1.3168 - 90.9226 

14.6 1.3078 -126.9163 

14.7 1.2989 -162.9106 

14.8 1.2901 161.0960 

14.9 1.2815 125.1021 

15.0 1.2729 89.1081 

15.1 1.2645 53.1139 

15.2 1.2562 17.1198 

15.3 1.2480 - 18.8746 

15.4 1.2399 - 54.8689 

15.5 1.2325 - 90.8634 

15.6 1.2240 -126.8579 

15.7 1.2162 -162.8526 

15.8 1.2085 161.1528 

15.9 1.2009 125.1580 

16.0 1.1934 89.1632 
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As pointed out in Sec. 7, the first-order 
values of symmetric and antisymmetric 
impedances and, hence, of the self- and mutual 
impedances determined from them using 
(6a, b) are not quantitatively accurate for a 
particular length of antenna primarily because 
the first-order formula (II.27.5a) for the 
impedance Z 0 of an isolated antenna is 
distorted in its fi 0 h scale as compared with 
the quite accurate second-order formula 
(11.27.56). This is evident from Figs. II.30.la, 
c, d, but is brought out particularly well in 
Fig. 8.2, where both first- and second-order 
values of Z 0 = R a + jX 0 are plotted in the 
complex WT-plane with fi 0 h as parameter. 
The second-order spiral in this figure is the 
same as the outer part of the H = 15 spiral in 
Fig. 11.30.36. The values of p 0 h are indicated 
along each spiral by points and numbers. 
The first-order values are in parentheses, the 
second-order values are not. Note that where¬ 
as the two spirals agree well in magnitude, the 
fi 0 h scale for the first-order curve is shifted 
greatly from that of the second-order curve 
especially in the range near antiresonance. 
Note particularly the two points marked (3.0) 
on the first-order curve and 3.0 on the 
second-order curve. The corresponding imped¬ 
ances are (Z 0 \ = 2250 -y'474, (Z 0 ) 2 = 1870 
—y 1159. On the other hand, if the first-order 
impedance at fl„h = (3.0) is associated with 
the second-order impedance at an adjacent 
point on the second-order spiral, for example, 
at fi 0 h = 2.888, the corresponding second- 
order impedance is (Z 0 ) 2 = 2390 —y'474. Thus, 
it is possible to correct the first-order imped¬ 
ances merely by associating each numerical 
value with an appropriately modified electrical 
half-length For example, in Fig. 8.2 the 
first-order value at fl 0 h — (3.0) is associated 
with the second-order value at fi 0 h = 2.888; 
the first-order value at f) 0 h = (2.5) with the 
second-order value at Pft — 2.42, and so on. 
The new fi 0 h is always the second-order 
value at an adjacent point on the second- 
order impedance spiral. Evidently, any first- 
order value of Z 0 may be converted exactly 
into an adjacent second-order value by 
applying a scale factor near unity to (/? 0 )! 
and another scale factor to (A r 0 ) 1 . In order to 
maintain a scale factor for (T 0 ) 1 near unity, it 
is necessary to project horizontally from the 
first-order to the second-order spiral near 
resonance and antiresonance. For example, the 
point /So h = (3.0) is projected to f! 0 h = 2.888 
instead of pfi = 2.98 so that the scale factor 
for (X 0 ) 1 is exactly unity rather than a 


relatively large value, while the scale factor for 
(^ 0 ) 1 . is increased only very slightly to 1.062. 

The method of converting first-order self- 
and mutual impedances to approximate 
second-order self- and mutual impedances is 
to assume that the same shift in fi 0 h which 
brings (Z 0 )j near (Z 0 ) 2 may be used to bring 
first-order self- and mutual impedances near 
to second-order values. Furthermore, the scale 
factor that then converts (7? 0 )i exactly into 
(R 0 ) 2 is used to convert first-order self- and 
mutual resistances into approximate second- 
order values. Similarly, the scale factor used to 
convert (A'q)! exactly into (A" 0 ) 2 is used to 
convert first-order self- and mutual reactances 
into approximate second-order values. This 
procedure may be illustrated graphically for 
the point PJi = (3.0) on the first-order curve 
in Fig. 8.2. This point in the complex RX- 
plane is the first-order impedance of an antenna 
of electrical half-length 3.0 radian when 
infinitely far (6 = 00 ) from a second, identical 
and parallel antenna. As the second antenna 
is brought nearer, the point representing the 
self-impedance Z sl traces a spiral about the 
point (■/?„)!, (T n )! for infinite separation. For 
great electrical distances /i 0 6 this spiral is 
minute. Beginning with the point (/f sl ) 1( 
(A'si)i for P a b = 6.3 the spiral is shown in 
broken line in the insert in Fig. 8.3. As /i 0 6 is 
made smaller, the spiral increases until from 
P a b = 1.5 to /i 0 6 = 0.3 it is, in effect, a great 
circle. This is shown in Fig. 8.3 in broken line. 
By multiplying (/? sl )! by 1.062, (X,^ by 1.0, 
the first-order spiral in broken line in Fig. 8.3 
is converted into the spiral in solid line. This 
occupies the same position relative to the true 
second- order impedance (Z 0 ) 2 with infinite 
separation (6 = 00 ) for ftji — 2.888 as does 
the spiral in broken line relative to the first- 
order impedance (Z 0 ) x for P 0 h = (3.0). It 
appears reasonable to assume that the self¬ 
impedance given by the solid-line spiral in 
Fig. 8.3 is a good approximation of the second- 
order self-impedance for 0 < 6 < 00 . It is 
this impedance which is called the approximate 
second-order self-impedance. 

At infinite separation the mutual impedance, 
Z 12 , is zero. As the two identical antennas are 
brought closer together, the mutual imped¬ 
ance traces a small spiral about the point zero 
in the i?A'-plane. Beginning with /3 0 6 = 6.3 
the first-order spiral for /3 0 6 = (3.0) is shown 
in broken line in Fig. 8.4 and enlarged in the 
insert. Beginning with p 0 b = 1.5 this spiral 
also becomes a great circle as shown. By 
multiplying (7? 12 )i by 1.062 and by 1.0, 
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o I 2 3 /9 0 t * 3 6 

Fig. 8.6a. Mutual impedance of parallel antennas, 
ft = 10. 



Fig. 8.66. Mutual impedance of parallel antennas, 
ft = 10 . 









Fig. 8.86. Mutual impedance of parallel 
antennas, ft = 12.5. 
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SELF-IMPEDANCE OF PARALLEL ANTENNAS 
{APPROXIMATE SECOND ORDER) 
n = 2{n 2h/o * 15 
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Fig. 8.9. Self-impedance of parallel antennas, Q. = 15 
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Fig. 8.10a. Mutual impedance of parallel antennas, 
O = 15. 


Fig. 8.106. Mutual impedance of parallel 
antennas, 0 = 15. 
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P o" 

Fig. 8.11. Self-impedance of parallel antennas, fl = 20. 




Fig. 8.126. Mutual impedance of parallel 
antennas, Cl = 20. 
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the spiral in broken line in Fig. 8.4 is con¬ 
verted into the spiral in solid line. This is 
assumed to be a good approximation of the 
second-order mutual impedance for p 0 h= 2.888 
and the impedance it describes is called the 
approximate second-order mutual impedance. 
Note that it is necessary to use the same scale 
factors for R 12 and *12 as for R sl and in 
order that = Z 12 + Z sl and Z% = Z n 
— Z 12 are transformed properly, in particular, 
that Z<| may be approximately equal to 2Z 0 
when b becomes sufficiently small. The same 
scale factor also is suggested by the fact that 
the maximum value of Z 12 is of the same 
order of magnitude as Z 8l for each value of 
p 0 h. It is to be expected, of course, that a 
representation of second-order self- and 
mutual impedances from first-order quantities 
by an appropriate change in fi 0 h and by use of 
scale factors for resistance and reactance is 
quantitatively accurate only if both scale 
factors are quite near unity. 

Tables of approximate second-order self- 
and mutual impedances were prepared using 
the extensive first-order computations referred 
to above. For each first-order value of /V 1 
an appropriate second-order value was deter¬ 
mined from enlarged sections of spiral 
diagrams such as those in Fig. 8.2. The true 
second-order impedance of an isolated antenna 
with this electrical half-length was then 
obtained directly from the impedance tables 
in Sec. 11.30 or by interpolation from them. 
With the corresponding first-order values 
known, the ratios of second- to first-order 
resistances and reactances were computed and 
used as factors multiplying the first-order 
self- and mutual resistances and reactances. 
The values obtained in this way are given in 
Tables 8.2 through 8.9. At the bottom of 
each table of self-resistance or reactance are 
given the first-order value of and the scale 
factor used to multiply the first-order resist¬ 
ance or reactance. TTie same values apply to 
the corresponding mutual-impedance tables. 
The tabulated impedances are represented 
graphically in Figs. 8.5 through 8.12. In some 
instances (notably for /3 0 /r = 2.875, fi = 12.5; 
/? 0 A = 2.888, Q = 15; PJt = 2.95, H = 20), 
the isolated antenna (fi 0 b — oo) is sufficiently 
near antiresonance that the change in im¬ 
pedance resulting from the proximity of a 
second antenna produces antiresonance in 
the self- and mutual impedances. Since 
computed points were not sufficiently closely 
spaced to permit the plotting of continuous 
curves over ranges of very rapid variation, the 


impedances were transferred to the 7?2f-plane 
and the associated values of R and X deter¬ 
mined from the spiral diagram. Figures 8.3 
and 8.4 are such diagrams for fi 0 h = 2.888, 
n = 15. 

The self- and mutual impedances of 
antennas of half-length fifi == w/2 are of 
particular interest. Extensive first-order com¬ 
putations using formula (7.9) were made by 
Tai. However, in order to obtain approximate 
second-order values by the method described, 
first-order values are required for fl n h greater 
than 77-/2 by a small amount depending on the 
ratio h/a of the antenna. Since the required 
first-order values were not available, approxi¬ 
mate second-order self- and mutual im¬ 
pedances for /SqA = 77/2 were determined by 
interpolation from impedances already deter¬ 
mined for values of pji near 1.0, 1.5, and 2.0. 
Significantly, it was found that except for *12 
the values so determined agreed completely 
with those obtained by multiplying the first- 
order resistances by the scale factor (.R 0 ) 2 I(R 0 ) 1 
and the first-order reactances by the factor 
(X 0 ) 2 /(X 0 ) 1 , where flfh = 77/2 for both first- 
and second-orders. Since the resistance ratios 
so obtained are very near unity for all values 
of O, the good agreement in interpolated and 
scaled values of R sl and R 12 is to be expected. 
However, since h = 2 0 /4 is a length not far 
from resonance, and the first- and second- 
order values of X 0 differ considerably, the 
reactance ratios are not very near unity, 
especially with the smaller values of h/a. As 
stated before, near resonance it is desirable to 
select values of first- and second-order f3 0 h for 
which the scale factor of the reactance is unity. 
Since for both first- and second-orders 
is 77-/2, such a choice could not be made and 
a large reactance ratio is obtained. In the 
case of a large ratio is not serious, since 
X tl remains practically constant at X 0 and the 
scale factor adequately corrects the first-order 
value to the second-order. With the mutual 
reactance this is not true, and scale factors 
very much smaller than (X 0 ) 2 I(X 0 ) 1 were 
determined by interpolation for all separations 
b except very small ones. For small separa¬ 
tions the scale factor ( X 0 ) 2 I(X 0 ) 1 with f) 0 h 
— 77/2 was found appropriate. Since *12 
approaches X 3l as the separation is reduced 
to zero, this is as it should be. 

Approximate second-order self- and mutual 
impedances for fi 0 h = 77/2 are given in Tables 
8.10 and 8.11 and in Figs. 8.13 and 8.14a, b for 
D = It), 15, 20, and 00 . The scale factors 
relating them to the first-order values at 
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Table 8.2. Approximate second-order self-impedance, Z n = R n +jX n ; Q = 10; hja = 75.2. 




R n (ohms) 





/v>\ 

1.0 

1.472 1.915 2.316 2.5 

2.746 

3.157 

3.576 

bp.o 


0.3 

23.4 

68.0 

175.0 

392 

439 

1392 

172.9 

99.9 

0.048 

.5 

23.4 

67.3 1 

168.6 

351 

419 

732 

164.4 

101.8 

.080 

1.0 

23.4 

66.5 1 

160.8 

379 

885 

564 

171.2 

114.0 

.159 

1.5 

23.5 

66.7 1 

164.1 

504 

1249 

538 

193.9 

129.3 

.239 

2.0 

23.5 

67.6 

173.4 

598 

1120 

540 

231.8 

136.8 

.318 

2.5 

23.5 

68.6 ] 

183.5 

613 

928 

568 

281.4 

126.4 

.398 

3.0 

23.5 

69.2 1 

190.2 

591 

812 

635 

298.9 

108.3 

.477 

3.5 

23.5 

69.5 

192.0 

567 

778 

734 

260.6 

97.8 

.557 

4.0 

23.6 

69.6 

190.9 

556 

807 

776 

226.5 

97.4 

.637 

4.5 

23.6 

69.6 

189.3 

561 

849 

734 

218.0 

104.6 

.716 

5.0 

23.7 

69.7 

189.0 

574 

846 

679 

224.2 

114.2 

.796 

5.5 

23.7 

69.8 

190.4 

585 

823 

655 

242.1 

119.3 

.875 

6.0 

23.6 

69.9 

191.7 

584 

783 

660 

261.3 

115.4 

.955 

6.3 

23.6 

69.9 1 

192.4 

578 

764 

677 

264.0 

110.8 

1.003 

OO 

23.7 

69.6 ] 

192.0 

570 

820 

700 

244.0 

108.0 

00 


f}Jt (first- 
order) 

1.0 

1.5 

2.0 

2.5 

2.7 

3.0 

3.5 

4.0 

factor 

1.017 

1.079 

1.100 

0.974 

1.0 

1.110 

0.968 

0.982 




X n (ohms) 





\ BJt 

X L0 
m\ 

1.472 

1.915 2.316 2.5 

2.746 

3.157 

3.576 

WA o 


0.3 -237 -4.0 189.4 288 380 - 3180 -464 -276 0.048 

.5 -237 -4.2 188.6 346 561 -1680 -446 -270 .080 

1.0 -236 -4.1 193.7 472 961 - 966 - 396 -261 .159 

1.5 -236 -3.3 198.7 497 577 - 709 -354 -267 .239 

2.0 -236 -2.6 201.0 420 208 - 537 - 330 -290 .318 

2.5 -236 -2.0 201.1 328 88.6 - 412 -350 -313 .398 

3.0 -235 -1.4 200.2 277 68.3 - 322 -428 - 314 .477 

3.5 -235 -1.1 199.4 269 86.7 - 317 -475 -298 .557 

4.0 -235 -1.0 199.0 289 104.0 - 402 - 463 -281 .637 

4.5 -235 -1.1 199.1 308 92.6 - 463 -434 -271 .716 

5.0 -235 -1.4 199.4 320 60.8 - 458 -405 -271 .796 

5.5 -235 -1.3 199.3 299 43.0 - 416 -395 -283 .875 

6.0 -235 -1.1 199.5 281 47.9 - 371 -409 -294 .955 

6.3 -235 -1.0 199.5 273 60.7 - 353 -427 -296 1.003 


oo -235 -1.2 200.0 290 71.4 - 370 -430 -284 oo 


(l Q h (first- 
order) 

1.0 

1.5 

2.0 

2.5 

2.7 

3.0 

3.5 

4.0 

factor 

0.951 

1.0 

0.912 

0.879 

1.0 

1.180 

1.254 

1.42 
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Table 8.3. Approximate second-order mutual impedance, Z la = Ru+jX a \ Cl = 10; h/a = 75.2. 


R lt (ohms) 



1.0 

1.472 

1.915 

2.316 

2.5 

2.746 

3.157 

3.576 

*/Ao 

0.3 

23.0 

66.7 

171.3 

376 

393 

-688 

163.0 

97.9 

0.048 

.5 

22.2 

63.8 

157.9 

297 

254 

-145.4 

143.6 

96.7 

.080 

1.0 

19.0 

52.7 

117.4 

98.4 

-409 

-106.2 

120.9 

99.0 

.159 

1.5 

14.2 

38.0 

72.1 

-122.0 

-878 

-136.6 

114.7 

102.6 

.239 

2.0 

8.6 

21.3 

27.2 

-266.0 

-786 

-145.2 

124.4 

97.2 

.318 

2.5 

3.0 

5.1 

-11.7 

-293.0 

-586 

-110.6 

147.1 

72.7 

.398 

3.0 

-1.9 

- 8.6 

-40.3 

-246.0 

-387 

- 15.9 

139.3 

38.6 

.477 

3.5 

-5.4 

-18.0 

-56.2 

-165.3 

-185 

123.8 

77.1 

10.0 

.557 

4.0 

-7.2 

-22.3 

-59.1 

-72.8 

19.2 

211.9 

19.4 

-11.4 

.637 

4.5 

-7.2 

-21.5 

-50.0 

18.7 

184 

207.9 

-14.9 

-28.0 

.716 

5.0 

-5.8 

-16.4 

-32.2 

95.3 

259 

169.9 

-41.1 

-40.2 

.796 

5.5 

-3.4 

- 8.8 

- 9.6 

144.1 

266 

128.0 

-60.1 

-43.2 

.875 

6.0 

-0.6 

- 0.4 

10.6 

152.4 

208 

67.3 

-72.7 

-33.8 

.955 

6.3 

0.9 

4.2 

21.0 

138.3 

150 

21.0 

-69.2 

-24.3 

1.003 



0.3 

-42.9 

2.7 

45.3 

-129.1 

- 476 

2775 

12.7 

-79.2 

0.048 

.5 

-24.9 

- 3.9 

1.9 

-237 

- 662 

1367 

88.9 

-35.3 

.080 

1.0 

-12.2 

-19.8 

- 62.4 

-402 

-1019 

788 

161.7 

0.6 

.159 

1.5 

-10.0 

-30.8 

- 95.4 

-429 

- 604 

615 

187.1 

- 4.1 

.239 

2.0 

- 9.3 

-35.3 

-104.3 

-334 

- 196.6 

514 

184.4 

-33.0 

.318 

2.5 

- 8.1 

-33.4 

- 93.0 

-200 

- 39.4 

425 

130.0 

-65.7 

.398 

3.0 

- 6.1 

-26.4 

- 66.8 

- 77.5 

37.6 

334 

11.5 

-78.5 

477 

3.5 

- 3.7 

-16.1 

- 33.0 

28.5 

83.4 

186.5 

- 83.0 

-75.8 

.557 

4.0 

- 1.1 

- 4.9 

0.7 

113.3 

99.0 

- 23.8 

-118.8 

-67.1 

.637 

4.5 

1.2 

5.2 

28.2 

164.9 

70.9 

-184.4 

-133.4 

-56.5 

.716 

5.0 

2.8 

12.2 

45.7 

173.4 

10.2 

-255.0 

-132.1 

-38.0 

.796 

5.5 

3.7 

16.0 

50.0 

144.2 

- 48.9 

-264.3 

-113.0 

-10.9 

.875 

6.0 

3.6 

15.8 

45.1 

87.9 

- 99.9 

-235.6 

- 65.7 

15.4 

.955 

6.3 

3.2 

14.0 

37.0 

47.7 

- 133.2 

-200.8 

- 26.6 

26.1 

1.003 
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Table 8.4. Approximate second-order self-impedance, Z tl = R n +jX n \ Cl = 12.5; hja = 259. 


R t i (ohms) 



1.0 1.485 1.951 2.391 2.875 3.349 3.840 6/A„ 


0.3 

23.3 

68.0 

185.9 

497 

6719 

229 

109.2 

0.048 

.5 

23.3 

67.5 

180.2 

451 

3224 

228 

112.6 

.080 

1.0 

23.4 

67.0 

174.1 

444 

1214 

256 

126.1 

.159 

1.5 

23.4 

67.2 

176.8 

533 

1043 

304 

138.2 

239 

20 

23.4 

67.7 

184.3 

638 

1008 

363 

139.6 

.318 

2.5 

23.4 

68.3 

192.0 

696 

1045 

407 

128.4 

.398 

3.0 

23.4 

68.7 

197.0 

703 

1165 

388 

115.0 

.477 

3.5 

23.4 

69.0 

198.2 

682 

1365 

335 

09.2 

.557 

4.0 

23.4 

69.1 

197.2 

661 

1431 

306 

11.7 

.637 

4.5 

23.5 

69.1 

96.1 

657 

1370 

307 

19.0 

.716 

5.0 

23.5 

69.2 

96.0 

668 

1266 

326 

25.8 

.796 

5.5 

23.5 

69.2 

97.1 

684 

1217 

352 

27.0 

.875 

6.0 

23.5 

69.2 

98.0 

693 

1231 

361 

22.2 

.955 

6.3 

23.5 

69.2 

98.5 

692 

1264 

356 

18.6 

1.003 
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Table 8.5. Approximate second-order mutual impedance, Z 12 = Rn+jX lt ; ft = 12.5; h/a = 259. 


R lt (ohms) 

1.0 1.485 1.951 2.391 2.875 3.349 3.840 6/A 0 


0.3 

22.9 

66.8 

182.2 

482 

-5646 

217 

106.8 

0.048 

.5 

22.2 

64.0 

169.6 

406 

-2292 

200 

106.6 

.080 

1.0 

18.9 

53.5 

132.0 

223 

- 429 

189.2 

107.8 

.159 

1.5 

14.1 

38.9 

87.1 

21.2 

- 303 

195.8 

104.8 

.239 

2.0 

8.5 

22.1 

40.2 

-148.7 

- 234 

213 

89.4 

.318 

2.5 

2.8 

5.6 

- 2.6 

-236 

- 122.3 

216 

59.7 

.398 

3.0 

-2.0 

- 8.3 

-36.4 

-245 

72.3 

155.7 

26.0 

.477 

3.5 

-5.5 

-18.0 

-57.1 

-205 

345 

60.0 

- 1.9 

.557 

4.0 

-7.3 

-22.4 

-63.6 

-137.0 

506 

- 13.0 

-22.6 

.637 

4.5 

-7.4 

-21.7 

-56.4 

- 54.2 

446 

- 59.6 

-36.9 

.716 

5.0 

-5.8 

-17.8 

-38.9 

30.0 

334 

- 90.9 

-43.3 

.796 

5.5 

-3.4 

- 9.1 

-14.9 

97.5 

214 

-107.3 

-39.2 

.875 

6.0 

-0.6 

- 0.6 

7.2 

134.0 

78.5 

-102.1 

-25.6 

.955 

6.3 

1.0 

4.1 

19.2 

139.4 

- 14.2 

- 82.9 

-15.3 

1.003 


X lt (ohms) 

1.0 1.485 1.951 2.391 2.875 3.349 3.840 6/A„ 


0.3 

-41.7 

4.7 

54.2 

-127.7 

-9895 

68.9 

-65.0 

0.048 

.5 

-23.8 

- 1.8 

9.0 

-260 

4369 

133.6 

-32.7 

.080 

1.0 

-11.6 

-18.1 

- 60.4 

-461 

1529 

181.7 

-13.0 

.159 

1.5 

-10.0 

-29.6 

- 96.6 

-530 

1023 

182.9 

-24.9 

.239 

2.0 

- 9.8 

-34.6 

-107.4 

-468 

790 

144.0 

-48.9 

.318 

2.5 

- 8.9 

-33.3 

- 96.9 

-321 

641 

44.4 

-67.6 

.398 

3.0 

- 7.0 

-26.7 

- 71.0 

-148.1 

508 

- 79.3 

-71.0 

.477 

3.5 

- 4.5 

-16.8 

- 36.8 

13.7 

288 

-139.2 

-63.5 

.557 

4.0 

- 1.6 

- 5.7 

- 2.2 

143.5 

- 54.5 

-149.5 

-51.1 

.637 

4.5 

1.0 

4.5 

26.9 

226 

-322 

-141.7 

-35.0 

.716 

5.0 

2.9 

12.1 

45.9 

250 

-424 

-120.2 

-14.6 

.796 

5.5 

4.0 

16.0 

51.8 

218 

-426 

- 78.5 

7.1 

.875 

6.0 

4.0 

15.9 

47.3 

142.7 

-372 

- 11.8 

23.2 

.955 

6.3 

3.6 

14.2 

39.4 

86.8 

-314 

27.6 

28.3 

1.003 
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Table 8.6. Approximate second-order self-impedance, Z,i = R n +jX tl ; Cl = 15; hja = 904. 


R tl (ohms) 

1.0 

ft* \ 

1.490 

1.970 

2.420 

2.888 

3.40 

3.950 

6/A. 

0.3 

23.4 

67.4 

188.5 

571 

1756 

303 

111.3 

0.048 

.5 

23.4 

66.8 

183.9 

527 

17530 

317 

115.0 

.080 

1.0 

23.4 

66.6 

178.7 

504 

2940 

370 

127.6 

.159 

1.5 

23.4 

66.7 

181.0 

565 

2110 

443 

136.6 

.239 

2.0 

23.4 

67.0 

186.6 

656 

1833 

516 

135.4 

.318 

2.5 

23.4 

67.4 

192.3 

719 

1916 

545 

125.3 

.398 

3.0 

23.4 

67.7 

195.9 

737 

2080 

498 

115.4 

.477 

3.5 

23.4 

67.9 

196.9 

722 

2400 

437 

112.2 

.557 

4.0 

23.4 

68.0 

196.3 

701 

2620 

413 

115.6 

.637 

4.5 

23.5 

68.1 

195.3 

692 

2520 

425 

122.0 

.716 

5.0 

23.5 

68.1 

195.2 

700 

2300 

454 

126.6 

.796 

5.5 

23.5 

68.1 

196.0 

716 

2180 

481 

126.1 

.875 

6.0 

23.5 

68.1 

196.7 

728 

2180 

482 

121.7 

.955 

6.3 

23.5 

68.1 

197.3 

729 

2230 

466 

119.0 

1.003 

CO 

23.4 

68.0 

196.0 

711 

2390 

449.8 

119.0 

00 


(}Ji (first- 
order) 

1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

4.0 

factor 

0.991 

1.028 

1.098 

1.008 

1.062 

0.945 

0.902 


X n (ohms) 


ft* 

H 1.0 

1.490 

1.970 

2.420 

2.888 

3.40 

3.950 

bIXo 


-424 

-20.5 

362 

772 

5280 

-1012 

-445 

0.048 

.5 

-424 

-20.5 

362 

803 

3990 

- 973 

-441 

.080 

1.0 

-423 

-20.2 

365 

899 

-3000 

- 900 

-440 

.159 

1.5 

-423 

-19.5 

371 

965 

-1680 

- 871 

-450 

.239 

2.0 

-423 

-18.9 

375 

972 

- 992 

- 899 

-464 

.318 

2.5 

-423 

-18.3 

378 

939 

- 659 

- 982 

-470 

.398 

3.0 

-423 

-17.9 

379 

902 

- 376 

-1051 

-465 

All 

3.5 

-423 

-17.7 

378 

886 

- 303 

-1047 

-456 

.557 

4.0 

-423 

-17.7 

377 

891 

- 530 

-1005 

-448 

.637 

4.5 

-423 

-17.7 

377 

905 

- 767 

- 967 

-447 

.716 

5.0 

-423 

-17.7 

377 

915 

- 782 

- 954 

-451 

.796 

5.5 

-423 

-17.7 

378 

913 

- 667 

- 970 

-457 

.875 

6.0 

-423 

-17.6 

378 

904 

- 531 

-1002 

-459 

.955 

6.3 

-423 

-17.6 

379 

898 

- 471 

-1012 

-458 

1.003 

00 

-423 

-17.6 

377 

900 

-474 

-1008 

-455 

00 


Poh (first- 
order) 

1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

4.0 

factor 

1.029 

1.0 

1.0 

0.971 

1.0 

1.039 

1.0 
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Table 8.7. Approximate second-order mutual impedance, Z la = R 12 + jX lt ; fl = 15; hja = 904. 





R 12 (ohms) 




\ /Jo h 

X. i.o 

PJ> \ 

1.490 

1.970 

2.420 2.888 

3.40 

3.950 

bth 


0.3 

22.6 

66.1 

184.5 

557 

- 88.5 

288 

108.8 

0.048 

.5 

21.9 

63.4 

173.8 

486 

-16050 

283 

108.8 

.080 

1.0 

18.7 

53.4 

138.0 

312 

- 1632 

281 

107.9 

.159 

1.5 

13.9 

38.9 

94.4 

122.4 

- 830 

295 

99.9 

.239 

2.0 

8.3 

22.2 

47.0 

- 52.8 

- 468 

308 

79.6 

.318 

2.5 

2.7 

5.8 

2.3 

-175.0 

- 290 

276 

48.8 

.398 

3.0 

-2.1 

- 8.2 

-33.7 

-228.8 

69.6 

166 

16.6 

.477 

3.5 

-5.6 

-17.9 

-56.7 

-226.7 

543 

40.0 

- 9.7 

.557 

4.0 

-7.3 

-22.3 

-65.1 

-183.8 

880 

- 51.8 

-28.4 

.637 

4.5 

-7.3 

-21.7 

-58.9 

-112.4 

824 

-110.6 

-39.6 

.716 

5.0 

-5.8 

-17.8 

-41.9 

- 26.9 

606 

-146.0 

-41.7 

.796 

5.5 

-3.3 

- 9.1 

-17.6 

53.6 

367 

-155.3 

-33.9 

.875 

6.0 

-0.6 

- 0.7 

5.3 

111.7 

105 

-126.6 

-18.8 

.955 

6.3 

1.0 

4.0 

18.1 

131.6 

- 56.5 

- 96.3 

- 8.5 

1.003 


X a (ohms) 


\ p on 

1.0 

1.490 

1.970 

2.420 

2.888 

3.40 

3.950 

b/h) 

0.3 

-40.6 

6.2 

63.3 

- 80.4 

-5852 

121.8 

-59.2 

0.048 

.5 

-22.8 

- 0.4 

16.6 

-214.1 

-4428 

177.3 

-32.4 

.080 

1.0 

-11.0 

-16.8 

- 56.1 

-413 

2795 

203.0 

-20.7 

.159 

1.5 

-10.3 

-28.6 

- 94.3 

-493 

1656 

174.9 

-35.2 

.239 

2.0 

-10.0 

-34.1 

-107.1 

-460 

1136 

95.1 

-55.6 

.318 

2.5 

- 9.3 

-33.2 

- 98.4 

-338 

972 

- 37.6 

-67.7 

.398 

3.0 

- 7.5 

-27.0 

- 73.5 

-175.3 

798 

-153.4 

-67.6 

All 

3.5 

- 4.9 

-17.3 

- 40.0 

- 13.5 

527 

-191.3 

-57.4 

.557 

4.0 

- 1.9 

- 6.2 

- 5.1 

120.4 

34.5 

-180.6 

-42.2 

.637 

4.5 

0.8 

4.0 

24.7 

209.7 

- 413 

-151.7 

-23.8 

.716 

5.0 

3.0 

11.7 

44.8 

244 

- 599 

-106.7 

- 3.5 

.796 

5.5 

4.1 

15.8 

52.0 

222 

- 618 

- 40.2 

14.9 

.875 

6.0 

4.3 

16.0 

48.4 

155.5 

- 555 

36.6 

26.3 

.955 

6.3 

3.9 

14.4 

41.1 

102.1 

- 483 

79.1 

29.0 

1.003 
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Table 8.8. Approximate second-order self-impedance, Z n = + jX n \ Cl = 20; hja == 11,013. 


R,i (ohms) 


1.0 

1.495 

1.973 

2.457 

2.95 

3.096 

3.46 

3.96 

bjko 

0.3 

23.7 

66.8 

181.0 

651 

1850 

1750 

444 

131.8 

0.048 

.5 

23.7 

66.6 

178.1 

615 

3580 

1800 

467 

136.2 

.080 

1.0 

23.7 

66.2 

174.6 

580 

12600 

1964 

458 

148.2 

.159 

1.5 

23.7 

66.2 

175.3 

608 

5800 

2232 

657 

154.4 

.239 

2.0 

23.7 

66.4 

178.4 

664 

4480 

2552 

723 

151.2 

.318 

2.5 

23.7 

66.6 

181.7 

713 

4120 

3044 

713 

142.2 

.398 

3.0 

23.7 

66.8 

183.8 

733 

4160 

3620 

642 

134.9 

All 

3.5 

23.7 

67.0 

184.3 

726 

4650 

3750 

586 

133.4 

.557 

4.0 

23.7 

67.0 

184.2 

710 

5290 

3443 

577 

137.2 

.637 

4.5 

23.8 

67.1 

183.5 

701 

5390 

3105 

600 

143.2 

.716 

5 JO 

23.8 

67.1 

183.4 

704 

4980 

3014 

640 

146.1 

.796 

5.5 

23.8 

67.1 

183.9 

716 

4610 

3132 

659 

144.4 

.875 

6.0 

23.8 

67.1 

184.3 

725 

4480 

3325 

646 

140.4 

.955 

6.3 

23.8 

67.1 

184.5 

727 

4520 

3464 

629 

138.5 

1.003 

00 

23.8 

67.1 

184.0 

714 

4943 

3320 

615 

139.5 

00 


f!Ji (first- 
order) 

1.0 

1.5 

2.0 

2.5 

3.0 

7T 

3.5 

4.0 

factor 

1.023 

1.032 

1.037 

1.020 

1.016 

1.019 

0.961 

0.969 


X n (ohms) 

\ M 

1.0 

1.495 

1.973 

2.457 

2.95 

3.096 

3.46 

3.96 


0.3 

-660 

-39.6 

495 

1276 

4865 

-8190 

-1707 

-729 

0.048 

.5 

-660 

-39.6 

495 

1293 

8363 

-5900 

-1662 

-726 


1.0 

-659 

-39.1 

498 

1362 

-3068 

-3780 

-1592 

-727 

.159 

1.5 

-659 

-38.6 

502 

1425 

-2747 

-2780 

-1583 

-737 

.239 

2.0 

-659 

-38.1 

507 

1456 

-1482 

-2200 

-1652 

-748 

.318 

2.5 

-659 

-37.7 

509 

1452 

- 603.5 

-1890 

-1745 

-751 

.398 

3.0 

-659 

-37.4 

510 

1433 

76.7 

-1990 

-1784 

-746 

All 

3.5 

-659 

-37.2 

509 

1418 

488.5 

-2640 

-1754 

-736 

.557 

4.0 

-659 

-37.2 

509 

1415 

324.6 

-2980 

-1704 

-731 

.637 

4.5 

-659 

-37.2 

509 

1423 

- 270.3 

-2870 

-1672 

-733 

.716 

5.0 

-659 

-37.2 

509 

1432 

- 552.3 

-2570 

-1673 

-737 

.796 

5.5 

-659 

-37.2 

509 

1436 

- 436.0 

-2360 

-1702 

-742 

.875 

6.0 

-659 

-37.1 

510 

1433 

- 160.9 

-2290 

-1733 

-742 

.955 

6.3 

-659 

-37.1 

510 

1429 

-5.81 

-2350 

-1741 

-741 


00 

-659 

-37.1 

510 

1424 

- 5.4 

-2510 

-1725 

-736 

00 


fjoh (first- 
order) 

1.0 

1.5 

2.0 

2.5 

3.0 

7 T 

3.5 

4.0 

factor 

1.052 

1.0 

0.971 

0.991 

1.0 

1.114 

1.012 

1.034 
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Table 8.9. Approximate second-order mutual impedance, Zu = + jX l2 ; fl = 20; hja = 11,013. 




R l2 (ohms) 





.0 

w \ 

1.495 1.973 

2.457 2.95 

3.096 

3.46 

3.96 



0.3 

23.3 

65.6 

177.7 

639 

1206 

666 

426 

128.9 

0.048 

.5 

22.6 

63.2 

168.7 

577 

- 762 

537 

424 

128.8 

.080 

1.0 

19.3 

53.3 

137.5 

416 

-10014 

439 

436 

123.5 

.159 

1.5 

14.3 

39.0 

96.4 

235 

- 3239 

414 

447 

107.1 

.239 

2.0 

8.5 

22.4 

50.8 

54.4 

- 1756 

546 

420 

78.3 

.318 

2.5 

2.7 

5.9 

6.8 

- 96.8 

- 966 

838 

314 

41.9 

.398 

3.0 

-2.3 

- 8.0 

-29.4 

-196.4 

- 157.7 

1266 

143.4 

6.6 

.477 

3.5 

-5.8 

-17.7 

-53.1 

-238.0 

788 

1262 

- 16.0 

-21.6 

.557 

4.0 

-7.6 

-22.3 

-62.3 

-226.3 

1720 

777 

-127.8 

-39.0 

.637 

4.5 

-7.6 

-21.6 

-57.9 

-171.1 

1973 

275 

-199.1 

-47.5 

.716 

50 

-6.0 

-16.8 

-42.3 

- 89.7 

1564 

- 94.2 

-223.2 

-44.3 

.796 

5.5 

-3.5 

- 9.2 

-19.1 

0.7 

999 

-414 

-204.4 

-31.3 

.875 

6.0 

-0.6 

- 0.8 

3.2 

79.5 

420 

-653 

-136.0 

-12.5 

.955 

6.3 

1.1 

3.9 

15.7 

114.5 

53.8 

-754 

- 79.4 

0.8 

1.003 


X l2 (ohms) 


t'V’ 

1.0 

1.495 

1.973 

2.457 

2.95 

3.096 

3.46 

3.96 

6 /Ao 

0.3 

-42.3 

8.2 

72.0 

13.8 

-5537 

6680 

197.2 

-64.4 

0.048 

.5 

-23.2 

1.8 

26.9 

-130.5 

-8829 

4590 

238.2 

-39.6 

.080 

1.0 

-11.3 

-15.0 

-43.8 

-346.2 

3027 

2850 

214.0 

-34.8 

.159 

1.5 

-10.8 

-27.3 

-82.6 

-443.8 

3093 

2190 

112.5 

-53.2 

.239 

2.0 

-11.3 

-33.4 

-97.3 

-439.5 

2241 

1820 

- 28.4 

-72.2 

.318 

2.5 

-10.8 

-33.1 

-91.8 

-350.1 

1843 

1440 

-179.2 

-80.4 

.398 

3.0 

- 8.9 

-27.3 

-71.0 

-211.4 

1666 

713 

-262.7 

-74.9 

.477 

3.5 

- 5.9 

-17.9 

-41.0 

- 59.0 

1453 

- 356 

-260.4 

-57.1 

.557 

4.0 

- 2.5 

- 6.9 

- 8.9 

76.8 

803 

-1070 

-211.9 

-39.4 

.637 

4.5 

0.7 

3.4 

19.6 

175.6 

- 198.5 

-1253 

-145.1 

-14.7 

.716 

5.0 

3.3 

11.3 

39.7 

225.1 

- 846 

-1253 

- 58.0 

8.3 

.796 

5.5 

4.7 

15.7 

48.1 

220.9 

-1076 

-1040 

37.0 

25.6 

.875 

6.0 

5.0 

16.1 

45.9 

170.0 

-1105 

- 657 

117.8 

33.6 

.955 

6.3 

4.6 

14.7 

39.8 

123.9 

-1056 

- 356 

147.5 

33.9 

1.003 
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Table 8.10. Approximate second-order self-impedance Z 3l = R n + jX a (ohms), for fiji = w /2.* 


b)Xo 

a = 

= 10 

a = 

= 15 

a = 

= 20 


0.01 

85.7 

4/41.1 

80.3 

4740.4 

78.3 

4/40.6 

0.063 

.02 

84.9 

4/39.9 

79.9 

4739.6 

78.1 

4/40.2 

.126 

.03 

84.4 

+y39.1 

79.7 

4739.3 

78.0 

4/40.0 

.188 

.04 

84.0 

4y38.5 

79.5 

4739.1 

77.9 

4/39.9 

.251 

.05 

83.6 

4738.2 

79.3 

4738.9 

77.8 

4/39.8 

.314 

.06 

‘ 83.2 

4737.9 

79.1 

4738.8 

77.7 

4/39.8 

.377 

.07 

82.9 

4737.8 

78.9 

4738.7 

77.6 

4/39.8 

.440 

0.1 

82.0 

4737.7 

78.6 

4738.8 

77.3 

4/39.9 

.628 

.2 

81.4 

4738.7 

78.3 

4739.8 

77.1 

4/40.8 

1.256 

.3 

82.0 

4739.9 

78.4 

4740.9 

77.1 

4/41.7 

1.885 

.4 

84.6 

4741.7 

79.6 

4742.3 

77.8 

4/42.8 

2.513 

.5 

85.8 

4742.7 

80.2 

4743.0 

77.9 

4/43.2 

3.142 

.6 

86.2 

4742.9 

80.5 

4743.2 

78.3 

4/43.3 

3.770 

.7 

86.1 

4742.9 

80.4 

4743.1 

78.3 

4/43.3 

4.398 

.8 

86.2 

4742.8 

80.5 

4743.1 

78.4 

4/43.3 

5.027 

.9 

86.3 

4742.8 

80.5 

4743.1 

78.4 

4/43.4 

5.655 

1.0 

86.4 

4742.9 

80.6 

4743.2 

78.4 

4/43.5 

6.283 

00 

86.5 

4741.7 

80.8 

4743.4 

78.5 

4/43.6 

00 

Factor 

1.169 

1.385 

1.083 

1.226 

1.055 

1.166 



* Z n = 73.1 4/42.5 for all values of 6/A 0 when £l-> cc. 


Table 8.11. Approximate second-order mutual impedances, Zn=R lt +jX li (ohms), for f}„h=nl 2. 


MU 

n = 

= 10 

n = 

= 15 

n = 

= 20 

a 

= 00 


0.01 

85.6 

4/36.3 

80.2 

4/35.8 

78.2 

4/36.3 

73.1 

4/38.8 

0.063 

.02 

84.6 

4/29.6 

79.6 

4/30.5 

77.8 

4/31.5 

72.9 

4/35.1 

.126 

.03 

83.7 

4/23.7 

79.0 

4/25.6 

77.4 

4/27.0 

72.6 

4/31.4 

.188 

.04 

82.8 

4/18.3 

78.4 

4/21.0 

76.8 

4/22.7 

72.2 

4/27.7 

.251 

.05 

81.8 

4/13.1 

77.6 

4/16.6 

76.2 

4/18.6 

71.6 

4/24.2 

.314 

.06 

80.6 

4/ 8.1 

76.7 

4/12.2 

75.3 

4/14.5 

71.0 

4/20.6 

.377 

.07 

79.3 

4/ 3.4 

75.6 

4/ 8.1 

74.4 

4/10.6 

70.2 

4/17.1 

.440 

0.1 

75.1 

-j 7-8 

72.2 

-/ 3.0 

71.1 

-/ 0.5 

67.3 

4/ 7.5 

0.628 

.2 

55.2 

-j 33.7 

54.2 

—/27.9 

53.7 

-/ 26.0 

51.4 

—y 19.2 

1.256 

.3 

29.9 

—/46.3 

30.4 

—/40.7 

30.4 

—/39.3 

29.2 

—/34.4 

1.885 

.4 

4.9 

—/43.2 

5.8 

—/39.6 

6.1 

—/39.1 

6.2 

—/37.4 

2.513 

.5 

-15.2 

—/30.4 

-14.0 

—/29.5 

-13.7 

—/29.4 

-12.5 

—/29.9 

3.142 

.6 

-26.2 

y 12.5 

-24.8 

y 13.1 

-24.5 

—/13.8 

-23.3 

-/15.9 

3.770 

.7 

-27.0 

4/ 4.9 

-26.3 

4 / 3.0 

-25.9 

4/ 2.2 

-24.9 

~j 0.3 

4.398 

.8 

-19.5 

4/17.1 

-19.3 

4/14.8 

-19.1 

4/14.2 

-18.5 

4/12.3 

5.027 

.9 

- 7.2 

4/21.6 

- 7.4 

4/19.7 

- 7.4 

4/19.4 

- 7.5 

4/18.5 

5.655 

1.0 

5.1 

4/18.2 

4.5 

4/17.4 

4.4 

4/17.5 

4.0 

4/17.7 

6.283 

Fac- 

1.169 

iiBIP'JS 

1.083 

1.226* 

1.055 

1.166* 




tor 




1.030* 


1.026* 





* The upper factors for X\ t were used in the range 0 to 0.7; the lower factors, obtained by graphical 
interpolation, were used in the range 0.1 to 1.0. 
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Fig. 8.15a. Self-resistance of identical parallel 
antennas near resonance, Q = 10. 



Fig. 8.156. Self-reactance of identical parallel 
antennas near resonance, H = 10. 




Fig. 8.166. Self-reactance of identical parallel 
antennas near resonance, Cl = 15. 
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LO . „ 1.3 2.0 

Fig. 8.18a. Mutual resistance of identical 
parallel antennas, fl = 15. 



parallel antennas near resonance, = 10. 



parallel antennas, H = 15. 
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Fig. 8.21. Zeroth-order mutual impedance of identical parallel antennas (from 
curves by Starkey and Fitch). 
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Poll = n/2 are given. (Note that the use of two 
slightly different scale factors for different 
ranges of *12 does not lead to a discontinuity 
since *12 vanishes between the two ranges so 
that the gradual transition in scale factor that 
actually must obtain is not necessary for the 
degree of accuracy required.) Self- and mutual 
impedances for the important range of P 0 h 
from 1.0 to 2.0, i.e. near resonance, are shown 
in Figs. 8.15a, b through 8.21. In Figs. 8.15a, b 
through Figs. 8.18a, b the variable is ft 0 h 
and the parameter p 0 b. Curves are shown for 
A = 10 and 15. Corresponding curves for 
A = 12.5 and 20 are readily plotted using 
the data of Tables 8.4, 8.5, 8.8, and 8.9. 
The curves of Figs. 8.19 and 8.20 have pjb 
or bjl a as the variable and p 0 h as parameter. 
They are obtained from Figs. 8.17a, b and 
8.18a, b by cross plotting. Corresponding 
zeroth-order curves for the extremely thin 
antenna as computed by Starkey and Fitch 48 
with sinusoidal current distributions are 
shown in Fig. 8.21. 

The symmetric and antisymmetric imped¬ 
ances in Figs. 7.1 through 7.4 were obtained 
from corresponding self- and mutual im¬ 
pedances obtained in this section using 
(9a, b) with <5 = 0. 

Although the approximate second-order 
self- and mutual impedances certainly are 
not such good representations of actual 
values as true second-order impedances 
would be, they should be superior in accuracy 
to zeroth- and first-order values since Z sl , 
= Z sl + Z 12 and Z% = Z sl - Z 12 repre¬ 
sent variations from or oscillations about the 
true limiting value (Z 0 ) 2 as the separation 
is increased without limit. In a few instances, 
for quite large values of P 0 h and small values 
of A, the scale factors differ from unity by 
more than a few percent. It is to be expected 
that the impedances in these cases are less 
accurate than when the scale factors are 
small. 

In addition to the simple special cases of 
the broadside array in which the antennas are 
driven so that their currents are equal in 
magnitude and in phase (symmetric currents) 
and the bilateral end-fire array in which the 
currents are equal in magnitude and 180° out 
of phase (antisymmetric currents) which are 
studied in Sec. 7, the important two-element 
end-fire array now may be analyzed. In this 
array the antennas are driven so that their 
currents are equal in magnitude but 90° out 
of phase (quadrature currents). Suppose that 
1 2 leads /j by 90°: 


I 2i = jl lt = I w e’”fi (20) 

The coupled-circuit equations (5a, b) reduce to 

Vu — I\»(Z Bl a + jZ 12 s), (21a) 

V 26 — ^2i(Z s iS jZ 1 2i). (216) 

Therefore, the driving-point impedances of 
the two antennas are 

Zis = Vulhi — +jZ 12 s 

— (Rsld ~ *X2<») +j(Xsl6 + 7?im), 

(22a) 

Z-2A = Y id jl 2d = Z ns — jZ, 26 

— (Rsld + *i2<s) +y'(*sl4 — Ri2db 

(22 b) 

As a numerical example, take the case A = 10, 
P„h = 7t/2, <5 = 0, b = 2 0 /4: 

Z 10 = 126.4 + y'82.7, Z 20 = 36.4 -y4.3. 

(23) 

The two impedances are seen to differ greatly. 
Clearly, in order that (20) be true, V ia and 
must be quite different in magnitude and 
phase and require careful adjustment. 

9. Coupling and End Effects for Antennas 
with Individual Feed Lines 

The impedances Z 1S and Z M as evaluated 
in the preceding section are by definition the 
ratios of the scalar potential differences V ld 
and V 2 g (across the circular edges of the 
cylindrical surfaces at z = ±<5 in each antenna) 
to the currents h> and hd (traversing the 
cross sections of the antennas bounded by 
these edges). The analysis thus far applies 
specifically to Fig. 1.7, in which no mechanism 
or circuit is provided for maintaining the 
potential differences V 1S and V 2d or for 
conducting the currents I 19 and I 2 g. This 
corresponds to the determination of Z s for a 
single antenna with a potential difference 
V s maintained in an unspecified manner 
across the edges at z = ±<5. 

In practice, the voltages V 1S and V 2S for 
two coupled driven antennas, just like the 
voltage V s for a single antenna, are maintained 
by transmission lines connected to the 
antennas at z = ±6 using one of several 
possible types of junctions. 

It is only in special cases that Z l3 and Z 2 g 
are approximately equal to the apparent 
terminal impedances Z Ua and Z 2so of the 
individual feeding lines. This is true essentially 
in the same circuit arrangements described 
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in Sec. II. 10 for isolated antennas in which 
coupling effects are negligible and end effects 
are either negligible or compensated. The 
most important practical circumstances under 
which Z lsa = Z ie , Z 2sa = Z 2d are (1) for 
antennas center-driven from two-wire lines 
with spacings b that are very small compared 
with the wavelength, and (2) for antennas 
over a large conducting plane end-driven 
from a coaxial line for which the inner 
radius b of the outer conductor is very small 
compared with the wavelength. A criterion of 
smallness is whether the input impedance 
of an arbitrarily terminated section of line 
of length s and spacing b differs negligibly 
from the impedance of a section of length 
j + t with the same termination and for all 
values of s when / is of the order of magnitude 
of b. 

Important two-wire-line circuits for which 
the apparent terminal impedances can be 
determined from Z lS and Z 2i only with the 
aid of appropriate terminal-zone networks 
that take account of coupling and end effects 
must be considered individually and in turn. 

( a) Antennas with separation large compared 
with two-wire-line spacing and base separation 
—all types of connection. If the distance b a 
between the axes of the two coupled antennas 
is great compared with both the distance b 
between the conductors of the two trans¬ 
mission lines and the base separation 26 
between the halves of the antenna, the coupling 
between each antenna and the transmission 
line driving the other antenna is negligible 
for all types of connection. The conditions 
are 

b\ > b\ b\ > (26)*. (1) 

In some circuits b ==28 so that the two 
inequalities coalesce. If (1) is satisfied, the 
two circuits (each consisting of an antenna 
and a transmission line) are coupled signi¬ 
ficantly only by the interaction of the currents 
and charges in the antennas themselves. 
Vector and scalar potentials on the con¬ 
ductors of the transmission line feeding 
antenna 1 include no significant contributions 
from currents and charges anywhere in 
antenna 2 or its transmission line, and vice 
versa. This means that the complete interaction 
of the two circuits including transmission lines 
is just the same as for the circuit of Fig. 1.7 
in which there are no feeding lines. Therefore, 
the analysis of each transmission line with its 
load is the same as for an isolated antenna 
and involves identically the same corrective 


terminal network. The only difference is that 
Z lS or Z 2i replaces Z h in the appropriate 
network required to determine the apparent 
load impedances Z lsa and Z 2sa for the two 
transmission lines. 

It is readily verified that (1) is usually 
fulfilled in practice by examining the numerical 
equivalent. Consider a circuit for which 
b == 28 so that the two conditions in (1) 
coalesce. Let it be assumed that the value 
of 8 satisfies 

W =2 0.1, 0.2, (2a) 

or 

bjA 0 ^ 0.032. (2b) 

The requirement (1) in conjunction with (2b) 
may be considered equivalent to 

bJ2 n ^ 5bj2 0 < 0.16. (2c) 

Consider the following sets of values: 

P 0 b = 0.2, b/2 0 = 0.032, bJ2 0 S 0.16; 

m 

p 0 b = 0.02, b/2 0 = 0.0032, bJ2 0 ^ 0.016. 

(2c) 

Parallel driven antennas are rarely used 
with separations less than 0.15A 0 , and even 
when one of the two antennas is parasitic, 
spacings closer than 0.05 A 0 are seldom re¬ 
quired except in special cases. 

Actually, there is no difficulty in treating 
closely spaced antennas by taking account of 
the coupling effects involved. This is the 
next problem. 

(b) Antennas as end loads in plane of 
individual two-wire lines—arbitrary separation. 
If the antennas are in the plane of the trans¬ 
mission lines as in Fig. 1.1, terminal-zone 
networks like those for an isolated antenna 
are required but with values of L T and C T 
that depend upon the distance b between 
the antennas and on the voltage ratio F^/F 1(S . 
The determination of L T and C T is simplified 
if the general case of antennas with arbitrary 
voltages V l6 and V 2i is again resolved into 
a pair of symmetrically driven and a pair 
of antisymmetrically driven antennas. 

In determining L T for symmetrically and 
antisymmetrically driven antennas in the 
circuit of Fig. 9.1, the analysis of Sec. II.9 is 
readily adapted. Specifically, (II.9.7) must be 
replaced by 

«"•' - i [I (i - j) Jw ' 

<3> 



o CTQ 
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Fig. 9.2. Equivalent circuits for symmetrically and anti- 
9.1. Coupled antennas driven from symmetrically driven antennas, respectively, in (a) and ( b ). 
•wire lines. ' 


I 2 



Fig. 9.3. Antennas as end-loads in plane perpendicular to 
individual two-wire lines in (a); equivalent circuit in ( b ). 


I 2 



Fig. 9.4. Mixed circuit. 
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where the upper sign is for symmetrically 
driven antennas with equal and codirectional 
currents in the antennas and oppositely 
directed currents on the transmission lines, 
and the lower sign is for antisymmetrically 
driven antennas with equal and opposite 
currents on the antennas and codirectional 
currents on corresponding wires of the two 
lines. Reference to currents on the lines is 
to currents on the upper conductor at equal 
distances from the respective antennas. 

Integration of (3) and substitution in 

L t = f UoM - /q] dw (4) 

Jo 


-Lf ( 

2^1'oJo l 


sinh 1 -sinh -1 - 

, a t 


± ( sinh -i2^±A _ sinh -i^+i« 

\ a b 


2 In -\ 

dw. 


Integration subject to the condition d 2 > b 2 
> a 2 gives directly 

- VftTa* - b a In b ?- + - ~ b \ + fe2 )j 

b a + + a 2 / J 


where the upper sign gives L S T , for symmetrically 
driven antennas, the lower sign L% for anti¬ 
symmetrically driven antennas, as indicated 
in the notation. For very close spacing (6) is 
approximated by the value for zero spacing. 
For symmetrically driven antennas this is 
simply L tc , as obtained in Sec. II.9. For 
antisymmetrically driven antennas the two 
lines approximate a continuous single line, 
as b a -*■ 0, for which L T vanishes. Thus, 


— i — _ 
*-T - *^TC 

Li — 0 . 


(—)' 
\ "o / 


isolated antenna as end load with either sign: 
b 2 a >b 2 : L% = L% = L Te = - ■ 

( 8 ) 

The determination of C| and C 1 } is carried 
out using modified forms of (II.9.10, 11) for 
substitution in (II.9.18). Thus, 

VM -*£(L ±1 .)(£■£)*'• 


where the upper sign gives F|(h>), the lower 
sign Vl(w). This integrates directly into 


:^( 2 in 6 - 
Itteq \ a 


-f sinh 1 — — sinh -1 ~ 
a b 


h -i w + b « 
a 


'!(»>* ^ (sinh- i-sinh-J 
27re 0 \ a b 

+ sinh -i!di._ sinh - 1 !l^), 

a b J 

(ID 

Similarly, 

± ( 35 - 35 )]‘'- <l2> 


where 







Rid — 

V(z' 

- \b ) 2 

T 

w 2 

T 

V 2 

II 

s 

V(7 

+ \b ) 2 

T 

w 2 

T 


Rib 

V(? 

- \b ) 2 

T 

(W 

T 

ba ) 2 + U 2 . 

II 

* 

V(? 

+ ib ) 2 

T 

(w 

T 

ba ) 2 + a 2 . 


Note that q T is the average charge per unit 
length on one of the antennas. Introducing the 
ratio factor 

K = QtIQl = qxlqAw) (i5> 
and carrying out the integration in (21) gives 

27re 0 |_ vV + a 2 

b 1 


± sinh - 


b _' 

ba ) 2 + a 2 . 


Conversely, for sufficiently great spacing (6) where the upper sign gives F|(>v), the lower 
becomes the value L Te of Sec. II. 8 for the sign, F“(n'). 
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The next step is to substitute V(w) = V L (w) 
(- V T (w) into (II.9.16) in the form 

[c 0 (m')<P 1 (h') - c 0 ] = - c 0 


where 


c f Y{w)lq L {W) - l /c 0 
° L Y(w)lq L (w) 


]• 


C ° In (6/a) ‘ 


(17) 

(18) 


The results are 
[r 0 (tv)<pi(H’) - c 0 ] s = —c 0 H s (w), (19a) 

where 

+ A 2 ) + B — C 

2 In (6/a) + k u (A, + AJ + B-C’ 

(196) 

and 

[c„(h’)<Pi(* 0 - c,J a = -c 0 H a (w), (20a) 

where 

k Q (A 1 - A 2 ) + B + C -2 In (6/a) 


H a (w) 


kq(Ai — A 2 ) + B + C 


(206) 

The following shorthand is used in (19a, 6) 
and (20a, 6): 

6 

— sinh -1 


V w 2 + a 2 ’ 

6 

V(w + b„) 2 + a 2 ’ 


( 21 ) 


For antennas that are widely separated 
compared with the line spacing, the following 
formulas are obtained: 


6| > 6 2 : A 2 = 0, 

[c 0 (h')«Pi(m') - c 0 ] s '“ 


C= In (6/a); 

(27) 


k a A 1 + B — In (6/a) 

0 kqAi + B 4- In (6/a)_ ‘ 


(28) 


This is the same as obtained in Sec. II.8 for 
6 a -> oo which is equivalent to a single, 
isolated antenna. The condition (27) corre¬ 
sponds to (1). 

The capacitive element C‘ T or C“ must be 
evaluated with k Q = k Q assumed real from 

CT = P[Co(h')?’i(h') - ctf* dw, (29) 
Jo 

using (19) and (20). Note thatcp 1 (w) = ^(w) 
is real. For closely spaced antennas, 

b\ < 6 2 : Cj. < 2 C TC , C? = 0. (30) 

For more widely spaced antennas, 

6„ > 6 2 : C? = C? = C Te . (31) 

Evidently, in general, 

0 < b a < oo: 2 C TC < C| < C w < 0, (32) 

C TC < C? < 0. (33) 


B = sinh -1 — — sinh 1 , 

a 6 

C = sinh -1 _ sinh -1 ——r— 2 ■ 

a 6 


[c 0 (w’)<p 1 (»’) - c a 


( 22 ) 

(23) 


For very closely spaced antennas, 

6 2 <6 2 : A 2 = A lt C = B\ (24) 

C ° ]S = _r ° [in 6/a+ Mt] ’ 

(25) 

(26) 


[c 0 (M')tp 1 (tv) - c e ]° = 0. 


The formula (25) resembles (II.9.17), since 
two symmetrically driven antennas very close 
together correspond approximately to a single 
antenna. If the antennas are antisymmetrically 
driven, the scalar potential due to the charges 
on one are canceled approximately by the 
scalar potential due to the equal and opposite 
charges on the other. Hence, no significant 
terminal-zone coupling between antisym¬ 
metrically driven antennas and lines exists 
when the antennas are very close together. 


Approximate integrable functions to repre¬ 
sent [c 0 (h’)?> 1 (w’) — c 0 ] s ’ a may be constructed 
exactly as in Secs. II.8 and II.9. The integrated 
expressions corresponding to (II.8.23) and 
(II.9.29) for k v = 1 are 


CJ = —c 0 bK 3 sinh -1 ( d/k’b ), 
C“ = —c 0 bK a sinh -1 ( djk a b ), 


where 

d ~ 106 

and, with H(w) in (196) and (206) real, 
3H 2 jH l 


k = 


Vl - HUH *’ 


Hik, 


(34) 

(35) 

(36) 

(37) 


with appropriate superscripts s and a on k, 
K, H 1 and H 2 . Referring to (19) and (20), 


= H 8 (w = 0), H 8 2 = H s (w = 36); 

(38a) 

H« = H a (w = 0), H% = H a (w = 36). 

(386) 
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For any particular pair of coupled antennas 
driven from two-wire lines in the circuit of 
Fig. 9.1, (34) to (38a, b) permit the direct 
evaluation of C g T and C?, and (6) the com¬ 
putation of U T and LJ. 

The equivalent terminal-zone networks 
for the apparent terminating impedances 
Z*,, Z a Ka at x = s for each line for sym¬ 
metrically and antisymmetrically driven an¬ 
tennas are shown in Fig. 9.2. The evaluation 
of Z s ea and Z“ a involves Z§ and Z% as given in 
Sec. 3 and the two pairs of lumped elements, 
L% , L“; C}, C“ as defined in (6). (34), and (35) 
to (38a, b). 

For arbitrarily driven antennas, the apparent 
self- and mutual impedances corresponding to 
the apparent symmetric and antisymmetric 
impedances are given by 

z sla = \(Z\ a + Z“„), (39a) 

Z 12n = \{Z\ a - Z«„). (396) 

By evaluating the apparent terminal imped¬ 
ances Z e )a and Z“„ for symmetrically and 
antisymmetrically driven antennas separately 
and in combination according to (39a, b), the 
compensated self- and mutual impedances may 
be computed and used to determine the ap¬ 
parent terminal impedances of identical 
antennas terminating lines that have arbitrary 
driving voltages. The relatively intricate 
problem of closely coupled antennas can be 
handled when required using the several 
formulas derived above with the appropriate 
terminal-zone circuits. Fortunately, the condi¬ 
tion b\ b 2 is usually satisfied, as discussed in 
conjunction with ( 2a)-(2e ) so that these more 
elaborate methods are not required. 

(c) Antennas as end loads in plane perpen¬ 
dicular to individual two-wire lines—arbitrary 
separation. The circuit of Fig. 9.3a has the 
advantage over the more conventional arrange¬ 
ment in Fig. 9.1 that the antennas are neither 
capacitively nor inductively coupled to the 
transmission lines, as discussed in Sec. II. 10. 
However, unless compensating circuits are 
used as described in Sec. II. 10, end effects 
exist on the lines as well as coupling between 
them when the antennas are sufficiently close 
together. Furthermore, there is a small 
inductive and capacitive coupling between the 
transverse connectors joining each antenna 
to its transmission. 

The end effects and coupling effects between 
the two transmission lines exclusive of the 
connectors are the same as in case (6), so that 


L t applies unchanged. Since there is no capaci¬ 
tive coupling between antennas and lines, 
V T and k a are zero and ^(w) = 1 in (19) and 
(20) so that 


r 8 — 

1 -T — 


C2 


r« 
-r» 


,(m’) - c 0 ] s dw 


C -B 


2 In (bid) + B -C 
M - c<>] a dw 
2 In (b[a) — B —- C 


J dw. 


B + C 


dw, 


(40 a) 


(40 b) 


where B and C are given by (22) and (23). 
Note that C| and C“ are positive when end 
effect alone without capacitive coupling to 
the antenna is involved, as for the circuit now 
under consideration. In addition to the series 
inductance 



given in (II. 10.2) of each pair of transverse 
connectors between antenna halves and line 
conductors, there is coupling between the 
connectors /^Cj, D X B t on one line and A 2 C 2 , 
D 2 B 2 on the other (Fig. 9.3). Since any 
distributions of charges on the two connectors 
of each antenna are always equal and opposite, 
the capacitive coupling between the connectors 
of one antenna and those of another are small 
unless b a is at least as small as b. The inductive 
coupling is given by* 


-b 12 


= T 




(42) 


The upper sign applies when currents in the 
connectors are oppositely directed, the lower 
sign when they are codirectional. 

For antenna separations b a that are not too 
small (b a > b), the approximate terminal-zone 
network for symmetrically and antisymmetric¬ 
ally driven antennas is shown in Fig. 9.3 b. 
The elements are all readily evaluated except 
C b , the capacitance between the two con¬ 
ductors AC and BD of each antenna, as 
discussed in Sec. II.10. If this does not involve 
a dielectric support, the electrostatic capacit¬ 
ance between them may be estimated. Since 
compensating networks to combine all of the 


* Ref. 1.31, Eq. (VI. 11.13), with b a substituted for j. 
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transmission-line end effects into a single high 
impedance in parallel with the antenna cannot 
be used for obvious physical reasons when the 
antennas are closely spaced, it may be con¬ 
cluded that the circuit of Fig. 9.3 is no improve¬ 
ment over the circuit of Fig. 9.1 from the point 
of view of the simple analytical determination 
of the apparent terminal impedances Z Isa 
and Z 2so except when b a is sufficiently great. 

(d) Circuits with coupling limited to antennas. 
The circuits of Figs. 9.1 and 9.3 differ in the 
coupling between antennas and lines, but are 
both characterized by the same coupling 
between the line feeding one antenna and that 
driving the other. All coupling between the 
two transmission lines and transverse con¬ 
nectors to the antennas can be eliminated so 
that the two complete circuits are coupled only 
by currents and charges in the antennas if the 
mixed circuit of Fig. 9.4 is used. Since the two 
transmission lines are in neutral planes with 
respect to each other, there are no contri¬ 
butions to either the scalar or the vector 
potential differences in one line from charges 
and currents in the other. The two lines are 
terminated in identical antennas with the same 
distances 26, but end and coupling effects of 
each individual line with its antenna are 
different. A compensating stub that is in the 
neutral plane of antenna 2 can be provided for 
antenna 1. When this is properly adjusted 
experimentally, the antenna is in parallel with 
a very high impedance, so that it is a good 
approximation to set Z lsa == Z 16 . 

10. H -Arrays 

An important array consists of two parallel 
antennas usually a half-wavelength apart and 
driven either in phase (broadside array) or in 
phase opposition (bilateral end-fire array). In 
general, the two antennas are either a quarter- 
wavelength or a half-wavelength in half-length 
(h = 2 0 /4 or h = A 0 /2). Commonly used 
circuits are shown in Figs. 10.1 and 10.2. In 
Fig. 10.1a the two antennas are driven sym¬ 
metrically by being connected directly to the 
ends of a 2 0 /2 section of two-wire line to 
which the driving line is attached at the mid¬ 
point. In Fig. 10.16 the two antennas are 
driven antisymmetrically by spiraling or 
crossing-over the transmission line to antenna 
1 but not to antenna 2. If the spiraling is 
carefully arranged, the properties of the trans¬ 
mission line are not significantly affected. In 
Fig. 10.2a the antennas are connected as in 
Fig. 10.1a but the main feeding line is attached 


directly to one antenna instead of to the mid¬ 
point of the section of line joining them. In 
Fig. 10.26 the A 0 /2 section of line connecting 
the two antennas is spiraled. The analysis of 
the centrally driven H of Figs. 10.1a, 6 differs 
somewhat from the laterally driven H of 
Figs. 10.2a, 6. Let them be studied in turn. 

(a) Centrally Driven H -Array. Assuming 
that h\ > 6 2 , the apparent terminal impedance 
Z s sa of each antenna in Fig. 10.1a is the sym¬ 
metric impedance Z s in conjunction with the 
regular terminal-zone network of Sec. II.8. 
The apparent terminal function 9| a for sym¬ 
metrically driven antennas is defined by 

e la = pla +Wa - COth -\Z*JZ C ). (la) 

For antisymmetrically driven antennas, 

e?a - Pm + jKa - COth ~\Z^Z 0 ), (16) 

where Z c is the characteristic impedance of the 
two-wire line. The impedance looking into 
each load line at the junction with the main 
line is double the impedance of the two in 
parallel, which is 

Zf n = £Z c coth(£y6 a + e s V), (2a) 
Z“ n — \Z C coth (£yb a + 0“ a ), (26) 

where 

Y = « + fl. (3) 

If line losses are negligible (jtx6 < p sa ) and 
6 0 = 2 0 /2, as is usual, (2) reduces to 

Z? n = Rl\2Z* m , (4a) 

Z?„ = R 2 J2Z%. (46) 

The apparent terminal impedance for the 
main line is equal to Z in in (2) or (4) only if the 
line spacing 6 is negligible. If this is not the 
case, a terminal-zone network is required at 
the end of the main feeding line due to the end 
effects on this line. Since all conductors are 
perpendicular to the feeding line, the induc¬ 
tive end effect is simply that analyzed in 
Sec. 11.7 with 

L T = L Te = ■ (5) 

The capacitive correction includes not only 
the end effect but also the capacitive coupling 
between the feed line and its two perpendicular 
branches. (Since the charges on the two 
branches are equal, the T-branch has double 
the effect of a right-angle bend in so far as the 
capacitive correction is concerned.) Following 
the method of Sec. II.8, the scalar potential 
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difference V T {w) across the main line at a 
distance w from its end due to equal charges 
per unit length q T on the two branches is 


where 


^)^f%L_±W (6) 

"*0 Jo \^u RbJ 


R a = Vyy2 + / + a*. 


R b = V H - 2 + v 2 + b 2 . 

This integrates into 

b„ 


(7a) 

Ob) 


V T (w) == — (sinh 1 ■ 

77*o \ 


— sinfr 


where 

For bl > b 2 


2vV + A 2 

= • 


)• 


( 8 ) 

(9) 


a 2 , 


(10) 

2 t 7 £ o \W“ + fl 2 / 

The voltage F,(h’) across the line due to the 
charges on its own conductors is the same as in 
(11.8.14). The equivalent lumped capacitance 
is 

rd 


f d 

Q *= ICoWViW - Col 
Jo 

— 

Jo 


V(w)lq,(w) - l/c 0 


V(w)lq L ( h-) 


</iv, 


( 11 ) 


where V(W) = F, (w>) + V T (w). 

Substitution of (10) with (9) and (II.8.14) 
in (11) gives 


N dw (d == 10A) 


where 


N= 


C T — Cg I 

Jo 


, /H' 2 +A 2 \ , 7V + Vw 2 +A 2 

ln I — 2 1 + ,n - ;- 

\w 2 +aO w + V w 2 +a 2 


(12a) 


In 


mb* 


h> + Vh' 2 +A 2 b 

-7 —- = +2 In - 

w + V w 2 +a 2 a 


(12 b) 


The integrand (126) has the value 0.6 at 
w = 0; it drops asymptotically to zero very 
rapidly. Hence, C T is negative and numerically 
only a relatively small fraction of r 0 . It is much 
smaller than C Te . It can be evaluated graphic¬ 
ally very readily if required, or an approxi¬ 
mate integrable function may be used as in 
Sec. II.8. In practice, an insulator or stub 
usually is required to support the junction, 


the effect of which is likely to be greater 
than C T and L T . But this is essentially a trans- 
mission-line problem. For present purposes it 
is sufficient to note that the apparent terminal 
impedance for the main line is given to a 
satisfactory approximation by (2) or (4) 
without correction or with a correction that 
can be evaluated if required. 

( b) Laterally Driven H-Arrays. If the H- 
array is driven from one side, as in Fig. 10.2, 
the determination of the apparent terminal 
impedance of the main line is complicated by 
the fact that the two antennas are not sym¬ 
metrically and similarly located with respect to 
the transmission line. This makes it difficult to 
compensate for end effects and coupling 
effects. Before considering these, let the simpler 
case be analyzed in which the line spacing b is 
sufficiently small to make such effects negligible 
and to make Z lS = Z J0 . When this is true the 
apparent impedance terminating the main line 
at its junction with the first antenna is a good 
approximation of the actual impedance and is 
the same as the input impedance Z in of the 
network consisting of Z 10 = F 10 // 10 in 
parallel with the input impedance of the 
section of line of length b a terminated in 
Z 2n = F 20 // 20 . An expression for Zj n may be 
derived using the general formulas 

V 10 = IigZ sl + / 20 Z 12 , (13a) 

^20 = ^10^12 + ^20^sl> (I3A) 

in conjunction with the transmission-line 
relations 

V* = V io = ^20 cosh Y b a 

+ ho Z c s ' n h Yb a , (14a) 
y 

h = sinh yb a + J 20 cosh yb a , (146) 

where V b and I b are the voltage across and the 
current in the transmission line just to the 
right of the junction point with antenna 1 in 
Fig. 10.2a. The input impedance of the 

combined network is given by 

Z in ^ (15a) 

-*in 

where 4, = ^10 + h (156) 

The solutions of (13a, b) for the currents are: 

4o = (FioZ,i F 20 Z 12 )/D, (16a) 

4o = (^ 2 o^si — O 10 Z 12 )/D, (166) 

where 

D = Zf, - Zj 2 . 


(17) 
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© 0 



b 0 


b 0 



Fig. 10.1. Center-driven H-antenna 
with currents (a) in phase, (b) 180° 
out of phase. 


Fig. 10.2. Laterally driven H-antenna with currents 
(a) 180° out of phase, (6) in phase. 

Al 


z*-Te 



NETWORK 

Fig. 10.3. Approximate equivalent circuit of Fig. 10.2. 


€ 



Fig. 11.1. Driven antenna with 
tuned parasite. 
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Substitution of (166) in (14a) permits solution 
for V 20 in terms of F 10 . Thus, 


V20 = 


y D + Z C Z i 2 sinh y b„ 

10 [D cosh yb a + Z c Z sl sinh yb a . 


= V — 


F 

G 


F and G are defined in (18). Then 


Z s i G — Z l2 F 
GD 


(18) 


(19) 


Substitution of (166) and (18) in (146) gives 


1/ Z G Y^a 


ZnF Z 12 G coshyba 


( 20 ) 


GD 

Addition of (19) and (20) yields 

^io + h 1 F . , 

1 / rj fj /-> sinh y b a 

v io ^in £*0^* 

. (Z s1 G-Z 12 F)+(Z s1 F-Z 12 G) cosh y6 a 

DG 

( 21 ) 

After expansion of the several functions and 
considerable rearrangement and cancelation, 
the reciprocal of (21) becomes 

Z ln = 

Z C (D cosh yb a +Z c Z sl sinh y6 0 ) 

(D + Zfj sinh yb a + 2Z c Z sl cosh y6 a — 2Z C Z 12 

( 22 ) 


This formula can be expressed directly in terms 
of symmetric and antisymmetric impedances, 
since by definition 

z sl m i(Z’+z% z 12 ^ |(Z s —z°). 

(23) 

Also 

D = Z S Z°. (24) 

With these values (22) becomes: 

z = Z|(Z s +Z a )+2Z c Z 8 Z a coth yb„ 
in 2[Z|+ Z*Z a + Z C (Z S + Z“) coth yb a ' 

— Z C (Z 3 —Z“) csch y6] 

(25) 


Introduction of half-angle formulas in the 
denominator leads to the following final form: 

z = Z c 2 (Z 3 + Z 3 )+ 2Z c Z' , Z a coth yb n 
in 2( Z 2 + Z s Z a + Z c Z s tanh ^ y6 a ' 

+ Z c Z a coth \yb a ) 

( 26 ) 


This is the input impedance of the network at 
the terminals of antenna 1 in Fig. 10.2a. The 
analysis of Fig. 10.26 may be carried out in the 
same way with appropriate changes in sign 
in (14a) and (146). 

The complicated expression (26) reduces to 
very simple form if attenuation in the section 
of line joining the two antennas is neglected 
and b u is made an integral number of half¬ 
wavelengths. Thus, for Fig. 10.2a, 

Y6 a — jP 0 b<, =>: Z in = \Z a , (27a) 

y6„ =jP 0 b a =j2n: Z in = \Z\ (276) 

For Fig. 10.26 the corresponding special cases 
give 

Y6a = pfyba = jn'- Z in = \Z\ (28a) 

Y6 a —jPoba — j2”'- Z ln == -JZ°. (286) 

In practice /j 0 6„ = n is by far the most 
important special case. 

With the terminal impedance of the main 
line determined subject only to the restriction 
that the line spacing be small enough to make 
end and coupling effects negligible, it remains 
to consider the problem of correcting for 
these effects when 6 is not so severely restricted. 
It will be assumed that b a is sufficiently great 
to satisfy 6 2 > 6 2 . 

Antenna 2 in Figs. 10.2a, 6 presents no new 
problem. Since it is at the end of a section of 
transmission line, the apparent impedance 
terminating this line is precisely that analyzed 
in Sec. II.8. It consists of Z 2) with a terminal- 
zone network involving L re and C Te as lumped 
elements. In practice the antennas are always 
sufficiently far apart that the condition 
6| > 6 2 is well satisfied. This means that the 
terminal zone in which end effects and 
coupling effects are significant does not 
extend as far as antenna 1. 

The determination of an equivalent terminal- 
zone network for antenna 1 is much more 
difficult since coupling effects between the 
main line, antenna 1, and the transmission line 
feeding antenna 2 are involved, in addition to 
regions of nonuniform line constants at the 
end of the main line and at the beginning of 
the section connecting the two antennas. 
Since the transmission line actually continues 
beyond antenna 1, although with a change in 
the magnitude of the current, it may be 
assumed as a fair approximation that /£( x) 
= /p, c 0 (x-) = c 0 at all points near antenna 1. 
On the other hand, capacitive coupling between 
antenna 1 and the section of line on both 
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sides of the antenna is significant if 6 is not 
extremely small. A reasonable approxima¬ 
tion is to assume this coupling to be essentially 
the same as for the stub support discussed at 
the end of Sec. II.9. That is, C T is taken to be 
equal to C TC for the symmetrically driven, 
center-loaded line, so that the equivalent 
circuit involves C TC in parallel with Z lS . 
Thus, the approximate equivalent circuit for 
taking account of coupling effects is shown in 
Fig. 10.3. The approximation evidently is not 
so good as for the simpler circuits involved in 
the center-driven H-antenna. 

11. Driven Antenna with Parasite. 

An array that is of great importance 
because of its simplicity and useful directional 
properties consists of two parallel antennas of 
which No. 1 is driven (in the sense that the 
scalar potential difference V ld at its terminals 
is maintained by a transmission line or other 
network of conductors that includes a genera¬ 
tor), whereas No. 2 is parasitic (that is, it is 
connected to a transmission line or other 
network that presents an arbitrary impedance 
Z ld but contains no generator). Therefore, the 
only excitation for antenna 2 is its coupling to 
antenna 1. The circuit involving transmission 
lines is shown in Fig. 11.1. 

The analysis of a center-driven antenna with 
a single, center-loaded parasite is already 
contained in the general solution in Sec. 8 for 
two coupled antennas with arbitrary voltages 
V lS and V 2d . Since thfcre is no specification of 
the method of maintaining the scalar potential 
differences, the requirement that V ld be the 
terminal voltage of a transmission line 
containing a generator while V 9{ is the voltage 
across an arbitrary load is admissible. That is, 
let 

^26 ~ — l 2 gZ L g. (1) 

where I 2i is the current in the terminals of 
antenna 2 (Fig. 11.1) and where Z Ld is defined 


to satisfy (1). 


Substitution of (1) in (8.56) gives 


^i«s = IuZ sl g + I 26 Z l2i , 

(2 a) 

0 = I U Z 21S + I 2d Z 22d , 

(26) 

where 


^22*5 = Z<; 2 g Z u Z sia 4“ Z L g. 

(3) 


The currents in the two antennas are related as 
follows: 


Is = - | = _ (4) 

M«S ^226 Z 226 

The impedance 

Z u = si I is (5) 


is readily evaluated from (2) and (3) by 
eliminating I 2d . The result, expressed in terms 
of Z s is = Z S 2 s 2 nd Z 12i =Z 2ia and also in 
terms of Z x 6 and ZjJ, is 


Z u — Z, u — ^ 


ZioaZo 


Id ~r 2<S 

2ZJZS-KZJ- 


Zg)Z L 


2 Z L/j +Zi+Z a 


( 6 ) 


The symmetric and antisymmetric voltages 
V‘ d and V 1 } are defined in terms of V ia and V 2S 
by the simple relations 

Vl = \(V u +V 2i \ v* = l(V ld -V 2S ). 

(7) 

Elimination of V 2S gives 


yt = y Zl(Z% + Z Ld ) 
6 w 2Z%Z%+(Z\ 


Z a )Z Ll 


( 8 ) 


ya _ y Z%(Z* d + Z u ) 
d u 2Z\Z% +(Z’ { +Z%)Z L{ • 


(9) 


The currents in the two antennas are 


I a 

A z » 


( 10 ) 


where 7® is the current in each of the two 
antennas when driven by equal voltages 
given by (8), and where 7“ and —7® are the 
currents in the two antennas when driven by 
the voltages V% and — V% in (9). 

1. An interesting and important special 
case occurs when Z, 6 is made zero by ap¬ 
propriate adjustment of the transmission line 
connected to antenna 2 (Fig. 11.1) and its 
purely reactive termination. In this case 


J is 


■ J sl6 


Z\2dZ 2xa 

Zsld 


2 Z\Z% 

z\ + ZJ ’ 


( 11 ) 


v% = v% = VJ2. (12) 


Note that (11) is twice the impedance of Z s d 
in parallel with Z a 6 . Curves showing Z 10 com¬ 
puted from (11) with 5 = 0 are given in 
Figs. 11.2 and 11.3 for P 0 h = w/2 and near n. 
It is significant that for = n/2, Z ld is 
relatively more greatly affected by the presence 
of the parasitic antenna than for p 0 h near n. 
This means that when Pgh = tt/2 the currents 
in the secondary circuit consisting of the 
parasite are relatively greater and react back 
on the primary circuit (antenna 1) more 
strongly than when is near n. Since when 
PqH is near n the antenna is not near a resonant 
length for even currents of the type 7 2 (— z) = 
7 2 (z) with Z LS = 0, as when p„h = tt/2, this 
is readily understood. As would be expected, 
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currents in antenna 2 are much greater and 
their effect on the primary more significant 
when the ratio h/a is small, that is, when ft 
is small. 

2. A second special case suggested directly 
by the preceding discussion occurs when 

is made as large as possible. This may 
be realized by disconnecting and removing 
the transmission line from antenna 2, leaving 
the halves of this antenna separated by a 
gap 2A If these adjacent ends are rounded 
and 25 is larger than the radius Zu — oo; 
if 2(5 is as small as or smaller than a or if 
flat end surfaces are involved, Z ld is a 
capacitive reactance that may be large com¬ 
pared with Z sl6 and Z 1M . When this is true, 
(6) gives: 

Zu = Z !is . (Z u ^ Z sl s) (13) 
For /?„/» = n/2, 

Z ld = Z sU = Z a for all values of b. (14 a) 
For p 0 h n, 

z ie = Z sia Z d , (146) 

where Z d is the impedance of an isolated 
antenna. Thus, when Z u = oo, the situation 
described above for Z IS = 0 is reversed. 
With PJi — jt/ 2, the currents in the parasite 
are negligible in their effect on the driven 
unit; with fl n h = it, the currents in the parasite 
are sufficiently great to affect Z u significantly. 

3. A third special case that is related 
closely to the preceding ones occurs when 
antenna 2 is kept tuned to self-resonance. 
The condition is 

Z u = jXu = -JXgu. (15) 

Subject to (15), (6) becomes: 

Z U =Z, U - fk (16) 

Since in this case the parasitic antenna is 
kept tuned to self-resonance with a reactance 
at its center, it always carries large currents 
that modify significantly the magnitude of 
the current in the primary antenna. 

When the spacing b of the transmission 
line connected to the antenna is not extremely 
small, correction must be made for end and 
coupling effects as discussed in Sec. 9. The fact 
that antenna 2 is parasitic does not alter the 
fact that lg(w) and c 0 (>v) are not constants 
near the ends of the line, and that the line is 
coupled to the antenna. In the usual case 
when b\ > b 2 the terminal-zone network 


is simply that of the end-loaded line described 
in Sec. II.8 involving L Te and C Te , so that 
Z 1S is the input impedance of this network 
connected to a conventional line as in Fig. 
11.4. If the circuit is tuned experimentally, 
the adjustment automatically takes account 
of the end effect and coupling effect. 

In practice, parasitic antennas for which 
p 0 h n-/2 are often in the form of continuous 
straight conductors without transmission 
line or tuning reactance at the center, as in 
Fig. 11.5. This corresponds to Z L = 0, 
(5 2 =-- 0. If the transmission-line spacing for 
the driven antenna is sufficiently small that 
it is a good approximation to set (5 X == 0, this 
reduces to the first special case with (5 = 0, 
Zu = 0. If (5j is not so small that terminal- 
zone effects are negligible in antenna 1 but 
(5 2 = 0, the two antennas are no longer 
identical, so that the present analysis does 
not apply strictly. This may not be obvious 
immediately, since it may be argued that the 
two sections of antenna 2 extending from 
z = —h to z = —6 and from z = 6 to z = h 
are, in fact, exactly like antenna 1, whereas 
the extra piece between z = —6 and z = 6 
may be treated as the tuning impedance or 
load impedance Z i (Fig. 11.1). While this 
statement is in itself entirely correct, it does 
not actually provide a means of solving the 
problem rigorously because the piece of antenna 
between z = — (5 and z = (5 is coupled both 
to antenna 2 and to antenna 1. The accurate 
determination of this coupling obviously 
involves the complete solution of the problem 
of two antennas of different lengths. However, 
an approximate method can be devised 
readily. 

In the general expression (6) for the input 
impedance of antenna 1 in the presence of a 
parasitic antenna 2, the tuning or load im¬ 
pedance Zu occurs only in conjunction with 
the self-impedance Z s2S — Z sU of antenna 2. 
If Z L6 is the impedance of the straight section 
between z = — <5 and z = (5, the sum of Z LS 
and Z, 2i is simply Z s2 for (5 = 0. Thus, the 
self-impedance is readily taken into account. 
The mutual impedance Z m as expressed in 
(6) includes only the coupling between the 
antennas themselves and not that between 
antenna 1 and the tuning impedance Z u - 
On the other hand, if Z 12 for (5 = 0 were used 
instead of Z 12<s , this would include coupling 
between two antennas extending from z = 
—h to z = h instead of between one antenna 
of this length and another that lacks the 
piece between z = —<5 and z = S. Thus, Z ia5 
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takes account of too little coupling, Z 12 for 
(5 = 0 of too much coupling. Since <5 is re¬ 
quired to be small, a good approximation 
of the correct value of Z 12 should be a mean 
value between Z l26 and Z 12 for <5 = 0, such 
as VZ lM Z 12 . Accordingly, with Z 21 = Z 12 , 
Z 1S for the circuit of Fig. 11.5 is approximately 

7 7 _ Z 126 Z 21 _ Z\Z a + Z 8 Zg 

w ,ia Z s2 Z s + Z a ’ 

(17) 


where Z 12 ( 5 Z 21 gives a mean value between 
Z 124 Z 21 * and Z 12 Z 21 . (Omission of the sub¬ 
script 6 means <5 = 0.) Note that (17) is 
equivalent to ( 6 ) with 


Z a s Z a - Z a 6 Z“ 
Z s — Z a ■ 


(18) 


Correction for terminal-zone effects is not 
made so readily as for identical antennas, 
since symmetric and antisymmetric imped¬ 
ances cannot be defined. Since the added 
section in antenna 2 is relatively small, the 
terminal-zone network for antenna 1 may be 
assumed to be the same as for the circuit of 
Fig. 11.1. 

A simple alternative method of handling 
the problem of an unbroken parasite for 
antennas with Pfli near w/2 depends upon the 
fact that for isolated antennas of this length 
the impedance Z 6 for given values of h and 
<5 is closely approximated by Z 0 for an antenna 
of half-length h = h — S. Since the coupling 
between the two antennas is virtually un¬ 
changed if antenna 2 consists of a straight 
conductor extending from z — —(h — 6) 
to z—h-^-6 instead of from z = —h to 
z = —<5 and from z = 6 to z = —h, it may 
be assumed that Z 14 also is not significantly 
altered. Therefore, a driven antenna of half- 
length h, near A 0 /4 with small base separation 
2<5 and a parasite which is a straight unbroken 
conductor of half-length h 2 = h x — <5, may 
be considered the equivalent of the same 
driven antenna with a parasite that has a 
half-length h 2 = h 1 center-loaded by a section 
of transmission line of spacing b == 2<5 
that has an apparent input impedance 
Z M = 0. This is illustrated in Fig. 11.6. 

The procedure of varying h 2 slightly to 
compensate for modifications in Z u may be 
extended as follows. Although methods have 
not been derived for solving the problem of 
two dissimilar antennas, the difficulties are 


entirely analytical. The formal problem is 
readily set up and the same simultaneous 
equations involving the two currents and 
voltages and self- and mutual-impedances are 
obtained. Although these impedances are 
expressed in terms of integrals that have not 
been evaluated, they can be combined to 
give a formula just like (6) but with Z s26 not 
equal to Z sU . For antennas with half-lengths 
near h = A 0 /4, Z s2(S includes a resistive part 
that varies relatively slowly and a reactance 
that varies quite rapidly with h. (This may 
be seen by noting that with (S 0 h near w/2, 
Z s2S = Z d , the behavior of which is readily 
obtained from curves of Z 0 in Sec. 11.30.) 
Hence, if Zu = jX L6 , it follows that if 

Xu + X s2d = const., (19) 

Z ld will remain essentially constant. That is, 
a particular antenna 2 of half-length h 2 = 
hi = A 0 /4 with X L6 adjusted to make X 226 = 
X u + X s2d = X A , where X A is a preassigned 
value, is essentially equivalent in determining 
Z 1S to a different antenna 2 with X L6 = 0 
and a half-length h 2 h l adjusted so that 
X s2d = X A . The two antennas are shown in 
Fig. 11.7. If Z u is the same with the two 
differently adjusted parasites, it follows that 
the magnitudes and phases of the currents 
in the antennas in the two cases must be 
practically the same. 

It may be concluded that Z 16 and the 
currents in both antennas are essentially the 
same if the total reactance X 226 = X s2S + Xu 
in the secondary circuit is unchanged, provided 
P 0 h does not greatly exceed 7 t/ 2. Results 
obtained by fixing h 2 — h 1 = A 0 /4 and varying 
X 22S by adjusting X u may be regarded as 
good approximations of results obtained 
with Xu = 0 and with X 226 varied by ad¬ 
justing X 32i by changing h 2 . 

Specific application of this important 
generalization is made in Sec. VI.4 where the 
electromagnetic field of a driven antenna 
of half-length h x = A 0 /4 with a single parasite 
is studied. By appropriately adjusting b a 
and X 2i = X s2S -f X a directional properties 
associated with parasites acting as directors 
and reflectors are obtained. Analytically, 
the adjustment of X LS in order to vary X 2S 
is strictly correct and theoretical results are 
so obtained. In practice, especially at extremely 
high frequencies, the adjustment of Xu 
through variation X s2i by adjusting h 2 is 
often more convenient. If h 2 is not made to 
depart too far from A 0 /4—usually this is 



326 


THEORY OF LINEAR ANTENNAS 


[I11.11} 



Fig. 11.4. Equivalent circuit of 
antenna with transmission-line 
load. 


© @ 



Fig. 11.6. Approximately equivalent arrays. 
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Fig. 11.5. Antenna with 
continuous parasite. 



Fig. 11.7. Approximately equivalent arrays. 
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Fig. 11.8. Block diagram of measuring setup. 
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not required—the impedance and field pro¬ 
perties of two arrays that differ primarily in 
the method by which X. 16 is varied should be 
very nearly identical. 

The experimental measurement of the 
currents in a driven antenna with a parallel 
parasite can be carried out using essentially 
the same apparatus and techniques* described 
in Sec. 11.26 for a single antenna. A schematic 
diagram of the modified equipment is shown 
in Fig. 11.8. The basic structure consists of a 
coaxial line the shield of which ends at a 
conducting ground plane, while the extension 
of the inner conductor over the ground 
plane forms the antenna. From a slot in the 
inner conductor and its extension protrudes 
a small shielded loop which can be moved the 
entire length of the antenna and the coaxial 
line to measure the current distribution on 
the antenna and the line and to obtain the 
apparent impedance of the antenna as a 
termination for the line by measuring the 
standing-wave ratio. The second element of 
the two-element array is a conducting rod 
parallel to the slotted antenna composed of 
threaded sections that allow adjustment in 
length. This element may be connected to 
or insulated from the ground plane. In the 
latter case the antenna ends in a type-A 
connecter so that it may be used as the 
driven element in place of the slotted unit. 
In this manner the same slotted antenna 
may be used to measure successively the 
currents on the driven and the parasitic 
elements. A small charge probe located 
symmetrically between the two elements 
is used as an amplitude and phase-reference 
monitor, so that when the two elements are 
effectively interchanged the relative amplitudes 
and phases of the currents may be determined. 

Relative phase was measured by adding the 
signal from the test probe to a signal obtained 
from a probe traveling on a slotted line 
terminated in its characteristic impedance. 
All measurements were made at 300 Mhz 
modulated by a 1-khz signal. A \N2\B 
crystal and a tuned amplifier were used in 
the detector circuit and the voltage was read 
on a Ballantine vacuum-tube voltmeter. 

In Figs. 11.9 and 11.11 are shown the 
measured magnitudes and phases of the cur¬ 
rent distributions in the driven element 1 and 
the parasitic element 2 of the array in Fig. 
11.8. For Fig. 11.9, h = A 0 /4, O = 2 In (Ihja) 

* Apparatus and measurements described in the 
remainder of this section are those of Dr. T. Morita 
and Dr. C. Faflick, ref. 40. 


= 10.1; for Fig. 11.11, h = XJ 2, H = 11.5. 
For both figures the two antennas were quite 
close together, the distance between them 
being only b = 0.04A 0 . Since only relative 
magnitudes and phases of the currents / l2 
and I 2z were obtained using the traveling 
probe, an absolute determination of the 
current at at least one point is required. This 
was obtained by measuring the apparent 
admittance of the driven element in the 
presence of the parasite and noting that, 
if terminal-zone effects and probe-coupling 
effects are neglected, the measured apparent 
admittance Y sa is equal to the input current 
per volt, that is, Y sa = Y 10 = 7 10 / V v Note 
that since the probe must pass from line to 
antenna, a tapered section with small value 
of b — a is unavailable. When h = A 0 /4, the 
terminal zone with its dielectric support is at 
or very near a current maximum so that the 
equivalent lumped reactance is in parallel 
with the low impedance of the antenna 
and its effect is negligible. Incidentally, this 
is verified numerically later in studying the 
case with p 0 h = n. When h = A 0 /2, the im¬ 
pedance of the antenna is high and consider¬ 
able error is involved in assuming the current 
at the antenna-line junction to be equal to 
the current at a distance A 0 /2 back on the 
measuring and feeding line. However, this 
error affects principally the current in the 
terminal zone and hence the impedance. 
The distributions along the antennas at all 
points not close to the terminal zone are not 
affected. Since the loop probe responds to the 
magnetic field and since this is not pro¬ 
portional to the current in an antenna very 
near its end where the current actually vanishes 
but the magnetic field does not, the experi¬ 
mental points do not give the correct current 
very near the ends. This is clear especially 
in Fig. 11.11. 

The currents in antenna 1 are decomposed 
into symmetric and antisymmetric components 
in Figs. 11.10 and 11.12. It is interesting to 
note the large amplitudes of the antisymmetric 
currents. Actually they are equal and opposite 
transmission-line currents characteristic of a 
balanced two-wire line. With the antennas so 
close together they contribute negligibly to 
radiation. However, since they are large the 
over-all radiating efficiency may be signifi¬ 
cantly reduced as a consequence of the 
relatively large ohmic losses in the imperfect 
conductors, the dielectric supports, and the 
coupled probes. 

It is instructive to compare the measured 
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Table 11.1. Experimental and theoretical currents, impedances, and admittances 
for an antenna with parasite; p 0 h = tt/2. 



Experimental, 
based on measured 
f 2 /1 1 and Z 10 ; 

n = 10.11 

Theoretical 

Computed from Z„ and 
Computed from Z lt (with added resistance 

Z 11 =Z J1 and Z 1S , no of 3.55 ohms in series with 
ohmic dissipation; Z al to correct for ohmic 

Q = 10 loss, Z n = Z S1 + 3.55 

ohm) Q = 10 

A 0//10 

0.875/167° 

0.913/167.9° 

0.872/169.5° 

Ao /^10 (mho) 

45.9 x 10 -3 /—62.7° 

51.9 x 10~ 3 / —80.5° 

49.5 x 10- 3 / —62.5° 

•^20/^10 

40.2 x 10- 3 /104° 

47.5 x 10- 3 /87.4° 

42.2 x 10- 3 /107° 

VJV 10 = i(Im+ hoWi, 

, 5.6 x 10- 3 /-9.7° 

5.7 x 10- 3 / —18.3° 

5.5 x 10- 3 / —18.1° 

Tjv 10 = i(/io — / a o)/U'lo 42.8 X 10~ 3 /—68.9° 

49.4 x 10- 3 /—86.3° 

45.1 x 10~ 3 / —67.4° 

Z 10 (ohm) 

10.0 4-/19.2 = 21.8/62.7° 

3.2 + /19.0 = 19.3/80.5° 

9.3 4-/17.9 = 20.2/62.5° 

^11 — ^22 

45.84/12.8=47.6/15.6° 

42.04/19.25 =46.3/24.6° 

45.554-/19.25=49.5/22.9° 


41.6+y'l.9=41.65/2.6° 

41.354-/9-15=42.3/12.4° 

41.354-/9.15=42.3/12.4° 

Zj = Z u + Z 12 

87.4+/14.7 =88.6/9.4° 

83.44-/28.4 = 88.1/18.8° 

86.95-1-/28.4=91.4/18.1° 

z; = z u — z u 

4.2+y 10.9 = 11.7/68.9° 

0.654-/10.1 = 15.5/86.3° 

4.2+/10.1 =11.0/67.4° 

Y ia = i(Y‘ 0 + YU 

= Ao/fio (mho) 

(21.0 — /40.9) x 10- 3 

(8.55 —/51.2) X 10- 3 

(22.8 —/43.9) X 10- 3 


“ Ao /^10 

(-9.85 + /39.0) x 10- 3 

(2.25 4-/47.6) x 10‘ 3 

(-12.3 + /40.5) X 10~ 3 


(20.2 — y'5.7) x 10- 3 

(19.7 —/9.0) X 10- 3 

(18.6 —/7.9) x 10- 3 

y.. 

(24.0 —yl.l) x 10- 3 

(23.0 —/5.1) X 10” 3 

(23.0 —/5.1) X 10- 3 

y* = 2 /'/K 10 

( 11.1 —yi.9) x 10- 3 

(10.8 —/3.6) x 10- 3 

(10.4 —/3.4) X 10~ 3 

Y' = 2l'IV le 

(30.8 -y'79.9) x 10“ 3 

(6.3 —/98.7) x 10- 3 

(35.1 —/84.4) x 10- 3 


currents, impedances, and quantities cal¬ 
culated from them with theoretical deter¬ 
minations using the modified second-order 
self- and mutual impedances given in Sec. 8. 
This is readily done with fl 0 h = w/2. In 
calculating self- and mutual impedances the 
two fundamental, measured quantities are 
Z 20//10 and Z I0 . Numerical values are given 
in Table 11.1. Using these, the normalized 
currents J 20 / V 10 and J 10 / V 10 are determined 
and from them /,/ V 10 and /,/ V 10 . Note that for 
antenna 16 — a = <5 > 0, a dielectric support 
is located at the base and, in addition, a 


coupled probe is present when the current 
is measured; antenna 2 has none of these. 
Hence, F n = F S1 + Y lt Y 22 = Y a , where 
takes account of the several admittances 
in parallel. Assuming that Y 1 is negligible 
compared with Y, 1 , which, incidentally, is 
equivalent to assuming that b — a = 1 5=0, 
the equations (4) and (6) apply with <5=0, 
Z L6 = 0. That is, 

^ 20 / Ao = Z 12 /Z sl , (20) 


Z10 = Zsil 1 - (ZJZ si n (21) 
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Fig. 11.11. Measured currents in antenna with parasite, PJi = tt (Morita). Fig. 11.12. Symmetric and antisymmetric currents in antenna with parasite, 
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Since the two quantities on the left in (20) 
and (21) are known, Z n and Z 12 are computed 
readily and from them Z<j and Zg. The results 
are given in Table 11.1. The corresponding 
admittances are also listed, together with the 
transfer admittance Y t . A critical examination 
of these experimental quantities in Table 11.1 
reveals that the antisymmetric resistance 
A'j = 4.2 ohms is very much greater than 
that implied in the assumption that all losses 
except those due to radiation are negligible. 
For thin wires and a sinusoidally distributed 
current, the zeroth-order antisymmetric re¬ 
sistance of two adjacent antennas (Plb 2 1) 
over a perfectly conducting plane is one 
half the value in (7.17). That is, with 6/A 0 = 
0.04, 

i?2(ohms) = 7.5 fab 2 = 30»r 2 (6/A 0 ) 2 = 0.47. 

( 22 ) 

For conductors of finite radius, the resistance 
is greater. For example, with fl = 2 In (2hja) = 
10, = 0.65 ohm. Since measurements were 

made on a brass coaxial line with R c = 60.6 
ohms, a = 2.51 x 10“ 3 neper/m at A 0 = 1 m, 
and since the ohmic loss in an antenna of 
length A 0 /4 is approximately the same as 
on a section of open-end coaxial line of the 
same length and with the antenna as inner 
conductor, the combined ohmic resistance 
of a half-wavelength of line and a quarter-wave 
antenna is approximately 

R m = R c a.s = 0.114 ohm. (23) 

The ohmic resistance of the parasite is about 
one-third of (23) since the length of line is 
absent. Hence, the combined ohmic resistance 
of the array and line is approximately 0.15 
ohm, of which one-half is the contribution 
to the antisymmetric resistance. It appears 
therefore, that radiation and ohmic losses 
in the antenna and line account for less than 
one-quarter of the measured 4.2 ohms. It 
must be concluded that the greater part of 
the ohmic resistance must be due to the 
detector. Note that if R$ actually were only 
0.47 ohm as given by (22) instead of the 
observed 4.2 ohms, the input impedance would 
be Z 10 = 3.36 + /20.9 ohms instead of the 
measured value, Z ]0 = 10.0 + j\ 9.4 ohms. 

In determining currents, impedances, and 
admittances for the antenna with parasite 
from theoretical formulas and tables, it 
obviously makes a great difference whether 
only radiation losses are included or account 
is taken of the added, relatively large ohmic 


losses in the measuring line with its detector. 
This is true especially of the input resistance 
and the antisymmetric resistance and current. 
If it is assumed that ohmic losses are zero, 
use of the approximate second-order values 
of Z n and Z 12 given in Table 8.10 and 8.11 
(divided by two since the antennas are of 
length h over a conducting plane instead of 
isolated and of length 2 h), the several currents, 
impedances, and admittances in the center 
of Table 11.1 may be computed. Alternatively, 
if a resistance of 3.55 ohms is added to Z% 
and Zg to take account of the observed ohmic 
losses by making R% equal to the observed 
4.2 ohms, the values obtained on the right in 
Table 11.1 are obtained. Note that these are 
consistently in good agreement with experi¬ 
mental values. The reactances, admittances, 
and phase angles may be brought into still 
better agreement with experimental values 
if an electrical length PJi — 1.54 is used in 
the theoretical formulas instead of p 0 h = tt/2. 
This small difference in length is of the order 
of magnitude of the radius of the antenna. 
Theoretical distributions of I s and /“ in 
magnitude and phase corresponding to the 
uncorrected data in the center of Table 11.1 
are shown in Fig. 11.10. The current /“ has 
the input value given in Table 11.1, and the 
cosinusoidal distribution for its magnitude 
and constant distribution for its phase angle 
as in lossless-transmission-line theory. A 
curve is also shown for /“ when its input 
value is corrected for ohmic dissipation as 
on the right in Table 11.1. The current I s is 
not significantly affected by this correction, 
since the radiation resistance is large compared 
with the small added ohmic resistance. It is 
evident that if account is taken of all pertinent 
factors, the approximate second-order self- 
and mutual impedances yield quantitatively 
satisfactory results. Since the measured 
apparent impedance of the antenna in the 
presence of the parasite has the rather large 
value Z sa =122— y454 ohms, when p 0 h = tt, 
terminal-zone effects are not negligible. 
Hence, it is not a satisfactory approximation 
to assume the apparent admittance in mhos 
Y sa = (0.55 + y'2.05) x 10~ 3 =2.13 x 10~ 3 
Z75° as measured back on the feeding 
line to be equal to the actual current per 
volt, Fjq = / 10 /F 10 , entering the antenna. 
A good estimate of the equivalent lumped 
terminal-zone capacitance C T due to the 
gap may be obtained using Fig. II. 10.9 
to determine —C T /bc 0 for b\a = 2.75. The 
theoretical curve gives approximately 0.475 
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for this quantity, so that with b = 0.873 cm 
and c 0 for the line equal to 55 x 10 -12 
farad/m, 

C T = -0.23 x 10- 12 farad. (24) 

The equivalent lumped capacitance of a poly¬ 
styrene disk of thickness 3.2 mm near the end 
of the line is 

Q = (2.45 - 1) x 3.2 x 10“ 3 x 55 

x 10- 12 = 0.25 x 10- 12 farad. (25) 

As a result of the virtual coincidence in 
magnitude of C T and C d and the opposite 
sign, the combined effect of these rather 
large capacitances yields only the following 
very small susceptance at the operating 
frequency/ = 300 Mhz: 

B = co(C T + Q) = 0.02 x 10- 12 . (26) 

This is sufficiently small to be neglected. 
Hence, 

Y 10 = Y sa = (0.55 + /2.05) x 10- 3 

= 2.13 x 10" 3 Z75°. (27) 

It is this quantity that is used to normalize 
the measured relative currents shown in 
Fig. 11.11 in solid lines and the symmetric 
and antisymmetric components which are 
derived from them and shown in Fig. 11.12. 

Since the value of A = 2 In (2hja) for the 
antenna used in the measurements is 11.5, 
the available numerical tables for self- and 
mutual impedances with A = 10, 12.5, 15, 
and 20 are inadequate for (l 0 h = it. In the range 
near antiresonance, impedances vary so 
rapidly that interpolation is not satisfactory. 
However, an alternative procedure for deter¬ 
mining at least approximately the theoretical 
magnitudes and distributions of symmetric and 
antisymmetric currents is available if it is 
recalled that with b/X 0 as small as 0.04 the 
array is in effect a two-element cage antenna 
for the symmetric currents, and a trans¬ 
mission line with open end for the anti¬ 
symmetric currents. The effective radius of a 
cylindrical antenna that is equivalent to the 
symmetrically driven pair with b/a — 6.3 
is given by (5.25) to be 

a e = V ab = 2.5 a. (28) 

Hence, the effective value of A is 

A e = 2 In (2 hla e ) = A - 2 In 2.5 = 9.7. (29) 

By extrapolating the self-impedance data of 
Chapter II for = n, the approximate 


impedance of an isolated antenna over a 
conducting plane with A = 9.7 is found to be 

Z 0 = 105 -j 190 = 217/ —61° = Zq/2. 

(30) 

The last step is justified in the discussion of 
(7.17). It follows that the symmetric input 
current per volt is III F 0 = FJ = 2.3 x 
10~ 3 ,/61 o . Since the current along a cage 
antenna is similar to that along a cylindrical 
antenna of equivalent radius, the distributions 
of current magnitude and phase angle given 
in Fig. H.22.116 for an antenna with A = 10 
may be scaled to fit the input values 2.3 x 10~ 3 
amp/volt and 61° and used as an approxi¬ 
mation of the distribution for A = 9.7. 
Theoretical curves of I s and 6 s obtained in 
this manner are shown in Fig. 11.12. They 
are in reasonably good agreement with the 
experimental results. 

The antisymmetric current for p 0 h = n is 
essentially that of a two-wire line of length 
2 0 /2 and with an open end. The magnitude of 
the maximum current per volt input is obtained 
readily if it is assumed that the radiation 
resistance referred to maximum current and 
ohmic losses in the line or coupled probe may 
be replaced by an approximately equivalent 
lumped resistance R s at or very near the 
current maximum. Since the driving voltage 
of the line is 2V%, it follows that 

(2F“) 2 //?“ = llR s . (31) 

However, since R, and I m are at the end of a 
quarter-wave transformer for which R%=R S R%, 
it follows that 

IJVo = 2/ R e = 9.16 x 10- 3 amp/volt. (32) 

In (32) the characteristic impedance of the 
two-wire line is 218 ohms. In order to make use 
of (32) in conjunction with the essentially 
sinusoidal distribution of current characteristic 
of a low-loss transmission line as a means of 
obtaining an approximate theoretical distribu¬ 
tion curve for the antisymmetric current, it is 
necessary to determine the input current from 
the antisymmetric admittance. This is obtain¬ 
able from the input admittance of the A 0 /2 
section of line, but account must be taken of 
the effective capacitance of the open end. Using 
the data of Sec. II.6, an approximate value of 
the effective terminating capacitance is found 
to be C = 0.15 n/tf. The input susceptance of 
the line of length A 0 /2 terminated in this 
capacitance is B m = 0.28 x 10~ 3 mho, so that 
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the corresponding antisymmetrical suscep- 
tance is £$ = 2B m = 0.56 x 10 -3 mho. Thus, 
the sinusoidal distribution has an amplitude of 
9.16 x 10 _3 amp/vo!t and is shifted from the 
origin by an electrical distance €>'=tan _1 Bi n f? c 
= 0.061 radian. Within distances of the open 
end comparable with the spacing (/?„(>=0.08?r 
radian) the sine curve is distorted by end effect, 
so that the current vanishes at (i Q z — v. 
Since ohmic losses and radiation are small, 
they have been neglected in plotting the ampli¬ 
tude of the current and its phase angle in 
Fig. 11.12. The latter is discontinuous for a 
lossless line. If account were taken of losses, 
the sharp corners would be rounded and the 
phase would change rapidly but continuously 
from an angle somewhat less than 90° at 
/? 0 z = 0 through zero at /? 0 z = 0.061 to an 
angle somewhat greater, that is, less negative 
than —90°. It is evident from Fig. 11.12 that a 
good estimate of the antisymmetric current is 
obtained even though self- and mutual 
impedances are not available. Since experi¬ 
mental and approximate theoretical distribu¬ 
tions of both symmetric and antisymmetric 
currents are in good agreement, it follows that 
the distributions of the total currents I u 
and I 2z in the driven and parasitic antennas 
also are in good agreement. 

The input impedance and the symmetric and 
antisymmetric impedances are of interest. 
Experimental values and approximate theoreti¬ 
cal results are listed in Table 11.2. The latter 
assume the antisymmetric resistance to be zero. 
(It is readily verified that a radiation resistance 
of the order of Rf n = 30 Plb 2 ohms yields an 
antisymmetric resistance of the order of 
magnitude of the experimental value. Since 
the only physically important quantity is the 
input impedance and this is altered negligibly 
by including the simpler, lossless case is 
assumed). Since Z“ is rather large near anti¬ 
resonance and varies rapidly in magnitude with 
extremely small changes in length, the exact 
value of Z a is difficult to measure and com¬ 
pute. However, so long as it is very large 


compared with Z“, its effect on the input 
impedance is small. Note that, in spite of the 
approximations involved in the theory, a 
reasonable agreement with experiment is 
obtained for Z 10 even in the difficult case near 
antiresonance, when interpolation from self- 
and mutual impedance tables is not acccurate. 

The discussion of the antenna with parasite 
in this section has sought to focus attention on 
the several important factors involved in the 
understanding and the analysis of the problem. 
It should be clear that unless terminal-zone 
effects, dielectric supports, and even small 
ohmic and radiation losses are taken into 
account, accurate quantitative results are not 
possible. On the other hand, if account of these 
is taken, satisfactory quantitative results are 
to be expected from the approximate second- 
order mutual and self-impedances. Moreover, 
even if these are not available, a good estimate 
often may be obtained if the problem is 
thoroughly understood and proper use is made 
of approximate methods. 

12. Transmission-Line Radiators: Antenna with 
Parasite; Folded Dipole 

A special case of the single driven antenna 
with a coupled parasite is shown in Fig. 12.1cr. 
It differs from the general case analyzed in the 
preceding section only in the requirement that 
h u satisfy the following inequalities: 

/W<1, b a <h. (1) 

That is, the distance h n between the two 
coupled antennas satisfies the condition 
imposed on the distance b between conductors 
of a two-wire line. For simplicity, it is con¬ 
venient to let b a = b. It has been shown 
already (Secs. 6,7) that the symmetrically 
driven pair resembles a single isolated antenna, 
whereas the antisymmetrically driven pair 
reduces to two open-end sections of trans¬ 
mission line in series with the two equal and 
opposite generators. In particular, the anti¬ 
symmetric impedance Z% is best determined 
directly from transmission-line theory, since 


Table 11.2. Impedances in ohms for antenna with parasite, flji = n. 


Experimental 
n = 11.5 

Theoretical 

(antisymmetric resistance neglected) 

Z 10 = Z !O = 122-/454 =470/-75° 

Z 10 = 170-/552 = 434/-64° 

Z* = 84.5—/289 = 301/—73.7° 

Z*= 105—/190= 217^—61° 

Z“ = 170—/1275= 1287/-82.4° 

Z“ =0—/1785 = 1785/-90° 
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radiation losses are negligible compared with 
ohmic losses if ( 1 ) is satisfied (see ref. 1.31, chap. 
VI). Thus, the analysis of the circuit of Fig. 
12.1 reduces to the superposition of the 
solution of two adjacent, symmetrically 
driven antennas. The impedance Z 1(5 is given 
by ( 11 . 6 ) as follows: 


2 Z s e Z“ + (Z'l 4 - Zf)Z ld 
2Z Ld + Z\ + Z a , 


(2) 


where Z s 6 is the impedance of each of two 
symmetrically driven antennas, and Z1 is the 
impedance of an open-end section of trans¬ 
mission line of length A — <5. This is given by 

Z'l = Z ln = Z c coth [y(A -S) + 6 °], (3) 

where 

0° = p° + j < &° — coth -1 Z°/Z c (4) 

and 

y = a + p 0 . (5) 

In (4), Z° is the apparent terminal impedance 
of the open end. Owing to end effect it is not 
an infinite reactance. It is approximated by the 
reactance of a lumped capacitance C Te , as 
determined in Secs. 11.7, 8 , but with cpi(iv) = 1 
and k Q = 0. The inductance L rt is not required, 
since the current vanishes at the ends. Since 
Z% can be varied from very small values for 
h — 8 = A 0 /4 to extremely large values for 
A — <5 — A 0 /2, and Z L6 may be assigned values 
from zero to infinity, a great range of Z ld is 
available. By appropriate choice of A — <5 and 
Z u the circuit can be made to operate like a 
single antenna or like a section of transmission 
line that has negligible radiation. This is 
discussed in greater detail in this section after 
the folded-dipole circuit has been analyzed. 

In its simplest form the folded dipole 
differs from the antenna with a closely 
coupled parasite only in having the extremities 
of the driven and parasitic elements conduc- 
tively joined to form a closed loop, as in 
Fig. 12.1, where both circuits are shown side 
by side in arrangements with and without 
variable center-tuning. From the general 
analytical point of view the two types of 
circuit are quite different, since the one is 
composed of simple parallel antennas whereas 
the other is a special form of loop or frame 
antenna. On the other hand, with 6 „ restricted 
to very small fractions of a wavelength, the 
two circuits are essentially transmission lines 
with open and closed ends driven at the center 
of one of the long sides instead of at the center 
of a short side as in conventional transmission 
lines. It is this transmission-line property that 


the two types of circuit have in common 
which makes possible a very good approximate 
analysis of the circuit with closed ends that 
closely parallels the analysis of the circuit 
with open ends. 

The circuit that is analyzed first is shown in 
Fig. 12.2. It consists of the folded dipole 
with scalar potential differences V 1S and V 2i 
maintained across the edges of the cylindrical 
ends at z — ±<5 in an as yet unspecified 
manner. Just as in Sec. 2, these two voltages 
are resolved into equal and in-phase, or 
symmetric, voltages V s 6 and equal and 180° 
out-of-phase, or antisymmetric, voltages F“: 

^ = VI + Vg, V 2S = VI - VI ( 6 ) 

The in-phase voltages VI maintain equal 
complex currents in the two sides, J£ z = 
the out-of-phase voltages F“ and — V% set up 
equal and opposite complex currents, I'i, 
= —The ratios 



are respectively the symmetric and anti¬ 
symmetric impedances. By setting 

V 26 = — 1 26%16 ( 8 ) 

the impedance, Z l6 = V ld /I u , is made identi¬ 
cally ( 2 ). 

The impedance Z lS for the circuit in 
Fig. 12.2 can be evaluated from (2) provided 
Z\ and Z“ can be determined. Consider first 
the impedance Z% for equal complex voltages 
VI applied at both terminal pairs as in Fig. 
12.3a. The exact solution of this symmetric 
problem with equal codirectional currents is 
not available. However, a good approxi¬ 
mate solution is obtained by assuming that 
the circuit of Fig. 12.3a is essentially equivalent 
to the circuit of Fig. 12.36. This may be justified 
as follows. Since there is no current in the 
conductors at P x and P 2 , they may be cut 
there with no significant effect if the ends are 
rounded and the radius is small. If the halves 
of the bridges are folded out from the positions 
in Fig. 12.3a to the positions in Fig. 12.36 only 
a slight change is made in the circuit and the 
effect at the driving points will be negligible, 
certainly if a very small readjustment is made 
in the value of A. The contribution to the 
vector potential on the surface of each con¬ 
ductor at its center z = 0 , due to the extremely 
small current in the short ends of length 
| 6 0 , is negligible. There is no change in the 
current at z = 0 as these ends are moved from 
the positions in Fig. 12.3a to those in Fig. 
12.36, provided there is no over-all shift 
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(a) (b) (c) (d) 

ANTENNA WITH CLOSELY FOLDED DIPOLE WITH ANTENNA WITH COUPLED FOLDED DIPOLE. 

COUPLED, CENTER-TUNED CENTER - TUNING PARASITE 

PARASITE. 

Fig. 12.1. Transmission-line radiating circuits. 



Fig. 12.2. Folded dipole. Fig. 12.3. Symmetric and antisymmetric circuit components 

of folded dipole. 



ANTENNA CURRENTS. UNE CURRENTS. 


Fig. 12.4. Radiating circuits. Fig. 12.5. Symmetric and antisymmetric 

components of current on a folded dipole 

(<5 = 0). 
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due to an effective lengthening or shortening 
as a result of the small change in coupling 
between the short ends and the adjacent 
conductors due to the altered geometry. Such 
a shift may be compensated by a slight 
readjustment in h. 

The impedance seen by each driving poten¬ 
tial difference in Fig. 12.3a and, hence, 
approximately in Fig. 12.36 is precisely Zg, 
previously obtained in Sec. 3. Thus, ZJ for the 
closed-end parallel line driven as in Fig. 12.3a 
is the same as Z\ for the open-end parallel 
line driven as in Fig. 12.36. 

The antisymmetric impedance Zg is obtained 
by analyzing the circuit of Fig. 12.3c. It 
cannot be derived in the same manner as Z|, 
since the impedance at the terminals in Fig. 
12.3c is quite different from the impedance of 
the same circuit with open ends. However, the 
circuit of Fig. 12.3c consists of two identical 
sections of two-wire line connected in series 
with identical driving potential differences V a 6 . 
The transmission-line impedance of a section 
of two-wire line of length h — 6 carrying equal 
and opposite currents is given by 

Z a s = Z in = Z c coth [y(A - <5)+n (9) 

where 


6 C = P c + j<t>* = coth- 1 Z c /Z c . (10) 
In (10), Z c is the apparent terminal impedance 
of the closed-end line. Neglecting ohmic 
losses, this is the reactance of a straight 
conductor of length 6 as given in ref. 1.31, 
Eq. (VI. 11.22), namely, 


L = r— Fin — — 1 1, (11) 

2 rrr„L a j 

in series with the terminal-zone inductance L Te 


given by 

Hence, 




( 12 ) 

(13) 


For sufficiently thin wires (a 6), it is a good 
approximation to replace 6° by £(<x + jP 0 )b a . 
With Zg and Z% determined, the analysis of 
Fig. 12.2 is completed. 

The determination of the apparent terminal 
impedance for the main feeding line from Z 1<5 
is exactly the same for both types of circuit in 
Fig. 12.1a, 6. The general analysis of Sec. 9 
applies directly and appropriate networks of 
lumped elements must be used in conjunction 
with the symmetric and antisymmetric imped¬ 
ances, Zg and Zg. Note that for closely spaced 


antennas the lumped elements of the terminal- 
zone networks have different formulas for use 
with Z% and Z“. 

The structurally simpler and conventionally 
used circuit of Fig. I2.ld involves the same 
analytical difficulties as the circuit of Fig. 12.1c 
whenever the distance 6 between the con¬ 
ductors of the main feeding line is not an 
extremely minute fraction of a wavelength 
so that end and coupling effects are insignifi¬ 
cant. As discussed in Sec. 11, the two antennas 
in Fig. 12.1c and, similarly, the two sides in 
Fig. 12.lt/are not the same, so that the currents 
I u and I 2z cannot be resolved into identical 
symmetric and antisymmetric parts. This 
prevents the reduction of the simultaneous 
integral equations to two independent equa¬ 
tions for I 8 Z and /“. However, the approxi¬ 
mate method leading to (11.17) applies 
equally well to the circuit of Fig. 12.1 d and 
to that of Fig. 12.1c, and this formula is a 
satisfactory approximation for evaluating Z w 
in the form 


Z 


1(5 — 


Z s gZ a + 7/7,% 
Z s + Z a ’ 


(14) 


where Z* s and Z s are symmetric impedances, 
Zg and Z“ antisymmetric or transmission-line 
impedances. (Absence of the subscript on Z s 
and Z“ means 6 = 0.) Note that with d — 0 in 
(14), Zjs/ 2 is the impedance of an antenna 
with impedance Z s in parallel with a trans¬ 
mission line with impedance Z“. 

With the general analyses of the circuits of 
Fig. 12.1 completed, it is interesting to 
examine a number of important special cases. 

Consider first the circuits of Fig. 12.1c, d 
using formula (14) when Z a is made succes¬ 
sively as small as possible and as large as 
possible by appropriate adjustment of h. 

Case A-l, Radiating circuits (Fig. 12.4). 

Conditions: | Z° | ;> | Z s |; 

Open ends (antenna with 
parasite), h — |A 0 ; 

Closed ends (folded dipole), 

h = i*o - V>; 


Z a = Rjxh > | Z s |, (15a) 

Z“ = /?>(*-<S)>|ZJ|, (156) 

Z«-Z|+Z‘(§) 

= Z’g + Z*{^ l~y, (16a) 

Z 10 == 2 Z S = 2(Z s1 +Z 12 ). (166) 
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Since Z u involves primarily the symmetric 
impedance and Z lg exclusively Z\ the currents 
that contribute significantly to Z ld must be the 
codirectional antenna currents. Evidently, 
each circuit behaves essentially like an isolated 
antenna with the same lengths of conductors 
but with an impedance that is approxi¬ 
mately double the symmetric impedance Z s 6 . 
Since the complex codirectional currents in the 
two antennas or conductors of each circuit 
are equal just as when they are symmetrically 
driven with two equal generators each of volt¬ 
age V%, but the power is supplied from one 
generator of voltage V 1S only, this doubling 
of input impedance is readily understood. 

The fact that energy dissipated as heat by 
the antisymmetric transmission-line currents 
is negligible compared with the power radiated 
by the symmetric antenna currents does not 
mean that the transmission-line currents are 
themselves small compared with the antenna 
currents. The approximate distribution and 
magnitude of the total current in the folded 
dipole (Fig. 12.46) may be obtained by super¬ 
imposing the codirectional currents J® and 
the oppositely directed currents /“. The 
distribution of codirectional currents has been 
shown to be essentially sinusoidal, with 
maximum at the center and zero at the ends for 
antennas with P„h near »/2. The distribution 
of transmission-line currents is practically 
sinusoidal, but with maximum current in the 
conductors terminating each section of line. 
These distributions are sketched in Fig. 12.5 
in separate diagrams. 

The relative magnitudes of the currents 
Jo and I g are readily obtained for the simpler 
case with <5=0. Thus, 



Since the magnitude of Z s is of order 10 2 , and 
that of Z a = RJah is nearly 10®, it follows 
that |/q| is insignificant compared with |Jg|. 
However, Jjj is the maximum symmetric or 
antenna current, whereas Jg is practically the 
minimum antisymmetric or line current. The 
maximum line current is at the centers of the 
bridges at the ends. 

The ratio of the antisymmetric current at 
any point z to the current at z = 0 is given by 


n 
i s 


sinh (yw+e 0 ) 
sinh [y(6-£6 a ) + 0 c ]’ 


w = h—^b a —z. 

(19) 


Let the current entering the bridge at w = 0 
be If. Then 


1% _ sinh 0 C 
Jg sinh [Y(J»—iJ>a) + e c ] ‘ 


( 20 ) 


In the present case, 0 c =yV/2, y(h — \b a ) f 0 C 
— (“ + jP)(h — \b a ) + jn/2 = a(h - \b a ) + yV. 
Hence 


ja 

id 

I o 


j ^ -/ 

sinh a (h-\b a ) a(6 -\b a )' 


( 21 ) 


Substitution of (21) in (18) to eliminate Jg 
gives the ratio of maximum transmission-line 
current on the bridge at the end to the 
maximum antenna current at the driving 
point. It is 


( 22 ) 


n^z* 

1*0 Rc‘ 

Since Z s is of order of magnitude 2 x 10 2 
and a typical value of R c is perhaps 4 x 10 2 , 
J % is roughly one-half of Jg, although for 
smaller values of R c , If may be as large as Jg. 

The ratio of powers supplied to maintain 
antisymmetric and symmetric currents is 

P° _ I° 2 R a Z s *R a 
P* ~ T 0 2 R S ~ Z“ R s ’ 


(23a) 


Since Z s and Z a are predominantly resistive, 
this ratio is approximately given by 


P a . R s R s , 
P* ~ R a ~ R c “ 


io- 3 . 


(236) 


Thus the power supplied to maintain the 
transmission-line currents, in the folded 
dipole, is negligible compared with the power 
supplied to maintain the antenna currents. The 
former is dissipated as heat in the wires; the 
latter is radiated and ultimately dissipated 
outside the wires. 

The circuits that satisfy the requirements of 
Case A-l may be used interchangeably with 
isolated single antennas of corresponding 
length in so far as the electromagnetic field is 
concerned. The important property of these 
circuits is that their input impedances are 
much greater than those of isolated antennas 
of equal lengths. In particular, for the folded 
dipole of Fig. 12.1 d, the input impedance is 
nearly four times that of an isolated antenna 
of equal length. This is of considerable 
practical importance in the case of the folded 
dipole, which has an impedance of Z 10 = 342.6 
+y'154.8 ohms with 6/A 0 = 0.01 instead of 
Z 0 = 86 + /42 ohms (O = 10) with otherwise 
similar properties, since the higher impedance 
is more readily matched to a two-wire line. 
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If the two parallel conductors of the folded 
dipole have unequal radii a x and a 2 , an 
approximate expression analogous to (16a) 
may be used in the form 

Zio = ZJ + Z 2 (Z'[j ZJ) 

= ZJ + ZKRURZ) 

= 2Z 0 (1 + Rl/Rl), (24) 

where R cl and R c2 are, respectively, the 
characteristic resistances of lines with both 
conductors of radius a 1 and with both con¬ 
ductors of radius a 2 ; Z[ and Z\ are symmetric 
impedances of antennas of radius a t and a 2 , 
respectively. A more accurate formula is 
derived in Sec. 14, namely (14.85). Numerical 
values are given in Table 14.2. 


If Z Ld is small compared with ZJ, (27) 
defines the input impedance of radiating 
circuits with negligible dissipation as heat. If 
Z lS is small compared with ZJ, as with a A 0 /4 
section of open-end line, (27) is practically 
equivalent to (16a). This is illustrated in 
Fig. 12.7. 

If Z Lfl is large compared with ZJ, the radiat¬ 
ing properties of the circuits disappear and 
they become equivalent to three high-imped¬ 
ance transmission-line circuits. In particular, 
if Z Ld = ZJ, it follows that Z ll5 = Zj/3 and 
the three high-impedance sections of trans¬ 
mission line are effectively in parallel (Fig. 
12.8). If Z lS = oo, Z lS = ZJ/2 and the two 
high-impedance sections of transmission line 
are effectively in parallel (Fig. 12.9). 


Case jB-1, Transmission-line circuits (Fig. 

12 . 6 ): 

Conditions | Z“ | < | Z" | ; 

Open ends: h = |A 0 ; 

Closed ends: h == £A U — 

Z a = R c cih <|Z*| , (25a) 

& a ±RAh-«i<\Z%\, (25 b) 

z l6 = zj + z*| 

Z 10 = 2Z a = 2R c <xh. (266) 

Each circuit behaves essentially like two 
sections of transmission line in series, each 
adjusted to input resonance. Codirectional 
antenna currents are negligible compared with 
equal and opposite transmission-line currents, 
so that no significant energy is radiated by 
them; virtually all energy is dissipated as heat 
if the conductors are close enough together. 

Special cases for the circuits of Fig. 12.1a, 6 
include arrangements that are essentially 
equivalent to A -1 and B -1 for Fig. 12.1c, d. 
Since Z l6 is also available as a variable in 
addition to h, other combinations are possible. 
If Z £(j is the input impedance of an auxiliary 
section of transmission line that is like that of 
the center-driven section of line, its extreme 
range is the same as that of ZJ. 



Case A- 2: |ZJ|>|ZJ| ; 

Open ends (antenna with 
parasite), h = |A 0 ; 

Closed ends (folded dipole), 
h = jA 0 — Jj-6; 

2ZJ 4- Z l(S 


Z* = 


1 + 2 Z i(S /ZJ 


(27) 


CaseB-2: |ZJ|<|ZJ|; 

Open ends, h = £A 0 ; 

Closed ends, 6 = |A 0 — \b\ 


rr 2 ZJ + Z, s 

ia ~ 1+2 zjzy 


(28) 


If Z L& is small compared with ZJ, (28) gives 
the impedance of three low-impedance sections 
of transmission line in series. Currents are 
antisymmetric and radiation is negligible. 
Except that Z l6 is a low-impedance section 
of transmission line instead of a straight 
piece of conductor, (28) with | Z Ld \ + | ZJ j is 
essentially equivalent to (26a). In particular, if 
Z Ld = ZJ, it follows that Z l6 = 3ZJ, as shown 
in Fig. 12.10. 

If Z Ld is large compared with Z“, codirec¬ 
tional currents exist in the two parallel 
conductors or antennas and the circuits 
become radiators. This is a result of the inser¬ 
tion of a high impedance at a point of current 
maximum in conductor 1 and the reduction of 
all currents in this conductor to a small value. 
In the limit, if the circuits are broken as in 
Fig. 12.11 and Z Ld = oo, Z lS = ZJ/2 = ZJ. 
In this case the circuit is essentially equivalent 
to an isolated straight antenna of equal length. 

In summary, it may be stated that, by 
suitable adjustment of the lengths of the 
antennas and of the tuning impedance Z Ld , 
radiating circuits can be designed that have 
field properties like those of isolated single 
antennas but quite different impedances. 

An experimental study has been made* of 
the folded dipole using the same equipment 


* The results reported are those of Dr. T. Morita 
and Dr. C. Faflick, ref. 40. 
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Fig. 12.6. Transmission-line circuits. Fig. 12.7. Radiating circuits; |Z“| |Zj|; 

IZraKIZSI. 



Fig. 12.8. Transmission-line circuits: 3 sections Fig. 12.9. Transmission-line circuits: 2 sections 
inparallel; | Z%\> \ Z\ \; Z L6 = Z a s . in parallel; | Z %\> | Z%\; Z l6 = co. 



Fig. 12.10. Transmission-line circuits: 3 sections Fig. 12.11. Radiating circuits with gap in 
in series; \Z%\ <|Z§|; Z Li = Z% conductor2; |Zj| <|ZJ|; Z Ld = oo. 
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shown in Fig. 11.8 by connecting a conducting 
bar across the ends of the parallel coupled 
antennas. Measurements of the current were 
made for the lengths h = A 0 /4 and h — 2J2 
for the half dipole (sometimes called a mono¬ 
pole) over the conducting plane. The distance 
between the parallel long sides was b a — 0.042 0 . 

In Fig. 12.12 are shown the measured 
curves of the apparent resistance and reactance 
as a function of the length of the folded 
dipole. These curves are readily understood if 
it is recalled that the impedance of the folded 
dipole is the same as that of a parallel combina¬ 
tion of an antenna with an impedance equal to 
that of one element of a symmetrically driven 
pair and a closed-end section of transmission 
line of the same length h. Parallel or anti¬ 
resonance occurs when the reactance of the 
antenna is the negative of the reactance of the 
line. This occurs when h is near one-eighth 
wavelength. For this length the antenna is 
capacitive, the line is inductive, and the 
parallel combination has a high resistance 
given by LjRC. Near h — 2 0 /4 the impedance 
of the section of line is so great compared with 
the low impedance of the antenna that its 
effect in parallel with the antenna is negligible. 
In this range the R l curve corresponds to the 
increasing resistance of the antenna as it goes 
through self-resonance. Since the antenna now 
has become capacitive and the line inductive, 
a second antiresonance occurs, but since the 
the resistance of the antenna is quite large, 
the reactance varies much more gradually 
than near the first antiresonance and the 
maximum resistance of the parallel combina¬ 
tion does not occur so near antiresonance as 
before. The region of broad-band behavior is 
between the antiresonances. 

The measured distribution of current on the 
folded dipole for h = 2 0 /4 is shown in Fig. 
12.13. The corresponding symmetric and anti¬ 
symmetric components are shown in solid lines 
in Fig. 12.14. The measured relative ampli¬ 
tudes and phases of the currents have been 
reduced to an absolute scale by assuming the 
input current per volt, h 0 IV 19 , in Fig. 12.13 
to be the same as the apparent admittance 
Y 3a of the antenna as measured back on the 
feeding line. This is equivalent to neglecting 
terminal-zone effects and setting Y sa = y i0 . 
Since for the line used the positive capacitance 
of the dielectric support happens to cancel the 
effective negative capacitance of the open end 
as shown in Sec. 11, this is justified. The 
measured admittance for the folded dipole 
described in Fig. 12.13 is y i0 = y so = (5.13 


—yi.O) x 10 -3 = 5.22 x 10~ 3 / —10.1° . The 
corresponding impedance is Z 10 = Z sa = 188 
+j36.4 ohms. Note in Fig. 12.14 that the 
symmetric component of current has its 
maximum at the driving point, whereas the 
antisymmetric component is maximum in 
the bridge at the end of the antenna. The 
antisymmetric current is essentially that of a 
short-circuited section of transmission line of 
length h = A 0 /4 terminated in a conducting 
bridge. Since the loop probe actually measures 
a quantity proportional to the average 
magnetic field near the surface of the con¬ 
ductor and since the current is not propor¬ 
tional to this field near the end where it makes 
a right-angle bend, the true current differs 
from that indicated by experimental points 
near /3 0 z = -njl. This is indicated in Fig. 12.14 
where it is particularly pronounced for | I a \ 
since this actually has a maximum near 

/V = tt/2. 

The theoretical symmetric impedance is 
calculated readily using the tables in Sec. 8 
with all values divided by 2 since the antennas 
are over an image plane. Thus, 

Z s = Z sl + Z 12 = 83.4+j28.4. (29a) 

The symmetric input current per volt is 
Y° = mv 0 = (10.7-j3.66) x 10“ 3 

= 11.4 X 10 3 / -18,8° . (296) 

An estimate of the symmetric current distribu¬ 
tion is obtained by plotting the distribution of 
current for an isolated antenna of radius 
equivalent to that of the two-element cage 
antenna, that is, for d„ = d — 2 In 2.5 = 8.3. 
Since no distribution curves for d = 8.3 are 
available, the curves for d = 10 scaled to an 
input value of 11.36 x 10~ 3 / —18.8° are shown 
^r \ I S |theor and 0* heor . Since the current 
amplitude is relatively greater near the end of 
an antenna the smaller 6/a, it is clear that for 
(1=8.3 the curve |/ s |theor should have 
larger values in the upper third of the antenna 
than the scaled curve ford = 10 actually shown. 
With this in mind it is evident that theory 
and experiment are in good agreement in so 
far as the symmetric currents are concerned. 

The antisymmetric current may be obtained 
from transmission-line theory just as in Sec. 11. 
In particular, its maximum amplitude in the 
conducting bridge is given quite rigorously by 
(11.31) and (11.32). Thus, since R c is the same, 

/o/yio = 9.16 x 10~ 3 amp/volt. (30) 
The effective length of the bridged-end 
section of transmission line is h + / sa 6/2, 
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where b is the distance 0.04A 0 between the 
conductors and/,„ is a factor determined from 
the theory of the inductive end effect. For 
bja = 6.3 its value is f sa = 0.47. The effec¬ 
tive electrical length is 7r/2+^ 0 /',„6/2=7r/2 
+ 0.059. Hence, the approximate theoretical 
current | / a |theor is a sinusoid with a maximum 
amplitude of 9.16 x 10 -3 amp/volt at p 0 z=n/2 
+ 0.059 (that is, in the bridge), and with zero 
at /5 # z = 0.059. It is shown in Fig. 12.14 
together with the phase angle of the current 
for a lossless line. This latter is discontinuous 
with a value of +90° for /5 # z less than 0.059 
and —90° for /5 0 z between 0.059 and tt/ 2. It is 
readily verified that a continuous curve closely 
resembling the experimental curve for 6 a is 
obtained if a radiation resistance of the order 
of magnitude 15/5 $b 2 is included in Zg. Since 
Zg is very near antiresonance and both Rg 
and Xg vary rapidly and greatly for even 
extremely small changes in the length of the 
antennas, quite large differences between 
approximate theoretical and measured values 
of Z a are to be expected. However, so long as 
Z a is sufficiently large, its effect is small and 
such differences are of no practical interest in 
determining the input impedance. Numerical 
values of admittances and impedances are 
given in Table 12.1. The agreement between 
theory and experiment in the physically 
important quantities Z l0 and F 10 is good. 

The measured distribution of current in the 
folded dipole with [SJi = n is shown in Fig. 
12.15. This is essentially a transmission-line 
circuit and not a radiating system. Since the 
antisymmetric or transmission-line current is 
so very much greater than the symmetric 
current, a reasonably accurate decomposition 
into symmetric and antisymmetric components 
is not possible. This is in agreement with 
theoretical predictions. 

Coupled dipoles and folded dipoles. The 
impedance of each of two coupled vertical 


antennas on a ground screen was measured 
by Lewis 38 ® with (a) both antennas self¬ 
resonant half-dipoles, (b) antenna 1 a half¬ 
dipole, antenna 2 a folded half-dipole, (c) both 
antennas folded half-dipoles. For the antennas, 
a = 3/32 in., b = 0.4A 0 at 450 Mhz. The im¬ 
pedance of each antenna was measured with 
the other short-circuited to the ground screen. 
The following results were obtained using 
theoretical second-order impedances from 
Sec. 8, that is, Z S1 = 35/0° for the half-dipole, 
Z' sl = 4Z S1 = 140/0° for the folded half¬ 
dipole, Z 12 = 16.9 /—81°. Corresponding 
measured values are Z S1 = 35/0°, Z' sl — 
141/0/. For the three cases listed above: 
(a) theor. Z x = Z 2 = 42.8/3.4°; exp. Z x = 
43/5.5°, Z 2 = 45/6.5°; (ftTlheor. Z x = 
42.8/3.4°, Z 2 = 171.2/3.4°; exp. Z x = 41.5/T, 
Z 2 = 163/5°; (c) theor. Z x = Z 2 = 171.2/3.4°; 
exp. Z x = 162 /-4° , Z 2 = 178/3/. The agree¬ 
ment is good. 

Bridged-parallel antenna. The bridged- 
parallel antenna is a generalization of the 
folded dipole analyzed in the preceding 
paragraphs. It consists of a center-driven 
antenna No. 1 with a parallel parasite No. 2 
of equal length and a center load or tuner 
The two antennas are separated by a distance 
b and are joined by two symmetrically placed 
conducting bridges at distances s from the 
center. The circuit with Z Ld = 0 is shown in 
Fig. 12.16a. Evidently, when s = h, the 
bridged-parallel antenna is identical with 
the folded dipole. 

The method of analysis is the same as that 
of the folded dipole. It is outlined in Fig. 
12.166. In brief, by defining symmetric and 
antisymmetric voltages and currents, namely, 

Vit = Vl + Fg, hs = I%+ Ig, 

F* = FJ - VI I* = Jj - JJ, 


Table 12.1. Admittances and impedances for folded dipole; /5 0 h = 77-/2. 



Theoretical 

Experimental 

(antisymmetric resistance 
assumed zero) 


Y„ 

Z.o 

K 

zi 


= J.o/F, = 5.22 x 10- 3 /-10.r mho 
= Z n = 188 + y'36.4 = 191.5/10.1° ohm 
= 92.2 + /22.4 = 95.0/13.7° ohm 
= 1960 — /450 = 2011/-12.9° ohm 


y i0 = IJV„ = 5.21 x 10 -3 / —19.3° mho 
Z 10 = 181 + y'63.0 = 191.8/19.3° ohm 
Z‘ a = 84.0 + y'38.5 = 92.4/24.6° ohm 
Z 0 ° = 0-/1865 = 1865/-90° ohm 
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Fig. 12.17. Input resistance and reactance curves Fig. 12.19. Impedance of bridged-parallel antenna 

of bridged-parellel antenna (Chang). (Chang). 
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the problem is resolved into an antenna 
problem for determining equal codirectional 
currents and a transmission-line problem 
for determining equal and oppositely directed 
currents. Since opposite points on the two 
antennas are at the same potential, no 
significant effect results when the two bridges 
are connected across them at an arbitrary 
distance s h from the center at 2 = 0. 
Therefore, the symmetric current / s (z) and 
the symmetric impedance Z% are essentially 
the same with any arbitrary value for s 
as with the bridges removed completely. 

The antisymmetric problem is readily solved 
by transmission-line methods if f 0 b a = iTrbJ^ 
is small compared with unity, as is assumed. 

Using values of Z s obtained from formulas 
and curves in Sec. 7 and Z a calculated from 
Z a == jR c tan 1 9s, Chang 16 has calculated the 
input impedance of bridged-parallel antennas 
for /9 0 /i = it/2 and Cl = 10, 15, 20, with s//. 0 
as variable and 6/2 0 as parameter in the range 
0 is 6/2 0 gS 0.06. The results are shown in Fig. 
12.17. It is seen that whereas there is consider¬ 
able variation in both input resistance and re¬ 
actance as the bridges are moved from quite 
near the driving point toward the ends, 
zero reactance does not occur. 

Experimental measurements of the apparent 
impedance of bridged-parallel antennas also 
were made by Chang for a range of values 
of 6/2 0 and two values of /i/2 0 , as shown 
in Figs. 12.18 and 12.19. Theoretical values 
for <5=0, that is, for a delta-function 
generator, also are given in Fig. 12.18. They 
are in good agreement with the experimental 
results, since 2<5 at the driving point was quite 
small. 

13. Experimental Determination of Self- and 
Mutual Impedance of Parallel Antennas 

The accurate experimental determination 
of the self- and mutual impedance of parallel, 
coupled antennas is straightforward in prin¬ 
ciple but involves numerous complications 
and details that must not be overlooked. 
It is for this reason that a discussion of the 
problem has been delayed until all phases 
of the theory of coupled, parallel antennas 
have been investigated. Actually, a measure 
of experimental confirmation of the approxi¬ 
mate second-order theory is obtained in 
comparing experimental observations and 
theoretical calculations for the driven antenna 
with coupled parasite and for the folded 
dipole in Secs. 11 and 12. However, the experi¬ 
mental arrangements in both cases were 


designed primarily for the determination 
of the relative magnitudes and distributions 
of current, not for the precision measurement 
of impedance. Moreover, only a single 
transmission line was available for driving 
one antenna, while the other was connected 
directly to the ground screen. As is pointed 
out later in this section, this is not an ideal 
arrangement for the accurate measurement of 
self- and mutual impedance. 

The two quantities to be determined by 
experimental measurement are the self¬ 
impedance Z sl of a driven antenna when in 
the presence of an identical, parallel, coupled 
antenna, and the mutual impedance Z 12 . 
By definition, these quantities are the co¬ 
efficients of the currents in the equations 



V 10 = ^10^ si + ^20^12) 

(1) 


^20 = Jl„Zl 2 + hoZsl- 

(2) 

These 

equations are specialized from 

the 

more : 

general pair 



V 10 = ht^ll + ^20^12> 

(3) 


^20 = ^20^21 + ^20^22. 

(4) 

where 



Zn 

= z s i + z x , z 22 = z s2 + z 2 , 




(5) 


by requiring the two antennas to be identical 
so that Z sl = Z s2 , and by maintaining con¬ 
ditions appropriate to setting Z x = Z 2 = 0. 
According to the reciprocal theorem, 
Z 21 = Z, 2 in general. In the pair of equations 
(1) and (2) there are only two unknown para¬ 
meters which may be determined by two 
independent measurements. There are two 
convenient procedures for making these 
measurements. These are discussed in turn 
under ideal conditions. Complications en¬ 
countered in practically realizable cases 
are considered later. 

The most obvious procedure for deter¬ 
mining Z sl and Z 12 experimentally is to 
measure symmetric and antisymmetric im¬ 
pedances directly, and to compute self- 
and mutual impedances from these. This is 
accomplished by first driving the two identical 
antennas with equal voltages V ’ in phase, 
and measuring the impedance of one of them, 
namely Z s . Next, the antennas are driven with 
equal voltages V a in phase-opposition and 
the impedance of one antenna again is 
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measured. This is Z°. Analytically, the two 
cases are obtained from (1) and (2) as follows: 

v i0 = V 20 = V s = I 10 (Z 3l + Z 12 ) = PZ\ 
7io = ^20 = 7 s , (6) 

K 10 = -K 20 = K« = / 10 (Z S1 - Z 12 ) = J»Z« 

ho — ~~ho = 7“. (7) 

With Z s and Z a measured, Z sl and Z 12 
are determined from 

Z S1 = *(Z* + Z“), Z 12 = - Z“). 

( 8 ) 

An alternative and equally direct procedure 
is to drive only antenna 1, so that V 20 = 0. 
Instead of using (1) and (2), conditions are 
provided to permit use of (3) and (4). They 
are Zj = 0, and identical antennas so that 
Z sl = Z s2 . With these restrictions the equa¬ 
tions are 

= 7 10 Z sl 4- Z 20 Z 12 , (9) 

0 = 7 10 Z„ + / 20 (Z n + Z 2 ), (10) 

where Z 2 is at the experimenter’s disposal. 
The first of the two required measurements 
is made with Z 2 infinite. That is, an ideal 
break is made in antenna 2 at its center so 
that I 20 vanishes. When this is true, (9) 
reduces to 

^io = 7 10 Z sl . (11) 

Thus, when antenna 2 is open-circuited at 

the center, the input impedance of antenna 
1 reduces exactly to Z 3l , since 

•^ 10(^2 = 00 ) ~ Viol ho ~ Z sl . (12) 

By measuring Z 10 (Z 2 = 00), Z n is obtained 
directly. A second measurement of the input 
impedance of antenna 1 now can be made with 
Z 2 assigned any other convenient, known 
value. The most obvious is zero. Thus, with 
Z 2 = 0, Z 20 can be eliminated from (9), 
and this solved for the impedance Z 10 : 

•^10(^2 = 0) = Violho 

= z«( 1 - ZlJZfO- (13) 

This equation can be solved for Z 12 in terms 
of the two directly measured quantities 
Z 10 (Z 2 = 0) and Z sl . Thus, 

^12 = Z A V\ — Z 10 (Z 2 = 0)/Z sl . (14) 

In terms of ideal conditions there is little 
to choose between the symmetric-antisym¬ 
metric method and the open-circuit-short- 
circuit method. Each is straightforward and 


experimentally direct. In practice, both 
methods are subject to difficulties and com¬ 
plications that must be resolved if even 
reasonably correct results are to be achieved. 
Let the two methods be considered in turn 
from the point of view of actual measurements 
with transmission lines. 

The principal problems encountered with 
the symmetric-antisymmetric method of deter¬ 
mining self- and mutual impedances are: 
(a) the necessity of driving independently 
two antennas with voltages that are equal 
in magnitude and either in phase or 180° 
out of phase; ( b ) terminal-zone effects in¬ 
volving the coupling between each antenna 
and its driving line, between each antenna 
and the driving line of the other antenna, 
and between the two driving lines. The 
nature of these problems differs with the type 
of circuit used. Let three important circuits 
be considered successively. 

(1) The image-plane open-wire line des¬ 
cribed in Sec. 11.35 is readily adapted to the 
measurement of symmetric and antisymmetric 
impedances since it consists of two sym¬ 
metrically placed feeding lines. The corre¬ 
sponding circuit with its image is equivalent 
to Fig. 1.1. Although the adjustment for 
equal driving voltages and equal or opposite 
phases is difficult, the possibility of simul¬ 
taneously measuring impedances on each of 
the two feeding lines provides a continual 
check on these conditions. Only if the im¬ 
pedances of the two antennas as measured 
on their individual feeding lines are equal 
can it be assumed that the required conditions 
are maintained. The terminal-zone problem 
in the circuit of Fig. 1.1 is one of the most 
complicated, since it involves coupling be¬ 
tween each antenna and both lines and be¬ 
tween the two lines. However, the approximate 
analysis is straightforward and is carried out 
in Sec. 9, where separate formulas are given 
for the lumped elements of terminal-zone 
networks for both the symmetric and the 
antisymmetric cases. With these available 
the measured apparent symmetric and anti¬ 
symmetric impedances can be reduced to the 
ideal theoretical symmetric and antisymmetric 
impedances for lines of zero spacing, that is, 
to the circuit equivalent of slice generators. 

(2) The terminal-zone problem is minimized 
in the case of a single antenna by arranging 
the antenna in the neutral plane of the line, 
as described in Sec. 11.36. If two antennas 
are individually driven in this manner, as 
shown in Fig. 1.5, the coupling between 
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each antenna and both lines is eliminated. 
However, the coupling between the two lines 
and between the two necessarily parallel 
and adjacent supporting and feeding bridges 
is not. This is discussed in Sec. 9. Since image- 
plane methods are not possible when the 
antennas are in the neutral plane of the two- 
wire lines, very long feeding lines are required 
in order to eliminate effects due to the ob¬ 
server and the generating and measuring 
equipment. This greatly complicates the 
practical problem of maintaining voltages 
that are equal and in the prescribed phase 
relations. 

(3) The simplest method of arranging two 
parallel antennas from the point of view of 
maintaining the required symmetric and 
antisymmetric voltages is to erect them 
vertically over a conducting plane with 
each antenna base-driven from a coaxial line 
that pierces the plane, as shown in Fig. 1.6. 
The apparent impedance of each antenna 
can be measured by the techniques described 
for a single antenna in Secs. 1.37 and 1.38. 
To permit measurements with different dis¬ 
tances b between the antennas, either a 
carefully designed covered slot permitting 
the continuous adjustment of b or a series 
of holes with fitted plugs is required. When the 
distanced between the axes of the two antennas 
is large compared with the diameter of the 
holes in the conducting plane through which 
the antennas project, the interaction between 
the two transmission lines is negligible and 
the terminal-zone problem for each antenna 
is the same as if it were isolated. In this case 
the terminal-zone network derived in Sec. 
II. 10 may be used for each antenna just as 
in Sec. 11.38 in order to obtain the ideal or 
theoretical impedance for the limiting case 
of a hole of zero radius from the apparent 
impedance measured with holes of finite 
size. In this manner, Zg and Zg may be 
evaluated. When the antennas are very close 
together, the two coaxial lines are coupled 
and a complicated analytical problem is 
provided. The magnitude of the coupling 
can be estimated experimentally by removing 
the antennas and leaving only the open ends 
of the two coaxial lines. By comparing the 
apparent impedance of these when separated 
far to make the interaction negligible with the 
impedances when moved closer and closer 
together, the minimum distance at which 
the interaction may be neglected can be 
determined for both symmetric and anti¬ 
symmetric excitation. For distances b smaller 


than this minimum the apparent impedances 
of symmetric and antisymmetric antennas 
may be measured, but it is not profitable in 
general to attempt to determine ideal 
theoretical impedances for holes of zero 
diameter from the measured apparent values 
when the distance between the adjacent edges 
of the holes does not exceed their diameter. 

The experimental determination of self- 
and mutual impedances by measuring the 
apparent impedance of antenna 1 when an¬ 
tenna 2 has first an infinite and then a zero 
load at its center (or base if over a conducting 
plane) does not differ greatly from the 
determination from measured values of 
apparent symmetric and antisymmetric im¬ 
pedances. The fact that only one antenna is 
driven eliminates the need for accurate 
maintenance of equal amplitudes and equal 
or opposite phases. It does not, however, 
eliminate the need for the second transmission 
line. Since the two antennas must be alike, 
they must be connected to identical trans¬ 
mission lines. The line connected to antenna 2 
must then be terminated in a pure reactance 
and adjusted in length so that its input 
impedance as seen from the terminals of 
antenna 2 is either so great that it may be 
regarded as infinite, or so small that it may 
be treated as a short circuit. These adjustments 
are very critical and necessarily involve 
terminal-zone effects. It must be emphasized 
in particular that unless terminal-zone effects 
are negligible, as when the distance between 
the two conductors of the transmission lines 
is a very small fraction of a wavelength, 
an adequate short circuit is not provided by 
having antenna 2 a continuous conductor. 
This is discussed in Sec. II. It is even less 
satisfactory to cut a piece out of antenna 2 
and assume that this is equivalent to an 
open circuit. The new chargeable surfaces 
provided in this way introduce an added 
capacitance which may correspond to a 
reactance at the center of antenna 2 that is 
very far from infinite. 

The determination of ideal theoretical 
impedances from measured apparent imped¬ 
ances is complicated when Z sl and Z 10 
(Z, = 0) are measured than when Z 5 and 
Z a are measured, since terminal-zone net¬ 
works are more readily calculated when the 
distributions of current and charge in the 
two antennas and lines are the same. However, 
the following procedure is available: (1) The 
apparent symmetric and antisymmetric im¬ 
pedances Z\ a and Z %j are determined from 
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the measured apparent value of Z sl , and the 
apparent value of Z 12 is computed from 
measured apparent values of Z sl and Z 10 
(Z 2 = 0). (2) The terminal-zone networks 
appropriate to determine the ideal values 
of ZjJ and Zjj from the apparent values Z| 0 
and Zj a are used to obtain the former. 
Finally, (3) the ideal theoretical values of 
Z S1 and Z 12 are determined by combining 
the ideal values of Zg and Z%. 

The general problem of determining self- 
and mutual impedances of coupled, parallel 
antennas has been discussed in this section 
together with available circuits and the major 
difficulties associated with each. Preliminary 
measurements have been made by Moritz 
using two coaxial lines with their inner 
conductors projecting through holes in a 
conducting plane to form the parallel antennas. 
By measuring the impedance terminating 
each line when these were driven in phase and 
in phase opposition with equal voltages, 
and averaging the results, the symmetric 
and antisymmetric impedances were measured 
and from these the self- and mutual 
impedances were computed. Alternatively, 
only one of the lines was driven while the 
other was short-circuited with a piston 
successively at one-quarter and one-half 
wavelength from the antenna-line junction. 
In this manner, using (12) and (13), Z sl 
was measured directly and Z 12 computed from 
Z 10 and Z sl . For an antenna with fl 0 a = 0.03 
and with the two antennas separated by an 
electrical distance fl a b = n, the following 
results were obtained: fi 0 h = w/2, Z sl = 
100 + y'42 with both lines driven, Z sl = 
99.9 + y'44 with one line driven. Corre¬ 
spondingly, with ft B h — it the results were 
Z S1 = 393 — y'530 and Z sl = 401 -y'538. 
These numerical values are double those 
actually determined from measurement to 
facilitate comparison with the center-driven 
antenna. It is seen that both methods lead to 
the same results. No corrections have been 
made for transmission-line end effects since 
the diameter of the coaxial line was small 
and the ratio of the radii of outer to inner 
conductors was only 2.33. 

A somewhat different procedure for measur¬ 
ing self- and mutual impedances has been 
developed by Moritz. Instead of measuring 
two impedances (for example, Z s and Z a 
in the symmetric-antisymmetric method, Z sl 
and Z sl (l — ZjyZfj) in the short-circuit- 
open-circuit method), only one impedance 
and the ratio of two voltages are measured. 


The circumstances are as follows: Antenna 1 
is driven, antenna 2 is parasitic and open- 
circuited so that / 20 =- 0. Since Z 2 = <x> 
while / 20 = 0, the product —/ 20 Z 2 = V 20 
is the finite voltage across the open circuit. 
Thus, (9) and (10) become 

Via = ( 15 ) 

^20 = ^ 10 ^ 12 > ( 16 ) 

where F 20 is not an applied voltage but is 
the potential difference across Z 2 = oo when 
Vio is the driving voltage. 

By measuring Z sl directly as the input 
impedance of antenna 1 in the presence of 
antenna 2 when open-circuited, and also 
measuring the magnitude and phase of the 
voltage ratio 

VJV 10 = Z 12 /Z sl = kel\ (17) 

it is possible to evaluate Z 12 from the known 
values of Z sl , k, and 0. This method is experi¬ 
mentally simpler than the symmetric- 
antisymmetric procedure, and more accurate 
than the open-circuit-short-circuit method 
over ranges occurring in this method when Z 12 
is determined from the small difference of 
two rather large quantities. 

Curves obtained by Moritz* using this 
method are shown in Figs. 13.1 and 13.2. 

For identical antennas with Z sl = Z s2 , the 
voltage ratio (17) is the complex coefficient 
of coupling defined in general by 

k = ke* = Z 12 /VZ^. (18) 

(This coefficient is defined in ref. 1.33, p. 410, 
Eq. (6), and in ref. 32.) This coefficient has 
been measured by Blasi, 7 using a modified 
open-circuit-short-circuit method in which 
the junction effects at the base of the driven 
antenna are compensated. Using the theoretical 
value of Z si and measured values of ft, Z 12 
was determined. Blasi’s experimental points 
for R 12 and •^12 are shown in Fig. 13.3. 
The two antennas were identical with fl 0 h = 
tt/2 and iT = 11. The agreement is seen to be 
good except for the larger values of ft/A 0 , 
where the experimental results depend upon 
the small difference of two fairly large quan¬ 
tities, and the very small values of ft/A 0 , 
where the approximate second-order theory 
is less accurate. 


* Unpublished results. 
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Fig. 13.1. Self- and mutual impedances, fiji = w/2 Fig. 13.2. Self-and mutual impedances near 
(Moritz). ftji = 7r (Moritz). 



Fig. 13.3. Experimentally determined mutual 
resistance and reactance for parallel antennas 
as functions of spacing bjX a . 
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THEORY OF IDENTICAL, PARALLEL, 
NONSTAGGERED ANTENNAS 
14. General Theory 

The arrays of antennas to be discussed 
in this section consist of N geometrically 
identical units each of half-length h and radius 
a that satisfy the inequalities < 1, a < h. 
The several units may be center-driven by 
arbitrary voltages or center-loaded by different 
impedances provided the assumed geometric 
identity of the units is not significantly 
disturbed by the driving or load connections 
or the structure of generators or impedors. 
In practice, this means either that the driving 
and load connections are all alike—as when 
similar open-wire lines are used between 
all antennas and the generators or loads—or 
that generators and loads or the cross- 
sectional dimensions of transmission lines 
are so small in physical size that generators 
and loads are equivalent to dimensionless, 
lumped elements. 

The discussion is limited to arrays of parallel 
antennas so that all currents that contribute 
significantly to the far-zone field are also 
parallel and hence maintain a vector 
potential that has no component perpendicular 
to the antennas; these are assumed to be 
parallel to the 7-axis of a coordinate system, 
that is, A = zA z . 

Each antenna is required to have geometric 
symmetry with respect to its center, and it 
must be driven or loaded at the center. 
Furthermore, all elements have their centers 
in the xrj-plane, that is, they are not staggered. 
These conditions are imposed in order that 
the currents and vector potentials shall 
be even functions of z, the charges and scalar 
potentials odd functions of z. Thus, 

I z (-z) = q(-z) = — <7(z), (I) 

A x (-z) = A x (z), <t»( -z) = —<t>(z). (2) 

Let it be assumed at the outset that all 
generators are “slice” generators, that is, 
discontinuities in scalar potential, and all 
load impedances or tuning reactances lumped 
or geometrically dimensionless. These assump¬ 
tions eliminate complications arising from 
transmission-line end effects and coupling 
effects that are necessarily characteristic of 
particular driving and coupling circuits. 
Since such junction effects are localized, 
they do not alter the formulation of the general 
problems of coupled antennas, and account 
may be taken of them later, using approp¬ 
riately designed corrective networks of lumped 


elements. Accordingly, let the driving voltage 
at the center of a typical antenna k be defined 
as follows: 


V k0 = lim[4>*(<5) (3) 

<s-,o 

If the several conditions that have been 
imposed thus far are satisfied, the vector 
potential A z (z) on the surface of each of 
the N antennas satisfies the same one-dimen¬ 
sional wave equation as when the antenna is 
isolated. For example, on the surface of the 
kth antenna the equation is 
d*A k2 (z)/dz 2 + PoA kz (z) = j(ftlw)z%,(z) 
= 0. (4) 


For simplicity, the term that has the internal 
impedance per unit length z‘ as a factor will 
be omitted. For good conductors its effect 
is negligibly small. If desired, the appropriate 
terms are easily added to the final solution. 
The general solution of the homogeneous 
equation for the range 0 g z £1 h is obtained 
as in Chapter II. It is 
A kx (z) = -(//j> 0 )[C* cos/y 

-+- 4 ^*:o sin /3 0 |z| ]. (5) 
The arbitrary constants C k must be determined 
from the boundary condition at z = h. 

The integral for the vector potential at a 
point z on the surface of antenna k is as 
follows: 



(6a) 

where 

R ki = V O k ~ A ) 2 + b\ u i k 

Rkk = A(z k - z' k f + d\ (6b) 

Subscripts are used on the coordinate z, 
where necessary, to indicate on which antenna 
the distance from the xy-plane is measured. 
Note that the primed coordinates locate an 
element of integration on the axis of an 
antenna, the unprimed coordinates an element 
on the surface; b kt is the distance between 
the axes of antenna i and antenna k. 

The substitution of (6a) in (5) gives one of 
N simultaneous integral equations for the 
N currents in the N coupled elements of the 
array. As usual, £ 0 = v 0 /v 0 = 120n- ohms: 



= ( C it cos Po?k + i V ko sin A,hJ> 

SO 


k = 1, 2. N. (7) 



352 THEORY OF LINEAR ANTENNAS [III. 14] 


Since the solution of N simultaneous 
integral equations of this type has not been 
accomplished even for N = 2, the only cases 
for which solutions are available are those 
in which all of the N equations are alike, 
so that they reduce to only a single equation 
like that in Chapter II. Evidently, such a 
reduction to a single equation involves 
restrictions in addition to those already im¬ 
posed. Mathematically, it implies that the 
current I kz iz'), which is included in the sum 
in (7), can be factored out in front of the sign 
of summation and the remaining sum is a 
constant that does not vary with the numerical 
value of k. That is, the desired equation 
must have the following form: 

f hzO') K z(z, z') dz' = -Ip- [C k cos fa 
J-h 4o 


+ iV k0 sin /? 0 |z|], (8a) 

where 


K z (z, z') 


^ IjJ/j) e-^oRik 

i — 1 IkzL^k) Rik 


( 86 ) 


With (9a) substituted in (7), this reduces to 
the desired form (8a) with 

& P jP 0 R ik 

^fez') = 2p(>-^^—. do 

i=l K ik 

It is readily shown that (11) is independent 
of k by adding to k an arbitrary integer q 
equal to or less than N — k. Since the order 
of summation makes no difference, let the 
same integer q be added to i to give /' — i + q. 
The limits of summation of T are the same as 
for i. Thus, 

K z (z, z') = 2 „-• (12) 

t' = l K-i'le + q 

Since i' — k — q = i — q, and geometric sym¬ 
metry makes 

Rik = Ri+q,k + qi (13) 

it follows that (12) is identically the same 
as (11). Since K z (z,z') is independent of k, 
it is convenient to choose k = 1 and define 
the kernel K z (z , z') as follows: 


is independent of k. Evidently, this is not true 
in general. It is necessary that both the 
ratio of currents and the function of R ik be 
independent of k. 

Physically, the reduction of the N simul¬ 
taneous integral equations to a single equation 
necessarily means that the N units are elec¬ 
trically and geometrically indistinguishable. 
These conditions certainly require the antennas 
to be located at the corners of an /V-sidcd equi- 

JV 

lateral polygon. If this is true, 2 e~^o R »‘lR ik 

i = l 

is obviously independent of k. The simplest 
way to make the current ratio in (8 b) inde¬ 
pendent of k is to require all currents to be 
equal in magnitude and in phase, a condition 
achieved by identical driving voltages on 
all units. However, this condition is more 
severe than required. Another, somewhat 
more general possibility is to have the currents 
in all units equal in magnitude but advancing 
in phase from unit to unit around the 
polygon by a fixed angle 0. That is, 


Iiz(z) = Ii-lj2')p m , 


m = 0, 1,2,..., N — 1, 

(9a) 

where 


p= e i°, 6 = ItrfN, 

(96) 

or, 


hzO') = hz(z') p<i-n™. 

(10) 


K Zm (z,z') = 2p^^ e -~—. 04 ) 
1=1 

Currents of equal magnitude and with a 
progressive, constant phase difference around 
the symmetrically located units are possible 
only when the driving voltages are equal in 
magnitude and have the same phase relations 
as the currents. That is, 

V i0 = V ko p«~*>™. (15) 

Since the constant C k in (8a) has V k0 as a 
factor when it is evaluated, it follows that 
multiplication of (8a) by p(*-*) m on both sides 
changes it from an equation for antenna k 
to an equation for antenna /. 

The integral equation for the current in 
the upper half of each antenna in the sym¬ 
metric array is 

f I(z')K Zm (z, z') dz' = PP (C cos jS 0 z 
J-h 4 0 

+ £F 0 sin ;V), (16) 

with K Zm (z, z') given in (14). This equation is 
formally exactly like (3.2) for two coupled 
antennas when specialized to <5 = 0 as here 
assumed. However, the kernel is much more 
complicated, since it involves N terms instead 
of two. The solution of (16) evidently is 
the same as (3.9) with <5 = 0 and z* = 0, 
and with K Zm (z, z') substituted for K a (z, z'). 
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By mere changes in notation an expression 
for the current like (3.10) is obtained with 
an expansion parameter defined by (3.11) 
with K^ m {z, z') substituted for K s (z, z'). 
The current so obtained applies to any one of 
the N units, say antenna 1. Currents in the 
other units are obtained by multiplying this 
current by prti-V) with i = 2, 3, . .., N. 

It has been shown that the general problem 
of TV coupled, parallel, identical, nonstaggered 
antennas reduces to a single integral equation 
that is like the equation for an isolated 
antenna provided the antennas are all located 
at the corners of a regular polygon and pro¬ 
vided they are individually excited by gener¬ 
ators or transmission lines that maintain 
voltages across their terminals that are equal 
in magnitude and vary progressively in 
phase by a constant angle from unit to unit 
around the polygon. For an array of N 
antennas the constant phase angle may have 
any one of the values md, where 6 = hrjN 
and m is an integer less than N. Since m = 0 
is a possible value, it is seen that there are 
N available and different angles for each of 
which a single integral equation governs all 
currents. These N possible values of m are 
called phase sequences. They may be defined 
as follows: 

Zero-phase sequence, m = 0: 

V 10 = v 20 = V 30 = • • • = V x0 = F<0), 
ho = ho = 4, = ■••= ho = f (0) ; (17a) 

2nlN-phase sequence, m — 1 : 

V 10 = F (1) , F 20 = pV a) , 

V 30 = P 2 V a) , ■■■, 
v x0 = p*- 1 F (1 >, 

ho = I {1} , ho = Pl a) , 

ho=P 2 I a \---, 

ho = p- v - 1 / <1) ; 076) 

477-/ N-phase sequence, m — 2: 

v 10 = y (2) , v 20 = 

v 3 , =P 4 F< 2 >, •••, 

V n = p 2v - 2 F <2) , 

ho =P 2 / (2) , 
ho = P 4 /' 2) , ' '', 

ho=P 2 ”- 2Ii2) -, (17c) 


2nvrjN-phase sequence: 

V 10 = V (m) , V 20 = p m F<™>, 

V 30 = p 2m F (m) , • ■ •, 

F v0 = p mN ~ m V (m} , 

I 10 = /<“>, I 20 = p«/‘“>, 

ho = p 2m I {m) , ■ ■ ■, 

I S o=P mN ~ mI{m) ’hld) 
2(N — \)irjN-phase sequence, m = N — 1: 

F 10 = F<"-», V i0 = P N - l V(*-'\ 

v 30 = p is - t v<»-»■■■, 

V x0 = p" , - 2jf + 1 F (A ’- 1) , 
/ 10 =P-''- 1 >, / 20 = P' V - 1 /<^ 1) , 

ho = P 2x - 2 * (x - 1 \---, 

ho = p- v2 - 2 - v + 1 /<*- 1 >. 

(17c) 

Note that superscripts on p are powers, 
whereas superscripts on F and I are written 
in parentheses and denote phase-sequence 
numbers. Note also that 

ps = £.7 = | p s I 2 == pi — — j ^ 

p»/4 _ gjnli _ p3A'/4 = _ _y 

(18) 

The current J (m) in each antenna can be 
determined independently for each phase 
sequence with an arbitrary value of driving 
voltage F (m) using (16). If each antenna is 
imagined to be driven by all voltages in all 
N phase sequences simultaneously, with the 
N voltages in each unit in series, the following 
driving voltages apply: 

F 10 = F (# > + F (1 > + F <2) +■•• 

+ F<*-i> =*;£><», (19a) 

i =0 

V 20 = F (0> + pF' 1 * + p 2 F (2) + • • ■ 

+ p-v-iF^- 1 ) piV"\ (196) 
i = 0 

V 30 = F"» + p 2 F (1) + p 4 F (2) + • • • 

+ p 2 S- 2 V (S-l) = ^ l p 2, F<’), (19c) 

. t =0 

F,,, = F <0) + p^F* 1 * + p2*- 2 F< 2 > + • • • 

+ p-v 2 -2.v+ip(.v-i) Js? p ix ~ i V U) . (19 d) 
i=- 0 


ho = I (2 \ 
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Similarly, the resultant currents in the 
antennas are 

/io = 2 1 f < ‘ ) . (20a) 

i =0 

ho = 2P iI(i) > (206) 

i =0 

/vo ='f : V v - i / <<) . (20c) 

i =0 

Since the N voltages F (<) , i = 0, 1, 2, ■ • ■, 
TV — 1, are arbitrary, it is possible to deter¬ 
mine a set of N such voltages that satisfy 
(\9a-d) for all possible values of F 10 , F 20 , 
That is, the general problem of 
solving for the N currents in N coupled 
antennas located at the corners of a regular 
polygon may be carried out by first solving 
for the N independent currents due to voltages 
chosen to satisfy the conditions of the N 
phase sequences. An appropriate super¬ 
position of these N solutions yields the 
currents and impedances in all units due to 
an arbitrary set of driving voltages. 

A possible driving voltage for all but one 
of the A antennas is zero. That is, any number 
of the antennas up to N — 1 may be parasitic. 
Alternatively, they may be parasitic and 
center-tuned or center-loaded if V m0 is set 
equal to —I m0 Z m , where Z m is an arbitrary 
impedance in series with antenna m at its 
center and I m0 is the current entering and 
leaving it. By setting Z m = oo antenna m 
is open-circuited at its center. Since it has 
been shown in Sec. 8 that an open-circuited 
parasitic antenna of electrical half-length 
jiji = w/2 has a very small effect on the input 
impedance of a coupled antenna, it follows 
that as an approximation such an antenna 
may be removed entirely. That is, if the N 
antennas around a circle have electrical 
half-lengths fl 0 h — n/2, an arbitrary number 
may be removed completely and the analysis 
carried through as if they were present with 
infinite load impedances. Note that this 
procedure is a satisfactory approximation 
when Pch is less than tt/ 2 but not when 
/Vt exceeds irj 2 sufficiently that significant 
currents exist on the ends of the open-circuited 
antenna which react back on the other 
currents in the array. The open-circuited 
antenna does not then approximate an absent 
antenna. 

As a simple application of the general 
theory, consider two coupled antennas. Since 
N = 2, m is restricted to the two values, 


0 and 1. That is, there are two phase sequences, 
the zero-phase sequence, previously called 
the symmetric case, and the m-phase sequence, 
previously called the antisymmetric case. 

Equations corresponding to (19) and (20) 
are 

V 10 = F<°> + F (1 > = V s + V°, (21a) 

F 20 = F (#) + pF (1 > = F<°> - F (1) 

= V s - F°. (216) 


These are the same as (2.16). The corre¬ 
sponding kernels for the integral equation 
are obtained from (14) with m = 0 and 1 to be 


Kzo( z > z ') 


= Kfz, z') = 


~*IT 


*12 


(22a) 


j(z, z') = K a (z, z') = 


e iWi 


e “>'( 1^,2 
*12 


(22 b) 


These are the same as (3.3) and (4.2). It is 
seen that the theory for N antennas in terms 
of N phase sequences is a simple generalization 
of the theory developed in Secs. 3 and 4 for 
two antennas with two phase sequences. In 
the next section, three antennas are analyzed. 

Folded antennas* Whenever the antennas 
forming an TV-element parallel array are 
all so close together that the distance 6 max 
between the most widely separated pair 
satisfies the condition 


/V>max < 1, (23) 

it is possible to generalize the nature of the 
array by permitting all or some of the N units 
to be connected, usually at one or both ends, 
in a symmetric manner. Interconnected 
closely spaced antennas are called a folded 
antenna if the array is driven by a single 
generator at the center of one of the elements. 
The folded dipole described in Sec. 12 is a 
simple example of a so generalized two- 
element parallel array in which both ends 
of the two antennas are joined conductively. 
Although the restriction that there be only 
one generator in the folded array is not 
necessary, it is assumed in the following 
for simplicity in the formulation. According 
to the principle of superposition, which is 
applicable, the combined effects of several 
generators is the sum of their individual 
effects. 


* This part of Sec. 14 is based on the work of Dr- 
Charles W. Harrison, Jr., ref. 26. 
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The principles underlying the generalized 
analysis of N closely spaced antennas are 
formulated in detail by Harrison. 26 A more 
compact formulation is described in the 
following. Since the antennas are close 
together, the currents that combine to maintain 
the radiation field must be equivalent to 
the single current that would be obtained if 
all currents in all elements were superimposed 
in a single conductor or in a cage of N ele¬ 
ments in parallel. Components of current in 
the individual elements that do not contribute 
to the radiation field are those components 
that would cancel one another if the currents 
were superposed. The procedure introduced 
by Harrison separates the vector potential 
due to noncanceling currents from that due 
to canceling currents. 

Although the starting point of the analysis 
might be the N simultaneous equations (7) 
with N generators (or their equivalents in 
voltage drops across loads), the present 
discussion is restricted for simplicity to an 
array with a single generator symmetrically 
placed in antenna 1. The other antennas or 
elements of the folded antenna are smooth 
conductors uninterrupted by generators or 
lumped reactances. The modified N equations 
corresponding to (7) are 

N 

2 Iiz(z')K u (z, z') dz' 

l-h i = 1 




_ dd 


i 


0 


(C 1 cos p 0 z + D x sin ff 0 z 


f 


+ Wio sin £ 0 | z |)> (24a) 

2 z') dz’ 

h i = l 


-jAir 

17 


(C k cos (V + D k sin /9 0 z)> 
k = 2, 3, • • •, N (24 b) 


where 

^ —jfioRki e~ iPoRi 

Kki(z> z') = —5- , K u (z, z') = 


R ki 


R u ’ 
(25 a) 


Rki = v '(z - z') 2 + b 2 ki . 


Ru = V(z - z') 2 + b\i, 
b n = bi.j. = a. 


(25 b) 
(25 c) 

The equation for the driven antenna 1 
differs from the other N — 1 equations by a 
voltage V 10 . If the driving element is sym¬ 
metrically placed in the folded antenna, so 
that 

H~zd = h(z 1 ), (26) 


the constant D 1 must vanish. The constants 
of integration C lt C k , and D k must be eval¬ 
uated from the boundary and continuity 
conditions at the ends of the N elements. 
The appearance of the sine terms in (24a, b) 
indicates the possibility of distributions of 
current on some of the elements that are not 
even with respect to the center of the element. 

In order to separate the vector potentials 
calculated from the N currents into two parts, 
the one involving the components of current 
that would not be canceled if superposed, 
the other involving the currents that would 
be canceled, (24) may be expanded by adding 
and subtracting 4 ttv 0 times the vector potential 
of a single antenna (or cage antenna) of 
effective radius a e carrying the current 

I lz (z) = 2 Iiz(z'). (27) 

t = i 

This is given by 


J e (z) 


-J> 


where 


K e (z, z’) = 


)K e (z, z') dz', 

£ ~ jPoRp, 

~rT’ 


R e = V(z — z') 2 + a 2 . 


(28) 


(29) 


If (18) is added to and subtracted from each 
equation in (24a, b), the following results 
are obtained: 


/: 


j: 


2 I iz(z’)[Ku(z, z’) - K e (z, z')] dz' 

hi — 1 

+ J e (z) = ~ (C 1 cos /V 

^>0 

+ Dj sin /J 0 z + \ F 10 sin /? 0 z), (30a) 

2 I iz (z')[K ki (z, z ') - K e (z, z')] dz' 

hi = 1 

+ JJyz) = - id. (C k cos /V + D k sin/3 0 z), 
So 

k = 2, 3 • • • , N. (30 b) 


As a consequence of (23) the following 
inequalities must be satisfied: 

(8 0 a e < 1, P 0 b ki <1, k, i = 1, 2, • • • , N. 

(31) 

Evidently, K e (z, z') and K ki (z, z') in the 
integrands on the left in (30a, b ) differ from 
each other significantly only if z' is in a 
narrow region near the cross section z' = z, 
since R e and R ki become essentially equal as 



356 


THEORY OF LINEAR ANTENNAS 


[III.14] 


soon as $af and bf { are negligible compared 
with fl\(z — z') 2 . Moreover, since the integrand 
contributes only negligibly to the integral 
when \ z — z'\ is large, the limits may be 
extended to infinity. Finally, since the inte¬ 
grand differs from zero only when z' is near 
z, and this involves an electrical distance of 
the order of magnitude of /3 0 b ki , it is a good 
approximation to set J/z,') = J,(z,), and 
remove it from under the sign of integration. 
With all of these approximations, a typical 
integral is the following: 

/,(Z) P (-L - IW = 4,/^), (32) 

J— 00 \Kfci K e J 

where 

hi = 2 In (ajb ki ). (33) 

It follows that (24 a, b) may be expressed as 
follows: 

J e (z) + | hJizW = F j(z), (34a) 

<=i 

Je(z) + 2 hJizi 2 ) = F k( 2 ) 

i = l 

k = 2, 3, • • • , N, (34 b) 

where 

F i(z) = ( c i cos Po z + D i * in Po 2 

+ |F 10 sin/3„|z|), (35a) 

F k (z) = —p- (C* cos fl Q z + D k sin /3 0 z), 

k = 2, 3, ■ ■ ■, N. (356) 

Evidently, (34a, 6) constitute a set of N 
simultaneous integral equations for the N 
currents. These equations may be rearranged 
to give one integral equation in the total 
radiating current / 2 (z) defined in (27), and 
N — 1 equations for determining N — 1 of 
the N currents. The Mh current may then 
be evaluated by subtracting the sum of the 
known N — 1 currents from the sum of the 
N currents. One method for achieving this 
separation involves two steps. The first is to 
add the N — 1 equations in (346) to (34a) 
to obtain one equation of antenna type, and 
then the second is to subtract them from (34a) 
to obtain N — 1 equations of transmission¬ 
line type. The result of the addition (after 
division by N) is 

1 N N 

jj z ) + 77 2 2 hilizi 2 ) 

N jfc=li = l 

= - J 'y (c cos /V + ^pSin/?oM j , 

( 36 ) 


where 

C = (C l+ f C k )IN, (37a) 

k = 2 

since 

D ^(D,+ ZD k )IN= 0. (376) 

i = l 

The last relation (376) follows from the 
postulate that the entire configuration of 
antennas is geometrically symmetric in z 
with respect to the driving point so that the 
total radiating current and the vector potential 
calculated from this current are even functions 
of z. The subtractions give 

2 A kJiz( 2 ) = F lk( 2 ) ~ A klhz( 2 ), 
i = 2 

k = 2, 3, • • •, N, (38) 

where 

A ki : hi hi = ^-Inibfcjbn), 

A k i = hi \ kl — 21n(6 tl /a), (39a) 

F lk (z) - Fj(z) - F k (z) 

= ~4— [( C 1 - C k) cos /3 0 z 
=>0 

+ l F io S' n Po\ 2 \ + (£>1 - D k ) sin fa]. 

(396) 

The N — 1 equations in (38) can be solved 
for the Iiz(z) with i = 2, 3, ■ • •, N in terms 
of the F j^,-(z), the A k i. and the current hz( 2 ) 
in the driven unit. The solutions are in the 
form 

l iz h) = A A 2 ) - BJizi 2 ), 

i — 2, 3, ■ ■ ■ , N, (40) 

where the A ,(z) are functions of the F lk (z) 
and the A ki ; the B/s are constants that 
depend on the A*.,- only. 

With the individual currents all determined 
by (40), the total current may be expressed 
as follows; the second step makes use of (40): 

hzh) = hzh) + 2 hzh) 

i-2 

= A t (z) - B t I u (z), (41) 

where 

A t (z) ^Z A i( 2 ), B t =ZB { -l. (42) 

i = 2 i = 2 

It follows that 

T t A > (z ) - hzh) 

'" W - B, - 


( 43 ) 
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If (43) is substituted in (40), the individual 
currents may be expressed in terms of the 
total current / ( (z), the function A t (z), and 
the constant B t . Thus, 

I iz (z) = H,(z) + PJ tz (z\ (44) 


Hf(z) = Aj(z) — ^ A t (z), P<^|-\ 

B t 

i = 2, 1, ■ ■ ■, N. (45) 

The individual currents / 2 z (z), • • •, / V 2 (z) 
are expressed in (44) in terms of the total 
current J < 2 (z), the functions F lk (z) in A ,(z) 
and A t {z), and the constants A ki in fi, and 
B t . They may be substituted in (36) where 
they occur in the double-sum term. Thus 

N N If 

2 2 ^kiJizO) — Ilz( z ) 2 ^kl 

k = 1 t=l k-i 

+ 22 hihzCO- (46) 

k= 1 i =2 

Since / 12 (z) has not been expressed in terms 
of the total current in (44), it is convenient 
to eliminate it from the sum in (46) by an 
appropriate definition of the equivalent 
radius a e . This is done by setting 


N If a 

2 4 1 = 2 2ln^ = 21n 
* = 1 * = 1 


— 2 In (o^/ 6 11 6 12 6 1 3 ■ • • b 1K ) — 0. (47) 

This is equivalent to the following definition 
for a e : 

/ N 

a e = n b kl J (48) 


Upon substituting (49) in (36) this becomes 


J e (z) + A t I u (z) = 


C cos P Q z 


Note that b u = a. With a e defined as in (48), 
the sum in (46) reduces to the second term. 
That is, with (44), 

1 N N /4tt 

Tj. 2 2 hJizO) = -y- G t( z ) + A Jtziz), 

k=i i= 2 to 


/4tt 1 N N 

V G t (z) - i 2 Hjz) 2 A fct . (50a) 
to N i = 2 * = 1 


1 N N 

A, ^ £ 2 *<2 hi- (50 b) 

TV i = 2 * = 1 


+ sin p 0 \z | + G ( (z)j • ( 51 ) 

Since G t (z) involves sums of terms with the 
F u (z) as factors, it may be separated into 
two sets of terms which have cos fi 0 z and 
sin /3 0 | z | as factors. Terms with sin /3 ( ,z as 
factor must add to zero since the left-hand 
member in (51) must be an even function 
of z. Accordingly, (51) may be expressed as 
follows in terms of appropriately defined 
constants C t and E t , which include contri¬ 
butions from G t (z): 

J e (z) + A ,I tz (z) = —^ (C, cos fi 0 z 
to 

+ i £ (^ioSin/S 0 |z|). (52) 

This equation is not quite in the form for 
which a solution is obtained in Chapter II. 
However, if J e (z) is expanded as in Chapter II, 
so that 

J e (z) = IJzW, + YOO] - 7, 2 (z)y(z) 

+ J ^ \Jtz(E) - I tl (z)g(z, z')]K e (z, z') dz\ 

(53) 

and this value is substituted in (52), the 
following equation is obtained: 

Itz(z)[T e +A t ] = 

- ~ (C, cos p 0 z + \E t V w sin /3 0 z) 
to 

- J [ItzO ') - ItzO) t(z, z')]K e (z, z') dz 

-I u (z) Y (z). (54) 

This is in standard form if the driving voltage 
E t V 10 is used instead of V 10 and if a new 
expansion parameter V F ( is introduced as 
follows: 

+ A ( . (55a) 

Since a change in the radius a produces 
essentially a parallel shift of the curve of 
T as a function of ft 0 h for all values of 
/?„h sj 27r, an effective radius may be defined 
using the formula for T for the short antenna. 
That is, for p 0 h <1, 

Y, = 2 In-2 = 2 In-2 

at a e 

+ ±ZPiZm M. ( 556 ) 

N *~ 2 *=1 \bkiJ 
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The new effective radius a t may be determined 
from this equation. Since I tz (±h) = 0, the 
constant C t in (54) may be evaluated as in 
Chapter II. 

By solving (54) following the procedure 
used in Chapter II, the total current / i2 (z) 
is determined. By using (43) the current 
/ l2 (z) in the driven element is obtained in 
terms of E t V 10 . The input admittance is the 
input current I u ( 0) per unit voltage V 10 . 
That is, 

I'm = fi*(0)/F 10 . (56) 

This completes the evaluation of the currents 
and the driving-point admittance, except that 
the constants (C 1 — C k ) and (D 1 — D k ) 
have not been evaluated. These may be 
determined from the conditions at the ends 
of the several elements. If the end at z = h 
of the ith element is not connected to any 
other element, 7 i2 (6) = 0. If the two elements 
i and k are joined in a short circuit at z = h, 
the current must be continuous, / t2 (6) + 
I kz (h) = 0, and the scalar potentials must be 
equal, = <b k (h), These potentials are 
given byy£ 0 /4w times the derivatives of (24a, 6) 
with respect to z. If the element k is symmetric 
with respect to its center, so that I kz {—z) — 
I kz (z), then D k = 0. 

An important special situation for which 
the general theory may be simplified occurs 
in an array in which all elements are located 
at the vertices of an equilateral polygon. In 

this case T Ki is independent of /, so that it 

*=t 

becomes equal to the value for / = 1, which 
is zero by definition of the effective radius a„. 
Accordingly, in (50a, b ), G t (z ) = 0 and 
A t = 0, so that (51) has the simple form 

J e (z) = -Jj- { C cos ^° z + ^ sin ^«l z l) • 

(57) 

Two-element antenna. As a simple example 
of the generalized procedure for analyzing 
closely spaced arrays, the two-element array 
analyzed in Sec. 12 may be reexamined when 
both ends are open (antenna with parasite), 
both ends are short-circuited (folded dipole), 
or one is open and one bridged. With N = 2, 
the solution of (57) gives the codirectional 
or symmetric currents in a two-element cage. 
The effective radius a e of the cage is given in 
(48). It is 


The total current is obtained by solving (57). 
It is 

*<*00 = I lz (z) + I 2z (z). (59) 

The current in the terminals z = 0 is 

Itz(P) = * l2 (0) + I 2z ( 0) = VJ2Z e , (60) 

where Z e is the impedance obtained by solving 
(57) with a voltage F 10 /2 instead of V 10 . 
It is the impedance of a single antenna with 
radius a e = V ab. 

With N = 2, the set of transmission-line 
equations in (38) reduces to the following 
single equation: 

S 22 I 2z (z) = F 12 (z) — A 21 / 12 (z), (61) 

where 

A 22 = —2 In (6/a), A 21 = 2 In (6/a), 

(62a) 

F 12 (z) = [(Cj - C 2 ) cos /3 0 z 
+ JF 10 sin /3 0 | z | 

+ -D 2 )sin/J 0 z]- (626) 

It follows that (61) is equivalent to 

hzO) ~ hz(z) = - C 2 ) cos/; o z 

K c 

+ Wio s in /? 0 | z | 

+ (D t — D 2 ) sin M> (63a) 

where 

R c = - In - . (636) 

rr a 

The current in each element is obtained by 
adding and subtracting (63a) and (59). Thus 

lizO) = “ 2R [( C ! _ cos 

+ i F 10 sin ^ 0 |z| 

+ (!>!- D 2 ) sin /?oz], (64a) 


* 2*00 = J* t Z (z) + x4- [(Ci - C 2 ) cos /V 

z,£\q 

+ ^F 10 sin /?„|z| 

+ (D 1 - D 2 ) sin Pqz], (646) 


where I tz (z) is the solution of the familiar 
integral equation (57) with N = 2. 

The driving-point admittance is given by 


V *1*(0) 1 j( c i - c 2 ) 

IiD V 10 4 Z e R C V 10 


( 65 ) 


a e = V ab. 


(58) 
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Note that the effective driving voltage in (57) 
is V 10 IN, not V lQ . 

In order to determine the constant 
(C 1 — C 2 ) it is necessary to specify the nature 
of the ends. If both ends are open (antenna 
with closely spaced parasite), the conditions 
that must be satisfied are 

I lz (±h) = 0 = I 2z (±h). (66) 

When substituted in (64a, b ) they give 

Ci-C 2 =-^f tan P 0 h, (67) 

D 1 D 2 =0. 

The individual vanishing of D l and D 2 also 
follows from the fact that each current must 
be an even function of z. If (67) is substituted in 
(64a, b) and (65), the currents in the driven 
and parasitic elements and the driving-point 
admittance are determined. The latter is 


Y in 


J_ J tan bph 
4 Z„ + 2R r 


( 68 ) 


Table 14.1. Driving-point impedance of two-wire 
folded dipole; Q e = 10, bja = 10.* 


boh 

*in 


0.5 

0.3 

+ 33.8 

1.1 

909.4 

-1760.0 

1.2 

357.2 

- 732.1 

1.3 

265.5 

- 349.7 

1.4 

256.7 

- 123.4 

1.5 

291.1 

+ 51.9 

1.57 

346.0 

+ 166.8 

1.6 

375.5 

+ 214.1 

1.7 

551.0 

+ 374.0 

1.8 

923.1 

+ 471.3 

1.9 

1524.0 

+ 128.0 

2.0 

1415.0 

- 826.0 

2.3 

163.6 

- 660.9 

2.6 

32.4 

- 334.8 

2.9 

4.4 

- 13.1 

3.14 

0.0 

0.0 

3.2 

0.3 

+ 32.8 

3.4 

6.8 

+ 16.0 


* Computed by Harrison. 2 ' 


If both ends are closed (folded dipole), the 
condition that must be satisfied is 

4»<W =<M/>). (69) 

By equating the derivatives with respect to 
z of the right sides of (24a, b) with k — 2 and 
noting that from symmetry D t = D 2 = 0, 
the following equation is obtained: 

-(Cj — C 2 ) sin boh + cos boh = 0. 

(70) 

Since /(— z) = I(z) on both antennas owing 
to symmetry, D x = Z) 2 = 0. The result is 

(71) 


for (63a) is (69) at z = — h. Since I iz { ±h) = 0, 
the following equations are obtained: 

(Ci - C 2 ) cos boh + i V io s ' n b 0 h 

+ ( D i — D 2 ) sin boh = 0, (z = h) 

(73 a) 

(Ci - C 2 ) sin boh ~ Wio cos bo h 

+ (®i — D 2 ) cos b 0 h = 0. (z = —h) 

(73 b) 

These equations can be solved for (C 1 — C 2 ) 
and (D t — D 2 ) in terms of V 10 with the 
result 

Cj - C 2 = -|T 10 tan 2b 0 h, (74a) 

- D 2 = $V 10 sec 2boh. (74 b) 


If this value is inserted in (64a, b) and (65), 
the current and admittance are determined. 
The latter is 


Y in 


1 /' cot boh 

4Z e 2RT 


(72) 


Numerical values of Z in = 1/T in as computed 
by Harrison 26 from (72) are given in Table 
14.1 for Q e = 2 In (2 h/a e ) = 10, b/a = 10, 
using second-order values of Z e as given in 
Chapter II by Z 0 . 

If one end is open and the other closed 
(U -antenna), the condition to be imposed on 
(64a) and (646) is (66) at z = h; the condition 


If these values are substituted in (64a, 6), 
I lz (z) and J 2z (z) are determined. From (65) 
the admittance is 


Y, n 


1 

4Z. 


+ 


j tan 2 boh 
2R r ' 


(75) 


It is verified readily that (68), (72), and (75) 
are equivalent to the results obtained in 
Sec. 11 using the method of symmetric 
components. In fact, they are all contained 
in the general formula (11.11), which is 
equivalent to 
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if transmission-line spacing and end effects 
are neglected. The symmetric impedance 
Z s is twice the impedance Z, of a single 
antenna or cage of effective radius a e = \ ab. 
The antisymmetric impedance Z a is the series 
impedance of the two sections of line looking 
each way from the center. Neglecting line 
losses, this is Z a — —jR c cot p 0 h for two 
open ends, Z a = JR C tan fi n h for two closed 
ends, and Z a — Jy7? c [tan p 0 h — cot fi Q h] = 
jR c cot 2(3 0 h for one open and one closed end. 
With these values (76) gives exactly (68), 
(72), and (75). 

Folded dipole with elements of unequal 
radius. In the general formulation for folded 
antennas it has been assumed for simplicity 
that all conductors have the same radius. 
This is not necessary. Harrison 26 has formu¬ 
lated the problem of the simple folded dipole 
when the driven element has a radius a x 
and the parallel element a different radius a 2 . 
In this case (34a) and (346) apply with N = 2 
if the A-factors are appropriately defined. 
The following equations are obtained corre¬ 
sponding to (34a, b) with N = 2 and boundary 
condition appropriate to the folded dipole: 

■If.?) 4 2 u / l2 4 Z 12 / 22 = — j—— (Ci cos /V 

So 

+ |F 0 sinft,|z|), (77a) 

*7 2 (z) 4* 4 ^ 22^22 = y C 2 cos £ 0 z, 

So 

(77 b) 

where 


A n = 2 In (ajaj, A 22 = 2 In (a e /a 2 ), 

A 12 = A 21 = 2 In (ajb). (78) 


By appropriate combination and rearrange¬ 
ment (77a) and (776) may be transformed 
into 

J e (z) 4 KyI,iz) == (K 2 cos /3 0 z 

*0 

+ iF 0 Ar s sin/J 0 |z|), (79) 


Ifz) = I f (z) (-5—) - JAn [(C, 

\ a i 4 a 2 ; („(«! + a 2 ) 

— C 2 )cos/V 4 |F 0 sin£ 0 |z|], (80a) 


I 2 (z) = I ( (z) - Hz), 


(806) 


where 


a i = Zji A 12 = 2 In (6/a x ), 

a 2 = Z 22 A 21 = 2 In (6/a 2 ), 

a 3 53 ^22 = 2 In {afaf), (81) 



/ a l a 3 \ 

\ a i 4 a 2 / 


(82a) 



(Cj + C 2 ) + 




(826) 




(82c) 


Equation (79) is like (52) and may be solved 
by iteration for 7,(z) using the expansion 
parameter Tj = + K v and effective driving 

voltage K^Vq. The admittance defined by 
Y d — I t (O)IK 3 V 0 is that of a cylindrical 
antenna with radius a, that may be obtained 
as explained in relation to (55a). Thus 


T ( = 2 In-2 = 2 In-2 + K v (83) 

a t tt e 

a t = a e e~ E d 2 — \/ajbe~ K i. (84) 


The constant C 1 — C 2 in (80a) is evaluated 
using (69) to obtain an equation like (70). 
Hence, Cj — C 2 is given by (71). (Note that 
the radius of the short bridges that join the 
ends of the two antennas changes abruptly 
from ai to a 2 at their centers. The charges 
per unit length on the cylindrical surfaces 
of different radii are not the same; evidently 
the charge density varies continuously from 
radius a x to radius a 2 on the flat surfaces 
at the junctions.) 

If Cj — C 2 from (71) is substituted in (80a) 
and the admittance Y in — IfO)/ V 0 is formed, 
the following equation is obtained: 



j2-n cot pf} 
Co(“i 4 « 2 )' 


(85) 


The substitution of Y d = I,(0)IK 3 V 0 and use 
of (82a-c) gives the input admittance of a 
folded dipole when driven at the center of the 
conductor with radius a v The result is 


Y,„ = Y, 


' In (6/a 2 ) 2 

ln(6 2 /aja 2 ) 


/V cot fS 0 h 
(o In (6 2 /a x a 2 ) 


( 86 ) 


Harrison has evaluated Z- m = 1/F ln using 
(86) and second-order values of Y d as given 
in Chapter II. The numerical values and the 
dimensions are given in Table 14.2. It is seen 
that a reasonable variation in input resistance 
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may be obtained with changes in the ratio 
aja 2 of the radii of the two conductors above 
and below one. 

Table 14.2. Driving-point impedance of two-wire 
folded dipole.* 


a,/a 2 Z In (ohms)=/J +yA' ln Conditions 


0.125 

1191 

4-y'676.9 


.167 

626.9 

+y344.4 


.250 

449.0 

+y'239.4 

h 

.500 

365.9 

+/184.8 

-7= = 75, 
V a ib 

.750 

348.1 

+j 172.2 

1.00 

346.1 

+/166.8 


1.33 

341.1 

+>160.8 

rs 

T 

II 

o 

<30. 

2.0 

341.7 

+>159.7 


4.0 

346.9 

+yl58.5 


6.0 

352.6 

+/158.3 

b = 10a, 


* Computed by Harrison. 26 


Table 14.3. Driving-point impedance of three-wire 
folded dipole.* 


ajat Z in (ohms)=R +jX ln Conditions 


0.250 

875.6 +;961.9 


.500 

781.7 +y'593.8 

h 

.750 

779.0 +/4S8.9 

~ ?5, 

1.00 

778.5 +>375.5 

1.33 

771.9 -^y'300.0 


2.00 

761.8 +yl98.1 

A*-*. 

4.00 

718.7 +y 52.92 

2 

6.00 

683.9 -y 17.78 

b = 10a! 


The kernel is obtained from (14.14). It is 



p 

fu p -iMn 


N 

II 

>3 

-+P m -]T- 

K 12 




£ —-7^0^13 




+ p 2m —E—, 

■*'13 

(2) 

where 





P = <? j ", 

6 = 2*13, 

(3) 

and 





m — 

0, 1, 2. 

(4) 


It is seen that there are three phase sequences, 
namely, the zero-phase sequence (m = 0), 
the 2w/3- or positive-phase sequence (m = 1), 
and the 4w/3- or — 2w/3- or negative-phase 
sequence. The three kernels are 

C +1+11 C +1+12 

m = 0: K so (z, z') = —- t -^- 

^11 K 12 
e ”^0^13 

H-„— » (5a) 

-*'13 


m = 1: Kzi(z, z') 


—E - P D- 

•''11 -*'12 


+ p 2 


e~ + 3 

Rl3 


, (5b) 


m = 2 : 


K Z2 (z, z') = 


e~ jPqRii 

^r 


+p 2 


e 

Rn 


+ P 1 


e ~iVV* is 
R 13 


(5c) 


* Computed by Harrison. 26 

The results of a similar analysis of the 
three-wire folded dipole (in which the driven 
element has a radius a x and the two coupled 
elements are at the vertices of an equilateral 
triangle and have equal radii a 3 = a 2 ) are 
given in Table 14.3. 

15. Three Antennas at the Vertices of an 
Equilateral Triangle* 

The integral equation for the current in the 
upper half (0 Si z ^ h) of each of three 
identical, parallel, nonstaggered, center-driven 
antennas placed at the vertices of an equilateral 
triangle of side b (see Fig. 15.1) is the same as 
(14.16), namely, 

f I : (z')K,_ m (z, z') dz' = Ip? (C cos /S 0 z 

J-h . (o 

+ iV 0 sinfi 0 z). ( 1 ) 


* Parts of this section are based on the work of 
Dr. C. T. Tai, refs. 50 and 51. 


These expressions can be simplified if use 
is made of the geometric fact that 

R 12 = R 13’ (6) 

and of the relations 


pm _|_ p2m _ e j2ir7n/3 _|_ e j4irm/3 

l 2 for m = 0 
\ — 1 for m = 1,2. 


(7) 


Accordingly, with (6), (7) and (14.22a, b), 
the three kernels reduce to two, as follows: 


m = 0: K so (z, z') 


e - e 

Rn R 12 

£[3 K„(z, z') - K a (z, z')], 
(8a) 


m= 1,2: K si (z, z) = K Y fz, z') 
e Mu e 

Rn Ri* 

= K a (z, z'). (8b) 



362 THEORY OF LINEAR ANTENNAS [, 111.15] 


Since the kernels for the positive- or 2n/3- 
phase sequence and the negative or 477-/3 
sequence are the same as the antisymmetric 
( 77 -sequence) kernel for two coupled antennas, 
it follows that the expansion parameter 
*F E1 = 2 must be the same as *F a , and that 

identically the same integral equation applies. 
The parameter *F 0 is evaluated in Sec. 4 and 
represented graphically in Fig. 3.3. The 
currents in the three coupled antennas 
located at the vertices of an equilateral 
triangle of side 6 and driven in either the 
positive (2t7/3) or negative (4t7/3) phase 
sequence are the same as the currents in 
two coupled antennas separated by a distance 
b and driven antisymmetrically (7r-phase 
sequence). If the driving conditions are the 
same, the 2 t 7/3- or 477 / 3 -phase-sequence 
impedance for each unit of the three-element 
array is the same as the antisymmetric 
( 77 -sequence) impedance Zg of the two-antenna 
array. This impedance is represented graphic¬ 
ally in Figs. 7.1-7.4. 

The expansion parameter of the zero-phase 
sequence for the three-antenna array is given 
by 


*F 


£0 — 


I *£0(0) I 

| ^(h - A„/4) |, 


where 


(0o h S 77/2) 
(0o* § W2) 
(9a) 


= 



z, z')Kj:o(Z’ z ') dz' 


(9b) 


and where 


g(z, z') 


sin 0 O (6 - | z' |) 
sin 0 O (6 - | z |) ' 


(9c) 


The integral (9b) is readily evaluated as in 
Sec. 3. Using (8a), the result is 

, F S0 (z) sin 0 O (6 - \ z |) 

= (C a (h, z) + 2C b (h, z)] sin fl a h 

- [S a (h, z) + 2S b (h, z)]cos0 o 6. (10a) 

Values of T L0 may be computed from (9a) 
with (10a) using the formulas for C„(h, z) 
and S a (h, z) given in (11.19.3,4) and the 
same formulas for C b (h, z) and S b (h, z) 
with b substituted for a. Numerical values 
for fi 0 h = 77/2 and 77 are shown in Figs. 3.1 
to 3.4. Since the imaginary parts of C a (h, z), 
C„(h, z), S a (h , z), and S b (h, z) are relatively 
small compared with the real parts at z = 0, 

1 3 0 h < 77/2 and at z = h — A 0 /4, /J 0 h > n/2, 


if £1 = 2 In (20/a) is large, an approximate 
value ofT E0 is 

= i(3T‘ s - T a ), (100) 


where and *F 0 are shown in Fig. 3.3. 

The solution of the integral equation for 
the zero-phase-sequence current is the same 
as the analysis for the symmetrically driven, 
two-unit array in Sec. 3. It is merely necessary 
to replace T" sl by V F £0 as given in (10a) and 
multiply each P and 0 function in (3.16) 
by 2. The impedance of each antenna in 
the three-antenna array when driven in the 
zero-phase sequence or in the 2 t 7/3- or 477 / 3 - 
phase sequences is obtained in the same 
manner from (7.7). Specifically, 


(•^ 0)1 — 


~ji oj 

277- 


r cos 00 h + F,(h) ± 2P 1 (h) ) 

x [T + Fj(0) ± 2P j(0)] sin 0 O 0 - [G^O) . 
1 ± 2000)] cos 0 O 0 + G00) ± 2Oi(0)j 

(ID 


For the zero-phase sequence (Z 0 ) 1 = Z <0> , 
T = Tj-o as in (10a) and the upper signs are 
used. For the positive and negative phase 
sequences (Z 0 ) 1 = Z (1) = Z (2) = Z^T = T S1 
= T‘j. 2 'F„ as in Sec. 4; the lower signs 

are used. Important special formulas for 
0 O 0 = 77/2 and 77 are obtained readily from (11). 

This completes the analyses of the special 
methods of driving that satisfy the conditions 
leading to a single integral equation. The 
general case is readily constructed as follows: 

Zero-phase sequence, m — 0: 

V 10 = V 20 = v 30 = v (0) , 

Il0 = 120 ~ I30 = ^ <0> > 

2Tr/3-(positive) phase sequence, m — 1: 

^10 = V<», f 20 = P V {1) , 
v 30 =P 2 F (1) , 

Iio=I a) . ho = pI (1 \ 

I 3 0 = p 2 / (1) ; 

4n/3-(negatwe) phase sequence, m = 2: 

V w = V {2 \ V 20 = P 2 V {2 \ 

v 30 = P*F <21 = pF« 2) , 

ho =I (2) , ho=P 2 I {2 \ 

ho = P*l {2) = Pl {2) - 


( 12 a) 


(126) 


(12c) 
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The general case of arbitrary driving voltages 
is given by 

F 10 = F‘« + F<» + F <2) , (13a) 

F 20 = F<«> + pF (1) + p 2 F (2) , (136) 

F 30 = F (#) + p 2 F (1) + p 4 F< 2 > 

= F<°> + p 2 F< 4 > + pF (2) . (13c) 

The combination of the three phase-sequence 
voltages F <0) , F <4) , and F (2) to give three 
different driving voltages F 10 , V 20 , and F 30 
is shown schematically in Fig. 15.2. 

Since the currents in the three antennas 
due to the separate application of each of 
the phase-sequence voltages are in the same 
relative phases as are the voltages, it follows 
that the currents due to the superposition of 
the three driving voltages are 

I 10 = V°> + / 0 (1) + V 2) . (14a) 

ho = V 0) + Ph (1) + P 2 1 0 (2) , (146) 

ho = V #) + P% W + Ph <2 ’- (14c) 

These may be solved for the phase-sequence 
currents as follows: 

/o (0) = Wio + ho + ho)’ (15a) 

h ll) = Wio + P 2 ho + Pho)> (15 b) 

h m = Uho + Pho + P%o)- (15c) 

However, by solving the integral equation 
for each of the phase-sequence currents, the 
following results have been obtained: 

j/io) _ p(D = /(»Z a) , 

F< 2 > = /< 2 >Z (2) , (16) 

where Z <0) and Z a> = Z (2) = Z a are given 
in (11). By substituting (16) in (13) and then 
replacing the currents by (15), the following 
general equations are obtained in con¬ 
ventional, coupled-circuit form: 

F 10 = hoZn 4" ho z iz + I 30 Z 13 , (17a) 
Fjq = ho z zi + ho Z 22 4" ho Z 23> (176) 
^30 = hoZa 4- I 20 Z 32 4" ^ 30 ^ 33 ' (17c) 
where 

Zu = h(Z w + 2Z<D), .-=1,2,3; 

(18a) 

Z i3 = 3 -(Z <0) - Z H) ), i*j, 

i,j = 1, 2, 3. (186) 

Use has been made of the equations p 4-p 2 = 
— 1 and Z< 2 > = Z (1) . In (17), the Z it are the 


equal self-impedances of the identical antennas 
in one another’s presence, the Z u the mutual 
impedances. They may be evaluated from 
the input impedances Z <0) and Z a) for the 
zero-phase sequence and the 27r/3-phase 
sequence as given in (11). With self- and 
mutual impedances known, (17) may be solved 
for the input currents and the input im¬ 
pedances if the driving voltages are given. 

The input impedance of antenna 1 is given 

by 


MO 

_ — Z„)(Z zl - + 2 Zfj) 

(Z u + Z^ — Z i} (V 20 + F 30 )/F 1# 

3Zd>Z< °> 

= 2 Z<°> + Z'D - r(Z«°> - Z<D) ’ (19 ^ 

where r = (F 20 + F 3 # )/F 10 . 

These formulas are valid if the subscripts 1, 2, 
3 are permuted, so that Z 20 and •^30 also 
are available. 

The following special cases are included 
in (19). 

(а) Three antennas driven in zero-phase 
sequence (the symmetric case): 

F 30 — F 20 — F 10 , Z 30 = Z 20 = Z 10 = Z5, 

(20a) 

where Z\ is the impedance of any one of 
three symmetrically driven antennas. 

( б ) Three antennas driven in positive- or 
negative-phase sequence (the antisymmetric 
case): 

F 30 = F 10 e±t2W3, V 20 = V 10 e-M, 

Z 30 = Z 20 = Z 10 = Z“, (206) 

where Z° is the impedance of any one of 
three antennas driven in the 120 ° phase 
sequence or the impedance of either one of 
two antennas driven antisymmetrically as 
defined in Sec. 7. 

(c) Two antennas driven in phase by 
equal voltages; one antenna parasitic with 
no load: 

^30 = (^20 = V10, 

r ^ 3 Z\Z- 

Z 2 o - Z io - z* + 2Z° • (20c) 

(d) Two antennas driven 180° out of phase; 
one antenna parasitic with no load: 

F 3 o = 0, F 20 = — F 10 , Z 20 = Z 10 = Z« 

( 20 d) 
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Note that in this case the parasitic antenna is 
in the neutral plane and carries no current, 
so that it may be removed without thereby 
changing anything electrically. 

(V) One antenna driven; two antennas 
parasitic with no load: 

y _ y _ q 7 _ 3 Z S Z° 

(20e) 

When the distance 6 between any two of the 
three antennas is sufficiently small (b A 0 ), 
Z a is simply the input impedance of a section 
of transmission line with an open end and 
a length h. 

Three-element folded dipole. If the three 
antennas are closely spaced (b <: A 0 ) and both 
ends of each antenna are bent 90° to join in 
star connections, the symmetric impedance 
Z s is essentially the same as before the ends 
were connected. On the other hand, the 
antisymmetric impedance Z a now is the 
impedance of a closed-end section of trans¬ 
mission line of length h — b\2. The termi¬ 
nating bridge is not a straight conductor of 
length b but a somewhat longer conductor 
with a 120° bend at its center. If the length 
h — b\2 is adjusted so that Z a is very large 
compared with 2Zj, (20c) gives 

Z 10 = 3 Z\ = 3 (Z 51 + 2 Z 12 ). (20 f) 

This formula gives the impedance of a triple 
folded dipole, just as (12.166) gives the 
impedance of the ordinary two-element 
folded dipole. It yields an impedance that is 
approximately nine times that of an isolated 
dipole. In particular, with fl = 10, 6/A 0 = 0.01, 
and f) 0 h == n/2, Z 10 = 771 + /341 ohms com¬ 
pared with Z 0 = 86 + y42 ohms for the 
isolated single dipole. 

A possible group of arrays not contained 
in (19) involves a load or tuning impedance 
at the center of the parasitic antenna or 
antennas in (20c)-(20e). Consider, for example, 
a single driven unit, No. 1, with impedances 
Z /2 and Z i3 at the centers of the other two. 
In this case 

^30 = ~^30^L3< ^20 = ^ 20 ^£ 2 > ( 21 ) 

so that, with Z„ = Z u , Z i} = Z 12 , (10a-c) 
become 

% = hoZll + ^20^12 + ^30^13’ (22 a) 

0 = 110^12 ~b ^ 20(^11 ~b Z L2 ) "b ^30^12' 

(226) 

0 = /lO-Zi2 "b ^ 20^12 “b ^ 30(^11 "b Z L3 ). 

(22c) 


The three currents are given by 

K^n + 2X^11 + Zls) ~ Zh]> 

(23 a) 

1 20 = g ^ 12(^11 + Z a — Z 12 ), (236) 

^30 = 2?i 2 (Zn -)- Z L2 — Z 12 ), (23c) 

where 

D = Z n [(Z n + Z L2 )(Z n + Z L3 ) — Zf 2 ] 

+ Z 1 2 2 [2(Z 12 - Z u ) - (Z L2 + Z^]. (24) 
The impedance seen by the generator is 

Zjo = y22 = Z X1 — Z (25a) 

i io 

where 

Zf 2 [2(Z n - Z 12 ) + (Z L2 + Z^] 

(^11 + Z i2 )(Zn + z l3 ) — Zf 2 

(256) 

Note that when Z L3 = Z L2 = 0, (25a) reduces 
to (20c) as it should. By making Z L2 and Z L3 
appropriate reactances, a great variety of 
relative phases and magnitudes of the currents 
in the three units may be obtained. 

Using the generalized method for analyzing 
closely spaced folded antennas described in 
the second half of Sec. 14, Harrison 26 has 
determined the driving-point admittance F in 
of a three-antenna array with the elements 
arranged at the vertices of an equilateral 
triangle, as shown in Fig. 15.1, for a variety 
of different interconnections of the ends. 
In each case a single generator with voltage 
V 10 is at the center of element 1, while 
elements 2 and 3 are not driven, that is, 
V 20 = V 30 = 0. All of these admittances 
are in the general form 

Yin = 9Z~ e + 180 In (6/a) ’ (26) 

where Z e is the input impedance of an isolated 
center-driven antenna of radius a e — Tab 2 . 
For the several cases P in (26) has the fol¬ 
lowing values: 

(a) Elements 1 and 3 connected at top; 
elements 1 and 2 connected at bottom: 


/ sin 2/? 0 6 \ 

\ 1 — cos 2/3 0 h/ 


(27a) 


The input impedance Z- ln = 1 / Fj n as com¬ 
puted from (26) with (27a) for Cl e = 2 In (26/a f ) 
= 10, 6/a = 10 is given in Table 15.1. Use is 
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made of second-order values of Z e for 
Q = 10 as given in Chapter II. 


has been made of second-order values 
of Z e for Q = 10 as given in Chapter II. 


Table 15.1. Input impedance of symmetric 
three-element folded antenna, formula (26) 
with (27a). = 10, bja = 10.* 



In 

(ohms) 

In 

(ohms) 

0.5 

0.0 

- 19.9 

0.52 

.0 

0.0 

1.1 

73.1 

+ 839.0 

1.2 

744.9 

+ 1600.0 

1.3 

1581.0 

- 291.2 

1.4 

688.4 

- 124.6 

1.5 

622.0 

+ 183.0 

1.57 

778.5 

+ 375.3 

1.6 

902.0 

+ 443.1 

1.7 

1792.0 

+ 190.9 

1.8 

1310.0 

-1309.0 

1.9 

363.0 

-1059.0 

2.0 

124.5 

- 718.2 

2.2 

23.5 

- 366.6 

2.3 

10.7 

- 260.6 

2.6 

0.03 

- 14.8 

2.62 

0.0 

0.0 

2.9 

357.8 

+ 7.1 

3.1 

1747.0 

+ 3572.0 

3.14 

2250.0 

-3924.0 

3.2 

179.1 

-1257.0 


* Computed by Harrison. 26 


(6) Elements 1 and 2, 1 and 3 connected 
at top; elements 1 and 2 connected at bottom: 

p = _ cot ffo h / 3 - 8 sin 2 £q h \ 

4 \ cos 2(1 fh /' ’ 

(c) Elements 1 and 2 connected at top; 
no connections at bottom: 

= tan ft 0 /t(8 cos 2 p 0 h - 1) 

4 cos 2/So/t ' ’ 


Table 15.2. Input impedance of three-wire 
folded dipole, formula (26) with (lie ); 
a, = 10, bja = 10.* 


/S 0 A 

in 

(ohms) 

x ln 

(ohms) 

0.5 

0.1 

+ 234.7 

1.1 

261.8 

+ 1572.0 

1.2 

3170.0 

+ 1793.0 

1.3 

1216.0 

- 713.5 

1.4 

657.8 

- 186.4 

1.5 

634.4 

+ 162.0 

1.57 

778.5 

+ 375.3 

1.6 

882.7 

+ 457.0 

1.7 

1662.0 

+ 498.2 

1.8 

2142.0 

-1011.0 

1.9 

805.3 

-1461.0 

2.0 

287.0 

-1069.0 

2.3 

36.4 

- 480.0 

2.6 

7.8 

- 247.8 

2.9 

1.2 

- 100.9 

3.14 

0.0 

0.0 

3.2 

0.7 

+ 24.4 

3.4 

1.5 

+ 11.3 


* Computed by Harrison. 26 


The four following cases, (/) through (i), 
lead to the same formula, namely, 

P = tan 2j5 a h : (27/) 

(/) Elements 1 and 2, 2 and 3 connected 
at top; elements 2 and 3 connected at bottom; 

(g) Elements 1 and 2, 1 and 3 connected 
at top; no connections at bottom; 

( h ) Elements 2 and 3 connected at top, no 
connections at bottom; 

(/) Elements 2 and 3 connected at top and 
bottom. 

It is to be noted that lossless conductors 
and perfect open and short circuits are 
assumed with no end corrections. 


(d) Elements 1 and 2 connected at both 
top and bottom: 

1 /cos 2(l 0 h 4- 2 cos 2 j 3 0 h 
~ 2 \ sin 2{l 0 h 

(e) Elements 1 and 2 connected at both 
top and bottom; elements 1 and 3 connected 
at both top and bottom: 

P = —cot fl 0 h. (27e) 

The input impedance Z in = l/y in as com¬ 
puted from (26) with (27 e) for Cl e = 2 In (2hja e ) 
= 10, bja — 10 is given in Table 15.2. Use 


(21d) 


16. Four Antennas at the Corners of a Square 

The integral equation for the current in 
the upper half of each of the four identical, 
parallel, nonstaggered antennas placed at 
the corners of a square of side b 12 = b and 
diagonal b 13 = b^2 is the same as (14.16) 
and (15.1). The kernel in this case is obtained 
from (14.15) with n — 4. It is 




e | 

0^13 


g— f/V*12 
, e~^o R n 


( 1 ) 
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where 

p = e», 6 = n/2, 

so that 

P=h P 2 =-l» P 3 =~j, 

P 4 = I- 


With n = 4, it follows that 


( 2 ) 

(3) 


m = 1,3: K E1 (z, z') = K S3 (z, z') 


e —iP b Rn 


g ~ iPoRia 
Eli 


, (76) 


m=2: K X2 (z,z') 


g—iPoR ii 


m = 0, 1, 2, 3. (4) 

The four phase sequences are illustrated 
schematically in Fig. 16.1. They include the 
zero-phase sequence (m = 0) with all antennas 
in phase; the tt/ 4- or positive-phase sequence 
(m = 1) with the current in antenna k + 1 
leading that in antenna k by ir/4; the w-phase 
sequence (m = 2) with currents alternating 
in direction around the square; and the 3 jt/4-, 
—T7 -/4-, or negative-phase sequence with the 
current in antenna k + 1 leading that in 
antenna k by 3 tt/4. 

The four kernels are 


- 2 





e ifioRu 

Rl3 


(7c) 


If these three kernels are substituted for the 
kernel in (15.96), the corresponding expansion 
parameters may be evaluated from (15.9a) 
with appropriate changes in subscripts and 
with 


^o^sin (i 0 (h — | z |) = [C a (h, z) 
+ 2 C b (h, z) + C c (h, z)] sin fi n h 
+ [S a (h, z ) + 2S b (h, z) 


m = 0: K zo (z, z') = 


*,, 




R , 


e g—ifioR 14 

+ —-+ —-. (5fl) 


*, 


*, 


g—iPoR n g iPoRn 

m= 1: A sl (z,z)= R +;■ 


n 


R , 


e -iPoRu g -Vu 

j n- > (56) 


m = 2: jFC S2 (z, z') = 


*13 *14 

g —jPoRu g —jPoRn 


*, 


R , 


+ £,.(6, z)] cos /J 0 6, (8a) 

«F 21 (z)sin,/3 0 (A-|z|) 

= [C 0 (A, z) — C c (A, z)] sin ^ 

+ [S«(A, *) “ ‘^(6, 2 )] cos /i 0 6, (86) 

^ 2 (z) sin /? 0 (A-|z|) = [C o (A, z) 

— 2C b (h, z)+ C c (h,z)} sin p 0 h 
+ [S a (h, z) - 2S b (h, z) 

+ S c (h, z)] cos p 0 h. (8c) 


g J-V ( i3 g~iPoRn 


Rr 


*, 


, (5c) 


e ~}PqRh g —iPt>Rn 

w=3: K^ 3 (z,z) = ~ - j ■ 


“Vi! 

*ia 


R 12 

c —iPoRu 

j~R—- W 

-“14 


These expressions can be simplified if use 
is made of the following geometric condition: 

*12 = * 14 ’ ( 6 ) 

With (6), (5) becomes 


The functions C c (A, z) and S c (h, z) are like 
the corresponding functions with subscript 
a defined in (II.19.3) and (II.19.4) but with c 
substituted for a, where c — 6 13 = 6 v 2. 

With the expansion parameters for the 
four phase sequences evaluated, the corre¬ 
sponding currents and impedances may be 
determined just as for two and three antennas. 

The general case in which each of the four 
antennas is driven by an arbitrary voltage 
may be solved by superposition using the 
following relations: 

V 10 = F<°> + + F (2) + F< 3 >, (9a) 


m = 0 : 


E^o(z, z') — 


c —iPoRu 


+ 2 


g —jPoRu 
*12 


g 

*13 ’ 


(7a) 


V 20 = F<°> + jV™ - F< 2 > -jV™, (96) 
F 30 = F<°> - F< x > + F< 2 > - F< 3 >, (9c) 

F 40 = F«» —jV a) - F (2) + y r< 3 >. (9 d) 
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Alternatively, solving for the phase-sequence 
voltages, 

F <0) = l(V 10 + V 20 + F 30 + V i0 ), (10a) 

v w = i(V 10 — jV 20 - V 30 + jV i0 ), 

(106) 

v {2) = UV 10 - V 20 + V 30 - V i0 ), (10c) 

y {3) = av 10 +jv 20 - y 30 -jv *,«>. 

(lOrf) 

The same equations apply to the currents if 
I is substituted for V in (9) and (10). By setting 

ym _ /(o) 2 (o) > ya) _ /(D / z(i) ) 

yi 2) _ /(2)2<2) ( y( 3) _ J(3)Z<3) (11) 

in (9) and substituting (10) with I written 
for V in the resulting equations, the following 
results are obtained: 

V,o = 1 hoZu, i=l,2, 3, 4. (12) 

;=i 

The evaluation of the self-impedances Z ti 
and the mutual impedances Z u is facilitated 
if note is taken of the following relations 
which are a consequence of geometrical 
and electrical symmetry and the reciprocal 
theorem: 

Z<« = Z‘ 3 >, (13a) 


Z n — z 22 — Z 33 — z 44 . 


(136) 


Z 12 — Z 23 — Z 34 — Z 41 — Z 21 — Z 32 

— ^43 = ^ 14 > (13c) 


Zi 3 — z 24 — Z 31 — Z 42 . (13 d) 

With (13 a-d) the following impedances are 
obtained directly: 

Z u = KZ (0) + 2Z (1) + Z< 2 >), (14a) 
Z 12 = J(Z <0) - Z (2) ), (146) 


Z 13 = J(Z (0 > - 2Z<K + Z< 2 >). (14c) 

Alternatively, solving for the sequence im¬ 
pedances, 

Z {0) = Z u + 2Z la + Z 13 , (15a) 

z (1) = z u - Z 13 , (156) 

Z< 2 ) = Z u - 2Z 12 + Z 13 . (15c) 

The symmetry between the phase-sequence 
impedances and the self- and mutual im¬ 
pedances in (15a-c) and the phase-sequence 


kernels and the exponential terms in (7 a-c) 
is apparent. 

With (14a-c) used in (12) with (13) the 
currents in the four antennas due to arbitrary 
driving voltages may be determined. 

Using the generalized method for analyzing 
closely spaced antennas described in Sec. 14 
under the heading “Folded antennas,” 
Harrison 26 has determined the driving-point 
admittance Y in of a closely spaced four- 
antenna array with the four elements at the 
corners of a square of side 6, and inter¬ 
connected at the ends in a variety of ways. 
Unit 1 is center-driven, units 2 and 4 are 
adjacent to 1, and unit 3 is at the end of the 
diagonal. All admittances are in the form 


Fin 


1 

16Z e 



(16) 


where Z e is the input impedance of an isolated 

center-driven antenna of radius a e = v ^a6 3 V2. 

(a) Top connections: 1 and 4, 2 and 3; 
bottom connections: 1 and 2, 3 and 4: 


P = —cot fi n h 

X f 3 ln Wa) - In V2 - 2 sec 2{l 0 h In (6/a V2) 1 

X [ (ln 6/a) 2 — (ln V2) 2 J’ 

(17a) 

The input impedance Z in = 1/F in as com¬ 
puted from (16) with (17a) is given in Table 
16.1 for Q e = 2 ln (2h/a e ) = 10, 6/a = 10. 
Use has been made of second-order values 
of Z e for Q — 10 as given in Chapter II. 


Table 16.1. Input impedance of four-wire 
reentrant loop, formula (16) with (17a); 
Q e = 10, 6/a = 10.* 


M 

R ln 

(ohms) 

x in 

(ohms) 

0.9 

0.2 

+ 1-4 

1.1 

10.4 

+ 423.4 

1.2 

67.7 

+ 705.8 

1.3 

616.8 

+ 1188.0 

1.4 

1119.0 

+ 402.5 

1.5 

960.7 

+ 480.3 

1.57 

1384.0 

+ 667.0 

1.6 

889.4 

+ 312.9 

1.7 

1750.0 

-1604.0 

1.8 

306.5 

-1155.0 

1.9 

80.6 

- 698.8 

2.0 

276.8 

- 457.4 


* Computed by Harrison.*® 
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( 6 ) Four-wire folded dipole—top and bot¬ 
tom connections: 1 and 2, 2 and 3, 3 and 4, 
4 and 1: 


P = 


3 In {bid) - lnV2 ' 
(In 6 /a ) 2 - (lnV 2 ) 2 . ' 


(176) 


The input impedance Z- m = 1 /F in as com¬ 
puted from (16) with (176) is given in Table 
16.2 for Q e = 2 In (2 h/a e ) = 10 , bja = 10 . 
Use has been made of second-order values 
of Z e for A = 10 as given in Chapter II. 


Table 16.2. Input impedance of four-wire 
folded dipole, formula (16) with (176); 
Q e = 10, b/a = 10.* 


fioh 

R ia 

(ohms) 

x in 

(ohms) 

0.9 

3.7 

+ 531.3 

1.1 

57.8 

+ 996.6 

1.2 

387.0 

+ 1651.0 

1.3 

2424.0 

+ 1080.0 

1.4 

1264.0 

- 0.5 

1.5 

1060.6 

+ 386.6 

1.57 

1384.0 

+ 667.0 

1.6 

1663.0 

+ 737.0 

1.7 

3052.0 

- 720.8 

1.8 

1042.0 

-1941.0 

1.9 

289.1 

-1301.0 

2.0 

111.9 

- 914.7 


* Computed by Harrison. 29 


17. Cage Antennas 

Cage antennas are arrays of N closely 
spaced parallel antennas excited in the 
zero-phase sequence so that all currents are 
in phase. The kernel for an /V-unit array is 


where 


r h c -+>+1 

= g(z, z ') —B - dz '> 

J-h r<il 


R n = ^(z - z ') 2 + « 2 , (4a) 


C h eSWu 

'VbizO) = g(z, z') —- dz’, 

J — h -*M 2 


R 12 = V(z - z ') 2 + 6 2 2 , (46) 


r 


'*'i.i 3 ( z ) = I g(z, z') e .f" dz'. 


Rv 


*.uU) : 


V(z - z') 2 + 6 2 3 , (4c) 

-*Aj 


J+ <z - z, t; 


dz’. 


"d(g — z') 2 + 6]^. {Ad) 


The distance between centers of antennas 1 
and 2 is 6 12 ; between antennas 1 and TV it is b lN . 

As shown in Sec. 5, for sufficiently closely 
spaced antennas for which 


Wu 1> i — 1,2,''’ N, 


(5) 


it follows that 


»*«(*,) = VflW - 2 In (6„/a), (6) 

where z r = 0 for PJi ir/2, z T = h — A 0 /4 
for Pgh Hit. Hence, 


^o = | ^ 0(^)1 


WflW ~ 2 2 In (6»/a) 


i=2 


(7a) 


Nj^q{z, Z ) 


^ r' -Mi 
i=l R^i 


( 1 ) 


= |A^«(*r) 

— 2 In (6 12 6 13 6 14 ■ • • b ly ja N ~ 1 ) \ . (76) 


and the expansion function is 

’FeoOO = J ^( z > z ')K'z;o( z . z ') cfe'. ( 2 ) 

where^(z, z) = sin /J 0 (6 - | z' |)/sin /3 0 (A — | z |). 
This may be expressed as follows: 

^(z) = 'Yki(z) + ^isfr) + *«*(*) 

+ •••, (3) 


Using this formula of the expansion para¬ 
meter, the current in and impedance of each 
of the N antennas forming the cage may be 
determined just as for a single antenna. 

For antennas that satisfy the condition 
P 0 h ^ 1, a satisfactory approximate value of 
the expansion parameter for a single antenna is 

Y k1 = 2[ln (26/a) - 1], (8) 

Since the contribution toT^ by the imaginary 
part of V E1 {z T ) is not great, an approximate 



370 


THEORY OF LINEAR ANTENNAS 


[III. 17] 


formula for (lb) is obtained by replacing 
'F i - 1 (z r ) by 'Fjj as given by (8). The result is 

'I Vo = N'¥ X1 - 2 In (b 12 b 13 b u ■ ■ ■ b ls la*-i) 

(9 a) 

— 2 In mriab 12 b 13 - b lfl ]. (9b) 

It is a simple matter to determine the radius 
a e of a single antenna carrying N times the 
current of each unit in the cage and having 
l IN times the impedance. It is necessary merely 
to set a = a e in (8), multiply (8) by N, and 
equate the result to (9b). Thus, solving for 
a e , and in confirmation of (14.48), 

a t = ^ob^ 3 bi 3 bn ■ • • b^ x . ( 10 ) 

Therefore, a cage antenna consisting of 
N closely spaced, parallel, identical units 
arranged at regular intervals around a circle 
is approximately equivalent to a single 
antenna of much larger radius, in the sense 
that the total current and its axial distribution 
are approximately the same, and its impedance 
is l/N that of the individual units if these 
are all driven separately. A simple method 
of driving a cage antenna is to have the N 
conductors forming each half of the cage 
converge at the center to form a single pair 
of terminals. 

18. Current and Impedance of Antenna with 
Corner Reflector* 

An important directional antenna consists 
of a single linear radiator placed midway 
between two intersecting flat metal sheets. 
The antenna and the metal sheets are per¬ 
pendicular to the xy'-plane; the antenna is 
parallel to and at an arbitrary distance from 
the junction line of the two metal sheets 
which meet at an angle 8. The arrangement 
is illustrated in Fig. 18.1, and in Fig. 18.2 for 
angles 8 = 180°, 90°, 60°; in each case the 
antenna is at A. 

A rigorous analysis of the distribution 
of current and impedance of the single 
linear radiator is not available for metal 
sheets of finite size and conductivity. However, 
if the sheets are highly conducting and quite 
large compared with the length of the antenna, 
and if this is not located near the mouth 
of the reflector, a reasonable approximation 
may be obtained by assuming the metal 
sheets to be infinite in conductivity and 
extent. (This is not true of the field.) 


* Part of the material in this section is taken from 
the work of Dr. C. T. Tai, ref. 50. 


The approximate analysis of the antenna 
between finite but large plates is readily 
carried out by means of the theorem of 
images. By arranging a symmetric group 
of N — 1 image antennas in such a manner 
that the resultant tangential component 
of the electric field vanishes along the per¬ 
fectly conducting planes, these planes may 
be imagined removed completely, leaving 
the problem of N antennas in the 180° phase 
sequence. The configuration of conductors 
and images is shown in Fig. 18.2, where 
downward currents are denoted by + and 
upward currents by —.As described in Sec. 
14, the phase difference between adjacent 
units is given by md, where 8 = 2ir/N. The 
only phase sequence involved here is the 77 - 
sequence, for which m — N/2, so that the 
increment of phase change from one antenna 
to the next adjacent one is N8/2. The choice 
of the angle 6 and the distance from the 
linear radiator to the junction of the two 
metal planes is determined from the desired 
directional properties of the array. 

If the angle 8 is also chosen to be it, so 
that N = 2, an antenna parallel to a perfectly 
conducting plane is obtained. This is the 
antisymmetric case discussed in Sec. 7. 

If the angle 8 is made tt/ 2, it follows that 
N— 4 and the expansion parameter is 
obtained from (16.8c) used in conjunction 
with (15.9a) with appropriate changes in 
subscripts from 0 to 2. In the important 
special case defined by Ptf 1 — w /2, the ex¬ 
pansion parameter reduces to 

'if 2 = | C a (h, 0) - 2 C b (h, 0) + C c (h, 0) | 

( 1 ) 

and the formula for the impedance is 


'_ C a (h, 0) - C bi (h, 0) _‘ 

2T” 22 + E a (h, 0) - C a (h, 0) - S a (h, 0) , 

- E bi (h, 0) + C bi (h, 0) + S bi (h, 0) 

(2) 

where 

C bi (h, 0) = [2 C b (h, 0) - C c (h, 0)], (3a) 

S bi (h, 0) = [2 S b (h, 0) - S c (h, 0)], (3b) 

E bi (h, 0) = [2 E b (h, 0) - E c (h, 0)]. (3c) 

In ( 1 H 3 ), h = A 0 /4, c= b 13 = bV2. 
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As a numerical example, consider a corner- 
reflector antenna consisting of a linear 
radiator ( h = A 0 /4, 0. — 2 In 26/a = 20) center- 
driven by a slice generator between semi¬ 
infinite reflecting planes meeting at right 
angles (9 = w/2) at a distance 6 i 3 /2 — 2 0 /V'2 
from the radiator. (The distance from the 
radiator to each plane is 6 la /2 = A 0 /4.) 
The impedance as determined from (2) is 

Z r2 = 70.4 + /98.0 ohms. (4) 

It is interesting to compare this value with 
the corresponding impedance for the same 
antenna when the angle of the reflector 6 
is xr so that the antenna is at a distance ^ 12/2 — 
A 0 /4 in front of a single, perfectly conducting 
plane. This is simply the antisymmetric 
impedance of two antennas separated by a 
distance 6 12 = 2 0 /2, as given in Sec. 4. It is 

Z a = 86.8 + y'65.7. (5) 

The corresponding impedance for the same 
antenna when isolated is obtained from 
Table 11.30.1. It is 

Z 0 = 78.5 + /43.6. (6) 

The effect of the reflector in changing the 
impedance of the antenna is seen to be 
significant. 

19. Parallel Arrays with all Elements Driven; 
Broadside and End-Fire Arrays; Circuit 
Properties* 

The most important arrays of identical, 
parallel, nonstaggered, center-driven antennas 
consist of N units spaced at equal intervals 
b along a straight line, as shown in Fig. 19.1. 
In one class of arrays, the N currents are made 
equal in magnitude by appropriate driving 
voltages, and it is the phase relations that 
determine the different field characteristics 
of different arrays. For example, in the broad¬ 
side array all currents are in phase; in the 
end-fire array the phase of the currents 
increases from one antenna to the next by 
an angle b. In another class of arrays, 
the magnitudes of the currents decrease in a 
prescribed manner from the center of the 
array outward in both directions. 

Since there are no conditions of symmetry 
in an array of antennas uniformly spaced 


* The three-element broadside array was analyzed 
first by Dr. C. W. Harrison, Jr., ref. 23, using a 
method that did not take account of the coupled 
antennas in the kernel but only in a correction term. 


along a straight line that make it possible 
to reduce the N simultaneous integral 
equations given in (14.7) to a single equation, 
the conclusion is inevitable that the deter¬ 
mination of the N currents and N impedances 
in terms of arbitrary driving voltages involves 
the solution of N simultaneous integral 
equations. Fortunately, an approximate 
solution of the important inverse problem of 
determining the N voltages required to 
maintain N currents with specified relative 
magnitudes and phases is possible. 

The integral equations for the currents 
in the upper halves (<5 SI z ^ h) of the N 
coupled antennas are given by (14.7). They 
may be expressed as follows: 


'h 

Imz(Zjn)Kp(.Zz m ) dz m 
-h 

= (C m cos /Vm + i Y 0m sin 0 o z m ), 
m = 1, 2, • • •, N, (la) 


where the kernel is given by 

K t 7 \ - V *<*(*<) e ~^° Rmi 


and where 


1 ImzOm) Rmi 

m = 1, 2, • ■ •, N, (16) 


Rmi = V(z m - Zf ) 2 + b 2 mi> 

Rmm = ^(Z m T Z'J 2 + a 2 . (1C) 

The distance between the centers of antenna 
m and antenna i is b mi = \ m — i | 6, where 
6 is the equal distance between adjacent units. 

The N kernels K v (z m , z' m ) are functions 
of the distributions of current in all antennas 
and of the distances R mi . They are not 
independent. However, an approximate solu¬ 
tion of (la) may be obtained by assuming 
that the distributions of current as functions 
of z' are the same in all N units, but without 
thereby restricting the magnitudes or the 
phases of the input currents at z = 0. It is 
readily argued that this is a satisfactory 
approximation for identical antennas. 
Indeed, it has already been shown in the 
analysis of two coupled antennas driven 
either in-phase or 180° out-of-phase that the 
distributions of current do not differ sig¬ 
nificantly from each other or from the distri¬ 
bution along an isolated antenna, provided 
/?oA does not greatly exceed tt/ 2. When fl 0 h 
is near tt, the distributions differ considerably 
for very closely spaced antennas, but as the 
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separation is increased, the currents must 
become more and more nearly alike. Let it 
be assumed, therefore, that it is a good 
approximation to set 


where 

T', m = | **V(0) | = 1^=01 , (fioh < W2) 

(6a) 


liz(Zf) 

f rn z(~m ) 




( 2 ) 


where k mi is the specified real ratio of magni¬ 
tudes and S mi is the specified phase difference 
between the currents in antennas k and m. 
Substitution of (2) in (la) gives 


K v(z m > z'm) = J.k mi 


Rr, 


m = 1, 2, • ■ •, N. (3) 


The N kernels defined in (3) are not alike. 
They are not and can not be made independent 
of m, since, for geometric reasons, 

Rmi ^ Rm+q,i+q< (4) 

where q is an integer, for all values of m and i 
from 1 to N. 

However, since all quantities in (3) are 
assumed to be known for all values of m, 
the N kernels can be evaluated independently. 
In particular, (la) can be solved separately 
for I mz (z) for each value of m. Thus, it is 
seen that the restrictions on the current con¬ 
tained in (2) have reduced the N simultaneous 
integral equations for determining N inde¬ 
pendent currents to N independent integral 
equations for determining the N voltages 
V m0 that are required to maintain the N 
specified currents. 

Since (la) differs from the corresponding 
equation for two antennas only in the number 
of terms in the kernel, the formal solution 
for the current and the impedance as a function 
of the driving voltage may be carried out 
directly as in Secs. 3 and 7. The expression 
for the input impedance of antenna m in the 
presence of N — 1 parallel antennas all so 
driven that they have preassigned currents 
is like (7.7) with additional P and Q terms 
each multiplied by the appropriate ratio 
and phase factors for the current. Thus, 

[(ZJhJi = x 

Zjr 

f TV cos fij, + F.ih) + P ix (h) ) 
[TV + Fi(0) + P 1S (0)] sin fij, - [Gj(0) , 

l + Qis(0)] cos fiji + [G^A) + 0 12 (/i)]j 

( 5 ) 


TV = I Vvmih - 4/4) I = |«KA - 4/4) |, 
(Poh > "ID (6b) 

= [C a (h, z) + 2 k mi ei d miC bm .(h, z)] sin fl 0 h 

i = 1 
i^m 

— [S a (h, z + 2 k mi ei e miS bm .(h, z)] cos P„h. 

i = 1 

(6c) 


Also, 


Pix(z) = 2 k mi ei e m‘P lmi (z), (la) 

i = 1 

Qijfr) = 2 k mi e*~iQ lm &\ (lb) 

i=i 

i^m 


Plmi(z) 


— 

J—h -Kmi 


dz' 


-C K .(h, z) + E„ mi (h, z) cos fijj, 

(8a) 


Olmi(z) 


= -f 

J-h R 


—OpQRmi J , 

dz 


-S bm .(h, z ) + E bmi (h, z) sin [i n h , 

m 


Rmi = ^(z m - Z;) 2 + b^i, (8c) 


and Fj(0), F^h), G x (0), and G^h) are 
given in (7.8) with TV substituted for T’. 
Note that b mi is the distance between centers 
of antennas m and i. When N = 2, 6 mi = 0, 
k m i = 1. (5) reduces to (7.7) for two sym¬ 
metrically driven antennas. Alternatively, 
when N = 2, 9 mi = it , k mi = 1, (5) reduces 
to (7.7) for two antisymmetrically driven 
antennas. 

By evaluation of the functions P 1S and 
0 in together with the expansion parameter 
TV for each value of m, the input impedance 
of each antenna in the presence of the others 
may be determined. Note that, in general, 
the antennas are in identical pairs except 
for the central unit for N odd, so that the 
number of different values of these functions 
is N/2 for N even, ( N + l)/2 for N odd. 
Multiplication of the impedances so deter¬ 
mined by the appropriate assigned input 
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current gives the driving voltages required 
to maintain these currents. 

In practice, antennas in parallel arrays 
usually have electrical half-lengths /9 0 A that 
are n-/ 2 or near tt/2. Significantly, this is pre¬ 
cisely the value of f) 0 h for which the initial 
assumption of identical distributions (but 
not magnitudes or phases) of current is best 
satisfied and for which a maximum simpli¬ 
fication of the intricate formula (5) is possible. 
With fi 0 h = w/2, (5) becomes 

[(ZM = 4 2 


C a (h,h) + lk mi e^C b Jh, h) 

i = 1 
i^m 


1 + ,p + f\v(0) + Gjh) 

+ 0lY.(h)\h = ^l2 

Except for antennas that are extremely 
closely spaced, the expansion parameter 
cannot differ greatly from the value 'E* 1 for 
each of the antennas when isolated. In most 
driven arrays of the types considered in this 
section, b is not less than A 0 /4 and frequently 
is A 0 /2. Since the term with ll'Y pm as a 
factor in the denominator of (9) necessarily 
is small compared with unity for antennas 
of small radius, it may be neglected. That this 
is indeed a good approximation has already 
been demonstrated for two coupled antennas 
with p 0 h = 7r/2 in Sec. 7 in conjunction with 
Figs. 7.1 and 7.2, in which the symmetric 
and antisymmetric impedances are seen to 
depend in a relatively very small degree on 
the value of Cl. If this term is neglected, (9) 
gives simply 

(ZJin = §2 [C a (h, h)+l k mi e^iC h Jh, A)], 

£ t7T 1 — 1 

m = 1, 2, • ••, N. (10) 
Multiplication of (10) by J m0 , noting that 

7,0 — ( 11 ) 

reveals that (10) is equivalent to 
F 10 = IioZ u + / 20 Z 12 + / 3 <)Z 13 + 

7\o^i.y’ 

1^20 — hoZn + h«Z 22 + / 30 Z 23 + 


InoZ^x, ( 12 ) 


V n — h<>Z N i 


I 2 <)Z k2 


^3oZx3 + 

’ 7 V0 Z VV , 



Zj.v = Z Nl C b Jh, h). (14c) 

Note that the self-impedances Z u of the 
coupled antennas are all the same as the 
self-impedance Z 0 of an isolated antenna. 
Moreover, the mutual impedances Z u are 
the same as if only antennas i and j were 
present. Therefore, it may'be concluded that 
for parallel arrays in which antennas of half- 
length near h — A 0 /4 are coupled, the self¬ 
impedance of an isolated antenna may be 
used for each antenna and the mutual im¬ 
pedance between any pair taken to be the 
same as for that pair when isolated. Accord¬ 
ingly, the self-impedance may be obtained 
from curves in Chapter II, or as Z sl from 
curves in Sec. 8, and the mutual impedance 
from curves in Sec. 8 for the appropriate 
value of ft = 2 In (2 h/a). For antennas farther 
apart than b/X 0 = 1, the more extensive 
curves of Fig. 8.1 or the data of Table 8.1 
may be used. 

It is significant to note that in spite of the 
initial general statement to the contrary, 
the equations (13) may be solved for either 
the driving voltages, given the current, or 
the currents, given the driving voltages. 
However, this is true only approximately 
and only in the special case of antennas for 
which /jqA == tt/ 2 and T 1S is not too small. 

The simple method of analyzing N coupled 
antennas in terms of self-impedances of 
isolated antennas and mutual impedances 
of two coupled antennas obviously is not 
valid for antennas with half-lengths that 
exceed 2 0 /4 considerably. Specifically, when 
/? 0 A = 7 t, (5) becomes 

kzj ^=^23= 

Ltt 

1 + A)] 

_ ^ pm _ 

[GjfO) + C> 1S (0) + Cj(A) + 0 1S (A)] 



( 15 ) 
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Fig. 19.1. Five-element parallel array. Fig. 19.2. Three-element broadside array. 



Fig. 19.5. Laterally driven broadside array with minimum 
antenna-line coupling. 



Fig. 19.6. Center-driven four-element broadside 0 array with 
parasitic reflectors. 
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Since the term involving the most significant 
contributions from the coupled antennas 
now appears in the factor and in the 
terms in Q in the denominator, it is not 
possible to express V m0 = I m0 (Z m ) iD as a 
simple sum of self- and mutual terms. The 
impedance (Z m ) j n can be evaluated from (15) 
and V m0 evaluated for each antenna if the 
currents are known. The reverse is not possible. 

For the broadside array, k mi = 1, 0 mi = 0 
with p 0 b = 77. For the end-fire array, 0 mi = 
±(m — i)P 0 b with ji 0 b = n/2 for unilateral 
end-fire, n for bilateral end-fire. These arrays 
are discussed from the point of view of field 
patterns in Chapter VI. The analysis in this 
section has demonstrated that common 
assumptions such as that equal driving vol¬ 
tages will produce equal currents in all units 
of a broadside array are erroneous except 
for the two-element array. The different 
impedances of the differently situated units 
require different voltages if the currents are 
to be the same. 

Conventional methods of driving parallel 
arrays in which currents in the units are 
assumed to be respectively in phase (broadside 
array) or alternately 180° out of phase 
(bilateral end-fire array) are shown in Figs. 
19.2 and 19.3 for three-element arrays. 
The transmission line connecting the units 
in the broadside array is assumed to be 
spiraled and not crossed over as shown in the 
figure so that it is the equivalent of a smooth 
line one half-wavelength long. Actually, the 
currents in the three antennas in Figs. 19.2 
and 19.3 are neither all equal in magnitude 
nor all in phase (broadside) or alternately 
180° out-of-phase (bilateral-end fire) for two 
reasons. These are: (1) the input impedance 
of the central unit differs from that of the 
two outer units, since this unit is not in the 
same position relative to the other antennas 
in the array; (2) the transmission-line end 
effects and coupling effects are different for 
the central unit from what they are for the 
two outer units. 

Let the problem of transmission-line end 
effects and coupling effects between each 
antenna and the feeding line be sidestepped 
for the present by assuming that the distance 
b between the conductors of the line is 
sufficiently small to make these effects 
negligible. If this is done, formulas for the 
ratio of the current in antenna 1 or 3 (which 
have equal currents) to the current in the 
central unit 2 are obtained readily for = 
7t/ 2, since the simple formula (13) with N = 3 


is a good approximation. With negligible 
terminal-zone effects, the two sections of 
line of length A # /2 are one-to-one trans¬ 
formers, so that the same voltage is applied 
to each of the three units. That is, 

^30 = ^20 = VlO- ( 16 ) 

Moreover, since antennas 1 and 3 are geo¬ 
metrically and electrically identical, it follows 
that 

I 30 = *, 0 . ^12 = ^23- (17) 

With (13) and (12) the following relations 
are obtained directly when N = 3: 

V 10 — ^ 10(^11 + ^ 13 ) + ^ 20^12 

= 1^20 = 2/i 0 Z 12 + / 20 Z 22 . (18) 

The solution of (18) for the ratio of currents is 


^ 20 /Ao - (^11 “I" ^13 2Z 12 )/(Z 22 Z 12 ). 

(19) 

The expressions for the impedances are 

(^i)m = (^i)in - 

1 10 

7 1 7 1 7 n + ^13 — 2Z 12 \ 

— Zj n + Z/ 12 I -=- r y~ ■■ I , 

\ *22 — '*12 / 

( 20 ) 


(Z 2 )i n - 

■*20 

= ^22 "t" 2Z 12 


( ^22 ^12 \ 
\^ii + ^12 — 2 Zj 2 / 


( 21 ) 


If all antennas are identical and have no 
series impedances, 

•Z 33 = Z 22 = Zjj = Z sl . (22) 

In this case, it is evident that / 30 = J 10 must 
differ considerably from J 20 , and (Z 3 ) in = 
(Zj) in from (Z 2 ) in since Z 13 and Z 12 are far 
from the same. For example, with L! = 10, 
b = A 0 /2; Z sl = 85.8 + ;42.7, Z 12 = 

— 15.2 — y30.4, Z 13 = 5.1 +yl8.2, as ob¬ 
tained from Tables 8.10 and 8.11. 

It is possible to make the currents all 
equal when the driving voltages are the same 
by connecting an impedance in series with 
the central unit, antenna 2. Specifically, let 

^33 = ^11 = Z sl , Z 22 = Z sl + Z 2 . 

(24) 
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Upon setting the currents equal in (19) and 
using (24), the result is 

Z 2 = Z l3 — Z 12 . (25) 

It is seen that Z 2 is quite a large impedance 
with a significant real part, so that appreciable 
ohmic losses are involved which lower the 
efficiency of transmission. Since the electro¬ 
magnetic field of a three-element array in 
which the current in the central unit is greater 
than that in the outer units may be more 
desirable than when the currents are all 
equal, it is seldom advantageous to use 
Z 2 as specified in (25) in series with the central 
unit. An alternative procedure is to connect 
reactances in series with the outer units in 
order to make the phases of all three units 
the same. That is, in place of (24), let 

■2-33 = Z lx = Z,i + jX lt Z 22 — Z sl . 

(26) 

The values in (26) now must be substituted 
in (19) and X 1 adjusted to make the expression 
real. That is, 

(Rsi + 7? 13 2 f? 12 ) 

12o _ + /(T|+ X sl + X l3 — 2X 12 ) 

ho (Rn-Ri 2 )+j(Xsi~X 12 ) 

must be real. This is true when 

Xx + X n + X 13 - 2X 12 X n - X 12 

Rsl + 2? 13 — 2 R 12 R s 1 — R 2 2 

(28 a) 

or when 

X\ = I (*.i + Rio - 2R 13 ) 

- x n - X 13 + 2X 12 . (28 b) 

Evidently 

120 __ Rsi + j?i 3 — 2 R 22 ^ 

■^10 Rsl ~ Rl2 

This ratio is frequently considerably greater 
than unity. 

Similar analyses may be carried out for 
arrays of any number of parallel antennas. 
A particularly attractive one is the four- 
element array in Fig. 19.6. 

If the line spacing b is not so small as to 
make terminal-zone effects negligible, ap¬ 
proximate terminal-zone networks may be 
designed. This is not simple, since the currents 
in the line on each side of an antenna have 
different ratios, depending on the location 


of the element in the TV-element array. 
However, since the inductive correction is 
relatively small, it may be assumed to be 
zero except for the outermost antennas, 
where L Te for the antenna as end load applies. 
The capacitive correction for each unit 
except the outer ones is as for a stub support, 
namely, 2 C TC in parallel with each antenna. 
For the outermost unit at each end of the 
line it is Ore if the antenna is a simple end 
load as in Fig. 19.2, and 2 C TC if there is a 
high-impedance stub support in parallel with 
the antenna. If the central unit is driven from 
a two-wire line perpendicular to the line 
connecting the several antennas, as in Fig. 
19.2, the junction of the three lines and the 
antenna presents a special problem, since 
there is capacitive coupling among all of 
these four components. An equivalent lumped 
capacitance may be evaluated by following the 
same general methods used in dealing with 
the parts of this problem separately in Secs. 
II.8, 9 and III. 10. Alternatively, its magnitude 
may be estimated as follows: The lumped 
capacitance required at the end of one line 
joining another in a T-junction is given by 
C T in (10.12). This is double the value for 
an L-junction. Note that it includes end 
effect on the line and the coupling between 
the lines. It is easily verified that the coupling 
between the central antenna and each of the 
two sections connecting it to the outer units 
is C Tc . This involves no transmission-line 
end effect. It may be assumed that coupling 
between antenna and main line also is approxi¬ 
mately equivalent to C Tc . Accordingly, the 
total lumped capacitance for the terminal- 
zone network is 3(C rc + C T ), where C T 
refers to (10.12). The inductive end correction 
is due only to transmission-line end effect for 
the main line. It involves a lumped series 
inductance L Te . 

The analysis of the laterally driven parallel 
array shown in Fig. 19.4 may be carried out 
by generalizing the analysis of the laterally 
driven H-antenna in Sec. 10 to more than 
two antennas. In the arrangement of Fig. 
19.5, coupling between the antenna and the 
transmission line is minimized by placing 
the antennas in the neutral plane of the line. 

End-fire arrays in which currents of equal 
magnitude and a progressive phase difference 
of 7 t/2 are maintained in successive elements 
separated by a distance b = 2 0 /4 are difficult 
to drive by any method other than properly 
adjusted individual feeder lines. For this 
reason the desirable unidirectional property 
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of the end-fire array is often achieved by a 
combination of broadside array and parasitic 
reflectors, as shown in Fig. 19.6. This is 
discussed further in the next section. 

20. Parallel Arrays with Parasitic Elements 

Theoretically, the simplest method by 
which specified currents may be maintained 
in the units of an array of parallel linear 
radiators is by means of individual trans¬ 
mission lines with provision for adjusting 
both the phase and the magnitude of each 
current. In practice, such an arrangement 
involves so elaborate a network of transmis¬ 
sion lines that it is actually useful only for large 
fixed installations. In order to obtain uni¬ 
directional field patterns (see Chapter VI), 
an alternative to driven arrays with quarter- 
wave spacing of antennas and a progressively 
increasing phase shift of one-quarter period 
per unit is to use a broadside array backed by 
a single row of parasitic elements, as shown 
in Fig. 19.6. Obviously, it is not possible to 
adjust the magnitude and phase of the current 
in parasitic elements with the same degree 
of flexibility possible in driven elements. 
However, a very wide range of variation is 
possible if use is made of the following 
variables: (1) the location of the parasitic 
elements relative to the driven ones; (2) an 
adjustable tuning reactance connected in 
series at the center of each parasitic element; 
(3) small changes in the length of the elements. 
The significance of these three variables 
has been considered in detail in Sec. 11 for 
one driven antenna in the presence of a 
single parasite. However, since it has been 
shown in Sec. 19 that when P 0 h is near n/2 
for each antenna the analysis of N coupled 
antennas reduces approximately to a solution 
of N simultaneous equations in the voltages, 
the currents, the self-impedances of isolated 
antennas, and the mutual impedance of 
isolated pairs, it follows that the mutual 
effects between each driven antenna and an 
adjacent parasite differ little from what they 
would be if these two units were isolated. 
This is particularly true of parasitic elements 
used as reflectors with a broadside array, 
since the usual spacing for broadside elements 
is A 0 /2, whereas the parasitic row normally 
is at no greater distance from the driven row 
than A 0 /4, and frequently much less. Thus, 
each driven antenna and one parasite form 
a pair of antennas that are much closer to each 
other than to any other antenna in the array. 

The eight simultaneous equations for the 


array in Fig. 19.6 with four driven units 
numbered 1 to 4 in broadside and four 
parasitic elements numbered 5 to 8 are 

Vto = 5 I m 0 Z fm , i = 1, 2, 3, 4; (la) 

0=| I m0 Z im , i = 5, 6, 7, 8. (16) 

m = 1 

If each of the parasitic elements has a tuning 
impedance Z L = jX L at the center, the self¬ 
impedances of the parasitic units are 

Z H = Z 0 + Z„ i = 5, 6, 7, 8. (2) 

In general, the unidirectional property of the 
array is achieved by making each driven 
antenna with its parasitic element individually 
unidirectional when isolated as a pair. With 
the properties of the parasitic element pre¬ 
determined in this manner, the entire array 
may be analyzed and a numerical value of the 
input impedance of the array computed. 
This follows from the fact that all self- 
and mutual impedances are known. However, 
the numerical evaluation is quite tedious, 
owing to the large number of terms if N is 
great. This number is not quite so formidable 
as indicated in (1), since conditions of sym¬ 
metry of the array and the reciprocal theorem 
make many mutual impedances alike. For 
antennas of equal length, some self-imped¬ 
ances are alike, but different values of tuning 
impedance Z t make the Z it different. Note 
that tuning reactances also may be required 
in series with some of the driven units, 
if equal currents are to be maintained in 
all of these. 

A second important application of parasitic 
elements is in conjunction with a single driven 
antenna. Various arrangements and numbers 
of parasitic elements are used for different 
purposes. A few important arrays are shown 
schematically in their horizontal planes 
in Fig. 20.1. Their dimensions and other 
properties are considered in Chapter VI. 
The Yagi-Uda array in Fig. 20.1c has been 
used with as many as 42 directors. 

The circuit equations of arrays with a 
single driven unit, numbered 1, are 

V 10 — 2 ( 3 °) 

wt = l 

0 = 2 I mo Z im, i = 2, 3, • • •, N. 

m — 1 

Ob) 
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These equations are valid in general only when 
the value of Pfi for each unit is near wj2. 

As a relatively simple case, consider the 
three-element array in Fig. 20.16. The 
equations are 

V 10 — hoZll + -f 20^12 + I 30 Z 13 , (4<j) 

0 = ^10^21 + I 2<j Z 22 + ^ 30 ^ 23 ' ( 46 ) 

0 = /10Z31 + I20Z32 + -^ 30 ^ 33 ' ( 4 c) 

For simplicity let it be assumed that the unit 
numbered 1 is driven by a “slice” generator, 
so that 

^11 = Z S1 - - Z 0 . ( 5 ) 

Let the two parasites be located at different 
distances from the driven unit; let them be 
center-loaded by different tuning reactances. 
All three units are equal in length with 
Pfi = ir/2. Hence, 

■Z 2 2 = Z a 1 + Z 2 = Z g + Z 2 = Z 0 -)- jX 2 , 

(6 a) 


Z 33 — Z sl A Z 3 — Z 0 A Z 3 — Z 0 A jX 3 , 

( 66 ) 



( 6 c) 


With (5) and ( 6 ), (4 a-c) reduce to 

^10 = IiqZ.ii A I 2 0 -^12 + ^ 3 qZ 13 , ( 7 a) 

0 = ^iqZ \2 + L 20 (Z sl a Z 2 ) A I 30 Z 22 , 

(76) 


0 — IiqZi 3 A 1 20 Z 23 + J 30 (Z S1 + Z 3 ), 

(7c) 

The three currents are 


1 10 — v iol(Z al + Z 2 )(Z sl + Z 3 ) — Z 23 ]/D, 

m 

1 20 — ^10(^13-^23 ~ Z 12 (Z sl A Zjj]jD, 

( 86 ) 


^30 — Vio[Zi 2 Z, a — Z 13 (Z sl + Z 2 )]/D, 


where 


D 


Zi 

12 z s 1 + z 2 


13 


-'23 


-^23 

-Zsi + 2, 


( 8 c) 


m 


For given values of the spacings 6 12 and 6 13 , 
the radius a of the conductors, and Z 2 and 
Z 3 , all other impedances may be obtained 


from the self- and mutual-impedance curves 
for isolated pairs. Therefore, currents at 
the centers of the three antennas may be 
computed both in magnitude and relative 
phase. These currents must be known if the 
field pattern is to be determined, as discussed 
in Chapter VI. 

In order to analyze arrays involving many 
parasitic elements (such as the Yagi-Uda 
arrays discussed in Secs. 5 and 6 in Chapter 
VI) in which all elements have lengths near 
but not necessarily exactly one-half wave¬ 
length, the curves of Figs. 8.15 through 8.18 
may be used for the more closely spaced 
elements. Antennas that are more widely 
separated may be treated using zeroth-order 
values of the mutual impedance. Since the 
curves in Figs. 8.15 through 8.18 are almost 
linear over a range near pji = n/2, they may 
be approximated by straight lines in an 
investigation, for example, of the variation 
of the input impedance with frequency. 

ARRAYS WITH ALL UNITS IN NEUTRAL 
PLANES 

21. Two Mutually Perpendicular Antennas 

An important and analytically extremely 
simple array consists of two antennas, 
which need not be equal either in length or 
in cross-sectional dimensions but which are 
required to be individually symmetric, so 
that each unit is center driven and has identical 
halves. If antenna 1 is assumed to lie along the 
y-axis of a system of Cartesian coordinates 
with its center at the origin, as shown in 
Fig. 21.1, antenna 2 must lie in the xz-plane 
perpendicular to the line joining the centers 
of the antennas. For simplicity, let this line 
be the z-axis, and let the center of antenna 
2 be at an arbitrary distance z = d from the 
origin. Since the analysis reduces to unusually 
simple form, let account be taken of the 
transmission lines from the beginning. 

Let it be assumed that the radii a 1 and a 2 
of the antennas individually satisfy the fol¬ 
lowing conditions, in terms of their half- 
lengths 6 j and h 2 and the phase constant 

Po = a) / v o- 

Podi ^ L a i ^ 6j, 

Ptfli ^ a 2 < ^h 2 . (1) 

The boundary conditions on the tangential 
components of the electric field on the 
surfaces of the two antennas are 

(^‘lv)r ] =a l = (T\y)r l = a 1 > 

(^4r)r 2 =o 2 = (E 2 x)r 2 =a i > 


( 2 ) 
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(E\y)r 1 =a 1 — Zj I ly , 


and 


(^'l»)r,=a 1 — 

(_ 

\ d y 

(^ l 2x)r i =a 2 — 1 

(_*±2 
\ dx 



where <J>j and A ltl are potentials on antenna 1, 
<J> 2 and A 2x are potentials on antenna 2. The 
equation of continuity for potentials is 


4> = div A 

Pi 


= jco I a A* dAy dA,\ ' 

Pi \ dx d y dz ) 


(5) 


Note that in the case at hand A y is due entirely 
to currents in antenna 1, A x is due to currents 
in antenna 2, and A z is due to currents in 
the transmission lines. Substitution of (5) 
in (4) and of (3) in (2) gives the following 
differential equations: 


( **A U 

\ ¥ 


3 2 A lx d 2 A 
dydx dydz 


d -rr + ^ Aly ) 

dydz Jr r - 


_ .• £o z i j 

-j- 


' d2 A 2x + S 2 A 2v 


d 2 A 


dx 2 dxdy dxdz 


p- + PqA 


W 2x ) 

/>v 


— i— z’I 

— J *2 l 2x- 

U) 


In general, 


+ A 12x + A UiX + A 

: + A 21x + A 2 t X + A 


1 l 2 XJ 

2 ZjZ> 


*12v 


> 221 / 


*lij» 


+ A 


1L 2 V> 
1 2L 2 V’ 


+ ^U,2 
+ ^2£,Z + ^2 


(6a) 

>a 2 

m 

(7a) 

(7 b) 

(7c) 


investigation, the antennas and lines are so 
oriented that all components vanish except 
the following: 


lx ~ ^12x» 

A2x ^22x» 

(8a) 

lv ~ 

A-2y = ^21i/» 

m 

12 ~ “1“ ^1 L 2 Z9 

= ^2 L x z 

+ ^2 V . 
(8c) 


Moreover, owing to the fact that each antenna 
is in the neutral plane of the other, it follows 
that 




-y£o (4>Ua)fi=0i = o, 

~j ( < t > 2 £ 1 )r J =a a = 0. 


m 


The postulates that each antenna is itself 
geometrically symmetric with respect to its 
center and that the line is balanced have 
as a consequence the vanishing of the scalar 
potential on each antenna due to charges 
on the other antenna and on the line driving 
the other antenna. Hence (6a, b) reduce to 
the following equations: 


32Allv + + p 2 A nv 


dy 2 


dydz 




1 d 2 A 22x d 2 A 2V 
, dx 2 dxdz 


dOa) 

PoA 2 2x\ 

J r 2 =a 2 

=j^4h x - do b) 


where the first subscript indicates the antenna 
on which the potential is calculated, the 
second subscript shows the location of the 
currents that maintain the potential, and the 
last subscript specifies the component of the 
potential. For the particular case under 


Note that the equation for each antenna 
involves no contribution whatsoever from 
currents or charges in the other antenna 
or the line driving the other antenna. That is, 
the equation for each antenna is exactly the 
same as for an antenna that is actually 
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isolated except for the line that drives it. 
Accordingly, the distributions of current and 
charge and the impedance of each antenna 
are the same as those already determined in 
Chapter II for the center-driven antenna as 
end load on a two-wire line. 

22. Turnstile Antennas and Arrays 

An important special array of two mutually 
perpendicular antennas consists of two iden¬ 
tical, mutually perpendicular, center-driven 
antennas in the same plane and with coin¬ 
cident centers. It is obtained from Fig. 21.1 
by lowering antenna 2 to the xy-plane. 
In practice it is convenient to drive the 
antennas from opposite corners of a four- 
wire line with square cross section, as shown 
in Fig. 22.1. Each antenna with its driving 
line is independent of the other antenna 
with its line, so that the amplitude and 
phase relations may be selected at will to ob¬ 
tain a desired electromagnetic field. This 
field is discussed in Sec. VI. 16. Since Fig. 
22.1 represents a special case of Fig. 21.1, 
the distributions of current and charge and 
the impedances of the two antennas are the 
same as for each antenna with its line isolated 
from the other. 

A so-called stacked array of two pairs of 
crossed or turnstile antennas is readily ob¬ 
tained, as shown in Fig. 22.2. This is called a 
two-element turnstile array. From the circuit 
point of view, it consists of two mutually 
independent end-driven H-arrays of broad¬ 
side type. In Fig. 22.2 the transmission lines 
are spiraled around a half turn so that, if 
the parallel elements are A/2 apart, they will 
be driven in phase. The currents on and the 
impedance of each pair are the same as for 
the H-array, appropriate to the phase 
relations. These are analyzed in Sec. 10. 
If N pairs of crossed antennas are arranged 
in an ^-element turnstile array, the circuit 
properties are the same as those of two 
mutually independent, laterally driven broad¬ 
side arrays. 

V-ANTENNAS 

23. Integral Equation for Symmetric, Center- 
Driven y-Antenna* 

The symmetric, center-driven V-antenna 
shown in Fig. 23.1 is a general form of the 
single, center-driven antenna analyzed in 
Chapter II. It differs from this only in having 


* Contributions to this section were made by 
Drs. C. T. Tai and J. E. Storer. 


the identical halves of the antenna inclined 
at an arbitrary angle A with respect to each 
other instead of being collinear with A = w. 
Since a principal effect of changing the angle 
A in the range from near zero to is to vary 
the kind and degree of coupling between the 
halves of the antenna, the V-antenna is 
appropriately treated in the chapter on coupled 
antennas, even though it may be regarded as a 
single, center-driven antenna rather than as 
two coupled antennas. 

Let half No. 1 of the antenna be along the 
z-axis; let the other half, No. 2, be along the 
i-axis in the xz-plane with positive direction 
defined by the unit vector 

s = z cos A + x sin A. (1) 


A scalar potential difference 

V s = bfz = 6) -<t> 2 0 = <5) = 2<|> 1 (z - 6) (2) 

is maintained across the base of the V- 
structure by a balanced transmission line 
so that if s' = z' the currents and charges in 
the two halves satisfy the conditions 

Ulsf = -I u (z'), <7 2 0') = -9iOO- 

(3) 

Terminal-zone effects and antenna-line 
coupling effects are ignored at the outset. 
Account may be taken of them later by a 
suitably designed lumped-constant network. 

The derivation of the integral equation for 
the current in half No. 1 of the V-antenna 
parallels that for the antenna with collinear 
halves, to which the V-antenna reduces when 
A = ir. For simplicity, it is assumed that the 
two conductors have the same radius a and 
are perfect, so that the tangential components 
of the electric field vanish on their surfaces. 
If required, terms to take account of ohmic 
resistance may be added. Specifically, the 
boundary condition at a point P on conductor 
No. 1 is 

= -fs(y z divA 1 + ^A lt )= 0 . 

(>! = a, 6 Si z h) (4) 


Since with A y = 0, 


div Aj 


d^i t . dA lx 
dz dx ’ 


(5) 
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(3) yields the following differential equation 
valid on the surface of conductor No. 1: 


B 2 A 1 

Bz 2 


+ Po^iz = 


aM, 


dzdx ’ 

(r t = a, d sS z 


+ COS i 


‘3 ij : 
where 


sin A r> 
4wv 0 Ja 


hs(s') 


e —iPt> R n 
Rl 9 


ds\ 


R ! - V(z - z') 2 + a 2 , 


cos (A — yi) = 


Vz 2 + . 


: COS A 


+ 


Vz 2 + 


so that 


and 


(-) =- 

\3*/z=.o 


sin A 


With (9) to (11) the derivative of (7b) 
becomes 


V ^X /i=0 


;/r) (6) 


Expressions for the components of the 
vector potential in (6) are: 


sin 
4 t tv. 


A f T f 3 e iPo R i 2 * 

(13) 


e 

—-— dz 

(* A u\ 

Ri 

[ Bx ) 

p i r 

-5 - ds'\ , (la) 

■*'12 J 

X J, 


With (12) this becomes 
sin 2 A 
4irv n 


J< s V? Vf 2 + a 2 / *=o 


(76) 


Let 

*i 2 (z, s') 


(14) 


(: 


1 3 e-iP,N^+ 


P<fi PW f 2 + 

c ~iPo R i 2 


t 2 + a 2 \ 

+ a 2 / x=o 


R 12 = Vz 2 - 2zs' cos A + s' 2 + a 2 . (8) 

Note that R l2 is a generalized form of 
R 2 = V(z + z') 2 + a 2 as used in Chapter II. 
The two distances coincide when A = n. 

The distance R 12 defined in (8) is measured 
from ds' on the axis of conductor 2 to dz 
at P on the surface of conductor 1. It is 
assumed that P has the coordinates (x = 0; 
y — a\z). In order to obtain 3A 1X /Bx at 
x = 0, it is necessary to evaluate 3A 1X /Bx 
at some point P' at a distance x from P and 
then set x = 0. That is, it is necessary to use 
(76) with 

R 12x = [? 2 + * 2 - 2s'Vz 2 + x 2 cos (A - v) 
+ i' 2 + « 2 ]1 = Vf 2 + a 2 
(9) 

instead of R 12 as given in (8). Note that 

z 


^d+iW- 05) 

Also let the symbol used for the variable of 
integration in (14) be changed from s' to z' 
after use has been made of (3). This gives 

(16) 

--"t 


where 

P(z) 


I lz (z')K l2 (z, z') z'dz'. (17) 


With (16) the differential equation (6) 
becomes 

_jPl**XX 

1?" + -U1F’ 

(r 2 = a, S g z g h) (18) 
By differentiating (18) with respect to z and 
using the equation of continuity for potentials, 

BA la, -* * i, tt*n . a (19) 


*1* dA 1 z 


CO 


;sinA, (10) 


f 2 = z 2 + x 2 — 2 zs' cos A 

— 2 xs' sin A + j' 2 (11) 


Bx Bz 

the following equation may be obtained for the 
scalar potential: 

^3 + /fth = pfo lx . 

(r 2 = a, 6 z 5S h) (20) 

The solution of the nonhomogeneous dif¬ 
ferential equation (18) consists of the sum of 
a particular integral and a complementary 
function as follows: 


Vz 2 - 2Z5' cos A + = - 7 tC i cos fa + C2 sin fa - 


( 12 ) 


(r x = a, 6 z ^ 6 ) ( 21 ) 
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[Ci cos ,9 0 (z - 6) 


This expression differs from (II.12.8) for to z' in the second integral. The resulting 
collinear halves only in the added particular integral equation is 
Integra 1 h 

/v,. / ■, I u (z')K v (z,z')dz' 

'E'(z) = < * >lx ^ - sin /J 0 (z — K 1 ) dw (22) v<s 

Js Sw —J4 tt 

= r " a x cos ~ 6 ) 
so COS PgO 

and in the absence of the small ohmic terms. 

When A = 7T it follows from (16) that + %V 6 sin /? 0 z] + — Y'Xz). 

< t> 1 i( H ') =’ 0, so that (21) reduces to (II. 12.8). £o 

The factor —_//»„ is introduced in (21) to (r, — a $ i z ^ h) (30a) 

make the constants and E~(z) dimensionally ’ 

voltages. The kernel is defined as follows: 

The scalar potential on conductor I is 
obtained by differentiating (21), using /e-j&A e -i/3 0 fi 12 \ 


+ i V 6 sin fl (j z] + ^ 'E'(z). 

So 

(r x — a, d g; z g; h) (30 a) 


= > /‘ 
ft \ 


The kernel is defined as follows: 
/e~iPo R i A 

«*■*-(— -“ s4 — 


= /o) / dA u \ 

ft l & / 


This may be rearranged as follows: 


+ 4>ix- (23) 


Differentiation of (21) gives 
<t>i(z) = -Cj sin /i 0 z + C 2 cos /f 0 z 

- TT'(z) +<Mz), (24) 


J I u (z')K v (z, z') dz’ 


—j4n 


[Cj cos /J 0 (z - 5) 


~(z) = 

Js 3n 


r /? £ L I rov“ 

£o cos PqO 

+ Ws sin jl n z] + J v (z), 

(r x = a, d^z £h) (31) 


cos /? 0 (z — W>) 




s j n _ w y J w 


The driving voltage V d is maintained from 
z = <5 to s = <5 by the transmission line. 
Using (2), it follows that with z — <5 


+ 4*1*05) 


sin ft 0 z 
cos p 0 d 


Integration by parts in (32) and rearrangement 
V f = 24>,((5) = 2[—C x sin p 0 S + C 2 cos p 0 d of terms yields 


+ 4 > ix( <5 )]> (26) 

so that 

C 2 = [%V d + C x sin /S 0 <5 — <t> lx (5)]/cos /3 0 <5. 

(27) 

For convenience let 

-iF, -<t>ix(«5), (28) 

so that 

C 2 = (|Fj + Cj sin /5 0 <5)/cos /3 0 <5- 

(29) 

This is like (11.13.23), but with replacing 

^<5- 

The integral equation for the current I lz (z) 
is obtained by equating (21) with (29) to (7a). 
It is convenient to apply (3), and change the 
symbol of the variable of integration from s' 


UO = & \—f. ~ sin P 0 (z - <5)1 

£o ( Lcos^ J 

+ Po 4>ix(>r) cos p 0 (z - w) dw | . (33a) 

With (17) and an appropriate combination of 
terms this becomes 

J v (z) = —sin 2 A p(<5) tan /J 0 <5 cos P 0 (z — 5) 

+ P 0 J P( w ) cos j8 0 (z — w) rfwj . (33 b) 

Note that when A = 77, (31) reduces to (II. 14-3) 
with z i = 0. When A^i, (30) is formally 
like (II. 14.3) but with a different kernel and 
with the added term J„(z). 
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24. Solution of the Integral Equation for the 
V-Antenna 

The integral equation (23.31) may be solved 
by the same method of iteration employed 
in Chapter II for the straight antenna (A = tt). 
Let an expansion parameter T’,, be defined as 
follows: 


'r.-lv.M, 


'Yfz) = f g(z, z')K v (z, z') dz', 


( 1 ) 


where g(z, z') is a distribution function that 
is so chosen that I lz (z)¥ v (z) closely approxi¬ 
mates the integral on the left in (23.31). For 
this purpose the zeroth-order distribution is 
satisfactory, namely, 

g(z, z') = sin flfh - z ')/sin J 0 (6 - z) (2) 


The resulting expression for the current is 
like (11.21.1) with appropriate changes in 
the functions as indicated by the addition 
of subscripts v. 


Iiz(z) = 


j'2 nVp 
C 0 '¥ v 


X 


' sin p 0 (h - z) 

+ M vl (z)gy v + M„ 2 (z)/rg + ■ • ■ . 
cos p 0 (h - S) + A vl /Y v + AJY* + ■■■. 


(3) 


In the following only the first-order solution 
is considered. Higher-order terms may be 
evaluated if required, following the method 
of Chapter II. 

The first-order functions M vl (z ) and A vl 
in (3) are defined just as are the corresponding 
functions Mfz) and A x in Chapter II. 
Specifically, from (11.15.27) and (II. 15.29a) 
it follows that 


G vl (z) = 
G vl (h) = 


G 0 fY, „ — J G 0z ,K v (z, z') dz' 


+ Jv(Gqz’ z )> 



G 0z ,Kfh, z') dz' 

+ Jv(G 0z , h), 


(5c) 

(5 d) 


where J V (F 0z , z) is the same as J v (z) in 
(23.336) but with F 0z , substituted for I lz (z') 
in p. Specifically, 

P(F 0 z , z ) = Poj F 0z ,K 12 (z, z’)z' dz'. (6) 


A corresponding function is defined with G 
substituted for F. 

In order to express (5) in terms of tabulated 
functions it is convenient to define the fol¬ 
lowing integrals: 

„ C h e -Wo R 1 

C n (A, z) = cos p 0 z' —-— dz', (7a) 

JO Ki 

C 12 (h, z, A) = I cos fl n z' —- dz’, (lb) 

J0 Ttj 2 

C h 

S u (h, z) = sin iV' — j .— dz', (7c) 

Jo «i 

S 12 (h, z, A) s I sin fe' —-— dz', (Id) 
JO JH2 

f h 

F n(h, z) = —-— dz', (7c) 

Jo K i 

C h e -il\R n 

E 12 (h,z, A) = —- dz', (If) 

JO *12 

where 

R 1 = V(z' - zf + a 2 , (Ig) 

Rvz - V(z' - z„) 2 + a 2 , (Ih) 


M vl (z) = F vl (z) sin (ifi - G vl (z) cos flfi 
+ G vl (h) cos /V - F vl (h) sin J 0 z, (4a) 

A VI = Fvi(h) cos P a S + G vl (h) sin Pf. (46) 

The F and G functions are defined by analogy 
with (11.21 Aa-d). Thus, with F 0z = cos p 0 z — 
cos Pqfi, G oz = sin P 0 z — sin P 0 h as in Chapter 

II, 

F vl (z) = F 0z T„ - J F 0z ,K v (z, z') dz’ 

+ J v (F 0z , z), (5a) 

F viW = - F oz'K v (h, z') dz' 

+ F v(F 0 z, h). 


z v = z cos A, a„ = Vz 2 sin 2 A + a 2 . 

(70 

The first four of these functions may be ex¬ 
pressed in terms of generalized sine and cosine 
integrals defined in Sec. 11.19 using (11.19.30) 
to (11.19.32). Thus, 

G u (h, z) = J(/j + /•:), (8a) 

Sn(h, z) — — (Ii 1 2 ), ( 86 ) 

C 12 (6, z , A) = \(I lv + I 2v ), (8c) 

S 12 (h,z,S)=^(I lv -I 2v ), (8 d) 


(56) 



THEORY OF LINEAR ANTENNAS 


[j 111.24 ] 


385 


where I lv and I 2v are given by (II.19.32a, 6) 
but with subscripts v on all I/’s and T’s, 
and where 


U v = 1 9 0 (z' - z„) = P 0 (z' — z cos A), 

A v = z 2 sin 2 A + a 2 , 

Hq„ = /V* = />- cos A, 

tli* = /S 0 (A - z*) = /3 0 (* - z cos A). 

The final formulas for the integrals ( la-d ) are 
C n (h, z) = cos UJlCcM, Hi) + Cc/yl, I/ 0 ) 

- jSc(A, Uy) — jSc(A, !/„)] 

- sin C/ 0 [Cs(4, I/j) - Cs(A, U 0 ) 

- jSs(A, Uy) + jSs(A, u 0 )l 

(10a) 


Syy(h, z) = sin U 0 [CcM, Uy) + CCj(A, U 0 ) 

- jSc(A, Uy) - jSc(A, U 0 )] 

+ cos U 0 [Cs(A, Uy) — Cs(A, C/ 0 ) 

- jSs(A, Uy) + jSs(A, u 0 )l 


where 


(106) 


Uq — P 0 Z, Uy — P(y(h Z), A — fiyfl-, 

(10c) 


C 12 (h, z, A) is the same as (10a) with addi¬ 
tional subscripts v on A and all C/’s, 

(10rf) 


S 12 (h, z. A) is the same as (106) with addi¬ 
tional subscripts v on A and all C/’s. 

(10e) 

Note that when A = n, 

Cyy(h, Z) + Cy 2 (h, Z, A = *) = C/A, z), 

(11 a) 


Syy(h, Z) + Sy 2 (h, Z, A = ,r) = Sjh, Z), 

(116) 

where C a (h, z) and S a (h, z) are defined in 
(11.19.33, 34). 

The functions E U (A, z) and £ 12 (A, z, A) 
defined in (7e, /“) may be expressed in terms 
of generalized sine and cosine integrals 
following the procedure in (11.19.35). The 
results are 


Eyy{h, z) = CIA, Uy) + CM, H 0 ) 

- jS(A, Uy) - jS(A, C/ 0 ), (12a) 


E 12 (h, z, A) = CMv, Vyv) + CMv, U 0v ) 

- JS(A V , U lv ) - jS(A v , U 0V ). (126) 


After noting that from (11.19.21, 22) 

CM, H) = sinhMU/A) - C(U, A), 

(13a) 

CcM, H) = sinh -\UjA) - C(U, A) 

- Cc(UM), (136) 

it follows that all of the integrals in (7) are 
expressed in terms of tabulated functions. 

If the functions defined in (5 a-d.) are ex¬ 
pressed in terms of the integrals in (7a-/) 
as expanded in (10a-e) and (12a, 6), they have 
the following forms: 

Fy v (z) = FM\ - lCyy(h, z) - Cyy(S, z)] 

+ COS Pgh[Eyy(h, Z) ~ Eyyih, 6)] 

+ cos A{[C 12 (6, z, A) - C 12 (<5, z, A)] 

- cos /Vr[E 12 (6, z, A) - E 12 (6, z, A)]} 

+ Jv(F 0 z, z), (14a) 

F lv (h) = -[C n (A, h) - C n (6, A)] 

+ cos ^ 0 A(£ n (A, A) — £ n (6, A)] 

+ cos A{[C 12 (A, A, A) - C 12 (6, A, A)] 

- cos /?oA[£ 12 (A, A, A) - E 12 (6, A, A)]} 

+ JjEoz, A), (146) 

G lv (z) = G 02 T/ - [S n (A, z) - S n (6, z)] 

+ sin ^oA[£ n (A, z) - E n (A, 6)] 

+ cos A{[£ 12 (A, z, A) - S 12 (S, z, A)] 

- sin Pgh[Ey 2 (h, z, A) - E 12 (6, z, A)]} 

+ MG 0Z , z), (14c) 

G lv (h) = ~[Syy(h, A) - Syy(S, A)] 

+ sin/J 0 A[E 11 (A,A) - E n (6, A)] 

+ cos A{[5 12 (A, A, A) - S 12 (6, A, A)] 

- sin 0 o A[E 12 (A, A, A) - E 12 (6, A, A)]} 

+ J V (G 0Z , A). (14 d) 

If the antenna is driven by a discontinuity 

in scalar potential, 6 = 0. Note that for a 
V-antenna 6=0 is possible only when 

A = 7T. For other values of A, 6 = 0 means 
sufficiently small to be negligible. 

The terms in J v arising from the particular 
integral have not been expressed in terms of 
tabulated functions. However, they may be 
evaluated by numerical methods. 

The expansion parameter T„ defined in (1) 
may be determined readily. Thus 

V v (z) = sin fighj cos figz'KJz, z’) dz' 
rh 

— cos P 0 h sin p 0 z'K v (z, z') dz'. 

Jd 

( 15 ) 
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With the definitions in (7), the following 
formula is obtained: 

*F„(z) = sin Poh{[C n (h, z ) - C n (<5, z)] 

- cos A [C 12 (h, z, A) - C 12 (d, z, A)]} 

- cos Poft {[£ U (A, z) — S n (S, z)] 

- cos A[S 12 (h, z, A) — S 12 (d, z, A)]}. 

(16) 


Since only tabulated functions are involved, 
| ¥„(z) | may be plotted to determine the range 
over which it is sensibly constant at the value 
'F„ = | Vjtz r ) |. It is to be expected that an 
appropriate choice of z r is h — A 0 /4 when 
P 0 h > ir/2. On the other hand, the value 
z r = 0 with <5 = 0, which was appropriate 
with collinear halves (A = 77-) in Chapter II, 
cannot be a good choice. This follows from 
the fact that A z decreases rapidly near z — S 
in a manner resembling that shown in Fig. 
11.20.10. This decrease is not removed by 
letting <5 = 0 except when A = -n. It follows 
that for fiji — n/2, z T must not be 0 or <5 
but somewhere not too close to z = 0 or 
z — h. A reasonable choice appears to be 
z r = hi 2. That is, 


'Y v =\'T v (z r )\ 


z r = A/2, 

,z r = h — A 0 /4. 


(fi a h gir) 

(Pnh > n) 

(17) 


In evaluating T,, no significant error is 
involved if <5 is assumed negligible. Application 
of (17) in (16) gives, for example, with 

/V' = "72, 

'F® = | C n (h, \h) — cos A C 12 (h, \h. A) | . 

(^-tt/2) (18) 

For A = tt this becomes: 


'F* = | Cn(A, \h) + C 12 (h, \h, n) | = Cfh, \h). 

(W = n/2, A = w) (19) 

The last step follows from (1 la). Since | ^(z) | 
is essentially constant over the length of the 
antenna with collinear halves (A = v) and 
zero base separation (<5 = 0) except quite 
near the ends, it follows that 

T„ = | C a (h, \h) 1=^=1 C a (h, 0) |. (20) 

General formulas for the current in a V- 
antenna have been derived. Numerical cal¬ 
culations have not been made. 


[III.24] 

25. Impedance and Current for V -Antenna 

The general formula for the impedance of 
the V-antenna is obtained from (24.3) by 
forming the ratio V d /I lz (d). Thus, 

Zvs = 

-jC 0 r v [" cos /%{h - 6) + Ajr v + • • • ] 
277 L sin p 0 (h — <5) + B vl /'¥ v + • ■ -J ’ 

( 1 ) 

where 

B V1 . M V1 (S). (2) 


The most important and the simplest 
V-antenna is with h = tt/ 2. For simplicity, 
also let S = 0, since terminal-zone effects, 
if significant, can be included in a lumped 
corrective network if required. The impedance 
is as follows: 


(7 \ — Jk'l 1 

( 1,0)1 2tt \1 + B vl l'¥ v ) 


F vl (h ) 


zJh\ , 

2- I 1 + qr[^i(0) + G vl m\' 


(3) 


where, from (24.5) with (24.7), 


F vl (0) = V v - C u (h, 0) 

+ cos A C 12 (h, 0, A), (4a) 

F vl (h) = ~C 11 (h, h) + cos AC 12 (/j, h, A) 

+ j v (f oz ,h), m 


G vl (h) = —S n (h, h) + cos A S 12 (h, h. A) 

+ J v (G 0z ,h). (4c) 

Substitution of (4a-c) in (3) leaves the fol¬ 
lowing simple expression for antennas that 
are sufficiently thin to make quite large: 

Z,o = ~ F vl (h) = [C u (h, h) 

— cos A C 12 (h, h, A) - J v (tt/2)\. 

(f 0 h = 77/2) (5) 

This formula for the V-antenna corresponds 
in accuracy to the familiar formula Z 0 = 
73.13 + /42.5 for the center-driven half-wave 
dipole. Like this its validity is limited to rather 
thin wires. The three functions involved in 
(5) are obtained from the general formulas 
(24.10a), (24.10</), and (23.33 b) by setting 
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z = h, p 0 h — tt/ 2, and <5 = 0. Specifically, 
these functions are as follows: 

C n (h,h)= , 

( 6 a) 

C 12 (h, h, A) 

~ cos Uq v [CCi(A v , t ]„) -t- CCi(A v , U 0v ) 
-jSc(A v U lv ) - jSc(A m U 0v )) 

+ sin U 0v [—Cs(A m U lv ) + Cs(A v , U 0v ) 
+ jSs(A m U lv ) — jSs(A v , [/„„)], (6b) 

where, with fiji = tt/2, the following defi¬ 
nitions apply: 


The value (9) follows directly; the value (10) 
may be obtained by direct integration with 
appropriate approximations . 41 

In order to obtain values of J v (n/ 2) for A 
between n and the upper limit of formula 
( 10 ), ( 8 a) was evaluated graphically for 
A = 77 -/ 3 , 7 T-/ 2 , 2w/3. In Fig. 25.1 curves of 
Z v0 = R v0 + jX v0 as functions of A are shown 
as computed from (5). Note that this is a 
zeroth-order solution (ft ->• oo) for a V- 
antenna driven from a discontinuity in scalar 
potential at the apex. With A = w it gives the 
familiar value Z v =73.1 + /'42.5 for the thin 
cylindrical antenna. It is readily verifiedf 


U<)v = 2 cos A > u iv = j ^ _ cos A )> 


A v = / I - sin A j + A 2 = - sin A. (7) 


The approximate formula for A v in (7) is valid 
when ($w sin A ) 2 > A 2 or sin 2 A > 16a 2 /2jj. 

The function J v (n/2) in (5) is J v (F az >, h) 
with /Sq/i = 7t/ 2. With z — h and <5 = 0, it is 
given by 

J„(^) = — sin 2 A J sin u du 

CW2 

X K l2 (u, u')u' cos u' du', (8a) 

Jo 

where 

e -jv 

K 12 (u, u') = - ^ 5 - (1 + jv), (8 b) 


* In the range of small values of A, v assumes 
correspondingly small values when | u' — u | is small. 
Hence, the significant contributions to the integrand 
in (80) are when v is small and k 12 («, u ) large. The 
appropriate approximations are: 

A 2 <12: cos Ail—iA 2 ;t=^u 2 -2uu'(l — iA 2 ) +«' 2 , 

(10a) 

v 2 <12: k 12 (h, u')i - 1 /d 3 . (106) 

t is assumed in (10) that contributions from A 2 are 
negligible. Since the principal contributions to the 
integral occur when «' is near u, no serious error is 
made if u' is replaced by u in the slowly varying factor 
cos With (10a) and (106) and cos u' = cos u, 

fir/2 fv/2 

J„(77/2) = A 2 I sin u cos u du I (1 lv 3 )u'du‘. (10c) 

The «' integral integrates directly using standard 
formulas (for example, Peirce, 170). Retaining terms 
in A 2 , the result is 



5 r_j_1 

4 L«(iv - u)J 



(10 d) 


v = P 0 R l2 = V« 2 — 2uu' cos A + a' 2 + A 2 , 

( 8 c) 

u = P 0 w, u' = p 0 w', A - Pffi. ( 8 d) 

The term in A 2 is negligible in ( 8 c) except 
when both u and u are very small. 

The exact evaluation of ( 8 a) has not been 
achieved in closed form except when A = 7 r 
and when A is very small. In these two cases, 
the following values are correct: 


A = rr: = 0, (9) 



Substitutions of (10 d) in (10c) and integration gives 

/„(ir/2) = (1 - }A 2 ) Si ir = (1 - IA 2 )(1.85). 

(10c) 

t It is shown by SchelkunofF (ref. 1.26, pp. 239 and 
293) that the resonant electrical length of a tapered 
line open at z = h and closed at z - 0 is 

Mr “ f (1 + <>), OO/) 

where 

4 -- - f R c (y) cos ydy, y = 2P„z. (lOg) 

itKc 0 J U 

In (lOg) 

R c (y) = 1201n ^ 2zsl o n = 120In s| o 3A ^ 

(10A) 

is the variable characteristic impedance of the lossless 
tapered line, and R c0 is the average characteristic 
impedance. Integration by parts gives directly 

a = Sin. (100 

itKcq 

{Footnote continued overleaf ) 
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that the value Z v = 0 — / 111 agrees with the 
value obtained from the theory of nonuniform 
transmission lines for a uniformly tapered, 
perfectly conducting line of electrical length 

W = W2. 

In practice, the V-antenna is not driven 
by a discontinuity in scalar potential at the 
apex, but by a potential difference maintained 
at the junction of a transmission line and the 
V-antenna. Since the V-antenna is a symmetric 
structure, it must be driven from a balanced 
transmission line. Three methods of con¬ 
necting a V-antenna to a two-wire line are 
shown in Fig. 25.2. In general, the apparent 
terminal impedances for the lines in Figs. 
25.2a, b differ significantly from each other 
and from the impedance of the idealized 
V-antenna driven by a slice generator. 
These differences are due to transmission-line 
end effects and to coupling between the V- 
antenna and the transmission line. Only when 
b/l. 0 is extremely small (0.001 or less) do the 
apparent terminal impedances for the lines 
in Figs. 25.2a, b approximate each other 
and the theoretical value for the slice generator. 
Note that this last is the impedance as b 
approaches zero. In the circuit of Fig. 25.2c, 
on the other hand, there are no antenna-line 
coupling effects, and transmission-line end 
effects may be compensated by adjusting the 
stub so that a voltage maximum is maintained 
across the terminals of the antenna when 
this is disconnected. If this is done and the 
inductive reactance of the two half bridges 
joining the line wires to the antenna is small, 
the apparent terminal impedance loading the 
line in Fig. 25.2c should be approximated 
closely by the theoretical value for a V- 
antenna driven from a slice generator. 


Continuation of footnote t from page 387 

The input reactance of a section of lossless uniform 
transmission line of length $ is 

Xi„ = -R e cot fl 0 s. (10 j) 

Since the resonant electrical length of the tapered line 
is greater than 77/2 by < 5 ^-/ 2 , the input reactance of a 
section of length 77/2 is given approximately by the 
input reactance of a section of uniform line with 
characteristic impedance R c0 and of electrical length 
dir/2 below resonance. For the uniform line, resonance 
is at 77/2, so that the length (77/2XI — < 5 ) is related to 
77/2 approximately as, for the tapered line, 77/2 is 
related to (t7/2)(1 + a). Hence, with < 5 2 1 , 

Xia = ^co cot ^ (1 - 0) = -R c0 tan 2 <5 

;= -R c t 8I2. (10k) 

Using the above value of <5, 

Jfm = -60 5/77 ohms = -111 ohms. (10/) 
This agrees exactly with the value obtained from (5) 
with A very small. 


[i 111 . 25 ] 

The accurate calculation of the apparent 
terminal impedance as a function of A in 
either of the circuits in Figs. 25.2a, b is 
difficult if 6/A 0 is not extremely small. How¬ 
ever, it is possible to derive the general nature 
and behavior of the impedance in a qualitative 
or semiquantitative manner by appropriate 
modification of the zeroth-order solution of 
the ideal, apex-driven V-antenna. This in¬ 
volves determining the equivalent lumped 
elements of terminal-zone networks for the 
practical circuits of Figs. 25.2a, b, and com¬ 
bining these with the theoretical impedance 
for the ideal, isolated V-antenna shown in 
Fig. 23.1. Note that both h and <5 are functions 
of A, whereas h' = h — 8 is constant. As A 
approaches zero, <5 becomes infinite, since 
when A = 0 the antenna structure ceases to 
be a tapered line and becomes a section of 
two-wire line. Although a general formula 
for the impedance of the V-antenna has been 
derived with both <5 and h as parameters, the 
actual evaluation in a quantitative sense 
is difficult, since <5 does not remain small. 
An instructive and qualitatively valuable 
estimate of the variation of the impedance 
with the enclosed angle A may be obtained 
from the zeroth-order solution for the idealized 
V, the terminal-zone networks for Figs. 
25.2a, b, and the transmission-line impedance 
at A = 0. This is true in particular when 
/?„/; = 77 / 2 . Let the two circuits illustrated in 
Figs. 25.2a, b be analyzed successively. Since 
the circuit of Fig. 25.2 b is slightly simpler, it 
is considered first. 

V-antenna perpendicular to plane of two- 
wire line. In the circuit of Fig. 25.2 b the halves 
of the antenna are perpendicular to the two- 
wire line for all values of A, so that there is 
no inductive coupling between antenna and 
line. Therefore, the series inductive element 
L t of the terminal-zone network is a constant 
independent of A. It is the same as that derived 
in (II.7.10e), namely, 

L t = -{b - a)l2itv 0 . (11) 

The evaluation of the shunt capacitive 
element C T differs from C Te , determined in 
Sec. II.8 for A = -n, only in the formulas for 
R 1t and R 2T . Instead of (II.8.8) the following 
expressions apply: 

R 1t = V s ' 2 + w 2 + a 2 , 

R 2t — v' s ri + 2s' b sin £A + w 2 + b 2 + a 2 . 

(12) 
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Fig. 25.1. Zeroth-order impedance of V-antenna; fiji = tt/ 2; Fig. 25.2. Three methods of connecting 
fl = oo. a V-antenna to a two-wire line. 




Fig. 25.3. Reactance of V-antenna in the plane Fig. 25.4. Reactance of V-antenna in the plane of the line, 
perpendicular to the line. 
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As shown in Fig. 25.26, w is the distance along 
the line to the point of calculation of the 
potential, and s' is the distance along the 
antenna to the element of charge q’ds'. 
Both these distances are measured from 
the junction of the antenna and the line. 
The line spacing is 6; the radius of all con¬ 
ductors is a. The capacitance per unit length 
of line with the terminating V-antenna 
connected is given by 


cO) = 


k 0 (w) + k 0I (w) ’ 


(13) 


where, as in Sec. II.8, 


= sinh* 1 — — sinh -1 ~ + In - (14) 
a b a 

and where 

= In \ bs in(A/2 )+ @Jng 
L V w z + a 2 J 

(15) 


The following inequality is assumed: a 2 << 6 2 . 
Note that (15) is equivalent to (II.8.16) 
with the appropriate factor when A = n. 
The shunt capacitive element C T is given by 

C T = J [c(w) — c 0 ] dw, (16) 


where d == 106 and where, corresponding to 
(II.8.18), withq> 1 (>v) = 1 and k q = k q , 

d» — c 0 

c 0 

sinh _1 (>v/a) — sinh _1 (M</6) 

_ __ + k Q In B — In (6/a) 

sinh -1 (H'/a) — sinh _1 (w/6) 

+ k q In B + In (6/a) _ 
(17) 


The charge-ratio factor k q = 1 when P Q h 
is near w. When /SqA is near tt/2, the effect of 
C T in parallel is relatively unimportant, so 
that C T may be omitted. 

The accurate determination of the apparent 
impedance terminating the line in the circuit 
of Fig. 25.26 is intricate. The following steps 
are required: (1) The evaluation of the 
theoretical isolated impedance Z v6 from (1) 
for the appropriate values of h and A; note 


that S = (6/2) esc (A/2), so that 8 is large if 
A is small. (2) Combination of Z vS with the 
terminal-zone network consisting of L T in 
series and C T in parallel with Z vd . Since 
numerical values of Z v6 are available currently 
only from a zeroth-order solution with <5 = 0 
and fi 0 h = m/2, an accurate quantitative 
determination of the apparent terminal 
impedance in Fig. 25.26 is not possible at 
present. Nevertheless, an interesting and 
valuable qualitative picture of the general 
nature of the apparent impedance as a function 
of A may be obtained for /S 0 6' = p 0 (h — 6) = 
m/2 by applying the terminal-zone correction 
to the theoretical zeroth-order impedance for 
8 = 0. As an example, consider a rather thick 
antenna [0 = 2 In (26/a) = 9] driven from a 
two-wire line that is quite widely spaced so 
that 6 = 0.05A 0 , a = 0.0166. With /= 750 
Mhz, 

<dL t = — ——- — —18.8 ohms. (18a) 

2nv 0 

In Fig. 25.3 is shown the zeroth-order curve 
for X v for 6 = 0, f! 0 h — nj2 as taken from 
Fig. 25.1, together with a curve of X v + o>L r . 
Since for A = n at 6 = 0 the zeroth-order 
reactance, 42.5 ohms, is a fair approximation 
of the reactance even of quite thick antennas, 
and since the principal effect of a finite but 
small value of 26 on the theoretical terminal 
impedance is taken into account by using 
6' = 6 — 6 in place of 6, it follows that 
X v + wL t in Fig. 25.3 should be a rough 
approximation of X vi when A is sufficiently 
near n so that /i 0 6 = j/i 0 6 esc j A is small 
compared with unity. With /? 0 6 as large as 
in the example under consideration, namely, 
/? 0 6 = 0.314, the acceptable range is limited 
to A S 120°. Evidently X v + cuL T is a reason¬ 
able approximation of the apparent terminal 
reactance over a much greater range of A 
when smaller values of fi^b and, hence, of 
L t are involved. However, X v + o>L T is in 
no case a good approximation for small 
values of A, since the assumption 6 = 0 
implied in X v is then not a good one. For 
A = 0, the impedance of the antenna reduces 
to the impedance of a section of two-wire line 
of electrical length /f 0 6 = tt/2. Conventional 
transmission-line theory gives zero imped¬ 
ance for such a section if the conductors 
are treated as perfect. However, if account is 
taken of the capacitive end effect, a lumped 
positive capacitance C T is required across 
the open end of the section. This capacitance 
is given by (16) with (17), provided k Q is set 
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equal to zero. This integral is simply the area 
between one of the curves of c 0 (n') in Fig. 
II.6.2 when drawn to a linear scale and the 
corresponding horizontal line c 0 . Graphical 
integration with 6/a = 6 gives C T = 0.163 u/n(. 
The reactance looking into a quarter-wave 
section of lossless line terminated in C T is 

X in = coC T R 2 = 35 ohms, (186) 

where R c — 215.4 ohms. This is the input 
reactance at an electrical distance /?„ w = w/2 
from the end of a straight transmission line. 
Since there is a right-angle bend at this value 
of P 0 w, the apparent impedance involves 
a terminal-zone network. At a low-voltage 
point the capacitive effect is small, but the 
inductive effect is great. In order to correct 
uniform-line theory on each side of the bend, 
series inductances L T are required. Thus, 
the reactance terminating the line is X in in 
(186) in series with 2 L T , where L T is the 
same as (18a). Thus, 

X aa = Xi D + 2toL T = 35 - 37.6 

= —2.6 ohms. (19) 

This point is indicated by P in Fig. 25.3. 
Evidently, between A = 120° and A = 0°, 
the curve X v + a)L T must bend up so that it 
ends at X sa = —2.6, the value for the two- 
wire line, instead of at X — —111, the value 
for a tapered line. Computations to determine 
the actual shape of the curve between A = 0° 
and A = 120° have not been made. It is to 
be expected, however, that the true curve 
tends to follow X v + <oL T but ultimately 
bends up to the point P. For a relatively 
thick antenna such as the one considered, 
the departure from X v + a>L T should be 
considerable. A curve such as the dotted 
one in Fig. 25.3 appears reasonable. It is 
seen to approximate the experimentally 
determined curve marked f) 0 h' = w/2. An 
experimental curve for a slightly smaller 
value of h' is marked f3 0 h' = 1.55. Although 
the presently used rough method of deter¬ 
mining the approximate reactance curve of 
a thick V-antenna driven from a two-wire 
line with large spacing is quantitatively of no 
great value, it does provide a clear picture 
of the several factors that determine the shape 
of the experimental curve and determine the 
striking departure from the simple curve X v 
of the thin V-antenna driven from a slice 
generator or a two-wire line with negligible 
spacing 6. In addition, the great significance of 
terminal-zone effects in determining the 
reactance of the V-antenna is clarified. 


The terminal-zone effects do not alter R v 
significantly. It is seen in Fig. 25.4 that the 
zeroth-order theoretical curve R v for the 
extremely thin antenna with <5 = 0 and 
Pfjk = w /2 agrees in shape with the experi¬ 
mental curves R v $ for a V-antenna with 
fl = 9 and 12.5, fi n h' = /f 0 (6 — <5) = 1.55 or 
Poh = 7 t /2 driven from a two-wire line with 
6/A 0 = 0.05, a = 0.0166. Numerical differ¬ 
ences for A < 77 - are consistent with the 
difference at A =77 where the theoretical 
value is R v — R 0 = 73.1 ohms for a very thin 
antenna. 

V-antenna in the plane of a two-wire line. 
An estimate of the apparent impedance 
terminating the line in the circuit of Fig. 
25.2a is more involved than for the circuit of 
Fig. 25.26, since inductive as well as capacitive 
coupling exists between the antenna and the 
transmission line. The lumped elements L T 
and C T for the corrective, terminal-zone 
network are determined by the same general 
method. Thus, the lumped shunt capacitance 
C T is given by (16) and (17) but with 


k' 0T (w) = In B = f (-J- ds' 

Jo \*<l T K 2 t/ 

/w cos |A + 6 sin JA + V w 2 + 6 Z \ 
l w cos iA -f ■ Vw 2 + a 2 / ’ 


(19a) 


where 


R 1t = Vs' 2 + 2s'w cos |A + w 2 + a 2 , 

R 2t 

= Vs' 2 + 2s'(w cos |A + 6 sin |A) 4- w 2 + b 2 

(196) 

in place of (15). 

The series inductance L T involves both 
end effect and coupling. It is determined from 
the inductance per unit length of the two-wire 
line with the V-antenna attached, that is, from 


l e (w) = l e 0 (w) + IZrW 

= [Arcin') + Ar 0r (n')]/27r»’ 0 , 
where, as in Sec. II.6, 



with 



w 


w 


V w 2 4 - 6 2 
Vw 2 + a 2 ’ 


R a — V(w — w') 2 4- a 2 , 


R b = V(w - w') 2 + 6 2 , 


( 20 ) 


(21a) 


(216) 
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and where 

k 0T (w) = k' 0T (w) cos |A = cos |A In B, 

(21 c) 


with In B given in (19a). The lumped series 
inductance for the terminal-zone network is 


[l%w) - Q dw 
■d 


-J> 

-skb * 4 /. 1 

r d , tw + v** + b*\ . i 


In B dw 


( 22 ) 


where d 106. The second integral in (22) 
is directly integrable. Its approximate value is 
—(6 — a) for d 2 b 2 > a 2 . The first term 
may be evaluated numerically in any particular 
case. Its general behavior as a function of A 
including the factor cos |A is quite simple. 
Beginning with A = n, where it is obviously 
zero so that L T — —(6 — a)/2Trv 0 , it increases 
to a positive maximum near A = irj 2 that is 
greater in magnitude than (6 — a) so that 
L t has a positive rather than a negative 
value. It diminishes exactly to (6 — a) at 
A = 0 where, therefore, L T — 0. 

The combination X v + <oL T is shown in 
Fig. 25.5 for the same antenna and line 
analyzed previously for the circuit of Fig. 
25.26. This curve for the circuit of Fig. 
25.2a is seen to differ considerably from the 
corresponding curve for the circuit of Fig. 
25.26 shown in Fig. 25.3. Notably, the 
reactance increases rather than decreases 
as A is reduced from -n. Since the theoretical 
curves assume <5 = 0, X v 4- cu L T can be ex¬ 
pected to be a fair approximation for thick 
antennas with <5 > 0 only for A sufficiently 
large. For the same line spacing, 6 = 0.052, 
the range 120° ^ A sS 180° is reasonable. 

Just as in the case of Fig. 25.26, the re¬ 
actance at A = 0 may be obtained from 
transmission-line theory appropriately cor¬ 
rected for end effects. In this case there is no 
right-angle bend at the junction of the line 
proper and the section corresponding to 
V-antenna folded together so that A = 0; 
therefore only the terminal-zone effect at 
the end of the section of length tt/2 is effective. 
This is the same as before and gives 

X sa = X m = wC t R 2 = 35 ohms (23) 

for the particular case under study. The point 
X = 35 is labeled P in Fig. 25.5. As before, 
the true impedance curve must connect 
X v + u)L t between A = 120° and 180° with 
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this point. An estimated curve of this sort 
is shown dotted. Experimental curves of the 
apparent reactance of the V-antenna are 
marked X vS in Fig. 25.5. Curves for /? 0 6' = n/2 
and 1.55 are shown with Cl = 9 and 12.5. 

Once again it is clear how important the 
terminal-zone effects are when 6/2 0 is not 
vanishingly small. The rough qualitative 
study based on the theoretical zeroth-order 
reactance X v is seen to be adequate to explain 
the general shape of the experimental curve 
and the reasons for its departure not only 
from the theoretical zeroth-order curve for 
the ideal V-antenna but also from the experi¬ 
mental curve for the identical antenna driven 
from the same line but in the circuit of Fig. 
25.26 instead of that of Fig. 25.2a. The great 
importance of the particular circuit connection 
in determining the apparent reactance of a 
V-antenna is brought out clearly. The resist¬ 
ance of the V-antenna is essentially the same 
in both the circuits in Fig. 25.2a and Fig. 
25.26. It is given in Fig. 25.4. 

Complete experimental curves 4 for the ap¬ 
parent impedance of the V-antenna driven 
in the circuits of Fig. 25.2a and 25.26 are 
shown in Figs. 25.6 to 25.9. Note the startling 
differences between the measured impedances 
of the same antenna when driven from the 
same line but in the two different circuit 
connections. The two sets of curves agree 
only for A = n, when the two circuits 
are identical. 

The experimental measurements were made 
by D. Angelakos on the image-plane line 
described in Sec. 11.35. Note that in these 
curves P 0 h = f) 0 (h' + <$„) = f) 0 (h' + 6/2) is 
the electrical leg length, that is, the half-length 
of the cylindrical antenna with collinear 
halves when A = n and 6 = 6/2. This differs 
from the convention in the general analysis 
of the V-antenna in which ft^i = /? 0 (6' + <?) 
is a quantity that varies with A. In order to 
distinguish between the two circuit conven¬ 
tions, the angle of tilt from the collinear 
position is used as parameter y> in Fig. 25.2a, 
a in Fig. 25.26 instead of A. Note that A = 
w — 2v> or A = 7 t — 2a. 

Experimentally determined distributions of 
current along the V-antenna as a function of 
the angle a for the circuit of Fig. 25.26 are 
shown in Fig. 25.10 for four values of PJt. 
Comparison with the curves in Sec. 11.26 
shows that the distribution of current on the 
V-antenna differs little from the distribution 
along the conventional dipole of the same 
leg length. 
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Fig. 25.5. Resistance of V-antenna. 



Fig. 25.6. Variations in V-antenna impedance 
with length for various angles of sideways tilt 
(Angelakos). 



Fig. 25.7. Variations in V-antenna impedance 
with length for various angles of forward tilt 
(Angelakos). 
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Fig. 25.8. Impedance of sideways-tilt V-antenna (Angelakos). Fig. 25.9. Impedance of forward-tilt N-antenna 

(Angelakos). 









TRANSMISSION LINE 



Fig. 25.10. Current distributions for various tilt angles (Angelakos). 
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Although the impedance of the V-antenna 
can be determined in general from (1), the 
numerical evaluation has been carried out 
only in the zeroth order for fiji = n/2. 
Since the dependence of the impedance on 
the angle A of the V must be relatively 
independent of the thickness of the antenna 
provided this is moderately thin, it is possible 
to obtain the approximate impedance of an 
antenna for various values of A from the 
known value at A = it for ft between 10 and 20 
using the following ratio: 

R(N ft) _ R( A = ir, q) 

j?(A, n = oo) «(A = n, n = oo) ’ ^ } 

and a similar formula with X substituted for R. 
Note that the zeroth-order values Z(A, ft = oo) 
and Z(A = it, ft) are available. 

26. Crossed Antennas 

An interesting combination of two V- 
antennas is a pair of crossed antennas. In 
order to be symmetrically placed with respect 
to the driving two-wire line, the antennas 
must be arranged either in a plane perpen¬ 
dicular to the transmission line, as shown in 
Fig. 26.1a, or in the neutral plane of the line, 
as in Fig. 26.16. The arrangement of Fig. 
26.1c involves two dissimilar V-antennas 
if the line spacing 6 is at all significant. It 
corresponds to one antenna with the enclosed 
angle A less than it, while the other antenna 
has A greater than n. Since the currents in the 
two V-antennas are not the same if they are 
not identical in construction and orientation. 
Fig. 26.1c corresponds to two crossed antennas 
of which each has currents that do not 
satisfy the condition /(— s) = I(s). The 
present discussion is limited to the circuits 
of Figs. 26.1a and 26.16, which are formally 
simple generalizations of the analysis of the 
single V-antenna. In Fig. 26.1a there is no 
inductive coupling between the antenna and 
the line, so that the apparent impedance 
of the antenna involves a corrective terminal- 
zone network that must take account only of 
inductive end effect on the line and capacitive 
coupling and capacitive end effect. On the 
other hand, the circuit of Fig. 26.16 involves 
no coupling between the antenna and the 
transmission line. Therefore, if the terminating 
stub on the line is adjusted to maintain a 
maximum voltage across the terminals of 
the antenna when this is removed, and if the 
short half-bridges joining the line and these 
terminals are sufficiently large to have neg¬ 
ligible inductive reactance, the apparent 


terminal impedance when the antenna is 
connected should differ negligibly from the 
ideal impedance of the isolated antenna with 
a scalar potential difference maintained 
across its terminals. 

Consider the idealized circuit of Fig. 26.2, 
in which the two V-antennas or the pair of 
crossed antennas consists of four identical 
elements each of length h' = h — 8. Two of 
the elements, forming antenna number 1 
of the crossed pair, lie along the z-axis ex¬ 
tending from z = —6 to z = — 8 and from 
z = 8 to z = 6. The other two elements, 
forming crossed antenna number 2, lie along 
an axis s from s = —h to s = —<5 and from 
s = 8 to s = 6. The angle between the positive 
i-axis and the z-axis is A. 

The integral equation for the current 
J l2 (z) in the upper half of antenna 1 is ob¬ 
tained exactly as in Sec. 23. The result is 
like (23.31) but with the integral on the left 
extended from —h to —6 and from 8 to 6 
instead of merely from 8 to 6, and with an 
additional factor 2 in the denominator, since 
the two V’s are effectively in parallel. It 
follows that the solution for the current is 
one-half of (24.3) with (24.4a, 6) unchanged 
but with the integrals in (24.1), (24.5a-^/), 
and (24.6) changed to extend from —6 to 
—8 and 8 to 6. This means that in (24.14a-rf) 
the functions C u (6, z), S u (h, z), and E u (6, z) 
must be replaced respectively by C„(6, z), 
S a (h, z), and E a (h, z) as defined in (11.19.33), 
(II. 19.34), and (II. 19.36). Similarly, C 12 (6, z, A), 
5 12 (6, z. A), and £ 12 (6, z, A) must be replaced 
by the here newly introduced functions 
C„(6, z. A), S v (h, z, A), and E v (h, z, A), which 
are defined as follows: 


C„(6, z. A) 


S v (h, z, A) 


E v (h, z, A) 
where 



R 12 = "V^z 2 — 2zz'cos A + z' 2 + a 2 , 

R 13 = Nz 2 + 2zz' cos A + z' 2 + a 2 . (2) 
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Finally the function p(z) as defined in (23.166) 
and occurring in the integrals J V (F 02 , z) 
and J V (G 0Z , z) must have its range of integ¬ 
ration changed to include —h to —6 and 
<5 to h. The same substitutions for C n (h, z), 
C 12 (h,z, A), S u (h,z), and S 12 (h,z,A) must 
be made in (24.16). 

With these modifications the analysis of 
the V-antenna in Secs. 23-25 applies directly 
to the crossed antennas. Evidently, when 
A = 7r/2, the crossed antennas become iden¬ 
tical with the two mutually perpendicular 
antennas analyzed in Sec. 21. That is, each 
collinear pair behaves just as if it were 
isolated. If the two are driven from a single 
generator, they are equivalent to two isolated 
collinear pairs in parallel. The impedance 
at the terminals of the generator is one-half 
that for a single isolated antenna. When A 
is very small, the crossed antennas are 
equivalent to two tapered transmission lines in 
parallel, and the impedance at the terminals 
of the generator is one-half the impedance 
of a single tapered line. 

The impedance of the crossed antennas is 
given by (25.1) with appropriate changes in 
the functions involved, corresponding to the 
change in the limits of integration. In parti¬ 
cular, the formula (25.5) for f) 0 h = w/2, <3 = 0 
and with ft = 21n(26/a) extremely great, 
becomes 


“ 4k[ C - (M) ~ 


cos A C v (h, 6, A) 




(3) 


where 


J'Jir/l) = J„(tt/2, A) — J v (irj2, tt — A) 
and where 


(4a) 


J„(W2, A) = J,(W2) = -sin 2 A 


j sin u du 
Jo 

M2 

I K 12 (u, u') u cos u' du' (46) 
Jo 


is the function previously defined in (25.8a). 
The term J„(W2, tt — A) is due to the added 
integral with limits —h to 0. Note that when 
A = 7t/2, (3) reduces to 


Z c0 C 0 (A, 6) = 36.6 + /21.25. 

(/V* = W2). (5) 

A simple modified zeroth-order formula 
for the impedance of symmetrical crossed 
antennas has been derived by Chambers 15 


using the emf method. His formula is 

(Z c01 ) =k [1.219(1 +cosA) 

+ jX 3.265 - 0.0284A 0 ]. (6) 

Note that A is in degrees. For A = 90°, 
(6) gives exactly (5), as it should. 

The general shapes of the resistance and 
reactance curves defined by (3) for the crossed 
antennas are like those in Fig. 25.1 with both 
the scale of ordinates and the scale of abscissas 
halved. 

The application of the theory for the ideal 
isolated antenna in Fig. 26.2 to the practical 
circuit of Fig. 26.1a not only includes the 
determination of the lumped elements L T 
and C T for the required terminal-zone 
network, but involves the additional com¬ 
plication that the halves of each crossed 
antenna are not collinear but laterally dis¬ 
placed. 

If the two crossed antennas are not driven 
by the same generator as two identical 
V-antennas in parallel or as two crossed 
antennas with equal currents in opposite 
phase, but are individually driven by two 
generators with arbitrary voltages and relative 
phases, the problem is readily feduced to 
the one already solved. Just as for two 
parallel antennas, the problem of two arbit¬ 
rary driving voltages may be reduced to two 
independent problems for equal currents in 
phase and equal currents in phase opposition. 
The solution of the latter has been outlined 
in this section. The solution of the former 
is exactly the same as that of the latter but 
with (tt — A) substituted for A. 

ASYMMETRICALLY DRIVEN LINEAR 
ANTENNAS 

27. Current and Impedance for Asymmetrically 
Driven Cylindrical Antennas 

Since the center-driven cylindrical antenna, 
analyzed in detail in Chapter II, is symmetric 
with respect to its center, the currents in the 
halves are the same, I(—z) = I(z), and a 
single integral equation is involved. If the 
antenna is not center-driven, numerous com¬ 
plications arise. Most important among these 
is the fact that a transmission line feeding 
the antenna as in Fig. 27.1 is not in a neutral 
plane and is unbalanced by the different 
lengths of conductor attached to its ends. As a 
result, the transmission line is an important 
part of the radiating system, since the co- 
directional components of current contribute 
significantly to the far-zone electromagnetic 
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Fig. 27.1. Asymmetrically driven linear antenna. 



Fig. 27.2. Generator within asymmetrically 
driven antenna. 


Fig. 26.2. Ideal crossed antennas. 


t 




Fig. 27.3. Thin cylindrical 
antenna driven off-center 
by a discontinuity in scalar 
potential. 
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field. A radiating system that includes 
the transmission line as a radiating element 
is always undesirable. Obviously, the length 
and the location of the line should not play 
a part in determining the field characteristics 
of an antenna system. 

The only manner in which an asymmetric 
antenna can be driven without introducing 
a radiating transmission line is by a generator 
completely within the metal surfaces of the 
antenna. Two possible arrangements are 
shown in Fig. 27.2. Except for projectiles, 
antennas of this type are not practically 
important. However, a very useful antenna, 
the sleeve dipole, in which the radiating 
currents are equivalent to the superposition 
of the currents in two asymmetrically driven 
antennas, is discussed in Sec. 30. Moreover, 
one step in the analysis of a collinear antenna 
in later sections involves the determination 
of the current in an asymmetric antenna 
center-driven by a discontinuity in scalar 
potential, that is, by a slice generator. 

The antenna to be analyzed in this section 
is the thin cylindrical antenna driven off- 
center by a discontinuity in scalar potential 
at z = 0. Since there can be no axial gap in 
internally driven antennas, (5 = 0. The an¬ 
tenna is shown in Fig. 27.3. As in the analysis 
of the center-driven antenna, it is assumed 
that currents and charges are confined to the 
cylindrical envelope of radius a. Account 
may be taken of other surfaces at the driving 
point if they exist, just as for the center- 
driven cylinder. At the extremities, hemispher¬ 
ical ends approximate the idealized cylinder 
which has no chargeable surfaces other than 
on the cylinder itself, as discussed in Sec. II. 11. 
For simplicity, terms involving the surface 
impedance per unit length z 1 will be omitted, 
so that the analysis applies strictly to a 
perfect conductor. 

Since the two parts of the antenna are not 
equal in length, the distributions of current 
on them are necessarily different. This means 
that two currents, I u for 0 z Si h 1 and 
I 2l for —h 2 Si z Si 0, must be determined 
subject to the condition that they join 
smoothly at z = 0, that is, 

*10 = ^20 = A ,- ( 1 ) 

The currents I lz and / 22 are the unknowns 
in a pair of simultaneous integral equations. 
The equations are obtained just as for the 
center-driven antenna by equating the Helm¬ 
holtz integral for the vector potential to the 
solution of the differential equation for the 


vector potential. Following the method in 
Sec. 11.14 but with <5 = 0, z i = 0, the integral 
equations are 


Ch 

4» rv 0 A u (z) = I Iy t Ky(z, z') dz' 


r 

J-h, 


I&Kjiz, zO dz' 


-jAn_ 

£o 


(C x cos /V + C 2 sin /5 0 z)> 


(0 =S z A x ) (2a) 
CK 

4t7v 0 A 22 (z) = I I^K^z, z') dz' 


r 


= I 

Co 


where 


Ki(z, z') = 


I^K x (z, z') dz' 

A* 

(C 3 cos ^pz + C 4 sin p^z), 
H^Z^O) (2b) 

e~jPo R i 


R, 


Rl = V(z’ - z) 2 + a 2 . 


(3) 


These two equations must be solved for 
hz and I 2z , subject to (1) and the conditions 

hz = 0, 2 = h x \ I 2l = 0, z = —A 2 ; 

(4) 

V 0 = lim[<t> 1 (<5) - 4> 2 (-'5)l =4 >i( 0) — <t> 2 (0). 

< 5—*0 

(5) 


The scalar potential is obtained as in Sec. II. 13. 
Thus, 


4>i(z) = 


yco dA u 

ft 


= — C x sin P 0 z+ C 2 cos PqZ, 


( 6 ) 


<t> 2 (z) = 


j(o 5A 22 

ft ^ 

—C 3 sin £ 0 z + C 4 cos /S 0 z. 


Let 


(7) 


V 10 = lim [4> x (<5) — 0] = C 2 , (8a) 

<s=o 

V 20 = lim [0 -<t> 2 (-<5)] = -C 4 . (8 b) 

( 5—>0 

With (5), 

V 0 = lim [ 4> x (f5) —<f> 2 (—(5)] = F xo + V 20 

<5—►O 

= c 2 - C 4 . (9) 
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The approximate distribution functions 
for the currents may be introduced as follows: 


m = 


/ 2 ( z ) — ^2zNo< 

(10) 


gn( z , z ') 

= U Z ')IU Z ), 



gilt, z ') 

= f^ z ). 

(11a) 


gu( z , z ') 

= / 2 (z')//i(z), 



g* ito O 

= /i(*')// 2 00- 

(116) 

Let the following functions be defined: 


»i(z) - 

r i 

Jo gn(z> Z 

')^i(z, zO dz- 



+ 

f g 12 (z, gyKjfz, 2 
J — k 2 

O 



(0 g z ^ 6 X ) 

(12a) 

^ 2 (z) - 

fo gn(z ’ Z 

zO*' 



+ f gii( z , z ')Ki(z> z 7 ) 




(—6 2 SzgO) 

(126) 

n i(z) - 

J>- 

*i zg u (z, z')]^i(z, z 

:') rfz' 

+ 

f> - 

J lzgu( z , z')] K l(z, 

z')*'. 


/ —/*2 


(13a) 


n 2 (z) = J [I' u -I^g^z.z'yiKfaz^dz' 

+ f W*i ~ hzgu( z , z ')] K i( z , z')dz'. 

J-h, 

(136) 

The functions ^(z) and 'Y./z) are the ratios 
of vector potential to current at points z on 
the two parts of the antenna if f x (z) and / 2 (z) 
are the true distributions of current. As 
discussed in Chapter II, this ratio must be 
predominantly real and sensibly constant 
over each of the two parts of the antenna. 
Therefore, let 

^(z) = Yj + Yl (z), Y 2 (z) = T" 2 + y 2 (z), 

(14) 

where 

Vi-lViM, v 2 = |¥ 2 (z r )|, (15) 

and z r is a reference point on each part at 
which the magnitude of 'Y(z) approximates 
the mean constant value of | 'Y(z) |. The 
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complex functions YiW and y 2 (z) are very 
small except near the respective ends at 
z — /&!, z — — h 2 , where they become infinite 
but I z y(z) vanishes. 

With (8) to (15), (2 a, 6) become 

hz + Yi(z)] + Hj(z) 

= ■~(C 1 cosp 0 z + V 10 sin p^z), 
(0 ^ z ^ Aj) (16a) 

hzVY 2 + y 2 ( z )] + n 2 (z) 

= -y— (C 3 cos - V 20 sin f/ 0 z), 
(~b 2 ^z< 0) (166) 


If the functions f x (z) and / 2 (z) were the 
true distributions of current, the difference 
integrals n^z) and n 2 (z) would necessarily 
be zero. Since the true distributions are 
actually the unknowns, approximate distri¬ 
butions must be used, in which case n^z) 
and n 2 (z) are the smaller the more closely 
the assumed distribution functions represent 
the true currents. It follows that the principal 
terms on the left are I 1Z 'Y 1 and / 2z 'f 2 . Hence, 




I u = tv (Cl cos [l„z + F 10 sin M 


-^[/i.YiW+ ^(z)], 

(0S:S h x ) (17a) 

hz = (C 3 cos p 0 z - F 20 sin fS Q z) 

2 


-±[ 1 ^)+ n 2 (z)], 

(-A 2 gr^O) (176) 


The simultaneous integral equations (17a, 6) 
involve no approximations not already con¬ 
tained in (2). They represent merely a re¬ 
arrangement of the terms. However, the 
unknown currents I lz and I 2z in (17a, 6) 
occur in two types of terms, namely, the 
principal terms on the left and the difference 
integrals IIj(z) and n 2 (z) on the right, which 
are small if well-chosen distribution functions 
/ x (z) and / 2 (z) are used. 

Note that (17a) and (176) individually 
correspond to (11.14.13) (with z' = 0, d = 0), 
to which they reduce exactly when h x = h 2 = h 
in (17a, 6). They may be solved by the same 
method of iteration to obtain final formulas 
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like (11.15.26) with appropriate changes in 
symbols: 


Iu(z) 


JArrV i. 


io^l 
sin P 0 (h x - z) 


Mi(Ai, z)/T\ 

+ M 2 (Aj, z)/<F f 


Lcos + A 1 (h 1 )/T 1 


A^Wl + ■ ■ 

(O^zihJ (18) 


If the variable x is defined as follows: 


* = —z, (19) 

the current I 2z in the lower part of the antenna 
has exactly the same form as (18) with 
appropriate changes in subscripts. Thus, 

I 2z (z) = -/ 2 ,(x)= 4^ L ° x 

sin P 0 (h 2 — -v) + M x (h 2 , x)/'i\ 

+ M 2 (h 2 , x)f¥\ + • • • . 

cos p 0 h 2 + AjhJI'V, + A 2 (h 2 )l'i'l + •••. 

(OSrg A 2 ) (20) 

Note that from (86) 

F 20 = lim [0 - <t> 2 (-z)] = lim [0 - <t> 2 0*)]- 
z-*0 z-*0 

(21) 


The functions F x (h x , h x ) and G^Aj, A x ) are 
obtained from (23a, 6) with z = h v The 
zeroth-order functions are 

F 0z {h i) = cos Poz - cos P 0 h ly 

G 0z {h i) = sin p 0 z - sin PJi x , 

(O^zg h x ) (24a) 

Foz(h 2 ) = cos p 0 z - cos P 0 h 2 , 

G 0z (h 2 ) = —sin p 0 z — sin pji 2 . 

(~h 2 ^z< 0) (246) 


The impedance of the asymmetrically 
driven antenna is obtained using (1) and (9), 
namely, J 20 = J 10 = F 0 = F 10 + F 20 , in 
conjunction with (18) with z = 0 and (20) 
with x = 0. Thus, it follows from (18) and 
(20) that 



-VC oil 

4tt 


X 


cos 00*! + A 1 (6 1 )/ > F 1 + A i (h 1 )l'Yi + • • - 1 
. sin Poh, + B 1 {h x )!'¥ 1 + B 2 (A 1 )/'Pf +■■■]’ 

(25a) 

r _ ^20 _ ^20 _ —VC0^2 w 
' 2 ” /» ~ / 0 ~ 


Since an evaluation of (18) in terms of 
z and h x automatically gives (20) in terms 
of x and A 2 , it is necessary only to solve 
(18). In (18) the functions M and A are 
defined as in (H.15.27) to (H.15.29) with 
z* — 0, <5 = 0. The first-order functions are 

M^Aj, z) = F x (h x , z) sin P 0 h x 

— G 1 (A 1 , z) cos P^h + G x ( h v h x ) cos |5 0 z 
- F x (A 1( A x ) sin P^z, (22 a) 
AjUhO = F i(Ai, Aj). (226) 


[cos /? 0 A 2 + A x (h 2 )l'¥ 2 + A 2 (h 2 )/rl + 

[ sin /J 0 A 2 + B 1 (A 2 )/'F 2 + B 2 (A 2 )/TS + -J ’ 

(256) 

where 

B(A) = M(A, 0). (25c) 

However, from (9) and (25a, 6), 

F 0 = F 10 + F 20 = / 0 (Zi + Z 2 ). (26) 

Since the impedance Z 0 of the antenna is by 
definition Z 0 = F 0 // 0 , it follows with (26) that 


The functions F x and G x in (22) are defined 
as in (II.21.1) with z' = 0, d == 0, and with 
appropriate changes in notation to take 
account of the different kernel and limit of 
integration. Note that F x and G x are functions 
of A 2 as well as of h x even though this is not 
indicated in the arguments. 

F x (h v z) = FJhJF, - f V 0z ,(A 1 )K 1 (z,z') dz' 
Jo 

- f F 02 ,(A 2 )Ki(z, z') dz’, (23a) 
J-n, 

G 1 (A 1 , z) is like (23a) with G substituted for F. 

(236) 


Z 0 = F 0 // 0 — Zj + Z 2 , (27) 

where Zj and Z 2 are given by (25a, 6). 
Therefore, the impedance of the asymmetric 
antenna is equivalent to a series combination 
of the impedances Z x and Z 2 characteristic 
of the individual parts when in each other’s 
presence. 

With Zp, Z 1; and Z 2 defined in (25) to (27), 
it is possible to express the partial voltages 
F 10 and V 20 as follows: 



Substitution of (28) in (18) and (19) gives the 
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final expressions for current in terms of the 
driving voltage. Thus, 


r _j AmV o z i 
U fo^i Z 0 

sin^fA, -z) + 2'M i (h 1 ,z)l'n 
x _i=i_ 

X N 

cos + 2 A t (h 1 )l'Y\ 

L t=i 


(Ogzg A x ) (29a) 

I — 

x 2 z i- w 7 
* 0*2 ^0 

sin /? 0 (A 0 (A 2 + z) + f M t (A 2 , -z)/T| 

_t=i_ 

cos f) 0 h 2 + ^. A i (h 2 )j'V i 2 


(-A 2 gzg 0) (296) 

Z« = Zi + -^2 



H 


cos^ + f ^.(AO/Tl 

t=t 


sin /ioAj + 2 B 1 (h 1 )l'Y[ 

i—l 


T 2 COS W 2 + 2^^2)/ i n 1 

+ —!=-- 1 • (30) 

sin/? 0 A 2 + 2B 1 (/'2)m 

i = l ) 


This completes the general analysis of the 
asymmetrically driven antenna. It remains to 
express the solutions in terms of tabulated 
functions. 


28. Functions and Parameters for Asymmetric¬ 
ally Driven Antennas 

In order to evaluate the several integrals 
involved in the expressions (27.29) and (27.30) 
for the current in and impedance of an 
asymmetrically driven antenna, it is con¬ 
venient to introduce the integrals 


c n (h, z) =J cos fiyz'Kfz, z’) dz’, 
S n (h, z) s J sin z') dz', 

jV(z, z') dz'. 


E n (h,z) 3 
where 
Kfz, z') = 


e i 

~rT’ 


R x = V(z - z') 2 + a 2 


(la) 

(1*) 

(lc) 

( 2 ) 
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These integrals are defined and expressed in 
terms of the tabulated generalized sine and 
cosine integrals in (24.7), (24.10), and (24.12). 

Since 

Kfz, -z') = Kf-z, z'), (3) 

it follows that 




cos Pqz'KjIz, z') dz' 


l 


= I cos Pqz'K^—z, z') dz' 


= C U (A, -z) = C 12 (h, z, A = it), (4a) 

—J sin fiaz'Kfz, z’) dz’ 

C h 

= sin f) 0 z'K^—z, z') dz' 

Jo 

= S n (A, -z) = S 12 (A, z, A = n), (4b) 

f K^z, z’) dz' = f KJ-z.zfdz' 

J-h Jo 

= E n( h , -O = z, A = tt), (4c) 


where the functions C 12 , S 12 , E l2 are defined 
in (24.7) and expressed in terms of tabulated 
functions in (24.10) and (24.12). It follows 
from (24.11) that 


C n (A, z) + C n (A, -z) = C 0 (A, z), (5a) 

S n (h, z) + S n (h, -z) = S a (h, z), (5b) 

where C a (h, z) and S a (h, z) are the functions 
occurring in the formulas for the center- 
driven antenna and defined in (11.19.33, 34). 

With the notation (1) and (4), (27.23) 
becomes 


F t (h lt z) = (cos f) 0 z — cos PohiWi 
^n(^i> z ) "l - co * fiobiEn(hi, z) 

Cn(A 2 , z) + cos JfrE j i(hn, z), 

(OSzg hf) (6a) 
F 1 (h 1 , h,) = -<:„(*!, A x ) 

+ cos ^q/ii£ii(Aj, hf) ^'ii(A 2 , Aj) 

+ cos ^ 0 A 2 £ 11 (A 2 , -Aj), (6A) 

G 1 (A 1 , z) = (sin /V - sin ftA)' F i 
- 5 n (A 1( z) + sin fi 0 h 1 E 11 (h 1 , z) 

*^n(A 2 , z) + sin /JqA 2 Ejj(A 2 , z), 

(Ogzg Aj) (6c) 

G#i, Aj) = -5 u (A lf Aj) 

+ sin ^ 0 Ajf/u(A 1 , Aj) S^fh 2 , Aj) 

+ sin P 0 h 2 E u (h 2 , -hf). (6d) 
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In the special case when h 2 = h v (6a) and 
(6c) reduce to the following forms, if use is 
made of (5a, 6): 

Ffh i, z) = (cos p 0 z - cos /yi 1 )'I' 1 
— C a (h v z ) + cos y3 0 h^E^hy, z), (7a) 

Gfh v z) = (sin p 0 z — sin P„h 1 f¥ 1 

- SJ.h l3 z) + sin jS 0 /j 1 £ a (/( 1 , z). (76) 

These are the same as (II.21.la, c) for the sym¬ 
metric antenna with z* = 0, <5 = 0. 

In order to evaluate the expansion para¬ 
meters Tj and T’ 2 , it is necessary to choose 
distribution functions for the currents in the 
two parts of the antenna. For this purpose 
the zeroth-order currents are good approxi¬ 
mations. Therefore, let 


/*(*) - 


O 22 


»(z) = 


sin 

Uh, 

- 

z) 

sin 


+ 

zY 

sin 

Po(h i 


z') 

sin 



z) 

sin 

^o(^2 

■ 

zl 

sin 

2 

+ 

z) 

sin 


+ 

Z') 

sin 

$o(^i 

- 

Z) 

sin 

PoOh 

- 

z') 

sin 

Po^2 

+ 

Z) ' 


sin p 0 (n 

With (8), (27.12a) becomes 


(8o) 


m 


(8c) 


current at z = 0, namely, / 20 = ho = h< 
assures that significant contributions to > F 1 (z) 
with z near zero by currents in the nearest 
section of the lower part of the antenna cannot 
differ appreciably from what they would be 
if 6 2 were equal to h 1 . Therefore, the general 
distribution of T , 1 (z) for the asymmetrically 
driven antenna must be essentially similar 
to T' a . 1 (z) for the center-driven antenna. Hence, 
the same location of the reference point z r 
should be appropriate. That is, 


y = pi(0)| for p 0 h 1 < tt/2, 

1 l|T' 1 (/, 1 - 2 0 /4) | for fl 0 h 1 > tt/2, 

( 10 ) 

where 'Pj(z) is given by (96). 

The parameter T 2 for the lower part of the 
antenna (—6 2 gz g 0) is defined by (10) 
with (9) if subscripts 1 are replaced by 2, and 
2 by 1 on 6 and'F, and — z is substituted for z. 

With the functions F x and G 1 and the 
expansion parameters 'F 1 and 'F 2 reduced to 
forms involving only tabulated functions, 
a complete first-order solution for the current 
at all points in and the driving-point im¬ 
pedance of a cylindrical antenna of small 
cross section asymmetrically driven by a 
discontinuity in scalar potential is made 
available. 


29. Approximate Impedance of Asymmetrically 
Driven Antennas 


'Fjfz) sin /3 0 (/j x - z) 

= J sin /f u (6j - z^K-fz, z’) dz' 

+ f sin /? u (6 2 + zlK^z, z') dz' (9a) 
J-a 2 

= sin PJtiC u (h lt z) - cos ^ 0 6 1 S’ 11 (6 1 , z) 
+ sin ^ 0 6 2 C 1 i(6 2 , —z) 

- cos /3 0 6 2 5 u (6 2 , -z). 

(0 ^ z ^ 6 X ) (96) 

The definition of Tj = j'F 1 (z r ) | involves the 
choice of a reference point z T such that V F X 
will be a good representation of |'Fi(z)| over 
its principal, essentially constant, range. 
Since the contributions to v F 1 (z) are pre¬ 
dominantly from currents near the point z, it 
follows that currents in the lower part of the 
antenna, that is, where —6 2 sj z Si 0, contri¬ 
bute negligibly to 'Fj(z) defined at r = a on 
the upper part, 0 g z g /ij, except in a small 
range near and at z = 0. The continuity of 


The actual numerical evaluation of the 
general formulas for current and impedance 
given in Sec. 27 has not been carried out, 
since good approximations are readily ob¬ 
tained directly from the solution of the center- 
driven antenna, which has been evaluated 
numerically in considerable detail in Chapter 
II. The argument is straightforward. 

The determination of the current in the 
upper part (0 gz g hf of a cylindrical 
antenna driven at z = 0 involves the vector 
potential at all points on the surface of this 
part. Contributions to the vector potential 
arise from currents in the entire antenna, but, 
as has been pointed out before, they are 
large only from currents near the point z 
(0 :5 z g; 6). Since z is confined to the upper 
part of the antenna in determining the 
current in this part, contributions by currents 
in the lower part are important only in a 
small range when z is near zero. The actual 
magnitude of this range can be obtained 
directly from computations made in Chapter 
II to determine the significance of a gap of 
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length 26 at the center. In Fig. II.20.9, 
for example, is plotted | 'F(z) | for jifi = njl; 
this is a magnitude proportional to the 
vector potential at r = a on the surface 
of the antenna and in the gap 26. Since the 
antenna is symmetric, the value at z = 0, 
the bottom of the dip, is due equally to 
currents in both halves of the antenna. 
Therefore the vector potential at z = 0 due 
to the lower half alone is only one-half the 
magnitude of this dip. Note that this is a value 
proportional to the vector potential due only 
to the currents in the entire lower half at a 
distance 5 from the point of maximum current 
at z= — 6 . In Fig. 29.1 is a graph of the 
approximate variation of |*P(z)| (which is 
proportional to the vector potential) beyond 
the end of a section of conductor carrying 
a maximum current at that end due to the 
current in that section. The insert shows 
l'F(z) | for half of an antenna and, framed on 
the right, the section beyond the end re¬ 
presented in the main diagram. The rate of 
decrease of |'F(z)| is such that at angular 
distances as small as 0.1 radian the magnitude 
is reduced to between 10 percent and 30 
percent depending on the magnitude of fitfl 
as specified by the value of O. For small 
values of (t 0 a the decrease is more rapid. 
Note that (i 0 z = 0.1 corresponds to z = 
0.0159A 0 . Thus, the significant contribution 
to the vector potential even at z = 0 by 
currents in the lower part (z < 0) is confined 
to currents at distances not exceeding a 
tenth of a wavelength. Since rapid variations 
in the magnitude of the current in an antenna 
do not occur in such short distances, it is clear 
that the requirement / 10 = / 20 = I 0 is 
sufficient to assure that contributions to the 
vector potential at all points on the upper 
part of an asymmetrically driven antenna, 
including z = 0, by the actual currents in the 
lower part effectively do not differ from what 
they would be if the distribution of current 
were the same in the lower part as in the 
upper, as when h 2 = h v Evidently, currents 
in the lower part that are near enough to 
contribute appreciably to the vector potential 
in the upper part, that is, near z = 0, cannot 
differ very much from the currents in the 
adjacent upper part, since / 10 = / 20 . 

This means that in determining the distri¬ 
butions of current in the two parts each may 
be analyzed separately as if each were a 
base-driven antenna over an infinite, perfectly 
conducting plane. That is, I lz in (27.18) 
will be changed negligibly if h 2 is set equal 


to h 1 wherever it occurs in T and in the 
F and G functions that contribute to the 
M and A functions. Similarly, I 2z may be 
determined from (27.20) by setting h 1 equal 
to h 2 in the corresponding integrals. Each of 
these problems is equivalent to the center- 
driven antenna analyzed in Chapter II. The 
current I lz in the upper part is the same as 
in the upper part of a center-driven antenna 
of half-length h 1 ; the impedance, Zj = 
Fjo/fjo, is one-half that of the center-driven 
antenna. Similarly, / 2z in the lower part is 
the same as that in the lower part of a center- 
driven antenna of half-length h 2 , and the 
impedance Z 2 = F 20 // 20 is one-half that 
of the center-driven antenna. The impedance 
Z 0 of the asymmetric array is the series 
combination of Z 1 and Z 2 : 

z 0 — Zj + Z 2 . (1) 

The currents in the two isolated antennas of 
half-length h x and h 2 , respectively, are related 
to each other and to the asymmetric antenna 
they are to represent by setting 

V 10 = F 0 Zj/Z 0 , V 20 = V 0 Z 2 IZ 0 . (2) 


Hence, 

/ lz (upper part of asym. ant.) 

z 

= 7 lz (upper half of sym. ant. of 
^o 

half-length hf), (3 a) 
/ 2z (lower part of asym. ant.) 

Z 

= -yr / 2z (lower half of sym. ant. of 

half-length h 2 ), (3b) 

where 


Z l = £(Z 0 of sym. ant. of half-length hf), 

(4 a) 

Z 2 = i(Z 0 of sym. ant. of half-length h 2 ). 

m 

In general, h 1 ja 1 ^ h 2 \a 2 , so that different 
values of Q apply to each part. Since the 
input currents per unit voltage are the input 
admittances, it is convenient to express (3) 
and (4) in terms of the admittances. Thus, 

/ lz (upper part of asym. ant.) 

Y 

= y 7u(upper half of sym. ant. of 

half-length hf), (5 a) 










THEORY OF LINEAR ANTENNAS 


[III.29] 


7 22 (lower part of asym. ant.) 

Y 

— jr 72i0° wer half of sym. ant. of 

half-length hj, (5b) 


(P 0 h 2 = n ) by Y 0 IY 2 . Numerical values for 
the special case under consideration are 

2 y 2 Y 

^2 = 0.375/77°, -rr 2 = 1.932/-10°. 

Y i - *2 '- 

( 10 ) 


Y 1 — 2 (Y 0 of sym. ant. of half-length hj), 

(6a) 

Y 2 = 2(Y 0 of sym. ant. of half-length h 2 ), 

(6b) 

Y 0 = • (6c) 

As a numerical example, consider the 
asymmetric antenna defined as follows: 

f) 0 h 1 = tt/2, PqIi 2 = tt; (7 a) 

Oj = 2 In QhJaj) = 10, 

Q 2 = 2 In (2hja 2 ) = 10. (7 b) 

Since h 2 = 2 h u a 2 = 2 a v The second-order 
King-Middleton admittances are 

Y 1 = 2(9.56 -y'4.62) x 10 3 
= (19.12 — y‘9.24) x 10~ 3 

= 21.2 x IQ" 3 /-26° mhos, 

(hh, = 77-/2) (8a) 

F 2 — 2 ( 1 . 0 + 71 . 8 ) x 10- 3 
= (2.0 + y'3.6) x 10" 3 
= 4.12 X 10~ 3 /61° mhos. 

(P 0 h 2 = n) (8 b) 

The approximate input admittance of the 
asymmetric antenna is 

F„ == (2.51 + y’3.1) x 10“ 3 

= 3.98 x 10- 3 /51_° mhos. (8c) 

The corresponding input impedance is 
Z 0 = 158 — y 195 = 251 /-51° ohms. 

(8 d) 

The input current of the asymmetric antenna is 

-^2 = 2.51 + y'3.1 = 3.98 /51° milliamperes 

per volt. (9) 

The distribution of current along the individual 
parts is the same as if this part were half of a 
center-driven antenna, but multiplied for 
part 1 (^qAj = tt/2) by YJY lt and for part 2 


The factor 2 before Y 0 is necessary for 
comparison with the center-driven antennas, 
which have admittances YJ2 and Y 2 /2 
respectively. Accordingly, the distributions 
of the magnitudes and phases of the currents 
per unit driving voltage are 



0.375 


Ll 

Vo f*oh=*ll’ 


0i/ = 0/,/yi=v2 + 


(11a) 


— = 1 932 — 

Vow-.’ 

e 2l = 0 /AA= „ - 10 s . (lift) 


Curves showing the distributions of the magni¬ 
tude and phase of the current referred to the 
driving voltage for the asymmetric antenna 
with h l = A 0 /4, h 2 = A 0 /2 are given in Fig. 
29.2. These were obtained directly from Figs. 
22.9 b and 22.11 b, using (11 a, b). 

Since the input impedance of the asym¬ 
metric antenna is approximately equal to the 
sum of the impedances of two antennas of 
different and quite arbitrary lengths, it is 
interesting to consider the possibility of 
selecting these lengths so that the sum of the 
two impedances is less sensitive to changes 
in p 0 h — a>h/v 0 than either one separately. 
That is, is it possible to select h l and h 2 so 
that the asymmetrically driven antenna has 
desirable broad-band characteristics? The 
answer is in the affirmative if it is possible 
to design the two parts 1 and 2 of the asym¬ 
metric antenna so that for a given change 
in frequency from co 0 — Aco to co 0 + Aa> the 
resulting change in and X 1 is compensated 
by a nearly equal and opposite change in 
R 2 and X 2 . For the frequency range from to 
to to + Aco, § 0 h 1 = whjvg increases to (co + 
Ao^hjvg and P 0 h 2 = m h 2 /v 0 increases to 
(co + Ac o)h 2 /vg. Thus, the change in fi 0 h is 
Awhjvg, and the change in p 0 h 2 is A <oh 2 jvg. 
Evidently, the increase in ji 0 h 2 is greater than 
that in fi 0 h 1 if h 2 is greater than h lt so that 
the slope of the R 2 , X 2 curves should be 
smaller than and of sign opposite to the slope 
of the R lt X t curves. Since for all moderately 
thin antennas the regions of negative slope 
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for X are always much steeper than regions 
of positive slope, it is difficult to satisfy these 
conditions without using sections that are 
several half-wavelengths long. If both h 1 
and h 2 are to be under a wavelength and fl x 
and fi 2 are not to differ greatly, a reasonably 
broad-band antenna can be constructed 
by choosing 6 X to maximize X l and h 2 to 
minimize X 2 at a> = co 0 . For fl x = fl 2 = 10, 
Fig. II. 30.1a or Figs. II. 30.5a, b give h 1 = 
2.2u 0 /co 0 , h 2 = 2.9i> 0 /co 0 , where v 0 = 3 x 10 8 
m/sec. A range of co defined by 

0.9cu 0 to £1 l.lcu„ (12a) 

corresponds to 

1.98 S /? 0 6 x g 2.42, (12 b) 

2.61^^2^3.19. (12c) 

Curves showing the variation of R 1 and X lt 
R 2 and X 2 , R 0 — Ri + R 2 , and X 0 = X t + X 2 
are shown in Fig. 29.3 as a function of w in 
the range from 0.9cu„ to l.lco 0 . It is seen that 
over this 20-percent frequency range R g and 
X 0 are reasonably constant. With a corre¬ 
sponding choice of /;, and h 2 for thicker 
antennas with H x and fl 2 smaller than 10, 
a considerable extension of this approxi¬ 
mately constant range is possible. 

The general nature of the distribution of 
current amplitude along an asymmetrically 
driven antenna as predicted in this section 
has been confirmed by Hatch, 29 using a 
method described in Sec. 36. Measurements 
were made for a wide range of values of h l 
and h 2 and the results indicate that the 
distribution in each part of the antenna is 
virtually unaffected by the length of the other 
part and is essentially the same as when 
both parts are equal. Since measurements 
were not made for a combination of lengths 
approximating h x = A 0 /4 and h 2 = / 0 /2, for 
which theoretical curves are in Fig. 29.2, 
a more direct comparison is not possible. 

30. Theory of the Sleeve Dipole 

An antenna of considerable importance 
because of its broad-band properties is the 
sleeve dipole shown in Fig. 30.1a, b. It consists 
essentially of the vertically extended inner 
conductor and the outer conductor of the 
coaxial line over a horizontal conducting 
plane. It differs from the conventional 
base-driven half-dipole over a conducting 
plane in that the sheath of the coaxial line 
does not end at this plane but extends above 


it a distance /. This is equivalent to moving 
the feeding point upward from z = 0 at the 
conducting plane to z = /. Application of 
the theorem of images to obtain an equivalent 
symmetric structure yields the internally 
driven antenna of Fig. 30.1c, in which two 
generators maintain equal voltages respec¬ 
tively, across the ends of two coaxial lines at 
z = ±1. A two-wire-line equivalent of Fig. 
30.1a is shown in Fig. 30.1 cf. 

Owing to the linearity of the Maxwell 
equations, the principle of superposition 
is applicable, so that the current at any point 
along the antenna in Fig. 30.1c is the algebraic 
sum of the currents maintained independently 
by the generators. This is illustrated schematic¬ 
ally in Fig. 30.2. 

The determination of the currents due to 
the upper generator in the symmetric antenna 
on the left in Fig. 30.2 reduces to the analysis 
of the current in the middle antenna. Since 
this is the asymmetrically driven antenna 
analyzed in Secs. 27 to 29, this part of the 
problem is already solved. The current in 
the antenna on the right in Fig. 30.2 may be 
obtained directly from that in the middle 
antenna by interchanging ends. Finally, the 
resultant current in the antenna on the left 
is the algebraic sum of the currents in the 
other two. 

The impedance at the terminals of the upper 
generator in the antenna on the left in Fig. 
30.2 is given by the driving voltage VI divided 
by the total current in the terminals. Thus, 

Z in = Wo + h) = Wo + U (lfl) 

The admittance is 

y in = (7 0 + I A )lVl (16) 

The numerical evaluation of the impedance 
of and the distribution of current in a sleeve 
dipole is complicated by several factors. 
Consider first the simplest case of the sym¬ 
metric antenna in Fig. 30.3a, where the driving 
voltages are maintained by “slice” generators 
or discontinuities in scalar potential. For 
simple numerical evaluation, let /? 0 6 x = w/2, 
/?qA 2 = tt as shown. Also let h 2 \a 2 == 75 so 
that fi 2 = 2 In (26 2 /a 2 ) = 10. Since h 2 = 2 h v it 
follows that, with a 2 = a x , H x = 2 In (2/r x /a x ) 
= 9.3. Since the impedance of an antenna 
of half-length 6 X = A 0 /4 varies only slowly 
with O, an error of only a few percent is made 
if it is assumed for simplicity that fl x = 10. 
This value corresponds to a x = a 2 j2. Physic¬ 
ally, the condition H x = Q 2 = 10 has a 
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Fig. 30.2. Application of super¬ 
position theorem to antenna with 
two generators. 



(0 


Fig. 30.3. Symmetric antenna with driving voltages maintained by “slice” generators and approximate 
equivalents. 
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meaning for the asymmetric antenna with 
h 2 = 2 h lt a 2 — 2but not for the antenna 
symmetrically driven by two equal generators. 
Thus, each of the two asymmetric antennas 
in Fig. 30.36 may be analyzed, but the super¬ 
position of their solutions does not correspond 
exactly to any physically realizable structure, 
since the outer thirds of each antenna cannot 
simultaneously have different radii. It is 
clear that the antenna of Fig. 30.3 d also is 
approximated by a superposition of the two 
antennas in Fig. 30.36, except for the added 
complication of the shoulders at the driving 
points, of which no account is taken in the 
theory. In the following, the currents in the 
two antennas in Fig. 30.36 will be super¬ 
imposed with the understanding that the 
results apply approximately to both Fig. 30.3a 
and Fig. 30.3c if a correction is made to take 
account of the shoulders in the latter. 

The currents /„ and I A in the central 
asymmetric antenna in Fig. 30.2 with Qj = 
0 2 = 10 are obtained directly from Fig. 29.2. 
They are 

^=3.98/51° = 2.51 + /3.1 

milliamperes/volt, (2a) 

Li. = 4.4 /—81° = 0.68 — y'4.34 

milliamperes/volt. (26) 

Substitution of (2) in (16) gives the following 
driving-point admittance at the terminals 
of each slice generator in the symmetric 
two-generator antenna or at the terminals of 
the single slice generator of half of the sym¬ 
metric structure erected vertically on an 
infinite conducting plane: 

Y in = (h + IxWt = (3.18 - j 1.24) 

x 10 -3 mhos. (3a) 

The corresponding input impedance is 

Zi n = 273 + y'106 ohms. (36) 

The distribution of current on the sym¬ 
metric two-generator antenna is obtained by 
superposition. It is 


[J( z )]sym .ant. — [J(z) + /( -Z)]asym . anto (4) 

since the current in the lower part of the 
middle unit in Fig. 30.2 is equal to the current 
in the upper part in the right-hand unit. 
The magnitude and phase of the current in 


the symmetric two-generator antenna are 
given by 
7 = 

V(/(cos 0 1 + I b cos 0f,) 2 + (/£ sin 6 £ + / 6 sin 6 b f, 


e _j [ (/(sin 6 t + I t sin 0 ft ) 
1 an [(A cos e t + h cos 6 b ) 
The following notation is used: 

I t = I t ei 6 < = I(z), 

I b = I b e i(, » s /(—z). 


(5a) 

(56) 


( 6 ) 


The magnitude I and the phase angle 0, 
referred to V e 0 are plotted in Fig. 30.4 for 
Pohi — jt/2, /? 0 6 2 = w, and Oj == n 2 = 10. 
The current in the central part of the antenna 
between the two generators is seen to be 
relatively great and to differ in phase from the 
currents in the outer parts by about 25 degrees 
on the average. 

The admittance and impedance of a base- 
driven antenna of electrical length /i„6 = 3w/4, 
Q = 10, over a perfectly conducting half¬ 
space, are 

F 0 = (2.8 —y'1.1) x 10~ 3 mhos, 

Z 0 = 310 + y 122 ohms. (7) 

These do not differ greatly from the values in 
(3a, 6) for the same antenna when driven at 
a height A 0 /8 from the conducting plane. 

The degree in which the impedance (36) 
and the current in the upper half of Fig. 30.4 
approximate the apparent terminal impedance 
of and the current on the sleeve dipole in 
Fig. 30.3(7 depends upon the size and the 
nature of the junction region where the coaxial 
line ends and the driving voltage is applied 
to the antenna. Frequently more or less 
extensive surfaces or edges exist on which 
charge can accumulate, there may be dielectric 
supports at or near the end of the sleeve, and, 
owing to the finite size of the space between 
inner and outer conductors, there are sig¬ 
nificant transmission-line end effects and 
coupling effects between the line and the 
antenna. Since none of these is included 
in the analysis of the cylindrical antenna, 
it is inevitable that the measured apparent 
impedance of a sleeve dipole should differ 
somewhat from the theoretical impedance. 
If the coaxial-line spacing 6 — a is small and 
dielectric supports and extra chargeable 
surfaces provide the equivalent of a positive 
capacitance in parallel with antenna, the 
apparent resistance is less than the theoretical 
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value for the antenna alone, and the apparent 
reactance is more negative than the ideal 
value. For example, suppose a susceptance 
B = <x>C = 3.2 x 10~ 3 mhos is effectively in 
parallel with the admittance in (3a). The 
apparent admittance and impedance are 

(Y ln )„ = (3.18 + y 1.96) x 10 -3 mhos, 

(Z ln )„ = 228 —y 141 ohms. (8a) 

Note that the reactance is changed from 
+ 106 to —141. Alternatively, if b — a is 
relatively large and a susceptance B = cuC T = 
—0.51 x 10~ 3 mhos is effectively in parallel 
with the antenna due to transmission-line 
end effects, the admittance (3a) and the 
impedance (3b) become 

(Y in ) 0 = (3.18 — y 1.75) x 10~ 3 mhos, 

(Z in ) a = 241 -4- /133 ohms. (8b) 

If the diameter of the sleeve is much greater 
than that of the remainder of the antenna, 
the theory necessarily is a poorer approxi¬ 
mation than when they are more nearly equal. 

The broad-band properties of the sleeve 
dipole cannot be investigated in general 
without extensive numerical computations 
of the input impedance for a variety of 
sleeve lengths and antenna lengths. However, 
the behavior as a function of frequency of the 
input impedance of the particular antenna 
for which the currents in Fig. 30.4 were 
determined may be carried out using available 
current and impedance data. 

Suppose the frequency for which p 0 h 1 = w/2, 
p 0 h 2 = it, p n l = w/4 is f 0 and the associated 
angular velocity is eo 0 . For a variation in 
frequency from a> 0 — Aa> to cu 0 + Aeu, where 
Aco = a>„/4, the electrical lengths have the 
following ranges: 


3 <' 5 
- CO„ CO sS - CO 


The input impedance and admittance seen by 
the generator at z = / are given by (la, b). 
In order to determine the admittance or 
impedance over this range, it is necessary to 
know the currents 7 0 at the driving point 
z = l where the impedance is to be evaluated 
and I A at z = —/ in the asymmetric antenna. 
These currents are given in Sec. 11.22 for 


3w „ , 5rr 
1 — ftAi — "g" 

16 - W ~ 16 


(9) 


P 0 h = tt/2, 3tt/4, t t, 577-/4. It follows that in 
the range (9) the required currents may be 
determined for both extremes, p 0 h 2 = 3tt/4, 
5-77/4, and for the middle value p 0 h 2 = 77. 
The current in the lower part 2 of the asym¬ 
metrically driven antenna is obtained from 
the current in the lower half of a symmetric, 
center-driven antenna by multiplying by 
Z 2 /(Zj + Z 2 ) where Z 1 is the impedance of 
a symmetric center-driven antenna of half- 
length /ij and Z 2 is the impedance of a sym¬ 
metric center-driven antenna of half-length h 2 . 
These values of impedance as well as IJV g = 
Y 2 for the symmetric antenna may be deter¬ 
mined over the entire range of variation, 
namely, 377-/8 sS p 0 h l g 5tt/8, 3tt/4 sj p g h 2 + 
577 / 4 , using the impedance and admittance 
curves of Sec. 11.30. The current IJV g can 
be obtained from the second-order distri¬ 
bution curves in Sec. 11.22, but these have been 
determined only for P 0 h = 3n/4, n, and 5tt/4. 
Fortunately, a reasonable estimate of the 
variation of I A /V g is obtainable by plotting 
curves of the magnitude and phase and of the 
real and imaginary parts of I A as functions of 
Poh. Using interpolated values from these 
curves, the approximate input impedance 
Z in of the sleeve dipole may be determined 
over the specified frequency range, using the 
formula 



Note that /„ and I A in (10) are the values 
obtained from the second-order curves of 
Sec. 11.22 in terms of a single generator with 
voltage V g . Since the generator at z = / in 
the sleeve dipole is FJj, the limiting case with 
1=0, gives a generator of voltage 2V% 
at the center. Therefore, the factor 2 in (10) 
is required. 

Curves showing the input impedance 
Z| n = R m + jX in = Z ln +°in of the sleeve 
dipole are given in Fig. 30.5 as a function 
of p g h 2 , and as a function of co/co 0 . For purposes 
of comparison the variation in Zj = + j*x 

and Z 2 = R 2 + jX 2 for symmetric center- 
driven antennas of electrical half-lengths in 
the ranges 377/8 S P 0 h 1 g 577/8 and 377/4 SS 
P 0 h 2 g 577/4 are shown in Fig. 30.6. It is 
seen that the reactance of the sleeve dipole 
is remarkably constant near 110 ohms over the 
greater part of the range, whereas X 1 and X 2 
for the center-driven dipoles vary widely over 
positive and negative values. The resistance 
R iD for the sleeve dipole varies within 50 
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Fig. 30.7a. Current on sleeve 
antenna / = 0.188A,A 1 =0.25A 
(Taylor). 


5.0 


Fig. 30.7 b. Current on sleeve 
antenna / = 0.20A, h, = 0.25A 
(Taylor). 


3.0 


2.0 


J/X 0 


Fig. 30.7c. Current on sleeve 
antenna / = 0.45A, h 1 = 0.25A 
(Taylor). 
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l/x 

Fig. 30.8 a. Measured resistance of a sleeve antenna as a function of //A with hJX as parameter (Taylor). 



Fig. 30.86. Measured resistance of a sleeve antenna as a function of //A with 6,/A as parameter (Taylor). 
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Fig. 30.9a. Measured reactance of a sleeve antenna as a function of //A with hJX as parameter (Taylor). 



Fig. 30.96. Measured reactance of a sleeve antenna as a function of //A with Ai/A as parameter (Taylor). 
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t/X=h,/X h,/X - 2{/X 

Fig. 30.10a. Measured input impedance of a cylindrical sleeve antenna as a Fig. 30.106. Measured input impedance of a cylindrical sleeve antenna as a 
function of //A = 6,/A (Taylor). function of 2//A = 6,/A (Taylor). 
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percent of a mean value near 200 ohms, that are available in tabular form. Since 


whereas R 2 ranges between 80 and 850 ohms, 
and R 1 varies over a range of nearly 100 
percent from a mean value of about 110 ohms. 
Clearly the frequency response of the sleeve 
dipole is very much better from the point of 
view of broad-band operation than the res¬ 
ponse of either a half-wave or a full-wave 
dipole. With an appropriately designed 
reactive matching network the standing-wave 
ratio on a line terminated in the sleeve dipole 
could be made to remain reasonably small 
over a wide frequency range. 

An alternative method of analyzing the 
sleeve dipole is due to Taylor. 53 It is an ex¬ 
tension of Storer’s variational formulation 
described in Sec. 11.39 and makes use of the 
same integral equation (11.39.13). Since the 
sleeve dipole consists of two parts, a suitable 
trial function for the distribution of current 
is more complicated. For antennas that are 
restricted by the conditions 

/»#! + /)< 2ir, p 0 l<n, (11) 

where, as in Fig. 30.3 d, l is the distance from 
the ground plane at z — 0 to the driving 
point at z = / and h x is the distance from the 
driving point to the end of the antenna, 
Taylor used the following trial functions: 

Izt = IitW + C(a + cos 0 o z)], 

(0 Szg/) (12a) 

hr = ~ cos W *1 + l ~ z)) 

+ £>[sin P 0 (h x + / — z) 

+ e{l - cos + / - z)}]}, 

02 6 ) 

where 

a = —cos p 0 l, d = 1/(1 — cos 0 O 6), 

t = — sin0 o 6/(l — cosiVi!), (12c) 

and where I lT is the current at the driving 
point and C and D are complex constants. 
By substituting (12a) and (126) in the integral 
equation (11.39.13) for the current, the 
approximate impedance of the sleeve dipole 
is obtained in the form 

Zin = J -j~ (Yo + Y c C + Yd D + YccC 2 

+ Y dd D* + v cd CD), (13) 

where the y’s are very long functions of 
/?o*i, /V, 0o° and combinations of these, 
involving, however, only trigonometric and 
generalized integral sine and cosine functions 


Zin given in (13) is a polynomial in C and 
D, the optimum values of these constants 
are determined from dZ in /dC = 0, 
3Z ln /3D = 0 to be 

c= Y CD — 2Yc \ dd > 04 «) 

4YccYdd - Y CD 
D = Yg Y CD — IYdYcc 

^YccYdd-Ycd' 

Substitution of (14a) and (146) in (12a, 6) 
and (13) gives Taylor’s final formulas for the 
current I z and the input impedance Z in . 
When / = 0, (13) with (14a, 6) yields exactly 
Storer’s results for the simple dipole as given 
in Sec. 39. 

Unfortunately, the numerical evaluation 
of the y’s in (13) and (14a, 6) is so formidable 
that it has been carried out for only a single 
pair of values of 0 O / and p 0 h x . For this reason 
Taylor introduced simpler trial functions 
for the currents in the two parts. These are 
less accurate, and they are useful only when 
P 0 h x does not exceed w/2. They are 

hr = TlU + C( COS /V - COS /V')], 

(OsSzS/) (15a) 

T T sin p a {h x + l - z) 

l ZT — *Zl „• a r > 

sin Po*! 

(/ z ^ *! + /) (156) 
and they lead to C = — Yc/2Ycc and 



where the y’s are a new set of functions of 
0o*i, P 0 l, and fl 0 a that again involve only 
trigonometric and generalized sine and cosine 
integrals. 

Extensive experimental measurements of 
currents and apparent impedances have been 
made by Taylor for sleeve antennas of various 
over-all lengths h x + / and sleeve lengths /. 
In order to make amplitude and phase 
measurements of the currents on the antenna 
structure and on the coaxial line feeding the 
sleeve, small shielded-loop probes were 
provided to move protruding from slots 
on the outside and inside of the shield and 
on the extended part of the antenna. The 
outer diameter of the necessarily rather 
thick sleeve of length / was 11 in; the diameter 
of the extended antenna of length h x was | in. 
At the operating frequency of 300 Mhz these 
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correspond to electrical radii of 0.09 and 0.02. 
The apparatus and ground screen were 
essentially the same as those of Morita 
described in Sec. 11.26. 

Measured relative magnitudes and phases 
of current and corresponding theoretical 
values determined from the short formula 
(15a, 6) are shown in Figs. 30.7a, b, c, d for 
different values of / and 6 X . Theoretical 
values have been fitted to the experimental 
ones at the driving point, 2 = 1. The general 
agreement is good. 

Measured apparent impedances are shown 
in Figs. 30.8a, b and 30.9a, b with sleeve 
length //A 0 as variable and the length hJX 0 of 
the extended section as parameter. In Figs. 
30.10a, b the variables are hJl Q = l/X 0 and 
hj^o = 2//A 0 . 

The large difference between the radius of 
the sleeve (p 0 a = 0.09) and the radius of the 
extended section (/S„a = 0.02) and the need of 
selecting values for use in the theoretical 
formulas led Taylor to make trial com¬ 
putations of the input impedance using both 
Pod = 0.05 and p 0 a = 0.10 with the short 
formula (16) and p 0 a = 0.05 with the long 
formula (13). (The value 0.10 was used 
instead of 0.09 as actually intended owing to 
the availability of more extensive tables of 
needed functions.) The results of these 
computations for a sleeve antenna with 
P 0 h 1 = -rr /2 are shown in Figs. 30.11a, b. 
It is seen that better agreement with the 
experimental curve is achieved with f 0 a = 0.10 
than with (i n a = 0.05 and that the long for¬ 
mula gives much better results. The agreement 
should be quite satisfactory if the value 
p 0 a = 0.09 of the sleeve (or 0.10) were used 
in the long formula. Note, however, that the 
theoretical values and the measured apparent 
values are not strictly comparable, since a 
correction for the relatively large value of 
b — a at the driving point has not been made. 
Extensive computations of Z- m using the 
short formula have been made by Taylor for 
a range of electrical lengths f Q h l with /S „a 
taken as 0.10. The agreement with experiment 
is about the same as for fi 0 h 1 = v/2 in Figs. 
30.9a, b. Whereas the short formula is 
adequate for qualitative purposes, the long 
formula evidently is required for reasonable 
quantitative accuracy. 

Comparison of the theory developed 
earlier in this section with experiment is 
not possible for distribution of current, 
since experimental results for the particular 
case computed, p 0 l = tt/4, p 0 h 1 = tt/2, are 


unavailable. However, the theoretical curves 
of Fig. 30.4 appear to fit into the general 
pattern of the distributions in Figs. 30. la,b,c, d. 

The theoretical impedance Z iB = 273 + 
y 106 in (3b) differs considerably from the 
measured apparent impedance, (Z in ) a = 
220 + /170 obtained from Figs. 30.9a, b. 
It is interesting to note the effect of an approxi¬ 
mate correction for the large value of b — a 
at the driving point. In order to determine 
the effective lumped negative capacitance C T to 
be connected in parallel with the theoretical 
admittance Fin = (3.18 — /1 .24) x 10~ 3 mhos 
in (3a) as a correction for transmission-line 
end effects and coupling effects, the general 
procedure described in Secs. II.8, 9, 10 should 
be followed. For present purposes the order 
of magnitude may be approximated by using 
the value for 1=0, that is, for the base- 
driven half-dipole. Although when / is not 
zero the electric charges cannot spread out on 
a flat conducting plane at the edge of the 
gap but are confined to the outer surface 
of the sleeve, the mean distances involved 
in determining the scalar potential difference 
are only slightly less. Therefore C T must 
be of the same order of magnitude as 
when 1=0. Using Fig. II.10.9 for b\a = 
2.75, b = 0.86 cm, and i»= 2u x 300 x 10 6 , 
the value c oC T = —0.51 x 10 3 mhos is ob¬ 
tained, so that (Fj n ) 0 and (Z in ) a have precisely 
the values given in (86). These values are 
shown in Figs. 30.9a, b and are seen to be 
in good agreement with the experimental 
curves if it is remembered that the theoretical 
analysis uses j’> n a = 0.02 or Hj = fi 2 = 10, 
whereas in the actual antenna this value is 
correct only for the outer length h lt and 
Pffi = 0.09 for h 2 = //j + 21, so that fi 2 = 8.5. 
Hence the difference between 241 + /133 
and 220 + /170 does not appear unreasonable. 
It is evident that an apparatus could be 
constructed for measuring impedances with 
sleeves and outer sections much more nearly 
equal than in Taylor’s set-up. Measurements 
on an antenna like that in Fig. 30.1c would 
provide a better quantitative correlation 
between theory and experiment. 

31. Half Dipole with Multielement Counter¬ 
poise; Ground-Plane Antenna 

Important generalizations from the right- 
angled, apex-driven V-antenna shown in 
Fig. 31.1a and analyzed in Secs. 23 to 25 
are the asymmetric antennas shown in Figs. 
31.16 and 31.1c. These antennas consist 
essentially of a single, vertical half-dipole 
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SLEEVE LENGTH IN WAVE LENGTHS 


Fig. 30.11a. Resistance 
of a sleeve antenna as a 
function of //A 0 with 
h x = A»/4. 


Fig. 30.1 lb. Reactance 
of a sleeve antenna as a 
function of //A„ with 
= ^o/4. 




Fig. 31.1. Generalized right-angled V-antenna. 
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that maintains the radiation field and a 
counterpoise of horizontal half-dipoles with 
equal and opposite currents that contribute 
very little to the radiation field. Structurally, 
the so-called ground-plane antenna* includes 
the two legs of the right-angled V-antenna 
extending, respectively, along the positive 
z- and x-axes, and one or more additional 
legs lying in the xy-plane and connected 
electrically in parallel with the leg along the 
positive x-axis. All legs are assumed to be 
identical and of electrical length near p 0 h = 
w/2. Actually the theoretical analysis can be 
carried out for other values of (l 0 h, but the 
approximations are not so good. Moreover, 
as explained in the following paragraph, 
the most common method of driving an 
antenna of this type is useful only when the 
impedance of the antenna is low, that is, 
when the elements have lengths near /3 0 6 = 
tt/2. This is due to the fact that the antenna 
is asymmetric with respect to the driving point. 

The usual practical method of driving 
antennas like those in Figs. 31.16 and 31.1c 
is from a coaxial line, as shown in Fig. 31.2. 
If the transmission-line spacing b — a at 
the antenna is sufficiently small compared 
with the wavelength, the voltage maintained 
by the line at its junction with the antenna 
is reasonably well approximated by a “slice” 
generator or a discontinuity in scalar potential. 
Currents on the outer surface of the coaxial 
line—which is properly a part of the antenna— 
may be made negligible compared with the 
currents on the horizontal elements if, as is 
assumed, the electrical length of these elements 
is near fl 0 h = tt/2 and the effective length of the 
sheath is near antiresonance. This condition 
may be achieved conveniently by placing a 
coaxial sleeve on the sheath of the coaxial 
line, as shown in Fig. 31.2. The electrical 
length of the sleeve should be near w/2 and 
the combined electrical length of the sleeve 
and the part of the coaxial line between the 
antenna and the sleeve should be somewhat 
less than a half wavelength. If this adjustment 
is made, the coaxial line with its sleeve is 
roughly equivalent to a high-impedance, 
antiresonant half-dipole in parallel with the 
relatively low-impedance, nearly resonant 
horizontal half-dipoles. Note that currents 
on the sleeve cannot be made small compared 
with currents on the antenna proper unless 
P n h is near a resonant length, where the 
impedance is low. 


* This antenna was developed by Dr. G. H. Brown. 


Since the horizontal elements are all alike 
and symmetrically placed, the currents in 
them are equal. Although the horizontal and 
vertical elements are not coupled inductively, 
since they are mutually perpendicular, they 
are capacitively coupled. Accordingly, the 
integral equations for the current / 2 (z) in 
the vertical element on the one hand, and for 
the total current I r (r) = n H l x (x) in the n a 
horizontal elements on the other hand, are 
not independent but form a pair of simul¬ 
taneous integral equations. In order to solve 
these equations with available techniques, 
they must be replaced by two independent 
integral equations using the approximation 
of assuming that I T (r) is equal to — J 2 (z) 
in the mutual terms in the integral equation 
for J 2 (z), and that / 2 (z) is equal to —I r {r) 
in the integral equation for I T (r). Actually, 
the approximations involved in these sub¬ 
stitutions are very much better than in the 
corresponding substitutions in the equations 
for the currents in the two parts of the asym¬ 
metrically driven linear radiator discussed 
in Secs. 27 to 29. This follows in part from the 
complete absence of inductive coupling 
between the vertical element and the horizontal 
elements as a group, but the principal reason 
is found in the fact that all elements have the 
same electrical length, fi (j h = w/2. It is well 
known that the distributions of current and 
charge on antennas near resonance are quite 
insensitive to the location and distribution 
of the driving forces. For example, the distri¬ 
butions of current and charge in the sym¬ 
metric antenna center-driven by a discontin¬ 
uity in scalar potental, as analyzed in Chapter 
II, differ very little from the distributions 
on the receiving antenna excited by a uni¬ 
formly distributed field along the entire 
antenna, as analyzed in Chapter IV, provided 
fi 0 h is near nj2. 

In so far as the current J 2 (z) in the vertical 
element is concerned, the assumption that 
l r (r) may be set equal to — J 2 (z) in the mutual 
terms is exactly equivalent to assuming that 
I r (r) is independent of the number of hori¬ 
zontal elements. That is, I T (r) is approximately 
the same for n„ = 2 or 4 as for n„ = 1. 
When n H — 1, I T (r) is exactly equal to —I z (z) 
and the problem is that of the right-angled 
V-antenna analyzed in Secs. 23 to 25. 
Therefore, the assumption I r (r) = — / 2 (z) 
reduces the integral equation in the vertical 
element in Figs. 31.16 and 31.1c to the integral 
equation for the current in the vertical 
element in Fig. 31.1a, that is, to (23.31) 
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with V dP substituted for \V 6 , and with 
Pah = tt/2. Here V Sp is the part of the 
driving voltage V s that is maintained across 
the impedance Z dP associated with the per¬ 
pendicular element. It follows that the current 
in the vertical element is given by (24.3) with 
V s replaced by 2V 6p and p 0 h — n/ 2; evidently, 
the impedance of the perpendicular element 
is given by Zgp = ^ (1) 


where Z vd is given by (25.3) in general, and 
by (25.5) in the zeroth-order approximation. 

The integral equation for the current 
I r (r)/n B for a typical horizontal element is 
readily constructed on the pattern of (23.31). 
Since the equations for n H = 2 and n n =4 
differ slightly, they are written separately; 
in both equations p 0 h = tt/2 . 

n„ = 2: \ I r (r')K g (r , r') dr' 


Co COS P 0 S 


[Cy cos p 0 (r - <5) 

V m sin fl 0 r] + 2 J v (r), 


(2a) 


n„ = 4: \ I r (r')K„(r, r) dr' 


_ 

Co COS P 0 d 


[C x cos f! a (r - <5) 

V SH sin P 0 r] + 2J v (r). (2b) 


In (2a, b) V 6n is the part of the driving 
voltage V 6 maintained across the impedance 
Z 6b of the parallel combination of all the 
horizontal elements; the negative sign is 
required since the positive direction of the 
voltage maintains a current in the radially 
inward or negative r direction. The particular 
integral J v (r) is the same as (23.33 b) with r 
substituted for z and p^h = -nj2. The kernel 
in (2a, b) is defined by 


K B (r, r ') 

where 


e M 

~kT 


e 


(3a) 


R t = V(r - r') 2 + a 2 , 


R 2 = V(r + r') 2 + a 2 . (36) 


It is obtained using the relation 

. (V,[££?_£^ 

Js L -^1 


dr’. (4) 


The negative sign before the first sign of 
integration in (4) results from the fact that 
the current in the element along the negative 


x-axis is opposite in direction to the current 
along the positive x-axis. The factor 1 jn B = 
1/2 or 1/4 expresses the fact that the current 
in the typical element is I r (r')ln H . The partic¬ 
ular integral J v (r) in (2a) is due to capacitive 
coupling to the vertical element. Since it is 
related to the typical horizontal element 
exactly as in the right-angled V-antenna, 
it appears in (2a) just as in (23.31) but with 
a factor 2 , since the current in the vertical 
element is double that in each horizontal 
element, and with an appropriate change in 
the symbol used for the independent variable. 
The approximation I z (z) = —I r (r) is implied. 
In (26) the term 2 J v (r) results from the com¬ 
bination [4 J v (r) — J v (r) — J v (r)]. Here the 
first term is the particular integral due to 
capacitive coupling to the vertical element 
in which the current and charge are four 
times those in each horizontal element. The 
two terms —J v (r) are due to the two hori¬ 
zontal elements perpendicular to the typical 
one. Since the currents and charges in them 
are opposite in sign to those in the vertical 
element, the negative sign must appear. 

The solution of (2a) and (26) for 7 r (r) 
follows exactly the sequence of steps described 
in Secs. 23 and 24. The integral equations (2a) 
and (26) differ from (23.31) only in having a 
different kernel and different numerical 
factors for some of the terms. Since the dis¬ 
tribution of current on elements of electrical 
length p 0 h = n/2 is known to be very nearly 
cosinusoidal, no great interest attaches to a 
determination of the distributions of current, 
and, therefore, a more detailed formulation 
is omitted. It is readily supplied if required. 

The impedance Z 9n = V dB /[—I r (d)] is given 
by an expression like (25.1) with appropriately 
defined functions and parameters and with 
P 0 h = 77 -/ 2 . With 6 — 0 a formula like (25.3) 
is applicable. The zeroth-order impedance 
is given by an expression like (25.5) with 
A = ir and with the sign of C 12 (/i, h, A) 
changed since the current in the coupled 
collinear half is reversed. The zeroth-order 
impedances are 

n H = 2: Z 0B =Jk \ C U (A, h) - C 12 (h, h, 77 ) 


-2 J v 



(5a) 


jf±\c u (h,h)~ 

lew 


2J„ 


C 12 (h, h, n) 


. (56) 
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The corresponding zeroth-order impedance 
of the vertical element when coupled to the 
horizontal elements is 


Z — 


C n (h, h) 


MI 


( 6 ) 


The impedance Z 0M of the entire antenna 
is the series combination of Z 0B and Z 0P . 
This follows from 


7 = 

v aH 

7 = 

V PB 

^0 H — 

-U 0) ’ 

^0 P — 

1,(0) ’ 

No¬ 

v m + Y qp , 

Zom 

- VJI(O). 

nius, 




n B = 2: 

Zo M = Z 0B 

+ z 0p 



= •§ 3C U (A, 


h) - C 12 (h, h, n) 




, m 


4: Z, 


o.i/ — Z 0B + Z 0P 

h) — C 12 (h, 6, it) 




— 6 J v 


. m 


Numerical results are computed using the 
following values for fiji = w/2: 

C n (h, h) = 0.926 —y0.824, (9a) 

C n (h, h, tt) = -(0.217 + y'0.395), (96) 

J v (j) = 0.70 - y'0.14. (9c) 

The value for J v (n/2) was obtained graphically 
and is, therefore, less accurate than the C 
functions. With (9a) to (9c) substituted in 
(8a) and (86), the impedances become 

n B = 2: Z 01f = 22.7 + y'2.92 ohms, (10a) 

n B = 4: Z 0M — 21.6 + y'4.85 ohms. (106) 

Note that the corresponding impedance of 
the vertical element over an infinite, perfectly 
conducting plane is 

Z 0 =£° C a (h, h) 

= -^?[C n (6,6) + C 12 (6, h, w)] 

= 36.6 + y21.3 ohms. (11) 

The contribution to (10a) and (106) by the 
vertical element alone is the first term in (6). 


Numerically its value is 

Z 0P (isolated) = C n (6, h) 

4n 

= 24.7 + y'27.8 ohms. (12) 

Accordingly the contribution by the vertical 
element to the total power radiated is over 
90 percent. 

The zeroth-order impedance was evaluated 
by Bouwkamp 8 using a different method that 
also involved an integral that was evaluated 
graphically. Bouwkamp’s results are 

n B = 2: Z 0M = 21.7 -j 1.7 ohms, (13a) 

n B = 4: Z 0)l = 20.9 + y 1.4 ohms. (136) 

The small differences between (10a, 6) and 
(13a, 6) may be ascribed to differences in the 
graphically evaluated integral which contri¬ 
butes a significant fraction to the final result. 
Both sets of results, (10a, 6) and (13a, 6), 
agree in assigning a smaller resistance but a 
more positive reactance to the antenna with 
four horizontal elements than to the antenna 
with two horizontal elements. Bouwkamp 
evaluated the impedances of the two antennas 
in Figs. 31.16 and 31.1c over a range of values 
near — n l 2. His data are plotted in Fig. 
31.3. 

COLLIN EAR ARRAYS 

32. Three-Element Collinear Array; General 

Analysis of Central Antenna 

The analysis of two individually driven 
collinear antennas like those shown in Fig. 
32.1a is complicated by the fact that the 
transmission lines cannot be arranged so that 
their axes are in neutral planes of the electro¬ 
magnetic field. As a result, the forces acting on 
currents and charges in the two conductors 
of each line are not equal and opposite 
even at distances from the antennas that are 
very great compared with the normal ter¬ 
minal zone near each junction. Therefore, 
the transmission lines are not balanced, and 
the codirectional currents on each pair of 
conductors (or on the outside of the shield 
if a coaxial line is used) contribute significantly 
to the electromagnetic field at distant points. 
The actual radiating system in the circuit 
of Fig. 32.1a is not limited to the two collinear 
antennas but includes the transmission lines 
as well. Clearly, such a system is not prac¬ 
tically useful since its circuit and field pro¬ 
perties depend on the length and orientation 
of the feeder lines. 



[III.32] 


THEORY OF LINEAR ANTENNAS 


423 



Fig. 31.2. Ground-plane antenna 
driven from line with high- 
impedance sheath. 

J L 

n r 

(a) (b) 

Fig. 32.1. Two-element collinear 
arrays. 



(a) (b) 

Fig. 32.2. Three-element collinear arrays. 


i i 
i 



Fig. 32.3. Collinear array with slice generators. 
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The same difficulty exists if one of the two 
elements is parasitic, as in Fig. 32.16, or if 
three individually center-driven elements are 
used as shown in Fig. 32.2a. On the other 
hand, the collinear array in Fig. 32.26, in 
which only the central one of an odd number 
of collinear elements is directly driven, does 
not have the same serious disadvantage. 
The single transmission line is in the neutral 
plane of the array, so that unbalanced 
currents are not excited and radiation from 
the line is negligible. 

The complication introduced by the two- 
wire line in Fig. 32.26 differs in no essential 
way from that already resolved for a single 
center-driven antenna. The presence of the 
two parasitic elements has no effect on the 
coupling between antenna and line, since this 
is confined to short distances from the line- 
antenna junction of the order of magnitude 
of ten times the line spacing. It follows that 
the same terminal-zone network designed in 
Chapter II for a single center-driven antenna 
may be used in conjunction with the antenna 
treated as though driven by a scalar potential 
difference across its terminals. Since the 
effect of a small transmission-line spacing 
b — 26 is relatively insignificant and may be 
assumed to be essentially the same for the 
central unit of a collinear array as for an iso¬ 
lated antenna, it is satisfactory to treat the 
array as if center-driven by a discontinuity 
in scalar potential. This and following 
sections are concerned with the analysis of a 
three-element collinear array in which the 
three antennas are arranged and numbered 
as in Fig. 32.26 but in which the central unit 
is driven by a discontinuity in scalar potential 
approximating a two-wire line with negligible 
line spacing. The analysis is carried out 
conveniently in the following parts: 

(1) The symmetric problem. The elements of 
the array are individually center-driven by 
discontinuities in scalar potential given by 

V — V s = V s V — v = V s 

r 10 — ' 1 — ' > ' 20 — ' 30 — ' 2 

= / s F s ; (la) 

F£ is so chosen that the currents at the centers 
of the identical outer elements are equal to the 
current at the center of the middle element, 
that is, so that 

I|(z 2 = 0) = Z|(z 3 = 0) = I[(z = 0), (16) 

where z lt z 2 , and z 3 are measured from the 
centers of the elements indicated by the 
subscripts. The complex ratio / 8 is defined in 

(la). 


(2) The antisymmetric problem. The three 
elements of the array are individually center- 
driven by discontinuities in scalar potential 
given by 

V — T/a = T/a 17 _ V — _V a 

r 10 — r 1 — y > *20 *30 = *2 

- — V a ; (2a) 

Fg is so chosen that the currents at the centers 
of the outer elements are equal in magnitude 
but opposite in direction to the current at 
the center of the middle unit, that is, so that 

Jg(z 2 = 0) = Z“(z 3 = 0) = —/“(z = 0). 

(26) 

The complex ratio /“ is defined in (2a). 

(3) The parasitic array. By superimposing 
the solutions for the currents in problems (1) 
and (2) in the special case when the symmetric 
and antisymmetric driving voltages of the 
outer units, namely, F.* and Fg, are equal, 

Fg = F* or f a V a = f°V\ (3a) 

the effective driving voltages and driving- 
point currents are 


Fi„ = V‘ + F“ 


= F“(l + /“//■’) = F°(l + k), 

(36) 

h(z) = no) + j?(z), 

(3c) 

and 


to 

o 

II 

1 

II 

© 

(3d) 

Z 2 (z 2 ) — I 2 (z 2 ) — Z 3 (z 2 ) 


= Kv0 2 ) + Zod( Z 2> 


- J£v( z 2 ) - %( z 2>. 

(3c) 

The ratio k is defined in (36). Since F 20 

= 0 , 


the outer units are parasitic. Moreover, 
since the currents in the outer units 
are not symmetric with respect to the 
centers of the respective elements, the sym¬ 
metric and antisymmetric currents are each 
the sum of even and odd components that 
must be determined separately. 

(4) The general problem. If the following 
condition is satisfied in place of (3a) or (3d): 

F 20 = FJ - V% = -I 2 (z 2 = 0 )Z L , (4) 

the solution for a center-driven three-element 
array in which the outer units are individually 
center-loaded with a dimensionless lumped 
impedance Z L is obtained. Note that sym¬ 
metry permits the determination of the current 
/ 3 (za) from I 2 (-z^ = I 2 (z 2 ). 

The particular array studied in this section 
is shown in Fig. 32.3. The three antennas are 
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identical, each of half-length h and radius a. 
The conditions 

a < h, ■< 1 (5a) 

are postulated. The distance between centers 
of the antennas is d and the distance between 
adjacent ends is 2s, so that 

d = 2(h + s). (5b) 

The origin of a cylindrical system of coordin¬ 
ates r, 6, z, is at the center of the middle unit; 
the z-axis coincides with the axes of the 
cylinders. The centers of the three units are 
at z = 0, ±d. Each unit is center-driven by 
the following discontinuities in scalar 
potential. Referring to Fig. 32.3, the conditions 
for the symmetric or in-phase drive are 

V 10 = lim [<|>(<5) -<*>(-6)] 

a—>o 

= V[ = V\ (6a) 

V 20 = lim [<*.(</ + <5) - Md - <5)3 

6 —y0 

= F|=/‘F 8 , (6b) 

V 30 - lim + <5) -<}>(-d - (5)] 

<S->0 

= V\=j*V\ (6c) 

where V‘ or/ 8 is chosen so that (lb) is satisfied, 
that is, 

P 3 (-d) = I\(d) = 11(0). (6 d) 

Similarly, the conditions for the antisym¬ 
metric or 180° out-of-phase drive are 

F 10 = F* - F», 

F 20 =F 30 = (la) 

where V% or/ 0 is chosen so that (2b) is satisfied, 
that is, 

I%i-d) = 11(d) = -11(0). (lb) 

Since the array is symmetric with respect 
to its center, for both sets of driving conditions, 
the following relations of symmetry obtain: 

I(-z) = I(z), q(—z) = -q(z), (8 a) 

A(—z) = A(z), «K-z) = -«Kz). (86) 

The subscript z is omitted on the current and 
vector potential, since only z-components 
are involved. It is assumed that the vector 
and scalar potentials are evaluated at r — a 
on the surfaces of the conductors. They are 
given by 

A(z) = JL I(z')K(z, z0 dz\ 

(9a) 


(9b) 


where 

K(z, z') = K x (z, z') + K 2 (z, z') 


e ~SPqRi e ~ 

+ —^— (9c) 


and where 




R* 


Rl . V(z - z') 2 + a 2 , 


R 2 ^ V(z + z') 2 + a 2 . 


(9 d) 


The differential equation for the vector 
potential on the conductors is the same as 
for a single antenna, namely, 


3 2 A(z) 
3 z 2 


+ A(z) = j— z*I(z). 
J to 


(r = a) 

(10a) 


The solution consists of three equations of 
the form 

A(z) = -J- (Cj cos (l a z + C 2 sin /i„z), 

(r=a) (10*) 

with different constants C 1 and C 2 in the 
equations applying, respectively, to the three 
sections of conductor extending from 0 to h, 
d — h to d, d to d + h. A particular integral 
involving z* as a factor has been omitted from 
(106), since it usually contributes negligibly. 
When desired it may be added. 

Since the distributions of current in the 
upper half of the central unit, the lower half 
of the upper unit, and the upper half of the 
upper unit are all three different, the rigorous 
solution for the currents in the antennas is 
complicated. Fortunately, an approximate 
solution may be obtained by making assump¬ 
tions that are reasonable and that lead to 
integral equations like that for a single 
antenna. The steps involved in the deter¬ 
mination of the current and impedance for 
the central unit are considered in this section. 
Currents in the outer units are discussed in 
Sec. 33. 

The current 7/z) in the upper half of the 
central unit depends primarily upon the 
following integral equation, valid at r = a 
with 0 5j z ^ h: 

d a ± (d b + J c ) 

= (Ci cos /V + JF 10 sin fa). (11) 
^>0 
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For the upper sign, V 10 = V s ; for the lower 
sign, Fio = V a . In (10), 


Ja 


-r* 

■£ 


(z')K(z, z') dz', 


- hWKiz, z') dz' 
-h 


(12 a) 


equal at the centers of the antennas, as required 
in (6 d) and (7b). Consequently, in determining 
the current specifically in the central unit, 
the currents in all three units may be assumed 
to be the same. Since the currents for z <0 
are obtained from the currents for z >0 using 
(8a), the following expressions relate all 
currents: 


■/: 


I 2 (d - z')K(z, d - z') dz’, (126) 


Ii(d - z) = l{(z’) = l\(z' + d), 

(0 ^ z' g h) (14 a) 


J 'd+h 

1 

d 


I 2 (z')K(z, z’) dz ' 


-m - z) = /?(z') = ~ii(z' + d). 

(0 ^ z' ^ h) (146) 


i 


= I 2 (d + z')K(z, d + z) dz’. (12c) 


The current Ifz) in the central unit occurs 
also in two equations similar to (11) with 
integrals evaluated, respectively, over the 
halves of antenna 2 in the ranges d — h Ok 
z <d, d sS z g d + h. With (11) these 
constitute three simultaneous integral 
equations in the currents in the upper half 
of antenna 1 and the halves of antenna 2. 

Equation (11) was obtained by substituting 
(9a) in (106), evaluating C 2 = |F 10 as in 
Chapter II, and replacing vjv 0 by its equi¬ 
valent, £ 0 == 376.7 ohms. The last integrals in 
(126) and (12c) are derived from the first 
integrals by changing the variable of integ¬ 
ration to a, by setting z' = d — u in (126) 
and z' = d + u in (12c), and then substituting 
z' for a. Note that each integral in (12a) to 
(12c) may be expanded into two integrals in 
the form J tl + J i2 , i = a, 6, c, by setting 

K(z, v) = K x (z, v) + K 2 (z, v) 

e -jP 0 R,(,z,v) 

= r, i —^—I—j5"7—r - , (13a) 
°l(z, v) R 2 (z, v) 

where 

Rfz, v ) = V(z - v ) 2 + a 2 , 

R 2 (z, v)= V(z + v) 2 + a 2 , (136) 

and 

v = z', d — z', d + z'. (13 c) 


Since the point z, where the vector potential 
is evaluated, is on the surface of the upper 
half of antenna 1 between z = 0 and z = A, 
the contributions to the total vector potential 
by the integrals in (12a) to (126) differ widely. 
Although the distributions of the currents in 
the six halves of the three antennas are not all 
the same, they are sufficiently alike to have the 
same average order of magnitude if made 


With (14a, 6), (11) becomes 


r 


I(z')K c (z, z') dz' 


-J4n 

Co 


(Cj cos /V + £F 10 sin /V)- 
(r = a, 0 $ z g A) (15) 


When V 10 = V s , it follows that I = I s , 
C 1 = CJ, K c = K 8 C ; similarly, when V 10 — V a , 
it follows that I = C 1 = CJ, K c = Kf 
The new kernel, K c (z, z') = K cl (z, z') + 
K c 2 (z, z'), is defined as follows: 

= K(z, z') ± [K(z, d — z') + K(z, d + z')\, 

(16) 

with K(z,v) defined as in (13a). Note that 
with (136) 

Rfz, d — z') = V(z-d+ z') 2 + a 2 

= Rfd - z, z’\ (17a) 


Rfz, d + z') = V(z - d - z') 2 + a 2 

= R%(d — z, z'), (176) 

R 2 (z, d — z') = V(z + d — z') 2 + a 2 

= R x (d + z, z'), (17c) 

R 2 (z, d+z')= V(z + d+ z') 2 + a 2 

= R t (d + z, z'). (\ld) 

It follows that 

K(z, d — z') + K(z, d+ z')= K(d — z, z') 
+ K(d+z,z'), (18) 

so that 

K c (z, z') = K(z, z') ± (K(d - z, zO 

+ K(d+z,z% (19a) 
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This form of the kernel is more convenient 
in the evaluation of the expansion parameter. 

Since (15) is an integral equation like that 
for the single antenna in Chapter II (with 
<5 = 0, z* = 0), the same formal solution is 
obtained with the new kernel 

K cl (z, z') = K x (z, z') ± [K^d — z, z') 

+ K 1 (d+z,z')] 


The integrals in (22c) involve only the 
functions C a (h, v ) and S a (h, v ) defined in 
(II.19.3, 4). Their introduction yields: 

'Pfc(z) = sin p () h{C a (h, z) ± [C a (h, d - z) 

+ C a (h, d + z)]} 

- cos p 0 h{S a (h, z) ± [S a (h, d-z ) 
+ S a (h,d+z)]}, (23) 


e -ii W z - 2 ') 

rJ7, 7) 


e -jPo R i( d - z - z "> 

M* - 7,7) 


+ R x (d + z, z')_ 


09 6) 


replacing K x (z, z'). It follows that the current 
in the upper half of the central unit of the 
collinear array is given by (11.21.1) with 
K cl (z, z') substituted for K^z, z'). Thus, 


*l(Z) 


sin p 0 (h 


cos (i 0 h 


z) + M c1 (z)I'¥ kc 4 
h 4- AJT kc +■■■ 


Similarly, the impedance of the central unit is 


z = + a ciI' ¥ kc + • • - 1 

00 lv [sin P Q h+B cl ir KC + ---y 

( 21 ) 

Each of these formulas applies to the sym¬ 
metrically driven array when a superscript s 
is affixed to V, I, M, B, A, Y, and Z and the 
upper sign is used, and to the antisym¬ 
metrically driven array when a superscript 
a is affixed to these symbols and the lower 
sign is used. The quantities M cl (z), B cl = 
M cl (0), and A C1 are the same as in Chapter 
II with K cl (z, z') in (196, c) substituted for 
K x (z, z') and with Y xc replacing 4' n . 

The expansion parameter is defined as 
is Y k1 in Sec. 11.20. The steps include the 
definitions of the following functions: 


' ¥ mc(z) = 'KcW/sin m - z), (22a) 

'Wc(z) = JJsin fi 0 (h - z')K c (z, z') dz’, (226) 

= sin P 0 hj cos figz'K c (z, z') dz' 

— cos fijij sin P 0 z'K c (z, z') dz'. (22c) 


<\>ecO) = 4>i(z) ± [+i(4 - z) + ^(d + z)], 

(24) 

where, as in (H.20.26) with 6 = 0, 

4*i(y) = O a (h, v ) sin fi 0 h - S a (h, v) cos 

(25) 

By far the most important case in practice 
is with fi 0 h = tt/ 2 or h = A 0 /4, for which 

+m(z) = O a (h, z) ± [C a (6, d-z ) 

+ C a (h,d + z)]. (26) 

The function of C a (h, z ) for fi lt h = w/2 is 
given in Figs. 11.20.1 and II.20.2 for z Si h. 
It is given in Table 32.1 and Fig. 32.4 with a 
much more extensive range. The function 
defined in (22 a) has the following form: 

Y«(z) = (z) ± [*«(d - z) 

+ '¥ gl (d + z)\, (27) 


where Y A1 (z) is the function for the isolated 
central unit as defined in Chapter II. Since 
the general behavior of T fI (z) as a function 
of z is like that of Y^fz) for all possible 
values of d, it follows that the expansion 
parameter for the central unit of the collinear 
antenna may be defined as for the isolated 
antenna. Specifically, let 


Y 


EC 


|Y* C (0)| = |Y A1 (0) + 2Y irl (</) | 
for /?„6 g -tt/2, 
|Y* c (6-A 0 /4)| = |Y„(6-2 0 /4) 

± [V E1 (d -h + A 0 /4) 

+ V K1 (d + h- 2 0 /4)] | 
for p 0 h -tt/2. 

(28) 


A superscript 5 is added to T gc for V — V s , 
and the upper signs are used; a superscript 
a is added for V = — V a , and the lower 
signs are used. The functions Y£ c and Y“ c 
are shown in Fig. 32.5. 

It is clear from (28) that, when the elements 
of the collinear array are all driven in phase, 
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Table 32.1. The function C a (h, z) for h — A 0 /4. 


n 

ATT 

20 = ^° Z 

ED 

II 

© 

Real part 

n = 12.5 n=15 

D 

II 

O 

Imaginary 

part 

(same for all 
values of Q) 

0 

0 

8.3495 

10.8491 13.3515 

18.3515 

-1.8518 

1 

0.1571 

8.2484 

10.7158 13.1869 

18.1257 

-1.8447 

2 

.3142 

7.9420 

10.3194 12.6974 

17.4534 

-1.8233 

3 

.4712 

7.4427 

9.6717 11.8977 

16.3539 

-1.7880 

4 

.6283 

6.7662 

8.7887 10.8113 

14.8573 

-1.7403 

5 

.7854 

5.9321 

7.6996 9.4677 

13.0035 

-1.6784 

6 

.9425 

4.9655 

6.4348 7.9043 

10.8439 

-1.6032 

7 

1.0996 

3.9019 

5.0364 6.1716 

8.4421 

-1.5220 

8 

1.2566 

2.7816 

3.5534 4.3543 

5.8716 

-1.4287 

9 

1.4137 

1.6625 

2.0529 2.4440 

3.2263 

-1.3260 

10 

1.5708 

0.6879 

0.7030 0.7073 

0.7089 

-1.2188 

11 

1.7278 


0.2631 


-1.1057 

12 

1.8850 


.0146 


-0.9872 

13 

2.042 


- .1562 


- .8681 

14 

2.199 


- .2853 


- .7435 

15 

2.356 


- .3801 


- .6258 

16 

2.513 


- .4474 


- .5097 

17 

2.670 


- .4931 


- .3953 

18 

2.827 


- .5170 


- .2864 

19 

2.985 


- .5239 


- .1837 

20 

3.142 


- .5188 


- .0886 

21 

3.299 


- .4970 


- .0015 

22 

3.456 


— .4666 


.0757 

23 

3.613 


- .4279 


.1445 

24 

3.770 


- .3802 


.2027 

25 

3.927 


- .3268 


.2506 

26 

4.084 


- .2714 


.2881 

27 

4.241 


- .2128 


.3151 

28 

4.398 


- .1528 


.3323 

29 

4.555 


- .0941 


.3399 

30 

4.712 


- .0371 


.3383 

31 

4.869 


.0156 


.3286 

32 

5.027 


.0638 


.3112 

33 

5.184 


.1122 


.2865 

34 

5.341 


.1519 


.2623 

35 

5.498 


.1856 


.2289 

36 

5.655 


.2123 


.1856 

37 

5.812 


.2315 


.1452 

38 

5.969 


.2455 


.1075 

39 

6.126 


.2528 


.0612 

40 

6.283 


.2517 


.0205 
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Fig. 32.4. Curves of C a (h,z ) 
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Fig. 32.5. Expansion para¬ 
meters for three-element 
collinear array. 
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the distribution of current and the impedance 
of the central unit are like those of an isolated 
antenna with a larger Y^ and hence smaller 
radius. Alternatively, when the two outer 
units are driven 180° out of phase with the 
central unit, this behaves like an isolated 
antenna with a somewhat smaller Y^ and 
greater radius. As seen from Fig. 32.5, this 
is true when d/2 0 < 0.8. 

Although the symmetric and antisym¬ 
metric impedances Z s and Z a of the central 
unit may be determined from (21) with 
appropriate superscripts s and a, and the 
corresponding currents I{(z) and J“(z) are 
given by (20) in terms of the driving voltage 
V = V s or V = V a , the results so obtained 
are valid only if the outer units are appro¬ 
priately driven so that the currents at their 
centers are equal to /j(0) in the symmetric 
case or are equal to —I\( 0) in the antisym¬ 
metric case. Evidently, the problem of the 
central unit of the collinear array is not solved 
completely until the symmetric and antisym¬ 
metric voltages F 2 = f s V s and V\=f a V a 
required to maintain these currents are known. 
They are determined in Sec. 33. Once/*and f a 
are known, a superposition of the solutions for 
which F| = Ff at once yields the solution 
of the array with parasitic outer elements. 
Since in this case 


F* = £ 

V a~ f S 


= k. 


it follows that 


(29a) 


i rv * _ *i(o) im + /?(o) 

(Zi)to F 10 V s + V a 


m | ik o) 

F 3 (l + Jr 1 ) F“(l + ft) 


1 

ZlcO + ft- 1 ) 


1 

zu i + *)' 


(29 b) 


Solving for (Zj) in gives the input impedance 
of the three-element collinear array with the 
outer units parasitic: 

'y/s fa 

(Zj)in = F lt (29c) 

^0 C 1 c 

where 

P _ J , ( Z s oc - ZgcXfe - k ~ r ) 

1 + 2[Zk(l + ft- 1 ) + Z %,(1 + ft)] • 

(29 d) 


The determination of ft is in Sec. 33. The 
evaluation of (Zj) in for = w/2 is in Sec. 34. 


The current in the central unit is given by 

ho) = + mo, m 

where I\(z) is given by (20) with superscripts j 
and with V = V s = F 10 /(l + ft- 1 ), and where 
J?(z) is given by (20) with superscripts a and 
with V = V a = F 10 /( 1 + ft). Once ft is 
determined, Ifz) may be calculated in terms 
of F 10 , the actual driving voltage when the 
outer units are parasitic. 


33. Three-Element Collinear Array, General 
Analysis of Outer Antennas 

The currents in the outer antennas cannot 
be determined with the same degree of accur¬ 
acy as the currents in the central unit since 
the distributions are not symmetric with 
respect to the centers of these antennas. 
However, in view of the fact that it is not 
actually possible to center-drive these units 
without altering them in an essential way 
by the addition of necessarily unbalanced 
transmission lines, the only practically sig¬ 
nificant application of the theory as developed 
up to this point is with the outer units para¬ 
sitic. Since in this special case the currents 
in the parasites are not involved directly 
in the determination of a driving-point 
impedance, but only in evaluating f s and /“, 
and in obtaining the electromagnetic field 
of the array, it is adequate to determine 
approximate currents. The principal approxi¬ 
mation that must be made is the assumption 
that the currents in each outer unit is com¬ 
posed of even and odd parts referred to the 
center of the unit of which the latter is not 
large compared with the former. In general, 
this means that p 0 h must not be near enough 
to it, 2it, 3tt, • • • to make the odd part of the 
current the resonant part. When p 0 h is near 
w/2, the even part of the current is resonant 
and the assumption is an excellent one. 
The analysis follows. 

The integral equation for the current in 
the halves of antenna 2 (Fig. 32.3) are given by 
the following expressions, in which z 2 ls 
measured from the center of antenna 2: 


47rt’ 0 A(z 2 ) 


= —( C i cos + C 2 sin /Vz). 

(OiS z 2 ^h) (la) 


4t71' 0 A(z 2 ) 


— /4tt 

= -4— (C, cos /3 0 Z 2 + C 4 sin /3 0 z 2 ), 
(-ft=Sz 2 SO) (lb) 
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4nv 0 A(z 2 ) 


a h r-d+h 

- + L-» 

C—2d + h\ 

i ) I(,z' 2 )K 1 (z 2> z' 2 ) dz' 2 , (2a) 

J —2i — h / 


E 2 (z 2 , “2^ 




1V 2> 2/ R 1 (z 2 ,z' 2 ) ’ 

Ri(z 2 , z 2 ) = V(z 2 - z 2 ) + a 2 . (2c) 

By setting z' = d + z 2 in the second integral 
and z' 3 =- 2d + z 2 in the third integral, and 
noting that 

R 2 (z 2 , z' - d)= V(d + z 2 — z') 2 + a 2 

= R^(d + z 2 , z'), (3 a) 

R i(z 2 . z 3 ~2d)= V(2d + z 2 - Z 3) 2 + a 2 
= R,(2d + z 2 , z 3 ), (36) 

(2a) may be expressed as follows: 

4nv a A(z 2 ) = J IJz^K^Zfr z 2 ) dz 2 

+ J I^K^d + z 2 , z) dz' , 

+ J I^z'^K^ld + z 2 , z 3 ) dz' 3 . 

(4) 

As a consequence of symmetry, 

* 3 (^ 3 ) = hi-z't)- (5) 

Since I x (z') is an even function of z' and 

symmetric or antisymmetric driving voltages 
are provided so that I x (z’ = 0 ) = ±/ 2 (z 2 — 0 ), 
a satisfactory approximation is 

h(z') = ±ilh(z' 2 ) + h(-z£], ( 6 ) 

where the upper sign applies to the symmetric, 
the lower sign to the antisymmetric case. 
Substitution of (5) and ( 6 ) in (4) gives 

4irr 0 A(z 2 ) = f [I 2 (z 2 )K ld (z 2 , z 2 ) 

Jo 

+ I 2 (-z'dK 2i (z 2 , z 2 )\dz 2 , (7) 

where 

Kld( z 2 ’ z z) = Ez 2 ) ± ^[Kj(d + z 2 , z 2 ) 
+ K 2 (d + z 2 , z 2 )] + K 2 (2d + z 2 , z 2 ), 

(8 a) 


E 2d (z 2l z 2 ) — E 2 (z 2 , z 2 ) i \[E 2 (d -f - z 2 j z^) 
+ K^(d + z 2 , z 2 )] + K x (2d + z 2 , z 2 ). 

( 86 ) 


The following notation is used: 

, e ~•?W“> Z 2 ) 

K M z 2 ) = --—, 

•Ri(«, z 2 ) 

■ e ~jh II R./u,z l i ) 

K 2 (u, Z 2 ) == --— , 

R 2 (U, z 2 ) 

Ri(u, z 2 ) = V(« - z ') 2 + a 2 , 
R 2 (u, z 2 ) = V( u + z 2 ) 2 + a 2 . 


K 2 (u, z 2 ) = 


(9a) 

(96) 


These formulas apply in the following two 
cases: 

Symmetric case: 

y __ ys y _ y _ ys _ fsys 

r 10 — r > r 30“ r 20 — r 2 — J 

I 2 (z 2 ) = J|(z'), ( 10 a) 

^id(^ 2 . z 2 > with upper sign = K{ d (z 2 , z 2 ); 


Antisymmetric case: 

y — ya y — y — ya — faya 

v 10 — r 9 r S0~ r 20— v 2 ~~ J v 9 

I 2 (z' 2 ) = I a 2 (z' 2 ), (106) 

K ld (z 2 , z 2 ) with lower sign = Kf d (z 2 , z 2 ). 


The first step in the solution of (la) with 
(7) is to resolve both sides into even and odd 
functions of z 2 and in this way obtain two 
equations, the one for the even part of J 2 (z 2 ), 
the other for the odd part. The even parts 
of the vector potential and current are given by 

^ev(^2) = UM z z) + A(~ z 2 )], 

JeAzz) = ilh( z z) + I 2 (- z 2)]. (11a) 

so that with (la) 

47 rr 0 A ev (z 2 ) 

— /4tt 

= - 7 — (Cev cos p 0 z 2 + %v 20 sin | 1 ), 

to 

(-h<z 2 <h) (116) 

where, as in Sec. 11.13, C ev = \(C 1 + C 3 ) and 
i ^20 = K ^2 — C 4 ). The even part of the 
vector potential in the range —6 gz 2 g 0 is 
obtained from A ev (—z 2 ) = A ev (z 2 ). 

The odd parts of the vector potential and 
current are given by 

^od( z 2> = i\. A ( z i) ~ A (~ z d\, 

^od( z 2 ) = i[^ 2 .( z z) ^ 2 ( ^ 2 )], (12a) 

so that with (la) 

4«’o^od( z 2> = -J- Cod sin 3q z 2 , 

(—h fkz 2 ^h) (126) 
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where C od = b(C 2 + C 4 ) and b(C 1 — C 3 ) = 0 , 
since A od (-z 2 ) = A od (z 2 ) = 0 at z 2 = 0. 

The integrals and equations for the even 
and odd parts of the vector potential are 
obtained using (11a, 6 ) and (12a, b). They are 

f* 

4mV^ev(^2) = I [^2( z 2 )^iev( z 2> z 2 ) 

Jo 

+ / 2 (-z„ 3 K 2 ev (z 2 , z 2 )] dz 2 

= (C ev cos 3 0^2 

4o 

+ |7 20 sin |^oZ 2 |), 

(~h<z 2 ^h) (13a) 

4m’ 0 ^od( z 2 ) = f [f 2 (z 2 )Ki 0 d (z 2 , z^) 

Jo 

"l" !■>( z 2 )^ 2 od( z 2 t z 2 )l dz 2 

—;4w 

= ^ C 0 d sin p 0 z 2 , 

(-6 z 2 <: 6 ) 036) 

where 

^lev(^2> Z 2 ) = i[7^1d( z 2> Z 2 ) 4" Rld( z 2> Z 2 )]> 

(14a) 


Riev( z 2< z 2 ) — H^2d( z 2< 2 2) 4" ^2d( z 2> z 2 )l) 

(146) 


*l 0 d( z 2, Z 2 ) — ^1-6^[<i( Z 2’ z 2 ) R Idk z 2> Z 2 )]’ 

(14c) 


^2od( z 2> z 2 ) — H^2d( z 2> z 2 ) 2d( z 2> z 2 )]- 

(14rf) 

In an asymmetric geometric arrangement 
like that of the outer elements in a collinear 
array, contributions to the even as well as 
the odd parts of the vector potential come from 
both even and odd parts of the currents in 
the three units. Consequently (13a) and (136) 
cannot be solved separately for J ev (z 2 ) and 
/ 0 d(z 2 ). However, an approximate procedure is 
available. The current may be expanded into 
its even and odd parts by setting 

LJ Z 2^ ~ 7ev( z 2 ) 4” Io<t( z b)> 

L( Z i) — Lv(. z i) Lxi( z 2 ^ (15a) 


where by definition 

L\i z 2 ) = i[R z 2 ^ + 3' 2 k z b)] = *ev( z 2 ), 

(156) 


I 0 d( z i) = b[I( z 2 ) - f 2 (- z 2 )l = -fod(- Z 2 )' 

(15c) 


If (15a) is substituted in (13a) and (136), 
the results are: 


4fr>’o-'4 ev (z 2 ) 

— I '‘Mz 2 )[R, ev(z 2 , z b) 4” -^2ev( z 2> z b)] 


4" f cd( z 2^-^icv(^ 2. z 2) -^2ev( z 2> z 2 )]} dz 2 . 

(16 a) 

47rt- 0 A od (z 2 ) 

= f {-^ev( z 2)[^lod( z 2> z 2 ) "i” R'2od(z 2 , Z 2 )] 


+ fod( z 2 )[7^1od( z 2> z z) R r 2 od( z 2 i z 2 )l} dz 2 


(166) 

Let the following kernels be defined: 

Re\(. z 2> z 2 ) ~ R- ev( z 2 > Z 2 ) A R2t:\'( z 2 > Z 2 ) 

= b[Rli( z 2> z 2 ) + ^ 2 d( z 2 > z 2 ) 

+ K ld ( — Z 2 , Z^ + K 2d (—Z 2 , Z^] 

— 7£j(z 2 , z b) R 2 ^Z 2 . z 2 ) 

± \[K x (d + z 2 > z i) + K 2 (d+ z 2 , z'b) 

+ Kjid — z 2 , z' 2 ) + K 2 (d — z 2 , z'b)] 

+ \[K y (2d + z 2 , z 2 ) 4- K 2 (2d + z 2 , z 2 ) 

+ K^ld — z 2 , zi) + K 2 (2d - z 2 , zj)], 

(17a) 

H«o( z 2< z 2 ) = Rikv( z 2’ z 2 ) -^2ev( z 2> z 2) 

= i[^ld( z 2» z 2) 7^2d( z 2> z 2) 

"l - 7^1 d( z 2> Z 2 ) R 2d( z 2» z 2 )l 

= - £[tfi(2rf + z 2 , z i) - R-tild + z 2 , z i) 

+ K 1 (2d — z 2 , z z ) K 2 (2d z 2 , z 2 )], 

(176) 

R oA z 2 , z 2 ) = K] 0 d( z 2 ’ Z 2 ) 4" 7^2od( z 2’ z 2 ) 

= H^ld( z 2> z 2) 4” *2d( z 2> z 2) 

7C 1( j( Z 2 , Z 2 ) R2dX Z 2. Z 2 )] 

= ± + Z 2 , z'b) + K 2 (d + z 2 , z 2 ) 

- K 2 (d - z 2 , z 2 ) - K 2 (<7 - z 2 , z 2 )] 

4- i[7^i(2rf 4- Z 2 , zi) + K 2 (2rf + z 2 , zi) 

— K x (2rf - z 2 , zi) - K 2 (2d- z 2 , z^], 

(17c) 


7 ^od( z 2 , z 2 ) = 7C lod (z 2 , z 2 ) 7 f 2 od( z 2 > z 2 ) 

= H^ld( z 2 > z 2 ) — 7C 2 d (z 2 , Zjj) 

Rld( z 2 * z 2 ) R2d( Z 2 ' z 2 )l 

= Ki(z 2 , z 2 ) K 2 (z 2 , z 2 ) 

- H^i( 2 rf + z„ zi) - K 2 ( 2 rf + z 2 , zi)] 
+ HKtfd - z 2 , zi) - K 2 (2d - z 2 , zi)]. 

(17 d) 
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Examination of (176) as related to (16a) 
shows that it represents the contribution to 
the even part of the vector potential on 
antenna 2 by the odd parts of the currents 
in antenna 3. Since the odd currents involved 
are assumed to be relatively small, and in 
any case the distances are large, this term is 
negligible compared with the very much 
greater contribution from the large even 
currents in all three antennas. Since Ri(2d ± 
z 2 , z 2 ) differs very much less from R 2 (2d ± 
z 2 , z 2 ) than does f? 1 (z 2 , z 2 ) from R 2 (z 2 , z 2 ), it 
follows that the principal contributions to 
K’ 0 d(z 2 , z 2 ) in (1 Id) are from the first two terms. 
That is, 

A"od(- 2 ’ ~ 2 ) = Ki( z 2 > " 2 ) N 2 (z 2 . z 2 ). (17e) 


Neglecting the term in K eo (z 2 , z 2 ), the two 
approximate integral equations are: 


r* 

I Iev( z 2)Kev( z 2 , z 2 ) dz 2 

Jo 

(C ev cos fl n z 2 + \V 2Q sin p a I z 2 j), 

(-6^z 2 ^6) (18a) 

4^v 0 2lod(z 2 ) = r ^ev( z 2)^oe( 2 2> Z0 dz 2 


4’’^’o-^ev( 2 2) 

= zhL 

Co 


+ J Iod(z 2 ) K oi(z 2 , z 2 ) dz 2 

— y — Cod sin 3 qZ 2 . 

So 

(~h^z 2 ^h) (186) 


Of these the first may be solved directly for 
7 ev (z 2 ); using this known value the second 
equation may be solved for I 0 d(z 2 )- Note that 
the equations apply only in the symmetric 
and antisymmetric cases defined in (10a, 6), 
but that the general case may be constructed 
by superposition. 

The equation (18a) for the even part of the 
current is in exactly the same form as the 
equation for a single antenna. The solution 
for the upper half of antenna 2 may be written 
down directly in the form (32.20): 


v»o x ev 


si 


sin PifJi ^ 2 ) ^evi(^2)/^i 


COS /Vl + Aevl/^ev + 


ev + " ' j 


(19a) 


The impedance is 

rj ~ ev/cos^ 0 6 + A ev il x t ev + • • 
ev 2^~~ \sin 3oh + Bevl/^ev +••■/’ 

(196) 

For the symmetric case a superscript s is 
added to 7, Af, B, A, and Z, and F 20 is 
replaced by V 2 ; for the antisymmetric case a 
superscript a replaces the superscript s. The 
functions Af, B, A, and *F are defined as for 
a single antenna but using a different kernel. 

An important object in evaluating /®v(z 2 ) 
and /® d (z 2 ) is to determine the factors /* 
and /“ relating the driving voltages required 
at the centers of the outer antennas to the 
driving voltage at the center of the middle an¬ 
tenna in order that the currents at these three 
driving points may satisfy (32.6 d) and (32.76). 
These factors may be evaluated directly from 
(19a, 6) as follows. Since the odd part of 
J 2 (z 2 ) necessarily is zero at z 2 = 0, the entire 
current at this point is even. Hence, using 
(32.6) and (32.7), 

Symmetric case: 

V 20 = V, = 7 2 (z 2 = 0) Z e s v = 7®(0)Z| V 

= (k*/ZyZ t * v =/»F>; (20a) 

therefore, 

f = ZlvIZoc. (206) 

Antisymmetric case: 

V 2 0 = -V\ = J“(z 2 = 0)Z e “ v = — 7?(0)Z e \, 
= (.— V a /Zo c ) Z“ T = —f a V a ; (21 a) 

therefore, 

f a = Z a JZ a 0c . (216) 


The impedances Z g 0c and Zg c are given by 
(32.21) with appropriate superscripts. The 
complex factor k defined in (32.29a) is given 
by 




( 22 ) 


It is this factor that is required in order to 
calculate the input impedance of the three- 
element array with the outer units parasitic 
using (32.29c). 

The even part of the current in the outer 
antennas when these are parasitic is given by 

= 7 ev (z 2 ) 7 ev (z 2 ), (23a) 

where /e V (z 2 ) is obtained from (19a) with 
appropriate superscripts j and with V 20 = V 2 , 
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and where /£ v (z 2 ) is given by (19a) with 
superscripts a and with V 20 = Y%- Note that 

v%=vi=pv*=j«v«= VJ2 F„ 

(236) 

where 

F 2 = (/“ + / 3 )/2/“/ s (23c) 

Thus, 


the simplification of the function U(z 2 ) which 
is proportional to the odd part of the vector 
potential along antenna 2 due to the even 
currents in antennas 1 and 3. Since z 2 can not 
exceed 6, and d S 26 occurs in all distances 
R in K oe (z 2 , z 2 ), the term a 2 in these distances 
is negligible. It follows that in the range 
0 S r 2 S /i, 0 S z' 2 s; h, (17c) becomes 


2 


f_L 

'sin P 0 (h - z 2 ) + M| v1 (z 2 )/' F* v 4- 1 

Wlv 

COS Pfjh + Alyl/'Vlv + • • • J 

i 

I" sin p 0 (h - z 2 ) + M e % !(z 2 )/Ttv +"]| 

ev 

L cos p 0 h + A“ vl /Tt v + ••• Jr 


(23 d) 


K 0 e(z 2 , z' 2 ) = ± Je-W d + Z 2 ) 

gjfto z 2 e ~iPo z 2 

d 4- z 2 — z 2 d 4- z 2 4- z 2 
=F be-tf°( d - z 2> 

e iPo z 2 ) 
d ■ z 2 z 2 d — z 2 + z 2 ) 


In general, hev(z 2 ) does not differ greatly 
from /j(z) since both are even functions 
and the driving voltages are chosen to make 
them equal at the centers of the antennas. 

The odd part of the current in antenna 2 
must be determined from (186) using the 
known value of J ev (z 2 ) obtained from the 
solution (19a) of (18a). Thus, (186) may be 
expressed as follows: 


eiP» z 2 e~^o z 2 \ 

2d + z 2 — z 2 2d + z 2 + z 2 J 

e —iPo z % \ 

2d — z 2 — z 2 2d — z 2 + z' 2 J ' 

(25) 


/•* 

I ^od(^a)-^od( z 2 i z 2 ) dz 2 

Jo 

= —[C 0 d sin/l 0 z 2 + U(z 2 )l 

(0 6) (24a) 

where 

U(z 2 ) = J I ev (z 2 )K oe (z 2 , z 2 ) dz 2 , 

(246) 

K 0(l {z 2 , z 2 ) is given by (17c) and K oe (z 2 , z 2 ) 
by (17c). The upper sign in (17c) applies to the 
symmetric case, the lower sign to the anti¬ 
symmetric case. Note that fC 0( j(z 2 , z 2 ) is the 
same for both cases. The evaluation of 
ha(z 2 ) from (24a) is quite involved in general, 
particularly when PJi is near n, since it then 
coincides with a resonant-mode current, 
whereas the even current does not. On the 
other hand, when (S^h is near nj2 the even 
distribution is resonant, the odd distribution 
is not, and, therefore, it is relatively quite 
small. Since the only practically important 
case, and at the same time the one for which 
an approximate evaluation of (24a) is readily 
carried out, is with P 0 h = tt/2, only this case 
is considered. 

The first step in the solution of (24a) is 


As a next step in the simplification, let z 2 
be neglected in the denominators throughout. 
This is a good approximation for all values 
of z 2 in most of the terms, a poor approxi¬ 
mation in only one term, and then only when 
z 2 = 6 and when z 2 approaches 6. Since the 
current vanishes at 6, an error here is of no 
great importance. Hence, setting z 2 = 0 
in the denominators, (25) reduces to 


K cr .(z 2 , z 2 ) — 


£ jP 0 (.d + z 2 ) £ jPa(d z 2 ) 

± — ~J~\ - "F ~7 

d + z 2 d z 2 


e -jp 0 (2d+z 2 ) 
2d -f z 2 


£ mu ^ 2 ) 

2d — z 2 . 


COS PqZ 2 . 
(26) 


Since with p 0 h = v/2, the even current is well 
approximated by 

V 

Iy(z ^ cos ;i 0 - 2 ’ (27) 

^0 c 

the integral in (246) may be evaluated directly. 
It involves 

J' h 1 p/2 

cos 2 PqZ 2 dz 2 = — cos 2 u du — —— . 
o P o Jo 4p 0 

(28) 
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Accordingly, 

U( z ) = jIuK. 

(a) 8 Z te 

± e -iW 


X 


AC 


(z 2 cos /? 0 z 2 + jd sin /?„z 2 ) 


,W 2 - 4)' 

g”i 2 ^ "1 

+ J (4d 2 ~ - z 2 ) (Za C ° S ^° z * + S ' n ^ I - 

(29) 

In the range 0 Si /J 0 z 2 sj jt/ 2, a useful 
expression is obtained by factoring out 
jd sin /?„z 2 in the first and jld sin /J 0 z 2 in the 
second parenthesis. The result is 

U(z 2 ) = W F(z 2 ) sin /? 0 z 2 

= t/(z 2 ) sin /? 0 z 2 , (30a) 

where t/(z 2 ) is defined by (30a) and where 

T j-e-iM / j q z 2 cot^„z 2 \ 

Id - 4!d~) l J M / 


F(z 2 ) 


+ 


-j2/3 0 d 


(1 - Z^rf 2 ) 


/ _ . /y 2 cot ft 0 z 2 \ 

l 1 2 M /. ‘ 


(306) 

Since z 2 /rf g 1/4, and fl a d ^ w, F(z 2 ) does not 
vary rapidly. It follows that I/fzj) varies 
approximately as sin fi 0 z 2 . With (30a, 6 ) the 
integral equation (24a) reduces to 
rh 

7od( z 2 )^od( z 2> z 2 ) 4 z 2 


r 


_ 

io 


[C od + l/(z 2 )] sin /J 0 z 2 - (31) 


Iod( z 2 ) 


7 od( z 2 )g( Z 2 , Z 2 )]^od( z 2 » z 2 ) 


2 ) ^ z 2 |- 


By using the term in sin /J 0 z 2 as the zeroth- 
order current, and substituting this in the 
integrals, these may be evaluated assuming 
l/(z 2 ) to be constant, and added to the zeroth- 
order current. This process of iteration can 
be repeated. The current then appears in the 
form 


7 od( z 2 ) = 7-57- [Cod' 
so* od 


sir 


U(z 2 )\ sin (l n z 2 


+ 


S^zj) , S 2 (z 2 ) 


+ 


‘ od 


^d 




(35) 


The constant C od may be evaluated by 
requiring the current to vanish at z 2 = h. 

Then _ 

C od = - 17(A), (36) 

so that 


7 0 a( z 2 ) = [C(z 2 ) - 17(A)] [: 

So^od [ 

*$l( z 2 ) _|_ S 2 (z 2 ) 


sin ^o z 2 


V. 


od 


^d 




It follows from (306) that, with /? 0 A 
an approximate result is 


(37) 
W 2, 


l/(z 2 ) - 17(A) = 
where 

D{d) “ /ip 2 




8 Z n 


cos ^ 0 z 2 , (38a) 


o-iP a d 


(1 - h 2 /d 2 ) 


+ 


2(1 - A 2 ^ 2 ) 


(386) 


This integral equation can be solved for the 
current by the usual method of iteration. Let 

7 0d ( z 2 ) = 7od( z 2)g( z 2. z 2 ), (32) 

where g(z 2 , z 2 ) is a distribution function that 
is chosen to make J 0 d( z 2 )*Fod( z 2 ) approximate 
closely the integral on the left in (31), with 

^Od( z 2 > = J g( z 2 > z 2 )^Od( z 2 . z 2 ) dz' 2 

='Fod + Yod( z 2 ); (33) 

Tod is a mean constant value of the integral 
suitably defined at a reference point. With 
(32) and (33), 

= 7 ^- [C 0 d + C(z 2 )] sin (J 0 z 2 
4o T od 

- 57 - 7 od( z 2 )Yod( z 2 ) + [7 0 d( z 2 ) 

T odl JO 


Substitution of (38a) in (37) gives the following 
simple expressions for the zeroth-order odd 
currents in the outer units when /? 0 A = w/2: 

V 3 7T D\d) 


■- 


5Sc 4T" od 


sin 2 ft,z 2 , 


I/a 7 rD a (d\ 

^d( Z 2 > — 4 x Fod sin 2 ^ 0 Z 2 . 


(39a) 


(396) 


where D s (d ) is (386) with the upper sign and 
D a (d) is (386) with the lower sign. Note that 
VjZl = I*(0), V a jZ a ()c — /j(0). The odd 
part of the current in the outer units when 
these are parasitic is given by the sum of 
(39a) and (396). Note that, as in (32.296), 
V s = F 10 /(l + fc- 1 ), V = F 10 /( 1 + fc). It 
follows that 

7 2 od( z 2 ) = 7’ d (z 2 ) + ^d( z 2 > 

D\d) 


^10 ' 

Wot L 


(34) 


*ocO + fe -1 ) 

Z^(l + ft) 


I" 


sin 2 ^(,z 2 . 


(/?oA = W2) (40) 



436 


THEORY OF LINEAR ANTENNAS 


[III.33] 


The total current in the outer antennas is the 
sum of (40) and (23 d), with Pfi = w/2. 

The final step in the complete evaluation 
of J 0 d(z 2 ) is the determination of Tod from (33). 
Since the zeroth-order distribution function 
g(z 2 , z 2 ) = sin 2p 0 z'/sm 2PgZ does not permit 
the ready evaluation of T^d, the simpler 
procedure of assuming a sensibly uniform 
current and neglecting retardation is more 
convenient and adequate. This is equivalent 
to setting 

' I ' 0d(Z2) = I Uz'-z^ + a* 

1 

V (z' + z 2 ) 2 + a 2 

(41) 

Since the odd current is most nearly constant 
near z 2 = 6/2 and this is its greatest value, 
it is a good approximation to choose the refer¬ 
ence point for at z 2 = h/2. Thus, 

^ du p */ 2 du 

° d J— a /2 V « 2 + a 2 J A/2 Vu 2 + a 2 

= ln (^)=^~ 2 - 5 ’ < 42 ) 
where H = 2 In (26/a). 

In this section general expressions have 
been obtained for the symmetric and anti¬ 
symmetric components of the even current 
in the outer units of the three-element array. 
An approximate formula for the odd currents 
has been derived in the important special 
case Pft = v/2. As a part of the determination 
of the even currents, relations between the 
three voltages have been established which 
assure that the currents at the centers of all 
three units are equal in magnitude and either 
in phase or 180° out of phase as required by 
the conditions for the symmetric and anti¬ 
symmetric cases. Thus, in Sec. 32 and this 
section the general formulas for the currents 
in collinear arrays are derived in the special 
case of the three-element array. 

34. Collinear Array of Three Half-Wave 
Dipoles 

The most useful collinear array of three 
antennas consists of identical units each of 
electrical half-length P Q h = t/ 2. The middle 
antenna No. 1 is center-driven from a balanced 
two-wire transmission line. Since terminal- 
zone effects are the same as for the single 
antenna analyzed in Chapter II, they need 
not be considered again, and the array may 
be assumed to be center-driven by a slice 



generator. Results obtained in this way are 
easily generalized to apply to the antenna as 
end load on a two-wire line. The two outer 
antennas, No. 2 and No. 3, are coupled to the 
middle one. In the usual collinear array, 
coupling circuits, often in the form of sections 
of transmission line, are connected to the 
adjacent ends of the antennas. This arrange¬ 
ment is studied in Sec. 35. In this section, 
attention is focused on an array in which the 
outer units are parasitic and have no connec¬ 
tion to the central one as shown in Fig. 32.26. 

The driving voltages for the three units are 


F 10 = V s + V a = VHi + Ir 1 ) = F°(l + ft), 
V 20 = F 30 = Vi- V% = f s V s -f°V° = 0 , 


where 


( 1 «) 




ya 

fs _ ^ev 

J ~~ ys > 


(16) 


and where Z ev is the impedance of each 
outer unit, Z oc the impedance of the central 
unit; V s is the driving voltage of the central 
unit when the other two are center-driven 
by voltages F 3 = V\ — f s V s such that the 
currents at the centers of all three units are 
equal and in phase; V a is the driving voltage 
of the central unit when the two outer an¬ 
tennas are center-driven by voltages F 3 = 
V\ — f a V a such that the currents at the centers 
of the two outer units are equal to and in 
phase with each other, but both equal to and 
180° out of phase with the current at z = 0 
in the central unit. 

The first-order symmetric and antisym¬ 
metric currents in the central unit are given 
by (32.20) with P 0 h = w/2 and appropriate 
superscripts. Thus 

[cos PqZ + M c Vz)/YU 

(0 ^ z ^ h) (2a) 

WMli [cos /V + M? 1 (z)/n c ]- 

(0 ^ z Sg 6 ) (26) 


The total first-order current in the central 
unit when the outer units are parasitic is given 
by the sum of (2a) and (26). With (la, 6 ) it is 

(hWi = [IJttli + [/?(z)]i 

4>0 

x ( U.u+*-■> + W+*)] cosiv 

r Mf(z) Mtfz) I] 

~ U?i(i + fr-K *?i(i + fc)TSiJi ‘ 

(3) 
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The first-order symmetric and antisymmetric 
impedances of the central unit are 

[ZoJi = (1 + W rW' 1 , 

[ZUx = (1 + Bi/Ttr 1 . (4a) 


with 5 = 0, and (11.21.16) with z* = 0, 
PJi = tt/ 2, and with K cl (h, z') substituted 
for K^h, z'), that 

A a = T’ciW = - J cos P 0 z'K cl (h, z') dz', 

(h = A 0 /4) (6) 

where 


The first-order input impedance of the array 
when the outer units are parasitic is 

KAUi 


~£o( 

2n \ 


+ 


B; 

A' i(l + 


where 


_!_+_!_ 1 

AU\ + k~ l ) A a n ( 1 + fe)J 

* dP 

m 


+ 


k-i)V K1 A a el ( 1 + kWi 


Bn - Bci - 0). (4c) 


For antennas that have a reasonably large 
value of h/a, and j are sufficiently 
large to make the contributions by the 
l/'fjri terms in (2a, 6), (3) and (4 a, b) relatively 
small. When this is true the following ex¬ 
pressions are satisfactory approximations: 


where 

Z s 

0C 


7’l(2) = yT COS 1*02, 

t'QC 

I a iO) = -P COS (3 0 z, (5a) 

^0c 

* 1 ( 2 ) — ftp COS /V. 

■ ~j£()A’i 7a —jt^Aei 
~ 2t7 ’ 00 277 ’ 


(56) 


and where, using (32.29c, <f), 


C2 ^ = 1_|_1 

1 i;in US C (1 + fe" 1 ) ^ Z&(1 + fc)J 


-1 


where 


(Z;) ln F 1( (5c) 


_2Z^_ 

'•" 1 /in 7 # 1 7a 9 

^0c “r "oc 


- 1 + 


(^bc 


oc “ " 0 C 

* - Z^)ffe - fe-i) 


2[Z*,(1 + ft- 1 ) + Z&(1 + *)]' 


(5d) 


It is seen from (5) that I y (z) and (Zj) in 
involve only the functions A* cl , A “ 1( and the 
ratio function k. It follows from (II. 15.29a) 


K n (h, z') = K,(h, z') ± [K,(d - h, z') 

+ K l (d+h, z')\, (h = A 0 /4) 

(7) 

With (11.21.16) the integrals in (6) with (7) 
may be expressed as follows: 

A cl = ~{C a (h,h) ±[C a (h,d - h) 

+ C a (h,d+h)]}. (h — A 0 /4) (8) 

The upper sign corresponds to a superscript 
s, the lower sign to a superscript a on A cl . 
It follows that 


Z’oc = [Cjh, h) + C a (h, d-h) 

+ Cjh, d + 6)], (6 = A 0 /4) (9a) 

Ztc^[C a (h,h)-C a (h,d-h) 

- C a (h, d + 6)]. (6=A 0 /4) (96) 

The symmetric and antisymmetric impedances 
of the three-element array as given in (9a, 6) 
are represented graphically in Fig. 34.1. The 
impedance (Z[) in defined in (5c), which is 
the principal part of (Zj) in , is shown in Fig. 
34.4 together with (Zi) in . Note that (Zj) ln 
reduces to (Zj) in when d is sufficiently great 
so that k = 1. It is not possible to determine 
(Zj) in until k is available. This requires the 
evaluation of Z* v and Z“ v in addition to 
Z* 0c and Z% c . 

The first-order symmetric and antisym¬ 
metric even currents in the outer units are 
given by (33.19a) with [l 0 h = 77 / 2 . They are 

[^v(2 2 )]i = ftP [cos PoZ 2 + M‘ v1 ( 2 2 )/T‘ v ], 

to^evl 

(10a) 

[7?v(2 2 )1i = ftP [cos f} 0 z 2 + M“ v1 (z 2 )/T« v ]. 

So^evl 

(106) 

When the outer units are parasitic, 

Vi = V\ = /»F» = /“F“ = V 10 /2F 2 , (10c) 


_ /°+/» 1 IZje Z%.\ 

" 2/ a / s 2 \Z‘ V - Z%J ’ 


(1<W) 
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as in (33.236, c) and the total first-order 
current is given by 

[W**)] 1 = tf!v(*2>]l - VUz 2»1 


_ j nV 10 f /_J_J_ 

Co*. ^evl 


cos /S 0 z 2 


M| V1 (Z2) M‘ v1 (z 2 )]| 

4« \ifs Ja Ufa I | ' 

L /1 evl T ev ^evl* evJ / 


0 V< = W 2 ) (H) 


The first-order symmetric and antisym¬ 
metric impedances of the outer units are 

Wi = — "^ vl (I + B’vi/^v)- 1 , (12a) 

L.YT 


(Z%X = J ~y gvl (1 + B“ vl /'F“ V )-1. (126) 

Ltt 


The transfer impedance when the outer 
units are parasitic is 


(Z r )i = 


-y(o F 2 r / 1 

w LV^evl 



) 


where 


+ 


/ Blvi 


B a 

evl 

da ura 
■^evl 1 ev 



(12c) 


B*vi - ^vr(O), B“vi - M« vl (0). (12c/) 

For sufficiently large values of and 'F“ v 
the leading terms are good approximations. 
They are 

V s 

7 ev( z a) — yf cos (V 2 > 


y% 


l iv(Zz> = 75-COS /y 2 , 


^ 2 ev(^ 2 ) — " 3 ^ COS / 5 qZ 2 , 


(13a) 

(136) 

(13c) 


where 

Zf„ = 


277 


Z“ = 


-JUA 


evl 


Z T — Z r F 2 , 


97* 7 a 

Z / _ LZi ev^ev 
r — 


(13rf) 


7a 7s » 

■^ev ^ev 


<l3c) 


The ratio of currents at the centers of the 
outer parasitic units to the current at the 
center of the driven unit is given by 


F 2 (z 2 - 0) 
h(0) 



U 0) 

/i(0) 


e m- 6 i\ 


(14) 


where (Z 1 )i n is given by (5c) and Z T by (13c). 
It is shown later (Fig. 34.3) that the factor 
F 2 differs negligibly from unity as indicated 
in (13e) except when d/X a is at or very near 
0.5. It follows from (II.15.29a) with <5 = 0, 
and (11.21.16) with z* = 0, jS 0 6 = w/2, and 
with K lev (h, z 2 ) substituted for K x (h, z'), that 

<4 ev i = F evl (A) 


L 


— I COS /?QZ 2 J£ev(^> ^2) 


(15) 


where K ev (A, z 2 ) is given by (33.17a) with 
z 2 = 6 = A 0 /4. Thus, 

K ev (h y z 2 ) = K(h, z 2 ) 

± %[K(d — 6, z 2 ) + K(d + 6, z 2 )) 

+ \{K{2d - A, z 2 ) + K(2d + 6, z')], (16) 

where, as usual, K = K x + K 2 . With 
(11.21.16) the integrals in (15) with (16) may 
be expressed as follows with A = A 0 /4: 

A ev 1 = - {C„(6, 6) 

± H^a(^> — 6) + C a (6, d + 6)] 

+ KC«(A, 2d -h) + C e (A, 2d + 6)]}. (17) 

The upper sign in (17) goes with a superscript 
s on A evl , the lower sign with a superscript a. 
Thus, with A = A 0 /4, 

Z‘ v =f{C,(A,A) 


+ i[C 0 (A, rf - A) + C e (A, d + 6)) 

+ i[C a (h, 2d - A) + C a (h, 2d + A)]}, (18a) 


Z “v= r{ C «(A, A) 

4*77 

— £[C a (A, rf — A) + C a (A, d + A)] 

+ i[C„(A, 2rf — A) + C e (A, 2c/ + A)]]. (186) 

These impedances are represented graphically 
in Fig. 34.2. 

With Z’ v and Z“ v determined, the functions 
k, and jf s defined in (16) and the function 
F 2 defined in (10c/) may be evaluated; k and 
F 2 are shown in Fig. 34.3 in polar form. 
With k available and (Zj) in known, the ap¬ 
proximate input impedance of the array 
(Mn as defined in (5c) may be evaluated. 
It is shown in Fig. 34.4 along with (ZJ) in , 
which it approaches as k approaches unity 
with increased d. With F 2 available the 
transfer impedance Z T may be determined; 
Z r is shown in Fig. 34.5. The ratio of currents 
(14) is shown in Fig. 34.6 as a function of 
d/X 0 and the distribution in Fig. 34.7 for 
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d = A # /2. Note that when d = A 0 /2 the 
currents in the parasites are nearly 180° out of 
phase with the current in the central unit. 

The general equations for the three- 
element array in which the outer units are 
identical are 

V 10 = ^ 10^31 + 1 20^12 + ^ 30^13 

= + 2J 20 Z 12 , (19a) 

^20 = ^ 10^21 + ^ 20^32 + ^ 30^23 

= ^10^12 + ^2o(^32 + ^ 23 )- (19Z>) 

When the units are symmetrically driven 
these reduce to 

V‘ = I 10 (Z 31 + 2 Z 12 ), (20a) 

V 2 = Iio(Z s z 4- Z 12 + Zgj). (20 A) 

When the units are antisymmetrically driven, 

Y a = /io(Z s i 2 Z 12 ), (21a) 

= -/ 10 (Z s2 - Z 12 + Zjj). (21 A) 

Comparison with (9a, A) and (18a, A) shows 
that when fiji = n-/2 these approximate 


expressions for the symmetric and antisym¬ 
metric impedances are consistent with the 
following formulas: 

Z sl = Z s2 =-|2C a (M), (22a) 

Z 12 =Z 13 =|2[C a (M-A) 

+ C a (A,</+A)], (22A) 

Z M = [C 0 (A, 2rf - h) + C a (A, 2rf + A)]. 

(22c) 

The functions Z 12 and Z 23 may be obtained 
from Fig. 34.8 and Table 34.1. It may be 
concluded that in general, when pji = tt/2 , 
the zeroth-order self-impedance of each of 
n collinear antennas is 

Z al = • • • = Z sn = § C a (A, A) 

= 73.13+y42.5 ohms. (23a) 

Similarly, the zeroth-order mutual impedances 
between two collinear antennas numbered 


Table 34.1. Zeroth-order impedances in ohms for three-element collinear array 


p«db T 

Z 

'oe 

z a 

0c 

z s 

ev 

z a 

ev 

1.0 

126 

4/82.8 

20.3 4-/ 2.22 

95.3 4/62.0 

42.6 4/21.6 

1.1 

114 

+/47.2 

32.6 -)-/37.8 

90.3 4/46.4 

49.5 -f-/41.7 

1.2 

102 

4734.5 

43.8 4-/50.5 

86.4 4-/41.0 

56.7 4/49.0 

1.3 

92.4 

4728.4 

53.8 4-/56.6 

83.2 4/38.0 

63.9 4/52.0 

1.4 

84.0 

-h/26.2 

62.2 4-/58.8 

80.0 4/35.8 

69.2 4/52.0 

1.5 

77.1 

4726.5 

69.1 4-/58.6 

76.8 -4/34.8 

72.8 4-/50.8 

1.6 

72.0 

4728.8 

74.3 4/56.2 

73.8 4/35.0 

75.0 4/48.6 

1.7 

68.2 

4731.4 

78.0 4-/53.6 

71.2 4/35.7 

76.1 4/46.8 

1.8 

65.9 

4734.7 

80.3 4/50.4 

69.3 4/37.4 

76.5 4/45.2 

1.9 

64.9 

4738.0 

81.4 4/47.0 

68.2 4/39.6 

76.4 4/44.0 

2.0 

64.8 

4-/41.0 

81.4 4/44.0 

68.0 4-/41.8 

76.3 4/43.2 

Podl” 

2 

'12 

Z 22 

(Zi)io 

Zt 

1.0 

26.4 

4-/20.2 

-4.16 —/0.725 

53.2 4/23.6 

-131 -/ 41.8 

1.1 

20.2 

4/ 2.35 

-3.00 4-/1.56 

63.6 4/46.0 

-157 —/ 278 

1.2 

14.6 

-/ 4.00 

-1.27 4/2.50 

71.2 4-747.4 

-72.0 -/ 462 

1.3 

9.66 

-/ 7.05 

0.437 4/2.46 

74.0 -f/45.6 

103.4 -/ 618 

1.4 

5.44 

-/ 8.14 

1.48 4-/1.36 

74.8 4-/44.1 

356 -/ 688 

1.5 

2.00 

-j 8.01 

1.73 4-/0.289 

74.6 4/42.4 

638 -j 632 

1.6 

-0.588 

-/ 6.84 

1.32 —/0.747 

74.0 4/42.0 

947 -/ 474 

1.7 

-2.45 

-/ 5.56 

0.538 — 7 I-24 

73.2 4-/41.6 

1190 -j 164 

1.8 

-3.60 

-j 3.92 

-0.184 — 7 I.I 6 

72.5 4/42.2 

1310 4/ 266 

1.9 

-4.12 

-/ 2.24 

-0.805 -/ .704 

72.7 4-/42.1 

1280 4/ 782 

2.0 

-4.16 

-/ 0.696 

-0.958 4-/ .017 

73.2 4/42.8 

1020 4-/1290 




= Z„ = Z.3 = 73.1 4742.5 
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m and n and separated by a distance (n — m)d 
between centers is 

z mn — ^ {C a [h, (n - m)d - h] 

+ Cjh, (n - m)d + 6 ]}. (236) 

For collinear elements that are not near 
PJi = 7 t /2 in electrical half-length the self- 
and mutual impedances cannot be expressed 
in this simple form. Only when fiji = w/2 
and the identical antennas are sufficiently 
thin so that Y* v and Y“ v are large compared 
with unity are the simple relations ( 22 a, 6 , c) 
and (23 a, b) moderately good approximations. 
In general, if the antennas are sufficiently 
thin so that (23a) is a good approximation, 
it may be assumed that (23 b) is an even better 
approximation. Values of the several zeroth- 
order impedances involved in the three- 
element collinear array are given in Table 34.1. 

The odd currents in the parasitic elements 
are evaluated in Sec. 33 specifically when 
P 0 h = -n/2. The approximate expression given 
in (33.40) is 

h 0 d( z 2 > = Jr 2 K sin 2/V 2 , (24a) 

^od 

where 

[ D\d) D a (d) 

~ 4 [Zl(l + /r 1 ) '' Z&( 1 + ft)J ’ 

(24 b) 

where D s (d) and D a (d) are given by (33.386) 
respectively with the upper and lower sign, 
and where ft is defined in (16). It is now 
readily verified that with PJt — w/2 the odd 
part of the current in the parasites is quite 
small compared with the even parts. Thus, 
when [l a d = 7 r, hid == 1 / 2 , 

D°(d) = 72 (■- \ + = -°- 08 > 

+ (25W 

Also, with magnitudes in ohms, 

ZJj 0 (l + ft- 1 ) = 196. 9/28°.3 , 

Z%,(1 + ft) = 82. 7/22.2 °. (26) 

With these values, 

K (mhos) = 1.56 x 1Q-3 /-21 0 (27) 

so that with n = 12.5, Y od = 10, 

^od( z 2 ) — 1-56 X 10-“ V 10 e“- ,21 ° sin 2/3 0 z 2 . 

(28) 


The corresponding value for the even current 
with p 0 d=n is obtained from (13c) with 
Z T (ohms) = 137. 7/-162° : 

y 

^ev( z 2> — cos /Va 

= 72.8 x 10- 4 F 10 ei 16 2°cosiV2- (29) 

Finally, with I in amperes, V in volts, 

J 2 ( Z2 ) = 72.8 x 10“ 4 F 10 ei 162 ° [cos P 0 z 2 

- e~i 3 ° 0.022 sin 2/SozJ. (30) 

It is seen from (30) that the amplitude of 
the odd current is only 2 percent of the ampli¬ 
tude of the even current for O. = 12.5. For 
thicker antennas the odd currents are relatively 
greater. The current in (30) is shown in 
Fig. 34.7 together with the current in the 
central unit. 

35. The Center-Driven Collinear Array with 
Phase-Reversing Stubs 

It is shown in Sec. 34 that the currents 
in the two outer units of a three-element 
collinear array are nearly opposite in direction 
and equal in magnitude to the current in 
the central unit if the distance between 
adjacent ends of the elements is very small. 
The electromagnetic field of a distribution 
of current of this kind is described in Chapter 
VI. It is characterized by large maxima of 
the electromagnetic field both along the 
plane bisecting the antenna and along sym¬ 
metric cones in the two hemispheres. Between 
these maxima are deep minima. Whereas 
a field pattern of this type is useful for certain 
applications, it obviously is undesirable 
when a field is required that has a large 
amplitude only in the central plane and as 
small an amplitude as possible in all other 
directions. It is shown in Chapter VI that such 
a field is maintained by a collinear array if 
the currents in all of the elements are about 
equal in magnitude and instantaneously in 
the same direction, that is, if all currents are 
in phase. Obviously, such a distribution can 
be maintained in the antennas if each unit 
is individually center-driven by appropriate 
voltages, but, in practice, this involves long 
transmission lines in nonneutral planes with 
consequent unbalanced currents which con¬ 
tribute significantly and objectionably to the 
radiation field. A much better way is to drive 
only the central unit from a single transmission 
line in the neutral plane, and to excite the 
outer units by appropriate coupling networks 
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that connect the adjacent ends of the several 
units. The function of such coupling networks 
is to reverse the phase of the currents in the 
outer antennas. Hence, and appropriately, 
they are called phase-reversing networks. 

The simplest type of phase-reversing net¬ 
work is a high-impedance transmission-line 
section or stub. In Fig. 35.1a a three-element 
array is shown with two such phase-reversing 
stubs constructed of low-loss two-wire line. 
If properly adjusted in length to near 2 0 /4, 
the transmission-line impedance of each 
stub to equal and opposite currents is very 
great. Although the length of the stubs in 
Fig. 35.1 is shown to be A 0 /4, this is only 
approximate, since account must be taken 
of end effects and coupling effects if con¬ 
ventional transmission-line equations \ are to 
be used. This may be done for each stub by 
connecting a capacitance C Te (see Sec. II.8) 
across the ends attached to the antennas, 
and an inductance L T J 2 in series with each 
line wire and at both ends. Alternatively, 
each stub may be adjusted in length experi¬ 
mentally to have a maximum voltage across the 
ends attached to the antenna when the 
stub is excited by a generator of the proper 
frequency loosely coupled to the terminating 
bridge. If the distance b between the parallel 
conductors of the stub is sufficiently small 
to satisfy the inequality P 0 b < 1, terminal-zone 
corrections are not large, and the lengths 
of the stubs when adjusted for a high- 
impedance input in the presence of the 
antennas does not differ greatly from A 0 /4. 
(Since the capacitance C Te of the corrective 
network is negative, the stub must be some¬ 
what longer than A 0 /4. However, this effective 
lengthening due to end effect and coupling 
is often compensated in practice by the 
presence of dielectric supports, which are 
equivalent to a positive capacitance in 
parallel.) 

The approximate determination of the 
distribution of current and the driving-point 
impedance of the array in Fig. 35.1a may be 
carried out in the same manner as for the 
collinear array with parasitic elements. That 
is, the analysis is resolved into two parts 
the superposition of which yields the desired 
result. These are (1) the symmetric part with 
all three units individually center-driven by 
slice generators with voltages that maintain 
equal currents in phase at the centers of the 
antennas, and (2) the antisymmetric part, 
in which the driving voltages are so chosen 
that the currents at the centers of the outer 


antennas are reversed. That is, they equal the 
current in the central unit in magnitude but 
differ in phase by 180°. Let these two parts 
be considered in turn and combined later. 

The symmetric problem. Let the voltages 
required to maintain equal currents in all 
three units, I{{0 ) = l{(z 2 = 0) = J|(z 3 = 0), 
be represented as in (33.20a): 

V — Vs _ I/S V — V V s — f s V 3 

Y 10 — Y l ~ Y > * 30 * 20 “ Y 2 — J Y • 

( 1 ) 

It is shown below that/* in (1) is effectively the 
same function as in (33.20 b) even though the 
array differs from that involved in Sec. 33 by 
the presence of the stubs. Since the currents 
that seek to enter the conductors of the stubs 
from the attached antennas necessarily are 
very nearly equal and opposite, and since the 
stubs are adjusted to offer an extremely high 
impedance to equal and opposite transmission¬ 
line currents, the currents actually existing 
at the ends of the antennas where they are 
connected to the stubs are very small. This 
does not mean that transmission-line currents 
all along each stub are as small as the input 
current. Actually, the distribution of trans¬ 
mission-line current on the high-impedance 
stubs is approximately sinusoidal with a very 
small amplitude at the input end and a very 
large amplitude at the terminating bridge. 
However, with closely spaced good conductors 
the ohmic losses in the stub and the radiation 
losses from it are insignificant compared with 
radiation from the array as a whole, and they 
contribute nothing to the far-zone l/R field. 
Accordingly, the presence or absence of the 
stubs when the three antennas are driven in 
phase with equal currents at their centers 
is of no interest. Indeed, there can be no 
significant change in either the input im¬ 
pedance of the array or the distribution of 
current in the three antennas if the stubs are 
removed as in Fig. 35.16. But this leaves 
precisely the circuit already analyzed in 
Sec. 34, where it constitutes the symmetric 
part of the collinear array with parasitic outer 
units. The symmetric currents I{(z) in the 
central unit, No. 1, are as given in (34.2a) or 
(34.5a); the symmetric impedance ZJ C of the 
central unit is given in (34.9a) and graphically 
in Fig. 34.1. The currents in the outer units 
are well approximated by (34.10a) or by 
(34.13c), since the odd components of current 
are so small as to be negligible in determining 
the far-zone field of the array. This is shown in 
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Fig. 35.1. Collinear array with transmission-line coupling. Fig. 35.2. Components in the analysis of the array in Fig. 35.1. 
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Sec. 34. The approximate currents are 
l[(z) = cos fa, 

^0 c 

T 3 (z 3 ) = T 2 (z 2 ) — jr cos P 0 z 2 


V'f 


cos P 0 Z 2 = I[(z), 


(2a) 


(2b) 


where Z 8 0c is in (34.9a), Z* v in (34.18a) and 

f = Z'JZZc 


The antisymmetric problem. Let the driving 
voltages required to maintain the currents 
I 3 (z 3 = 0 ) = I 2 (z 2 = 0 ) = -/|( 0 ) in the array 
in Fig. 35.1a be represented as in (33.21a): 
F 10 = V* = V‘, 

^ 30 = V 20 =-V“ = —f a V a . (3) 
The function /“ in (3) is not the same as in 
(33.216). Since the currents in the two parallel 
conductors of the phase-reversing stubs are 
very nearly equal and codirectional, these 
two conductors are always at the same 
potential at opposite points. Therefore, the 
terminating bridge may be removed (or 
replaced by an equivalent open end) without 
significant effect. Thus, the solution of the 
antisymmetric problem for Fig. 35.1a reduces 
to the analysis of Fig. 35.1c. Although this 
presents a quantitatively intricate problem, 
much valuable information on the distribution 
of current and the operation of the array, 
and even a very satisfactory approximation 
of the impedance, can be acquired if the ac¬ 
curate knowledge of the symmetric currents 
that are primarily significant in the impedance 
and the far-zone field can be supplemented 
with even a rough determination of the 
antisymmetric currents, which contribute little 
to both the impedance and the far-zone field. 
Since this type of investigation often is a 
necessary recourse in the field of applied 
electromagnetism where the quantitatively 
accurate solution of many important problems 
is all but impossible in the sense of a mathe¬ 
matically acceptable boundary-value problem, 
the discussion is carried out in detail in order 
to illustrate the method of reasoning by 
analogy and judicious approximation. The 
sequence of steps to be followed is to consider 
each antenna first as though isolated and then 
as a coupled system. 

It has been shown in the case of parallel, 
coupled antennas that the general nature of 
the distribution of current in an antenna 
that is coupled to another is determined in 
major outline by the dimensions of the antenna 
itself, even if the coupling is quite close. 


That is, the distribution of current in the 
antenna when isolated is dominant in a 
qualitative sense even when the antenna is 
coupled to another. Therefore, the first 
inquiry in the study of Fig. 35.1c is directed 
to the behavior of each of the three antennas 
with its attached half of the now open stub 
when isolated. Since the array itself is sym¬ 
metric, only the central unit 1 and the upper 
unit 2 need be considered. Antenna 3 is like 
antenna 2. It is reasonable to assume that the 
effects of the right-angle bends in the con¬ 
ductors can, at most, lead to a small quan¬ 
titative modification, but not to an essential 
change in the distributions of current and 
charge. This is indicated from the study of 
the V-antenna (Secs. 23-25). Therefore, the 
distributions of current in antennas 1 and 2 
in Fig. 35.1 may be approximated by the 
distributions in the same conductors when 
these are straightened as in Fig. 35.2. This 
makes the central unit a center-driven antenna 
of electrical half-length p 0 h == n. The distri¬ 
bution of current on such an antenna is shown 
in Fig. II.22.5. It is reproduced in Fig. 
35.2 f. Since it is assumed that the right-angle 
bends in the conductor do not greatly affect 
the distribution of current, the distribution 
on the straight antenna in Fig. 35.2/" may be 
transferred to the bent antenna in Fig. 35.2e 
as an approximation. The impedance is simply 
Zlc. = Z 0 (Poh = *)'*■ Z„. (4) 

The bent antenna 2 in Fig. 35.2a may be 
approximated by the asymmetrically driven 
straight antenna in Fig. 35.2 b. This is analyzed 
in Secs. 27-29, where it is shown that in 
solving for the current in either half this 
half may be assumed to be erected on an 
infinite conducting plane and driven by an 
appropriate slice generator with a voltage 
given in (27.28). For the upper half with an 
electrical length PJi = w /2 and an impedance 
bZ 0 (P 0 h = W 2 ) = (Z W 2 )/ 2 , the driving voltage 

Z nj2 l(Z n + Z„ /2 ); (5a) 

for the lower half, which has an electrical 
length pji = 77 and an impedance 
= 77 ) = (Z„)/2, the driving voltage is 

V. = ~y\ZJ(Z^ + ZJ. (5b) 
Since the two antennas are in series, the re¬ 
sultant driving voltage is — V a , as assumed 
in (3). The impedance is 

z% = i(Z„ + Z„ /2 ). ( 6 ) 

The distributions of current on the two 
dissimilar parts of the outer antennas are 
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shown in Fig. 29.2 and in Fig. 35.2c, d with 
phases referred to — V\. It is assumed that 
these distributions for isolated straight asym¬ 
metric antennas approximate the distributions 
on the bent antenna in Fig. 35.2 a. Therefore, 
these distributions have been transferred as 
shown. 

With approximate distributions of current 
in the three antennas of Fig. 35.1c determined 
under the assumption that they are isolated, 
it remains to evaluate the effect of their 
interaction. An estimate of this may be 
obtained as follows. The most closely coupled 
parts of antennas 1 and 2 are the parallel 
ends at right angles to the axis of the array. 
These parts carry codirectional currents. It is 
seen in Fig. 6.2 that the effect upon a given 
isolated antenna of a closely spaced parallel 
antenna with equal codirectional current is 
to increase the expansion parameter somewhat. 
That is, Y sl for two symmetrically driven, 
parallel antennas is greater than Y a .j for the 
isolated antenna if 6/A 0 is small. For close 
spacing this increase may be as large as 
from 3 to 6. For thick antennas with Cl = 
2 In (2A/a) not very large, the percentage 
change in Y A1 is great; for very thin wires it 
is quite small. The collinear parts of antennas 
1 and 2 carry currents that are practically 
equal and opposite. It has been shown in 
Sec. 33 (and it may be inferred from Fig. 3.3 
for parallel antennas) that a coupled antenna 
carrying an equal and opposite current reduces 
the expansion parameter approximately in the 
same proportion as it is increased when the 
currents are codirectional. Thus, antenna 1 
in proximity to antennas 2 and 3 in Fig. 35.1c 
behaves roughly like a straight isolated an¬ 
tenna of the same length of conductor which 
has outer halves that are effectively of smaller 
radius and inner halves that are effectively 
of greater radius than when isolated. The same 
reasoning applies to the outer antennas. 

To summarize, it is evident that a good 
estimate of the distribution of current and of 
the driving-point impedance of the three- 
element collinear array in Fig. 35.1a may be 
obtained by superimposing the solution of the 
symmetrically driven array in Fig. 35.16 
upon the solution of the antisymmetrically 
driven array in Fig. 35.1c. In the latter, the 
currents in the central unit are like those in 
Fig. 35.2 f The resultant current is the algebraic 
sum of these symmetric and antisymmetric 
currents. In addition, there is the transmission¬ 
line distribution of equal and opposite 
currents on the stubs with large amplitude 


in the connecting bridges. Presumably the 
method applied to the three-element array 
may be extended to any number of units. 
Note that the approximations involved 
improve as the value of Cl = 2 In (26/a) 
increases. 

Since the amplitude of the current in an 
antenna of electrical half-length ftgh = rr is 
very much smaller than in an antenna for 
which /5 q6 = 77-/2 when both are driven by the 
same voltage (for Cl = 20 the ratio of maxi¬ 
mum currents is roughly 1 to 12), and since 
the antisymmetrically driven array in Fig. 35.2c 
corresponds roughly to elements with j? 0 6 = 
7 t, whereas the symmetrically driven array in 
Fig. 35.26 corresponds roughly to elements 
with /S 0 A — 7 t/2 , it follows that even for mod¬ 
erately large ratios A/a, the predominating 
currents are the symmetric currents of Fig. 
35.16 as given in (1). It is primarily these 
currents that determine the far-zone electro¬ 
magnetic field. Note that they are codirectional 
in the several units. That is, the phase-reversing 
stubs have, indeed, effectively reversed the 
significantly radiating currents in the outer 
units. Additional currents on the stubs and 
antennas serve principally to maintain the 
codirectional currents on the antennas. They 
contribute negligibly to the radiation field 
either because they are small (additional 
currents on antennas and codirectional 
currents on stubs—these may be reduced 
further in their effect on the field by using 
two coplanar stubs in parallel) or, if large, 
because they are equal, opposite, and close 
together (transmission-line currents on the 
stubs). 

The driving-point admittance of the central 
unit is formally like (32.296), namely, 

7 ,( 0 ) 7 ‘,( 0 ) + 71 ( 0 ) 

m V 10 V"+V° 

= 1 _I_1_ (7) 

Z ° 0C (1 + kr l ) + Zg c ( 1 + k) * 


where Z s 0c is given by (34.9a) and is plotted 
in Fig. 34.1, Z%. = Z„, and 



fa = ^± — + Z „ /2 

J Z% c 2 Z„ ’ 

7s 78 

fs ^ £jL = ^ ev 

J 78 78 9 

^ 0 C ^0C 


( 8 ) 


where Z s ev is given by (34.18a) and is plotted 
in Fig. 34.2. If the separation 6 of the con¬ 
ductors of the transmission-line stubs is 



THEORY OF LINEAR ANTENNAS 


[III.36] 

very small, dj A 0 = 0.5. For this value Z* oc = 
126 + j'83, Z* v = 95 + j6 2, / s = 0.75. For 
sufficiently thin antennas, | Z„ | > | Z„/ 2 1. 
so that /“ = 0.5. Hence k == 2/3. With this 
value, 

Z = 1 . Zg c Z,(l + jXl + f) 

in y in z» c (i + f) + z,(i +1) • 

(9) 

Since for thin antennas | Z„ | > | Z 3C |, it 
follows that 

Z ln = Zl (1 + f) = 2.5(126+y83) 

= 315 + y207 ohms. (10) 

This value corresponds to 73.1 + y‘42.5 for 
a single unit. More accurate numerical results 
may be obtained for specific values of Z„ 
and Z„ /2 if desired. Other values of d/ A 0 may 
be used provided the spacing 6 of the stub 
wires satisfies ji 0 b < 1. 

If all three units are individually driven by 
the voltages required to make the currents 
all equal and in phase, f 10 = J 20 = / 30 = h, 
the circuit equations (34.20a, b) apply. Using 
Table 34.1 the zeroth-order input impedances 
are 

(^l)in = Z n + 2 Z 12 

= 125.9+y'82.9 ohms (11a) 

(Zdin ~ (^»)in = Z S1 + Z 12 + Z 13 

= 95.3 + y42.0 ohms (116) 

The total power supplied to the array is 

P = /o[(*i) in + 2(/? 2 ) in ] = 316.5/ 2 0 watts 

(12) 

Thus, the radiation resistance of the array 
referred to the input currents which are 
maintained equal in all three units is R% = 
R e m = 316.5 ohms. Note that this differs 
negligibly from the approximate input resist¬ 
ance of the center-driven three-element 
array with phase-reversing stubs given in 
(10) and that it is in exact agreement with 
the results given in Table VI.2, 1, which are 
obtained by the conventional method of 
integrating the normal component of the 
Poynting vector over the surface of a great 
sphere using (1.10, 6). 

Although the investigation of the three- 
element center-driven collinear array with 
phase-reversing stubs is not mathematically 
completely rigorous, it does provide an ex¬ 
cellent picture of the several components of 
current and their distributions. Moreover, it 
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justifies the conventional practice of assuming 
currents in the elements of the array to be 
codirectional, and sinusoidally distributed 
with equal amplitude in determining radiation- 
field patterns. That is, the dominant, sym¬ 
metric distribution in Fig. 35.16 approximates 
the distribution 

I z = J 0 cos / = 1, 2, 3, (13) 

where z t is measured from the center of 
antenna i. 

If the phase-reversing stubs or sections of 
two-wire line are replaced with coaxial 
sleeves, parallel-resonant circuits of lumped 
elements, or a self-resonant coil, the symmetric 
problem is unchanged. On the other hand, 
the antisymmetric problem is quite different 
owing to the absence of the quarter-wave 
sections projecting out from the antenna. 
The antisymmetric impedances are only 
slightly greater than the symmetric ones, 
so that the radiating currents are a super¬ 
position of symmetric and antisymmetric 
currents of comparable amplitude and distri¬ 
bution. It follows that the currents in the 
outer elements will be smaller than and not in 
phase with the current in the central unit, 
so that these elements are not effective as 
phase-reversing sections. 19 

36. Experimental Study of the Collinear Array: 
Lumped Capacitive Coupling 

The approximate distributions of current 
along the three elements of a symmetric 
collinear array consisting of a driven central 
unit and two parasitic radiators as shown in 
Fig. 32.26 have been determined experi¬ 
mentally by Hatch. 30 The quantity actually 
measured was the distribution of the trans¬ 
verse electric field along three collinear slots 
in a highly conducting plane, as shown in 
Fig. 36.1. Since this arrangement is comple¬ 
mentary to a collinear array of flat-strip 
conductors in space in the sense that the 
boundary conditions on the planes containing 
the antennas and the slots involve an inter¬ 
change of electric and magnetic fields, the 
distribution of transverse electric field along 
the slots is the same as the distribution of 
transverse magnetic field (which is pro¬ 
portional to the current) along the conducting 
strips. The slots in Fig. 36.1 are center driven 
from a coaxial line in a manner that maintains 
an axial magnetic field in a narrow band at the 
center. This is approximately complementary 
to a narrow band of axially directed electric 
field or a “slice” generator at the center of a 
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Fig. 36.1. Complementary slot arrangement for three-element collinear array. 



Fig. 36.2. Current distribution in three- 
element collinear array as determined from 
complementary slots; length of parasitic 
element varied (Hatch). 



Fig, 36.3. Current distribution in three-element 
collinear array as determined from complementary 
slots; distance between elements varied (Hatch). 






[III.36] 


THEORY OF LINEAR ANTENNAS 


449 


conductor. The principle of complementarity 
and Babinet’s principle are considered in 
greater detail as applied to a closely related 
problem in Sec. V.ll. 

Distributions obtained by Hatch are shown 
in Figs. 36.2 and 36.3, where, however, only 
half of the symmetric distribution curves 
are shown. In Fig. 36.2 the half-length of the 
central unit is h x — 0.25A 0 , that of the ad¬ 
jacent outer units, h 3 = h 2 , is varied from 
h 2 = 0.1 A 0 to 0.25 A 0 , and the distance between 
centers is d == h x + h 2 , so that the units just 
do not make contact. When h x = h 2 = h 3 = 
0.25A 0 , the conditions correspond to those 
assumed for the theoretical curves in Fig. 
34.7 except that flat strips instead of thin 
cylinders are involved. The agreement between 
theoretical values of relative amplitude and 
phase is seen to be excellent. Note, however, 
that this does not mean that zeroth-order 
admittances necessarily are quantitatively 
accurate either for thin strips or for cylinders 
of finite radius. It does suggest that quan¬ 
titatively useful results should be obtainable 
from the zeroth-order change in admittance 
due to the presence of the collinear parasites 
if this change is superimposed on the second- 
order admittance of the central unit when 
isolated. The other curves in Fig. 36.2 repre¬ 
sent the experimentally determined distribution 
as the lengths of the parasites are reduced 
progressively from h 2 = h 3 = 0.25A 0 . For 
simplicity, experimental points are omitted. 
It is interesting to note that when the parasitic 
antennas are self-resonant, in this case with 
h 3 = h 2 = 0.225A 0 , the current in the parasitic 
units is maximum, as it should be. 

The effect of increasing the separation of 
the parasitic units and the central antenna 
is shown theoretically in Fig. 34.6 and experi¬ 
mentally in Fig. 36.3. Unfortunately, the 
theoretical data are for h l = h 2 = h 3 — 
0.25A 0 , whereas the experimental results 
are for h 2 = h 2 = h 3 = 0.225A 0 . Nevertheless, 
the rapid decrease in current in the parasites 
predicted in Fig. 34.6 is confirmed in Fig. 36.3. 

The distribution of current along and the 
input impedance of a half-collinear array 
base-driven over a large ground screen 
approximately 10 wavelengths on a side have 
been measured by Andrews. 3 The driven 
element of length h x consisted of the extension 
of the slotted inner conductor of the coaxial 
measuring line in an arrangement essentially 
like that shown in Fig. 26.4 of Chapter II. 
The parasitic element of length 2 h 2 was sup¬ 
ported by Styrofoam so that the gap between 


its adjacent end and the end of the driven 
element could be varied from zero with the 
elements in contact to a reasonably large value. 
The current in the parasite could be measured 
using an external shielded-loop probe sup¬ 
ported by Styrofoam. 

Twice the impedance of the half-collinear 
array as a function of the gap length between 
the adjacent ends of the driven and parasitic 
element as measured by Andrews for a rather 
thick antenna is shown in Fig. 36.4. The same 
data corrected for the end effect of the coaxial 
line (Secs. 10 and 38 of Chapter II) also are 
shown. On the same graph is a plot of the 
theoretical zeroth-order impedance (Z x ) lri 
as obtained from Table 34.1. Since the zeroth- 
order impedance of the driven unit when 
isolated is known to be a poor approximation 
of the actual impedance of a fairly thick 
antenna, a better comparison is obtained 
by superimposing the zeroth-order variation 
in impedance, as the parasitic element is 
moved in from infinity, on the third-order 
impedance of the driven element when 
isolated. The impedance curve obtained in 
this manner also is shown in Fig. 36.4. It is 
seen to approximate the corrected measured 
curve except when the length of the gap 
becomes very small. The reason for the poor 
agreement between the theoretical and the 
experimental curves at very small gap lengths 
is considered in the next paragraph. Reference 
to the curve marked Loaded Dipole Theo¬ 
retical (Andrews) in Fig. 36.4 is made later 
in this section. 

The theory developed in Sec. 32 through 
34 is essentially one-dimensional in that the 
only chargeable surfaces of which account 
is taken are those forming the outer surfaces 
of the cylinders. In an actual antenna, regard¬ 
less of whether it has hemispherical, flat, or 
tubular ends, there are always additional 
chargeable surfaces which become increasingly 
important as two such ends are brought 
closer and closer together. It follows that, 
with sufficiently small gaps, large, and essen¬ 
tially lumped, capacitances couple the driven 
and parasitic elements at their adjacent ends. 
Evidently, good agreement cannot be expected 
between experimental values and a theory 
that does not take account of these capaci¬ 
tances. 

It has been pointed out by Andrews 3 that, 
as the parasitic elements in a collinear array 
are moved from infinite distances to actual 
contact with the driven element, the input 
impedance must range continuously from the 
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Fig. 36.4. Comparison of theories and measurements for collinear array. 



Fig. 36.5. Theoretical current distributions on half of singly and doubly driven dipoles (Andrews). 
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Fig. 36.6a. Theoretical and experimental impedance of collinear array Fig. 36.66. Like Fig. 36.6a with h t = A/2, 2h z = A/4 (Andrews), 

coupled by variable lumped reactance X for theoretical curves and with 
variable gap for measured curves; h l = A/4,26 2 = A/4 (Andrews). 
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impedance of the driven element without 
the parasites to the impedance of a dipole 
of half-length h 1 + 2 h 2 . A spiral graph of 
the impedance of a dipole as its length is 
increased from small values to over three- 
quarters of a wavelength is shown in Fig. 
30.36 or 30.3c of Chapter II. Evidently, the 
impedance of a collinear array of half-length 
h l + 2 h 2 , that is less than 3A/4 when the 
elements are in contact, must yield a curve 
that connects two points on the impedance 
spiral of the dipole. That is, as the gaps 
between the elements are decreased from 
infinity to zero (meaning actual contact), 
the impedance traces a curve connecting 
end points that must lie on the spiral and 
correspond to the impedances of dipoles of 
half-lengths h l and h l + lh 2 . The nature of 
the curve connecting these end points depends 
on their location as determined by the values 
of h-L and 2 h 2 . It may be a large section of a 
circle, as when 2 h 2 = 2/4, or it may be a small 
circular arc with a little spiral, as when 
lh 2 = 2/2. In general, the curve is a large 
section of a circle between the end points 
when the length lh 2 is near a quarter wave¬ 
length so that the current at the junction 
points of the elements when in contact is near 
a maximum. The curve is a small circular arc 
with a little spiral loop at the end point 
corresponding to infinite separation when lh 2 
is near a half wavelength and the current at 
the junction points of the elements when in 
contact is near a minimum. 

Since the greater part of the impedance 
curve as the gap length is decreased from 
infinity to zero is in the range of very small 
gaps, it occurred to Andrews 3 to investigate the 
impedance of a collinear array when the 
parasitic elements are fixed in position with 
adjacent ends very close to the ends of the 
driven element and coupled by a variable 
lumped capacitance. By varying this capaci¬ 
tance from infinity (corresponding to contact) 
to small values, the effect of increasing the 
length of a gap from zero to values that are 
not too large is approximated. That is, 
specifically, the range of very small gaps for 
which the quasi-one-dimensional theory of 
Secs. 32 through 34 is not a good approxi¬ 
mation (Fig. 36.4) should be well represented 
by the fixed array with lumped capacitive 
coupling between adjacent ends. 

Since (by application of the Compensation 
Theorem) a lumped impedance may be re¬ 
placed by a generator with emf equal to the 
negative of the voltage drop across the im¬ 
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pedance, the problem investigated by Andrews 
involves a single dipole of half-length h 1 + 2 h 2 
that is center driven at z = 0 by a voltage V 0 
and that has series generators with equal 
voltages V hl = -I h Z = -jI hl X at z = ±h v 
The current at any point along the antenna 
is the superposition of the currents maintained 
independently by the individual generators. 
Accordingly, it may be determined readily by 
combining in proper amplitude and phase the 
current of the center-driven antenna (as 
described in Sec. 22 of Chapter II) with the 
current of the symmetric sleeve dipole or 
doubly driven antenna (as analyzed in Sec. 30). 
The driving voltages V\ of the sleeve dipole 
are adjusted to correspond to the negative 
voltage drop across the desired capacitive 
reactances A" at z = ±h. The input impedance 
of the array is the ratio of F 0 to the total 
current at z = 0 maintained by all three 
generators. 

Using the theoretical currents for the singly 
driven dipole and for the doubly driven or 
sleeve dipole shown in Fig. 36.5, Andrews has 
computed the impedance of a collinear array 
with = 2/4 and lh 2 = 2/4 as a function of 
the lumped reactance X at z = ±h. By 
measuring the capacitive reactance between 
the ends of the elements when placed end to 
end as the inner conductor of a coaxial line, 
the relation between X and the gap length 
within the line was determined. It was then 
possible to plot the theoretical impedance 
as a function of this gap length as an approxi¬ 
mate representation of the impedance of 
the array when the elements are actually 
separated. These approximate theoretical 
values and the measured results are shown in 
Fig. 36.6a. Note that the measured impedances 
have been corrected for the capacitive end 
effect of the coaxial line. The figure shows that 
the rather large variation in impedance 
characteristic of the length 2 h 2 = 2/4 is 
quite well represented by the theory. This is 
confirmed in Fig. 36.6 b, for which h 1 = 2/2 
and 2 h 2 — 2/4 as before. Corresponding 
theoretical and experimental impedances with 
h x = 2/4 and 2 h 2 = 2/2 are included in 
Fig. 36.4. For this value of lh 2 the variation 
in impedance with gap length is small and is 
reasonably well given by the lumped-reactance 
theory only for very small reactances corre¬ 
sponding to very large lumped capacitances. 

In general, it may be concluded that the 
variation of impedance of the collinear 
array with the spacing of the elements is well 
described by the quasi-one-dimensional theory 
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Fig. 36.7. Theoretical distribution of current amplitude on half of collinear array with the series reactance 
X at A/4 from each end as parameter (Andrews). 



Fig. 36.8. Phase of theoretical distribution of current on half of collinear array (Andrews). 
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Fig. 36.9. Measured distribution of current on half of collinear array with the gap length (and equivalent 
reactance X) as parameter (Andrews). 



z IN cm 

Fig. 36.10. Measured distribution of phase of current on half of collinear array (Andrews). 
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if a zeroth-order variation is superimposed on 
a higher-order (second or third) impedance for 
infinite separation provided the gap length is 
not too small. For very small gaps account 
must be taken of additional lumped capacitive 
coupling between the adjacent ends. 

Theoretical and measured distributions of 
current as determined by Andrews for half- 
collinear arrays with h 1 = A/4 and 2 h 2 = A/4 
are in Figs. 36.7-36.10. The parameter in 
the theoretical curves is the lumped series 
reactance X, in the experimental curves it is 
the corresponding and approximately equiva¬ 
lent length of the gap. 

Experimental measurements to determine 
the distribution of current in and the input 
impedance of the three-element collinear 
array in Fig. 35.1a have been made by Tang 52 
using the image-plane apparatus of Andrews. 3 
Tang studied the magnitude and phase of the 
current on the driven and the coupled element 
of a half-collinear array over a large image 
plane. The length of the phase-reversing stub 
and the location of the short-circuiting 
bridge along this stub were the variable 
parameters. The spacing of the conductors of 
the stub was 0.01 A. For each antenna, f)„h — 
n/2. Cl — 8.7. Tang’s data show that the cur¬ 
rent at the center of the outer element is in 
phase with the current at the base of the 
driven element only when the overall length 
of the stub and the distance from the antenna 
to the short-circuiting bridge (if this is not the 
same) is near an integral odd multiple of 
A 0 /4. When the currents are in phase, their 
magnitudes are not the same, that in the 
outer element being smaller. Tang’s data are: 
I 2 lh — 0.65 with a 0.1° phase difference. 
(For other lengths of the stub and other 
positions of the bridge—if this is not fixed at 
the end of the line—a variety of phase and 
amplitude distributions obtain. In general, 
these include a superposition of two sets of 
currents. (1) Currents maintained by the 
generator when the stub is short-circuited at 
the antenna so that its conductors carry 


equal codirectional currents. (2) Currents 
maintained by a fictitious generator connected 
across the adjacent ends of the antennas with 
an emf equal to the negative of the voltage 
drop across the stub. This is a current like 
that on a sleeve dipole as described in Sec. 30.) 

The input impedance of the half-collinear 
array described above is Z in = 210 + j 33 
ohms when Cl — 8.7. When ft = 13.1 it is 
Z in = 163 + j 37 ohms. The corresponding 
theoretical zeroth-order value obtained in 
Sec. 35 is Z ja = 157.5 +j 103.5 ohms. It is 
seen that the measured resistances compare 
with the zeroth-order value in much the same 
manner as do the third-order resistances of 
the isolated half-dipole with the corresponding 
zeroth-order value, R ln = 36.2 ohms. On 
the other hand, the large differences in the 
measured and zeroth-order reactances must 
be ascribed to the fact that the theoretical 
analysis in Sec. 35 does not take account of the 
capacitance between adjacent ends of the an¬ 
tennas and this is certainly significant since 
these ends are separated by only 0.01 A. 

Experimental and theoretical studies of the 
collinear array when the outer elements 
are coupled to the central unit by coaxial 
sleeves instead of two-wire lines have been 
made by Faflick. 19 His investigations included 
arrays coupled by internal sleeves with all 
antennas of equal radius as well as arrays 
with external coupling sleeves which were of 
larger diameter than the antennas. Since the 
coupling effect of the sleeves was modified 
greatly by the change in radius when external 
sleeves were used, a careful study of antennas 
of discontinuous radius also was made to 
supplement limited theoretical work previously 
reported. 54 The general conclusion reached 
at the end of Sec. 35 that coaxial sleeves, 
whether internal or external, are not satis¬ 
factory as phase-reversing stubs are main¬ 
tained by Faflick’s results. This is in contra¬ 
diction of earlier work 22,1 32 which was based 
on an elementary analogy which does not 
obtain in the simple form assumed. 



CHAPTER IV 


THE RECEIVING ANTENNA AS A CIRCUIT ELEMENT 


In the introduction to Chapter III the 
general problem of coupled antennas is 
separated into two parts in order to achieve 
sufficient simplification to permit an analytic 
formulation that can be carried through to 
practically useful results. The first part, 
treated in Chapter III, consists of the analysis 
of geometrically simple configurations of 
similar conductors that may be close together 
or widely separated. The second part involves 
the analysis of two different and arbitrarily 
oriented antennas of which the one is driven 
by a generator and the other is loaded. 
Although this general problem with arbitrary 
distances between the antennas can be formu¬ 
lated analytically in terms of simultaneous 
integral equations, a solution is available 
only for separations sufficiently great to put the 
loaded antenna into the radiation zone of the 
driven unit. With such great distances between 
the antennas, relatively small currents in the 
parasitic antenna react only insignificantly 
on the transmitter, so that the solution for 
the current and the power in a single receiving 
antenna in the far-zone field of a transmitting 
antenna is equivalent to the solution for any 
one of a large number of receiving antennas 
each in the radiation zone of the transmitter 
and of one another. 

In this chapter the general analysis of two 
different, arbitrarily oriented, and arbitrarily 
spaced antennas is formulated. The equations 
so obtained are then specialized to the case 
of great separation and the analysis is carried 
out in detail, in order to derive the essen¬ 
tial properties of receiving and scattering 
antennas. 

GENERAL THEORY OF TWO DIFFERENT, 
ARBITRARILY ORIENTED ANTENNAS 

1. Integral Equations with Arbitrary Spacing 

The derivation of the integral equations for 
two highly conducting cylindrical antennas 
1 and 2 of radii a l and a 2 and half-lengths h 1 
and h 2 parallels the more specialized analysis 


of Chapter III. The same assumptions 
regarding the radii of the antennas are made, 
namely, 

/Vi ^ L $0°2 ^ 1> 

0 ) 

a 1 < h lt a 2 < h 2 . 

Subject to these conditions it may be assumed 
that cross-sectional and axial distributions 
of current density in the conductors may be 
treated as though independent. 

The boundary conditions for the tangential 
component of the electric field on the surfaces 
of the two conductors are 

(^'i*)r 1 =o 1 = (®i»)r 1 =a 1 > (2a) 

(^)r 8 =«, = (EL)r^a 2 , (2b) 

where the arbitrarily oriented axis of antenna 1 
is assumed to coincide with an j-axis, 
while the axis of antenna 2 falls along the 
z-axis, as shown in Fig. 1.1. The fields just 
outside the conductors may be expressed in 
terms of scalar and vector potentials, using 
the relation 

E = —grad <|> —j<o\, (3) 

and the fields just inside the conductors in 
terms of the axial current and the internal 
impedance per unit length in the form 

Etang = /**• (4) 

With (3) and (4) substituted in (2a, b), using 
appropriate components, the results are 



Use of the equation of continuity for the 
potential functions (Lorentz condition), 
namely, 

div A + / —<|> = 0, (6) 

CD 
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in (5a, 6) leads to the following equations in 
which the subscript 1 or 2 on the operator 
div refers to the variables r lt z lt or r 2 , s 2 with 
respect to which the differentiation is per¬ 
formed : 

y s divj Aj + = j ^ z[I u , (la) 

— div 2 A 2 + A 2z — j~ 2 2 / 22 , (lb) 

where A t is the vector potential just outside 
the surface of antenna 1 due to currents in 
both antennas, and A 2 is the vector potential 
just outside the surface of antenna 2 due to 
currents in both antennas. Thus, 

Ai = A u + A 12 , A 2 = A 22 + A 21 , (8) 
where the individual vector potentials are 


given by 

Au = 4^o ( 

L + j 

f^) V* 0 e-iW" ds', 
'<>i / Ru 

(9) 

Al2 = 4^o( 

L, + j 

D I *i Z ) e-^'dz'; 

) R\i 

(10) 

A - = i- 0 ( 

L, + J 

f**) e-V&tdz’, 

'«2 / 

(H) 

A21 = 4^ 0 ( 

r;+. 

f Al ) Iu } S ) e-^nds’. 

la, / 7? 21 


In these equations R u is the distance from an 
element ds on the equipotential surface of 
antenna 1 to an element ds' on its axis; R 12 is 
the distance from ds on the surface of antenna 

1 to an element dz' on the axis of antenna 2; 
R 22 = v (z' — z) 2 + a\ is the distance from 
an element dz at z on the surface of antenna 

2 to an element dz' at z' on its axis; R 21 is the 
distance from dz on the surface of antenna 2 
to ds' on the axis of antenna 1. 

In Cartesian coordinates (lb) becomes 



where A 2l = A 22t + A 2lz . 


Substitution of (9)—(12) in (la, b) gives two 
simultaneous integral equations in the cur¬ 
rents I u and I 2z in the two antennas. It is 
to be noted that A n is not independent of I 2t , 
even though this current does not appear in 
the integral. However, I u depends upon 
I 2z , so that A n is affected if I 2l is changed 
or removed. Since each equation involves 
more than one variable, a simple integration 
is not possible. Furthermore, in the absence 
of symmetry, the method of symmetric 
components used in Chapter III has no 
application. 

If the voltages V ld and V 2d are assumed to 
be known, the two simultaneous integral 
equations can be expressed as follows: 

Vu = tZ s u + I mZim, (14a) 

Y%6 = hsZ 21d + I 26 Z e26 , (146) 

where the self- and mutual impedances 
Z sl s, Z s2S , and Z 12(j = Z 21d are defined 
formally to be the coefficients of the currents 
in (14a, b). Formulas for these impedances 
involve complicated integrals with unknown 
distribution functions for the currents. They 
have not been evaluated in the general case. 

If antenna 2 is parasitic with a center load 
so that 

Y 2 g = — I 2 n Z Lii , (15) 

where Z Li is defined to be the ratio of scalar 
potential difference to current at the terminals 
z = ±6 of the center load, (146) becomes 

0 = 7uZ 2ia + J M Z 22a , (16) 

where 

Zi2d = Z a2 t + Z lS . ( 17 ) 

The impedance Z 1(S = of the primary 

circuit is 

_ Z\2A Z 2 j0 

1(5 — ^#1(5-7 

^<22(5 

The induced voltages V\$ and Vh are defined 
to be 

VlS = ^2<5^12J> 1^2(5 = I\!iZ us . (19) 

Hence, 

Vis A V[s = IisZgis, ( 20 ) 

= IidZ 2 2d- ( 21 ) 

The two antennas are loosely coupled if 
the following condition is satisfied: 

\vu\<\v lt \ 

or 

I Z a isZ 22 s | | Z 12S Z nd j. (22) 
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Fig. 1.1. Arbitrarily oriented antennas. --i u-2o, 

© 



Fig. 2.1. Receiving antenna in the presence of transmitting 
antenna. 
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Zia— Zsii- ( 23 ) 

The apparent terminal impedances for 
the transmission lines and the appropriate 
terminal-zone networks to take account of 
end effects and coupling effects are difficult 
to determine for adjacent antennas, since no 
conditions of symmetry obtain. If all points 
of the antennas are far apart compared with 
the distances between the conductors of the 
transmission lines, each antenna may be 
treated as if it were completely isolated in 
determining the elements of the terminal- 
zone networks. 



_H g -}Po R n ds '. 

R> i 


(36) 


Since antenna 2 is by definition in the far-zone 
of antenna 1, the far- or radiation-zone form 
of (36) may be used. This is identified with a 
superscript r. It is 


e e ~iPo R s l C~ Sl fM 

= --—— (I + I If ej/V' c03 ®i ds'. 

4’rt’o R 2 vJ—*! Jdj J 1 

( 4 ) 


It is equivalent to (3b) subject to the conditions 


2. Specialization of the General Case to Great 
Separation—Equations for Vector Potential 

If the two antennas in Fig. 1.1 are sufficiently 
far apart so that they are in the far zone with 
respect to each other, the condition for loose 
coupling (1.22) applies and the two antennas 
are mutually independent if they are both 
driven so that the induced voltages are 
negligible. If antenna 2 is parasitic, the induced 
voltage evidently cannot be negligible com¬ 
pared with zero, and the entire power dissi¬ 
pated in the load originates in the driven 
antenna 1. However, since the very loosely 
coupled parasitic antenna has no effect on 
the distant transmitter, the far-zone electro¬ 
magnetic field and the associated potential 
functions due to the currents in the driven 
antenna are independent of the current in the 
parasite. This means that the induced voltage 
V\g due to the driven antenna is independent 
of I 2z . 

The equation that applies to the parasitic 
antenna 2 is 

•jr div A + PqA z = j — z'I z . (1) 

oz co 


This equation is the same as (1.76) except that 
the identifying subscript 2 has been omitted 
with the understanding that all potentials 
are defined on the surface of antenna 2 and 
all currents and charges are in antenna 2 
unless otherwise specified. Thus, in (1), 

A = A 2 = A 22 + A 21 , (2) 

where, with h 2 = h, I 2l = I z , 


A 


22 “ 


Z 

4wv 0 



r 

—— e dz. 

R 22 


(3a) 


PoRi ^ Z?o hi, R 0 h 2 — h. (5) 
It follows with (5) that in Fig. 2.1 
R 21 = R 2 = R 0 in amplitude factors; (6a) 

R 2 i = R 2 — s' cos 0j in phases. (6b) 


Substitution of (6a, b) in (4) gives 
AS, = K,, e~^ R 2, 


where 


(7a) 


( 76 ) 


Note that K 2l is a constant at all points on 
antenna 2. 

If (1) is expanded using (2) and (7a) it 
becomes 

+ /^22*] + [~ (div K 2 l e-*>o R >) 

+ ^ r 2iJ (8) 

where div s div 2 = (9/ 3x) + ( 3/ 3y) + (djdz) 
involves differentiation with respect to the 
coordinates x, y, z locating the end-point 
of R 2 on antenna 2. With the vector identity 

div C<{> = 4> div C + C • grad 4> (9) 

and the fact that K 21 is a constant vector 
with respect to variables on antenna 2, 

div (K 21 e~jPo R i) = K 21 ■ grad rM, (10) 

However, 

grad = —- (e-iPo R t) grad R 2 

°R 2 

= —JPoe-^o 1 ^ grad R 2 . (11) 



460 


THEORY OF LINEAR ANTENNAS 


[IV.2] 


Note that the operation grad = grad 2 repre¬ 
sents differentiation with respect to the 
coordinates locating the end-point of R 2 
on antenna 2, whereas gradj represents 
differentiation with respect to the coordinates 
locating the end-point of R 2 on antenna 1. 
If R 2 is a unit vector along R 2 pointing from 
antenna 2 to antenna 1, as shown in Fig. 2.1, 
then the direction of the greatest rate of 
increase of R 2 by varying the coordinates 
locating the end of R 2 on antenna 2 is in the 
negative R 2 direction. Hence, 

grad R 2 = -R 2 . (12) 

Substitution of (12) in (11), and of (11) in 
(10), gives 

div (K 21 e~^A) = jp 0 e-VoR*K 21 ■ R 2 . (13) 

Differentiation of both sides of (13) with 
respect to z gives 

— div (K 21 «?-^o* 2 ) 
oz 

= K 21 • R 2 Ple-W* ^ = A 21r PI (14) 

From Fig. 2.1 or 2.2 it follows that 
R 2 — R 0 — z cos 0 2 = R 0 — z sin @ 2 , (15) 
so that 

^2 = —cos 0 2 = —sin 0 2 , (16) 

oz 

where 

(17) 


Hence, substitution of (16) in (14), and (14) in 
(8), gives, 




+ Po (Ahz — A r 2 \ R cos 0 2 ) ■ 


OJ 


(18) 


The component A\ lz — A 21R cos 0 2 of A 21 is 
shown in Fig. 2.2. It is only this part of A 21 
that is effective in exciting currents in antenna 2. 
Note that since K 21 is a constant at all points 
on antenna 2 the quantity (K 21z — K 21 „ cos 0^ 
also has the same value all along the entire 
length of antenna 2. With (15), (7a) may be 
expressed as follows: 

Ak = K 21 e-tfo R o e W, (19) 

where 

q 0 — Po cos 0 2 . (20) 


Note that 


cos 0 2 = q 0 /p 0 , sin 0 2 = Vl - tf/p* . 

( 21 ) 

Substitution of (19) in (18) using (21) gives 

+ PlA 222 =jS [z‘I z +jo>(K 2U 
dz Z 0 ) 

- K 21R q 0 /p 0 )e-^A-^)]. ( 22 ) 

For convenience, let the quantity U be 
defined as follows; note that it is a constant 
in so far as antenna 2 is concerned: 


U s -M K 2 u ~ K 21R q 0 /P 0 )e M 

Pod - qllPt) 


(23) 


With (23), (22) becomes 


^A 22l 
dz 2 


+ PoA 22z 




- Pod - qUPDVeM. (24) 


Except for the added term with U as a factor, 
(24) is the same as the equation obtained in 
Chapter II for the isolated center-driven 
antenna. The solution is readily expressed 
as the sum of a complementary function and 
a particular integral as follows: 

A 22Z = — C 1 cos P 0 Z + C 2 sin P 0 z 

v 0 L 

— z' J I(s) sin P 0 (z — s) ds + t/eW 

(<5 ^z <h) (25) 


The first three terms on the right are the same 
as for the center-driven antenna; the term 
(— j/VfPUeMo 1 is the contribution from the 
currents in the distant antenna 1. 

It is readily verified by direct differentiation 
that (25) is indeed a solution of (24). For the 
lower half of the antenna the same equation 
with different constants of integration applies. 
It is 

A 22z = — \C 3 cos 1 3 0 z + C 4 sin p 0 z 

Vo L 

— z* J I(s) sin 1 3 0 (z — s) ds + UeR° z 

(-h g z g -<5) (26) 
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The solution of (25) and (26) is conveniently 
carried out by separating the symmetric 
problem with even currents and vector 
potentials and odd charges and scalar 
potentials from the antisymmetric problem 
with odd currents and vector potentials 
and even charges and scalar potentials 
as defined in Sec. 11.12. 

The symmetric part of (25) is readily 
obtained by combining it with (26) according 
to 

<^22 z = i[^22z(^) "F -^22z( z )]t 

n = i u z o) + u-z)i (27) 

Thus, 

^222 = — C 1 S cos /V + C 2 S sin 3o[z\ 

v o L 

— z*' J T(s) sin 3 0 ( z — s) + U cos q<yz j , 

(28) 

where 


C u — i(^i + Cj), C u — \{C 2 


and 


(7 4 ), 

(29) 


48 

^222 


1 

4 ttv 0 




g— dz'. 

(30) 


Vector potentials and currents in the lower 
half are equal to and codirectional with those 
in the upper half. 

The antisymmetric part of (25) is obtained 
from 


-^222 — M^22z(^) -^22z( 

n = - /,(-*)]• (31) 


Thus, 


4« = J 
/ *222 - 




C 2o sin fl 0 z ± C la cos 3 0 z 


z i | I a (s) sin fi Q (z — s)ds + jU sin < 7 „zJ , 
where 


(32) 


C la = %(C l — C3), C 2a = \(C 2 + CO, 

(33) 



g (£0 

7?22 


e~i^ R a dz', 

(34) 


and where the upper sign is for 6 z Si A, 
the lower sign for —h sS z sS —5. Note that 


when <5=0, vanishes at z = 0, so that 

C u = i(Cj - C 3 ) = 0, (35) 

Currents and vector potentials for the lower 
half of the antenna are equal to and opposite 
in direction to those in the upper half. 

Combination of (30) with (28) and (35) 
with (32) gives two integral equations for 
determining the even and odd parts of the 
current. The complete solution is the sum 
of the two. 

THE CENTER-LOADED RECEIVING 
ANTENNA 

3. General Formula for Current in the Center- 
Loaded Antenna 

If a receiving antenna is loaded at the 
center by a geometrically symmetric impedor, 
with terminals at z = ±<5 as in Fig. 3.1, even 
charges of the type that belong to the anti¬ 
symmetric problem q(—z) = q(z) can main¬ 
tain no potential difference across its ter¬ 
minals, so that the entire potential difference 
is due to odd charges of the type q(—z) — 
—q(z) which occur in the symmetric problem. 
It follows that when interest is in determining 
the voltage across, the current in, or the power 
transferred to such a symmetric center load, 
it is necessary to solve only the symmetric 
problem for even currents and vector potentials 
and odd charges and scalar potentials. 
On the other hand, if the electromagnetic 
field due to the total current in the antenna 
is required, both odd and even currents are 
involved. They may be determined separately 
and combined. It is shown in Sec. 10 that in 
the particular orientation of the center- 
loaded receiving antenna with respect to the 
transmitting antenna for which the current in, 
the voltage across, and the power to a center 
load are maximum, the odd currents are 
zero everywhere along the entire antenna. 
(This is true except for very long antennas.) 
Therefore, a solution of the symmetric 
problem provides all possible information 
about currents, voltages, and power for 
the center load under all circumstances, and, 
in addition, the complete distribution of 
current under conditions of optimum orient¬ 
ation. In practice, this is all the information 
about a receiving antenna that is required. 
Accordingly, consideration of the antisym¬ 
metric problem is postponed, and a complete 
solution is obtained for the symmetric 
problem. Since conditions of symmetry at 
once yield all required information about 
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the lower half of the antenna (z negative), 
it is necessary to consider only the upper 
half (z positive). Omitting all subscript and 
superscript /s, with the understanding that 
unless otherwise indicated all currents, charges 
and potentials are those of the symmetric 
problem only, the vector potential as given 
by (2.28) is 

A Mz = — (C 1 cos p 0 z + C 2 sin /9 0 | z | 
v o 

+ Ucosq 0 z). ( 1 ) 

The term with z* as a factor has been omitted 
temporarily in (1) for simplicity. Actually it 
is always negligible if good conductors are 
used for the antenna, even when the center 
load is zero. 

Just as in (II. 13.14), the scalar potential is 
<f > 2 = —C 1 sin fa + C 2 cos p 0 z 

- 17 sin q a z. (2) 

P o 

The scalar potential difference across the 
load between z = ±6 is defined by 

V* - 4 > 2 (< 5 ) - <t> 2 (—< 5 ) = 2 <|> 2 (< 5 ) 

= 2 ^ —Cj sin P 0 6 + C 2 cos p 0 8 

- q jU sin^). (3) 

Solution of (3) for C 2 gives 

c = j Y 2 d + C i sin fhfi + (qJPp) U sin q 0 8 
2 cos p 0 8 

(4) 

For convenience, let the following notation 
be introduced: 


With (2.30) the integral equation for the 
current is 



Jj-Kjfz, z') dz' 


— /4tt 

= v— —Tk f cos M (Cj cos p 0 z + U cos q 0 z) 

io COS P0° 

+ (C 1 sin p 0 6 + \ v 6 ) sin P 0 |z|], ( 8 ) 

where 


K^z, z') = 


e~j^0^22 


(9) 


This equation is like (II. 14.3) with the added 
term in U and with z ! = 0. Its solution may 
be carried out by the same method of iteration 
using the same expansion parameter Y as 
defined in Sec. 11.10. Corresponding to 
(II.15.19), the current is 

“ [,J " = uvcllw {cos mCJ(z ' h) 

+ Uh(z, A)] + [Cj sin p 0 d + }V d ]g(z, A)}, 

( 10 ) 

where 

/(z, A) = 2 = M - /(A), (1 la) 

w = 0 

g(z, A) = 2 = g(z) - g(A), (11 A) 

m = 0 

/i(z, A)4 H mz ^ n = h(z ) - /i(A), (11c) 

7/1 = 0 


5 ^- 5 ^ + Jil/sin^. (5) 

2 2 p 0 

Since = Pn cos 0 2 can never exceed P 0 
and is actually zero for the optimum orient¬ 
ation, it is clear that, subject to the assumed 
conditions P n b < 1, the contribution to 
\V d by (q 0 lf! n )U sin q</> is so small that it 
is usually negligible. With (5), (4) becomes 

C 2 = (k v a + Cj sin p 0 6)/ cos P 0 d, ( 6 ) 

so that 

A 22z = -^(C! cos p 0 z 
v o \ 

i d H - sin . piii tt \ 

+ —- I . — Sin Po z + 17 cos • 

cos P 0 6 ) 

(7) 


/(*) - Z fU*)/’*'", 

771 = 0 

/(*) = 2 

7/1 = 0 

- Z GJzW^, 

771 = 0 

g(A) = i G m (hW m , 

7/1 = 0 

/i(z) - 2 HJz)IV m , 

m = Q 

h(h) = 2 

7/1 = 0 

where F mz and G m . are given by (11.15.18). 


( 12 a) 


02A) 


( 12 c) 
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H mz = HJz) - HJh), (13) 

where H m (z) and H m (h) may be obtained from 
(11.15.18a, 6) by substituting H for F. Also, 

H 0 (z) = cos q 0 z, H 0 (h) = cos q a h, (14) 

by analogy with (II. 15.2a). Evidently, the 
H functions differ from the F functions in 
having q 0 = p 0 cos @ 2 appear in place of 
fi 0 in the zeroth-order distribution. 

The evaluation of C x repeats the procedure 
in Sec. 11.15, with the following equation 
appearing as the analogue of (H.15.21): 

cos PACJih) + Uh(h)] 

+ [C 1 sinp 0 d + lV 6 ]g(h) = 0. (15) 

This may be solved for C lt with the result, 

= nv s g(h) + Uh(h) cos p a S 
1 [ /(*) cos Ptfi +SW sin /V. ■ 

(16) 


plications in the several sums and arranging 
terms in powers of 1 /T, the result is: 

[/ ] - J* nU 

Hzuln £ 0 YD 


x J[// 0 (6)F 0 (z) - F u (h)H 0 (z)] cos p 0 8 
+ [H 0 (h)G 0 (z) - G 0 (h)H 0 (z)\ sin p 0 8 
+ i[// 0 (6)F 1 (z)-F 0 (6)H 1 (z) 


+ Hj(/i)F 0 (z) + F 1 f^)// 0 (z)] cos fiffi 


+ l[// 0 (6)G 1 (z)-G 0 (/,)ff 1 (z) 


+ H 1 (A)G 0 (z) - G.ihWoiz)] sin 

+ qr 2 [‘' '] cos Po s 

+ ± i [---)smf}',6+ •••}, ( 20 ) 

with 

D = cos p o d [F 0 (h) + F,(6)/T 

+ F 2 (h)l^ + •••] + sin (i 0 8[G 0 (h) 


Substitution of (16) in (10) to eliminate C 1 
gives 

I z — Izr + I zv , ( 17 ) 


where I zr is given by (II.15.23a) and 
jAnU 


[^zpln 




'cos Mf(z, h)h(h) - h(z, h)fm 
+ sin P 0 S[g(z, h)h(h) - h(z, h)g(h)\ 


/(h) cos /V + g(h) sin P 0 8 


(18) 


Upon expanding /(z, h), g(z, h), and /t(z, h), 
(18) is reduced to the following expression: 


(cos p 0 8[/(z)h(h) - h(z)/(h)] \ 

x | + sin p 0 8[g(z)h(h) - h(z)g(h)] 

{ /(h) cos P 0 8 + g(h) sin p 0 8 J - 

(19) 


The corresponding expression for I zV is 
(11.15.236). Upon carrying out the multi- 


+ G 1 (6)/'F + G 2 (6)/T 2 +•••]. (21) 


The corresponding expression for I zr is 
(II.15.25a) with added subscript V on I z . 

Using (14) and (II. 15.2a, 6), (20) may be 
expressed as follows: 


[Izuin 


jAnll 


fo'F 


X 


[cos^cos j? 0 (z— 8) — cosq qZ cos fi 0 (h —6)]^ 

+ [m/z) cos p 0 8 + p/z) sin P 0 8] 4-| ’ 

, cos P 0 (h - 6) + AJY + ■■■ J 

(8 < z ^ h) (22) 


where 

A 1 = Fj(6) cos P 0 8 + G/h) sin P 0 8, (23a) 
m/z) = m\(z) + jm\ l (z) 

= [Fj(z) cos q 0 h — H/z) cos P 0 h 
+ H/h) cos PqZ — F/h) cos q^z], (23b) 


pj(z) = p\(z) + jp\ l (z) 

= [Gj(z) cos q 0 h — H/z) sin P/i 
+ H/h) sin PqZ — G/h) cos q^z). (23c) 

The corresponding expression for I zr is 
(II. 15.26) with (11.15.27) and (II.15.29a). 
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The combination of I„ in (11.15.26) with 
(5) and 1 ZD in (22) according to (17) gives 
the complete solution for the even current 
in an antenna that is in the far-zone field of a 
transmitter and that has a scalar potential 
difference V 26 across its terminals at z — ±<5. 
In a receiving antenna V 2S = —I d Z Li is 
the voltage across the load Z a . The solution 
obtained for I z is expressed in terms of the 
general expansion parameter 'F defined as 
the magnitude of 'F(z) at an appropriate 
reference value z = z r , where 

x (z, z') dz’ 

(24) 

with g(z, z') = I'JI, and K*(z, z') = 
e~)Po R n/R 22 . The combined solution is 

I z = [Uu d (z) + V 6 v 6 (z)], (25) 


where u t (z) is the brace in (22) and v/z) is 
the square bracket in (11.15.26). Thus 


[-^zrl n 

u 


j4ir 


(cos q 0 h cos /i 0 (z — 6) — cos q Q z cos (ifh — <S)]' 
+ ^ ("iiW cos f) 0 S + p t (z) sin M + ■■■ 
cos J(h - <5) + Af}W +■■■ ' 


[I z y] n 


, . jin 
m v,(z) = L- X 


sin f} 0 (h - z) + M t (z)/T + • • \ 

, cos p 0 (h-d) + A 1 I'¥+ ••• r 


(26) 


(27) 


= \ V 2/i + U sin q 0 <). (28) 

Po 

The general formula (2.23) defining U 
may be expressed in terms of the vector 
potential or the electric field at the center 
of the antenna in the symmetric problem here 
considered. Noting that 

A£i = K 21 e~^o fl « = K 21 e-WR o -«os0 a ) ) 


it follows directly that (2.23) is equivalent to 


U 


-j(a(A r 2U — A 2llt q 0 lf} t 


£o(l - 


o) 

1 

. 2 = 0 


(29) 


that is, the function U may be defined in 
terms of the component (A r 2U — A r 21R cos 0 2 ) 
of A 21 at z = 0 at the center of the antenna. 
In Fig. 2.2 this component is shown at the 


point z. If this point is moved to the center, 
as in Fig. 3.2, the magnitude of A 21 is un¬ 
affected, since R 2 = R 0 in amplitude factors. 
However, the phase of A 21 at z = 0 is different 
from that at any point z except in special 
circumstances when R 2 = R 0 . The reference 
point for phase is the point z = 0. 

The combination (A 21z — A r 21R cos 0 2 ) is 
readily expressed in a more convenient form. 
Instead of the components A\ lz along the 
receiving antenna and A T 2Xn along the line 
R 0 (joining the center of the receiving antenna 
to the center of the distant transmitting 
antenna), it is possible to use the component 
A r 21&i . This is perpendicular to R 0 and tangent 
to a great sphere about the center of the 
transmitter in the direction of 0 t , measured 
from the axis of the transmitting antenna. 
It is shown in Fig. 3.2, where the vector A 21 
is resolved into the two mutually perpen¬ 
dicular components A T 21R and A 21&1 . There 
is no component j4 2ia>i , so that 

A 2 i = RA 21s + 0iA 210i . (30) 

By projecting — A 2101 through the angle y> 
onto the plane containing the receiving 
antenna and the line R 0 , and then projecting 
—A 210i cos y> through the angle 0 2 = Jw — 0 2 
onto the vertical axis to obtain — A 2101 cos v 
sin 0 2 , it follows directly from Fig. 3.2 that 


A\xz - A\ xr cos 0 2 = -^ 2 i 0I cos v 1 sin 0 2 
= — A 210i cos v»cos 0 2 . (31) 


With (31) substituted in (29), the function 
U becomes 


U — j<x>A\ 101 


cos v sin 0 2 _ joA 21&1 cos y> 
P 0 sin 2 0 2 0o sin ©2 


(32) 


If desired, the component A 2101 of the 
vector potential may be replaced by the 

far-zone electric field due to the distant 

transmitter. This has only a ©j-component 
and is related to the vector potential by the 
relation [ref. 1.31, Eq. (IV.16.11)]: 

W = ^0, = -j(oA r e e v (33) 

Hence, 

V = ~(E r 21&i cos v)/0o sin 0 2 

= <34> 

Clearly U is measured in volts. (In the litera¬ 
ture 17 has been defined in terms of the 
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Fig. 3.1. Center-loaded Fig. 3.2. Mutually perpendicular components of the potential 

receiving antenna. Aj I q i due to a distant transmitter; 0, is the angle between the 

transmitting antenna and R 0 as shown in Fig. 2.1. 



Fig. 4.1. Receiving antenna with two-wire line terminated in Fig. 4.2. Equivalent circuit of Fig. 4.1 
an impedor as center load. with lumped-terminal-zone network. 



ll 

(a) (b) 


Fig. 4.3a. Equivalent circuit of receiving antenna with impedance¬ 
less generator. 


Fig. 4.3 b. Simplified equi¬ 
valent circuit. 


IM 
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component of the electric field in the negative 
0 X direction so that the minus sign in (34) is 
absorbed in the symbol for the component 
of the field.) 

If 0 2 = it / 2 , the receiving antenna is 
perpendicular to R 0 and lies in a surface of 
constant phase of E r 21@ In this case 

U = -(£ 310 , cos vO/ 00 , 

2irU = — 2oEj 101 cos y>. (35) 


Ig = 0, that is, when = 00. Note that 
Zt* and Z,j are not measurable impedances; 
they are the ratios of scalar potential differ¬ 
ences to currents. In order to determine I, 5, 
the equivalent circuit shown in Fig. 4.3a may 
be used. It consists of an impedanceless 
generator of emf V^fZ^ = 00) in series 
with the antenna impedance Z d and the im¬ 
pedance Z u . The current in the load is 
obtained directly from I s . It is 


If the receiving antenna also lies in a plane 
containing the transmitting antenna, it is 
parallel to E 21 q , so that y = 0 and 

V= 2nU = — 2 0 E 21Qi . 

(36) 


Ij. — hU + jo>C Te (Z lS + j'ojL T( .)]. (2) 

If end effects and coupling effects are neg¬ 
ligible as a result of having b = 26 = 0, (1) 
and (2) reduce to 

I L ~I 0 = V W (Z L = oc )I(Z L + Z 0 ) (3) 


4. Equivalent Circuit of a Receiving Antenna; 
Effective Length 

A receiving antenna with a symmetric 
center load consisting of a two-wire line 
terminated in an impedor is shown in Fig. 
4.1. The measurable load impedance Z L is 
the impedance Z A > B ■ looking to the right. 
The length of line between the antenna 
at AB and the load Z L at A'B' is dissi¬ 
pationless and exactly a wavelength long. In 
the terminal zone near AB conventional line 
theory does not apply, owing to end effects 
and coupling effects. Just as with the center- 
driven antenna, conventional line theory 
may be used even in the terminal zone, 
provided a lumped corrective network is 
inserted at the junction points of line and 
antenna. If this is done, the dissipationless 
section of conventional line of length A 0 
constitutes merely a one-to-one transformer 
and may be ignored. This leaves the lumped- 
constant network of Fig. 4.2 as a satisfactory 
equivalent in which all coupling effects and 
end effects are represented by the network 
between AB and A'B'; Z L is the actual load 
impedance, that is, the input impedance of 
the loaded transmission line. 

Let Thevenin’s theorem be applied to the 
circuit of Fig. 4.2 at AB. According to this 
theorem, 

I/, = = co )l(Z Ld + Z 6 ), (1) 

where Z Li = Z AB (right) is the impedance 
looking into the network from the antenna, 
Z 6 is the impedance looking into the antenna 
as determined in Chapter II, and V 2 g(Z £i = 
00) = F^fopen) is the scalar potential 
difference across the isolated halves of the 
antenna when the circuit is broken so that 


and the simple circuit of Fig. 4.36 applies. 

A convenient formula relating the open- 
circuit voltage to the current is obtained 
when Z L& is adjusted to equal zero. When 
this is true, 

tk-Zrf — co) = I 6 (Z lA = 0)Z,s, (4) 

where hiZ^ — 0) is the current l d when 

Z L & = 0 . 

Substitution of (4) in (1) to eliminate 
V 2 fZ Li = to) gives 

h = h(Z Li - 0) Z l .. . (5) 

The voltage V 2d is given by 

V 26 = —i 6 z Ld = -uz* = 0 ) z f L * . 

( 6 ) 

If <5 = 0, 

V 20 = -hZ L = -I 0 (Z L = 0 ) • 

(7) 


The quantity \V 6 appearing in the funda¬ 
mental expression (3.25) for the current is 
given by (3.28). With (6) it is 


hV t - — h(Z Ld — 0) 


z„z 


6^l6 


2 (Zg + Z Ll 5 ) 


+ U sin q 0 d. ( 8 ) 
P 0 

If Z LS = 0 , 

iF tf (Z„=0)= U^smq 0 d. (9) 
P 0 


It is now possible to eliminate V d from 
(3.25) by setting z = d and Z Ld = 0. Thus, 

h(Z ld = 0 ) = Uu s (6) + VfZjt = 0)v tf ((5) 

( 10 ) 
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Substitution of (9) in (10) gives 

h( Z i» = 0) = U ^(<5) + v a (<5) ^2 sin q 0 S j . 

(ID 

If (11) is substituted in (8) and it is noted 
from (3.27) that 

v 6 (S) = Y s = 1/Z 4 , (12) 

the result is 

iu s (S)Z Ld ~|°sin q 0 s\. 

Po J 

(13) 

The general expression for the even current 
in the antenna is given by (3.25) with (13). 
It is 

= V iu a (z) - v d (z) - V f U ^) Z L6 

\ z 6 -r 5 L 

- j 2 sin ?o<5 j | • (14) 

If <5 = 0, 

(15) 

The complex distribution functions u d (z) and 
V e (z) are given in (3.26) and (3.27). 

It is seen from (14) or (15) that the even 
current in the receiving antenna is made up 
of two parts, of which the first has the distri¬ 
bution function u 6 (z), the second the distri¬ 
bution function v d (z). It is seen from (14) 
that when Z Li = 0 and q 0 < 5 is sufficiently small, 
as is usual, practically the entire even current 
is distributed according to u s (z). Therefore, 
u a (z) may be called the unloaded-receiving- 
antenna distribution. On the other hand, 
V/j(z) is identically the distribution function 
for a center-driven, isolated, transmitting 
antenna as analyzed in Chapter II, if V = 'V K1 . 
Since it is shown in the next section that 
T’ = is a good approximation for the 
receiving antenna, it follows that the even 
currents on a receiving antenna are a super¬ 
position of the distributions of an unloaded 
receiving antenna and a center-driven antenna. 
The relative magnitudes of these two com¬ 
ponents depends upon Z Lh . The transmitting 
distribution has its largest value when 
Z d Z Lil( Z d + Z Li j is greatest. Since this 
factor can be made very small or quite large, 
it is to be expected that a wide variety of 


iV a = - 


UZ , 


Z d + Z 


•id 


distributions may be encountered, ranging 
from the unloaded-receiving-antenna distribu¬ 
tion to distributions closely resembling those 
of center-driven transmitting antennas. Before 
investigating these distributions and their 
magnitudes, it is necessary to define 'F. 

The open-circuit voltage V 2d (Z lS = oo), 
which is the emf required in the equivalent 
circuit of Fig. 4.3, is defined in (4). Upon 
setting z — 6 and Z l6 — 0 in (14) to obtain 
Is(Z Li = 0), and substituting this in (4), 
the expression for the open-circuit voltage, 
Vid( Z Ld = «>), is 

V2d(. Z Ld — °°) = UZf |^tl 4 ((3) 

+ v a («5)^»sin ?0 (5] . (16) 
Pa J 

Using (3.34), namely, 

U = -(E r 2 i 0i cos y>)IP 0 | sin 0 2 , (17) 

it follows that 


v 2 s (Z L i = co) = — E 210i • 2 h ei (@ 2 ) cos y>, 

(18) 


where 

2M© 2 ) - 


Z, 


j?o sin 0 2 


«a(<5) 


+ Vi(^) sin q 0 d . (19) 

Po 


Since v # (d) = 1/Z 4 , 


For 5 = 0, 


ju 6 (d)Zg + (q 0 IP 0 ) sin q 0 6 
sin 0 2 




ZqUqIO) 

2 sin 0 2 ’ 


( 20 ) 

( 21 ) 


The complex function 2h f4 (0 2 ) is dimension- 
ally a length. It is called the complex effective 
length of the receiving antenna of length 2 h. 
It is a function of the orientation of the 
receiving antenna with respect to the surface 
of constant phase of the electric field E 210i . 
This orientation is specified by the angle 0 2 . 
If 0 2 = 7 t/ 2, the receiving antenna lies in 
a surface of constant phase of E 210i ; if 
0 2 = 0, it is perpendicular to such a surface. 
Since q 0 = fl 0 cos 0 2 , the angle 0 2 occurs 
in Ug(6) as well as explicitly in sin 0 2 . 
Evidently, if the electric field E 210i is known, 
together with the angle y>, a knowledge of 
h ed (® 2 ) permits a rapid evaluation of 
v iA.Zl6 = oo), and from this of Z 6 and 
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Z L s and of I a and I L . The behavior of a 
receiving antenna depends upon h eS (Q 2 ) 
and Z 6 for that antenna. Since the impedance 
Z d of an isolated antenna already has been 
determined and represented in graphical and 
tabular form in Chapter II, an important part 
of the analysis of the receiving antenna 
consists in the evaluation and representation 
of the complex effective length as a function 
of h and 0 2 with H = 2 In (2 hja) as a para¬ 
meter. 

5. Zeroth-Order Solution for Center-Loaded 
Receiving Antenna 

The zeroth-order distribution of even 
current in a center-loaded receiving antenna 
is independent of the particular value of the 
expansion parameter Y, which occurs only 
as a factor of the entire distribution. It is a 
good approximation of the actual distribution 
of current when higher-order terms in numer¬ 
ator and denominator are negligible compared 
with the zeroth-order terms. This is generally 
true except near vanishing values of either 
the numerator or the denominator. The 
zeroth-order terms are given by 

[JJo = ulu d (z) - vfz) Zd 

l **6 “T ^Ld 

X - ^sin q 0 d |, 

(fUz^h) ( 1 ) 


where 


U 4 (z) 

= [“i(z)]o = -pp 

X 


cos qoh cos P 0 (z — d) — cos 

q 0 z cos P 0 (h 

z£>l 


cos p 9 (h — 

*> 

J’ 




(2) 

v 4 (z) 

= Wr)] 0 = ^ 

sin p 0 (h - 
cos P 0 (h — 

l-Dl 

<5)J ’ 




(3) 

z 6 = 

[Z s ] 0 = cot p 0 

(h - <?), 

(4) 


q 0 = p 0 cos 

®2- 

(5) 


The zeroth-order distribution of odd charge 
on the center-loaded receiving antenna is 
readily obtained from (1), using the equation 
of continuity, 

+ j ,J> 1 = 0. (6) 


Note the difference between the charge per 
unit length q and the parameter q 0 . The 
zeroth-order charge per unit length is 




dV d (z) 


dz Zq : Z 


u 6 {S)Z l6 - ^2 s i n q a d 
Po 


Ld 


)■ 


(<5 ^ z ^h) ( 7 ) 


where 

3u s (z) 


dz 


dU s {z) 


dz 


J0~ £»Y 


cos q Q h sin p a (z — <5) 
?o 


j- sin q 0 z cos p 0 (h - <5) 

P o _ 

cos Pfh — <5) 


( 8 ) 


3v d (z) _ f dv 6 (z) I _ j2irp ti \ cos Pfh - z) 

dz L jo ( 0 T L cos Pfh - <5)J ' 

( 9 ) 

The two sets of distribution functions, 
[«*(*)]<>. [du t (z)ldz] 0 and [v,(z)] 0 , [3v tf (z)/3z] 0 , 
are advantageously studied individually. Since 
the latter two are the same (except for a scale 
factor) as the zeroth-order current and charge 
described in Sec. 11.16 and are represented 
graphically in Figs. II.16.1 and II.16.2, 
their distributions already are known. 

The distribution functions [u 4 (z)] 0 and 
[du 6 (z)l 3z] 0 are functions of both h and 0 2 , 
the latter through the factor q 0 = p o cos 0 2 . 
The functional dependence of [ufz)] 0 upon 
z is represented graphically in Fig. 5.1, where 
the numerator of the bracket in (2) is plotted 
for several values of / 9 0 h with (5=0 and 
cos © 2 = sin © 2 = 0, 0.2, 0.4, 0.6, 0.8, corre¬ 
sponding to 0 2 = 90°, 78°.46, 66°.42, 53°.13, 
36°.87 or 0 2 = 0, 11°.54, 23°.58, 36°.87, 
53°.13. 

In general, the distribution of even currents 
along the antenna is a superposition of the 
distribution u 6 (z) for the unloaded receiving 
antenna on the distribution v d (z) for the 
center-driven antenna. The relative magni¬ 
tudes and phases of these components of the 
even current depends upon the factor 
ZsZtfKZg + Z Ld ) in (1). Since q 0 6 si p 0 < 5 is 
necessarily small, the term (2q 0 IP 9 ) sin q 0 < 5 
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is certainly always negligible if Z Ld is also 
small. This term may be expanded as 
follows: 

Zg Zl 6 
Zg + Zl6 

_ (RgR L 6 ~ XgX L g) + j(RgX L g + RigXg) 
(.Rg + R l s) + j(Xg + N l6 ) 

( 10 ) 

If the circuit is resonant, Xg + X Li = 0, and 


ZgZ Lb 
Zg + Z lS 


(R 6 R lS + X\) + jX 6 (R ld - Rs) 
Rg + Rls 


■ (ID 


If the antenna and the load are individually 
resonant, Xg = X L g = 0, and 


ZgZ L g _ RgR L s 
Zs + Z l6 Rg + R [6 


( 12 ) 


If the antenna and the load are individually 
resonant and the load resistance is very much 
larger than the resistance of the antenna, then 
Xg — X L g = 0, R L g Rg, and 


ZgZ Ld 
Zg + Z L g 


— Rs- 


(13) 


If the load is a conjugate match, Z L6 = Z*, and 


ZgZ L g _ Zl_ 
Zg + Z L g 2 Rg 


(14) 


It is readily seen in all of the above special 
cases that | ZgZJiZg + Z Li ) ] is large 
compared with unity unless Rg is itself very 
small. 

It is known from Fig. 5.1 that for antennas 
that satisfy fl 0 h sS 37 t/2, h 0 (<5) is not smaller 
than w 0 (z). Hence, if u 6 (S) in (1) is multiplied 
by a factor that is large compared with unity, 
the coefficient of v 4 (z) is much greater than 
that of Ug(z). This means that the principal 
part of the current in a loaded receiving 
antenna is distributed as in a center-driven 
antenna. 

Two distributions that are of particular 
interest are now considered in turn. 

(a) © 2 = W2, Z Lb = 0, <5 = 0. (15) 

With these conditions the coefficients of \>g(z) 
and dVg(z)/dz in (1) and (7) vanish. Moreover, 
owing to the symmetric orientation, 0 2 = jt/2. 


no odd currents are excited anywhere on 
the antenna. This means that the complete 
zeroth-order distributions of current and 
charge are 

[/Jo = U[u 0 (z)] a 

__ JAttU ( cos /3 0 z — cos f 0 h\ 

~ V? l ) ’ 

(0 z A) (16) 

_ , U r 4ne 0 U . 

[?lo = - j- [«o(z)]o = —tp— sin P n z. 

(-h^z^h) (17) 

The distributions on the lower half of the 
antenna are obtained by noting that the cur¬ 
rent is even, the charge odd. 

The current at z may be expressed in terms 
of its value at z = 0: 

,n _ r cos /V - cos/V/ /1Q , 

l* *Jo ~ i o —\ -"~"7TT— 

1 COS Pq/1 

This function is plotted in Fig. II.25.2. It is 
called a shifted cosine distribution. 

( b) qft = P 0 h cos © 2 = w/2, 

Z L g= 0, 6 = 0. (19) 

These conditions can be satisfied only by ad¬ 
justment of pji as the angle © 2 is varied. The 
distribution functions are: 

[u 0 (z)] 0 = ^ cos q 0 z = cos (—^ , 

ov /jo ^ to ^ y 2h j 

(OgzS*) (20) 
[ du 0 (z)l dz] 0 = - sin qgz • 

-^• Si "(s)' (oa ’ SS) < 21 ’ 

Thus, the even currents in an unloaded 
antenna are distributed cosinusoidally for 
any half length h, provided the antenna is 
inclined from the surface of constant phase 
of the incident electric field E r 2le by an angle 
® 2 that satisfies (19). For pjt = tt/2, 0 2 = 
77/2 = 90° and this special case reduces to (a). 
For f 0 h = 7r, 0 2 = tt/3 = 60°. 

The zeroth-order effective length is evalu¬ 
ated readily by combining (2), (4), and (5) 
after setting z = 6 in order to form (4.19). 
The result is a real quantity that is a good 
approximation of the true effective length 
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except near zeros of the numerator and 
denominator. In radians it is 


[i8 0 M©2)]o 

cos q 0 h — cos q 0 8 cos — 8) 
sin P 0 (h — <5) sin 0 2 

+ cos 0 2 sin q 0 8 
sin 0 2 


Since P 0 8 is small, terms in PlS 2 may be 
neglected compared with unity. Thus, 


[/3o^e<s(® 2)lo 

cos (fi 0 h cos ©2) — cos fi 0 h — p 0 8 sin ft (t h 
sin p 0 (h — '3) sin 0 2 

P 0 8 cos 2 0 2 
sin 0 2 


cos (fi 0 h cos 0o) — cos / 8 0 h 
sin /J 0 (/i — <5) sin 0 2 


p 0 8 sin 0 2 . 
(23) 


This gives the zeroth-order effective length of a 
center-loaded antenna of half-length h that 
has its load terminals separated by a small 
distance 26. Note that (23) cannot be a good 
approximation near /f 0 (/i — 8) — rtn, n integral, 
since the vanishing of the zeroth-order 
denominator obviously means that first-order 
terms become significant. When fi 0 (h — 8) 
is not near m, n — 0, 1,2, sin fl a (h — <5) does 
not differ greatly from sin fl a h. With <3 = 0: 

t^0^e(®2)]o 

= cos (Pph cos 0 2 ) - cos flgh ^ 24) 
sin0 2 sin/Vi 

For 0 2 = w/2, the zeroth-order effective 
length is 

PoWMl0 = tan hf} 0 h. (25) 


the condition fi%8 2 <; 1 and that carries a cur¬ 
rent of uniform amplitude along its entire 
length is 

[$(A(®2 )]o = /V sin ®2- (27) 

Comparison of (23) with (24) and (26) 
shows that (23) is equivalent to 

- \PM%yio- (28) 

That is, the effective half-length of a center- 
loaded antenna of half-length h that includes 
a gap of half-length 8 is the effective half- 
length of an antenna of half-length h without 
gap multiplied by sin jS^/sin [S 0 (h — 5) minus 
the effective half-length of an antenna of 
length 28 that would just fill the gap and 
carry a uniform current. This is a good 
approximation except near = nir, n 
integral, where the zeroth-order formula is 
inadequate. 

It is evident from (22) or (23) that even the 
zeroth-order effective length of a center- 
loaded receiving antenna is not significantly 
modified by a small value of <5 as compared 
with 8 = 0. The directional properties of 
the zeroth-order effective length are discussed 
and represented graphically in Sec. 9 where 
they can be compared with the first-order 
effective length. 

The voltage V w (Z ld = 00), which is the 
emf in the equivalent circuit of the receiving 
antenna with its load, is given by 

t( Z L6= °°) = -2h ( ,i(0 2 )£2ie, cos y. 

(29) 

For a short antenna with fifa 2 < 1 and (26), 

V 2 i(Z ld = 00) = -hE r 21@i cos v sin 0 2 

= —hE r 210 ^ cos v cos 0 2 . (30) 


The general expression (23) is best inter¬ 
preted after the special form for a short 
antenna has been obtained. With (fiji) 2 < 1, 
8 = 0, this is given by the following very 
simple formula; 


Thus, for a short antenna, the projection 
of the electric field — E 210 onto the receiving 
antenna, multiplied by the actual half-length 
of the antenna, gives the emf in the equivalent 
circuit. 


[PA.(®2)]o = iPo h si" ®2- (26) 

This is the effective half-length in radians 
of a short antenna with a triangular distri¬ 
bution of current. If the short antenna were 
so end-loaded that it carried a uniform 
current, (26) would be doubled. That is, the 
effective half-length p 0 8 e radians of a short 
antenna of length p 0 8 radians that satisfies 


6. The Expansion Parameter for the Receiving 
Antenna 

The evaluation of the expansion parameter 
Y depends upon the choice of the relative 
distribution function g(z, z') in the integral 

'f'(z) = ( J ^ jg(z, z')Kfz, z') dz\ (1) 








472 


THEOR Y OF LINEAR ANTENNAS 


[IV.6] 


where 

K^z, z') = e-WoRnlR 22 (2) 


for the receiving antenna. In the King- 
Middleton analysis of the center-driven 
antenna the zeroth-order current was used 
in the form 


g(Z, Z ) = gy(Z, z ) 


sin p 0 (h - z’) 
sin P 0 (h — z) 


(3) 


The corresponding distribution for the re¬ 
ceiving antenna is intricate, namely, 


= u 6 {z') - Sv,(z') 
u s (z) - Sv a (z) ’ 


(4) 


where u 6 (z) and v d (z) are given by (5.2) and 
(5.3) and S is the coefficient of v d (z) in 
(5.1). This distribution depends not only 
on the ratio hja and on P a h but also on the 
angle © 2 and the load impedance Z Ld . 
Obviously, it is not practicable to use a 
different distribution function for the same 
antenna when its orientation or the load 
impedance is changed. Examination of (4) 
shows that any change in the distribution 
function produced by a variation in the load 
impedance is limited to changing the relative 
importance of the distribution function u d (z) 
characteristic of the unloaded receiving 
antenna and the function v„(z) characteristic 
of the center-driven antenna. Since it is not 
to be expected that the circuit properties of 
the receiving antenna vary greatly with changes 
in the load, it seems reasonable to anticipate 
that the two values Y evaluated using each 
of the two distributions separately should 
not differ greatly. Since the value of Y K = Y X1 
for the driven antenna is known, it remains 
to compare it with Y = TV evaluated using 
a relative distribution function of the form 


of all but extremely long receiving antennas 
(h > A 0 ) is with 0 2 = w/2, this value of 0 2 
is conveniently chosen in specializing (6). 
Thus, for substitution in (1) let 


g(z, z') = g v (z, z') = 
The result is 


cos p 0 z' — cos P 0 h 
cos p 0 z — cos p 0 h ' 


(7) 


'W = 


Cjh, z) - E a (h, z) cos p 0 h 
cos fa — cos p 0 h 


( 8 ) 


The corresponding value for the distribution 
(3) previously obtained in Chapter II is 

u, _ C a (h, z) sin — Sjh, z) cos pji 
rK ’ sin p 0 (h - z) 

(9) 

For P 0 h = 7r/2 both of these functions are 
exactly the same. Thus, 


V D (z)= VA.z) 

= C a (A 0 /4, z)/cos p 0 z. (10) 

The expansion parameter is the magnitude 
at p 0 z = 0. Thus, 

V=|C o (V4,0)| = T«. (11) 

On the other hand, with p 0 h = tt, the two 
parameters obtained using the receiving and 
transmitting distributions are different: 


'V v (z) = 


C n (A 0 /2, z)+fi„(y2,z) 

COS P 0 Z + 1 

_ v>„ (z) 

cos PqZ + 1 ’ 


4/ ( z ) = ^< A o/ 2 ' 7 ) = VjtXf) 
r sin PqZ sin P„z ' 


( 12 ) 

03) 


gu(z, z) = u s (z')/u s (z). (5) 

In the investigation leading to the definition 
of Y icl for the driven antenna it was shown 
that the distance 2<5 between the halves of the 
antenna contributes negligibly to Y X1 subject 
to the condition p 0 d 1. It may be assumed 
that the same is true if (5) is substituted for 
(3). Hence, the function 

g v (z, z') = u 0 (z')/u 0 (z) (6) 

may be used in (1). This function still depends 
upon the orientation of the receiving antenna. 
Since a convenient expansion parameter 
should not involve the angle @ 2 and since, 
as is shown in Sec. 10, the optimum behavior 


Graphs of the real and imaginary parts and 
the magnitude of the function x Y u (z) as defined 
in (12) are shown in Fig. 6.1. An appropriate 
choice of expansion parameter is seen to 
be the value at z = 0 (not at z = h — A 0 /4 
as in the evaluation of Y A1 ). For Q = 10 
and 20, numerical values, for p 0 h = tt, are 
respectively, Y p = 7.5 and 17.1, Y K = Y Jfl = 
6.8 and 16.5. It is seen that the values of 
are only a little larger than those of 
Y k = Y xl . Since the greatest deviation is to 
be expected when p 0 h = -tt, it is safe to assume 
that Y p and Y,. vary from exact equivalence 
when Pah — tt/2 to approximate equivalence 
when Pah = tt. 

In any practical application in which a 
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receiving antenna is properly matched to its 
load, the part of the current that is distributed 
as in a driven antenna greatly predominates. 
Clearly, if the values of T characteristic of 
this distribution are used, no error is made 
for /9 0 /i near tt/2 and only a small one for 
p 0 h near n. This is not significant even for the 
unloaded receiving antenna with pji = n, 
since the magnitude of T is relatively much 
less important in determining the effective 
length than in determining the impedance. 
This was suggested by the nonappearance 
of T" in the zeroth-order effective length in 
Sec. 5. It is indicated more clearly in the 
comparison of first- and zeroth-order values. 
Accordingly, it may be concluded that the 
same expansion parameter, is satisfactory 
for use in the receiving antenna. This is 
entirely reasonable, since if the relative 
distribution function g(z, z') is properly 
chosen, so that it is a good approximation 
of the actual current, the function 'F(z) is the 
ratio of vector potential on the surface of 
the conductor to the total current at z. 
For a given radius a, ¥ = | 'F(z r ) | should 
be a reasonably constant function, varying 
only slowly with the length of the antenna and 
the distribution of current if referred to the 
current at a point z T where 'F(z) is maximum, 
as is always the case. Unless otherwise 
indicated, the value of *F determined for the 
transmitting antenna is used for the receiving 
antenna. 

7. First-Order Current in Center-Loaded 
Receiving Antenna 

The numerical calculation of the distribution 
of current in a center-loaded receiving antenna 
from the general formula (3.26) involves the 
distribution functions u a (z) for the unloaded 
receiving antenna and v d (z) for the center- 
driven antenna, as given in (3.27) and (3.28). 
By replacing the general expansion parameter 
*F by *F Jtl , the solution is put into the form of 
the King-Middleton solution. (If T is replaced 
by fi the form due to Hallen is obtained.) 
As in the analysis of the center-driven antenna 
in Chapter II, the complexity of the higher- 
order terms and the accuracy required in 
most practical applications does not justify 
or demand calculations of a higher order for 
the distribution of current along the antenna 
than the first. On the other hand, a second- 
order current in the load is desirable. The 
first-order King-Middleton solution is 

[/Ji = U[u d (z)] 1 + V s {vfc)\, (1) 


where, for 8 <z ^ h, 

[u «OOli = Jrf- x 

4o * tfl 

f [cos q 0 h cos Po(z—d) —cos q 0 z cos P 0 (h— <5)]") 

+ [m 1K (z) cos /V + p 1K (z) sin ), 

* *1 _ 

cos p 0 (h - 6) + A 1k I'Y k1 


[v(z)] x = 


i 2 ” 


( 2 ) 


/ sin p Q (h - z) + M 1K (z)/y M | 

I cos P 0 (h - d) + A 1K l'V Kl j ’ 


The following functions have been defined 
previously; they are repeated for convenience: 

iVs = i-Fjji + t/|? sin q 0 d 
Po 

= - U [ iU d (S) Z l6 - sin q 0 6 , 

^6 i ^l6 L Po 

(4) 

t«i K (z) = F 1K (z) cos q 0 h - H 1k (z ) COS (i a h 
+ H 1K (h) cos P 0 z - F 1K (h) cos q 0 z, (5) 

Pik(z) = Gm(z) cos q 0 h - H 1 k {z) sin (l n h 
+ H lK (h) sin fa - G lK (h) cos q 0 z, (6) 

M 1k (z ) = F 1k (z) sin P n h - G lK (z) cos P 0 h 
+ G 1K {h) cos P 0 z - F(h) XK sin P 0 z, (7) 


Aik = Fi/h) cos p n S - G lK {h ) sin P 0 6. 

( 8 ) 


The functions F lK {z), F lfi (h), G lK (z), G 1K (h) 
are given in integrated form in (11.21. \a-d). 
The new functions H 1K (z) and H lK {h) are 
defined in the same way as F 1k (z) and F 1K (h) 
with Fqz = cos p 0 z — cos p 0 h replaced by 


H 0z = cos q 0 z — cos q 0 h. 


(9) 


That is, 


i4irzi f z 

h ik(z) = —s— Hos sin Po(z - s) ds 

4o J<5 

+ - (| - dz\ 


So 


(lOfl) 


H os sin p 0 (h - s) ds 


- ^jH^Kph^^dz'. (\0b) 
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These expressions may be written in the form 

H 1k {z) = + H 0 J¥ Kl - [C ga (h, z) 

^>0 

- C Qa (( 5, z)] + cos P 0 h [E a (h, z) - E a (8, z)], 

(11a) 

H 1K (h) = j ~JJh) - [Cjh, h ) - C qa (6, h)] 
= 0 

+ cos pji[E a (h, h) - E a (6, h)\, (1 lb) 

where 

JJz) = (cos q^s — cos q 0 h) sin p 0 (z — s) ds 

Jo 

_ cos q„h cos /V - cos q 0 h 

Po (1-? Wo ’ 

rh 

JcqVi) = (cos q 0 s — cos ^ 0 /i) sin p 0 (h — s) ds 

Jo 


_ cos </„/; cos p 0 h - cos q 0 h 

Po (i -qVPDPo ' 

(In these integrals the lower limit <5 has been 
replaced by 0 since the contribution to the 
small terms with z ! as a factor by the very 
short length 2 8 of wire is negligible.) 

f h e 

C aa (h, z) = cos q 0 z' —— dz, (13) 

J —h 

with 


= V(z' - z) 2 + a 2 . (14) 

This integral cannot be reduced to an 
algebraic sum of the tabulated generalized 
integral sine and cosine functions in its 
general form with unrestricted value of a. 
For small values of a, subject to the condition 
P„a <4. 1, an approximate formula may be 
derived. Without approximation (13) may be 
expressed as follows: 


Cqa(h, z) = JeW --- dz’ 

J-h Ri 

+ ie-W j 


-z) e-}Po R i 


dz’. (15) 


The approximation that now must be made 
is to substitute as in (14) for (z' — z) in 
the exponentials. Thus: 


C qa (h, z) = \ eW 


ie 


i 


i Ri 

h — i(0o+?o)*i 

~Ri 


dz' 

dz’( 16) 


In the first integral in (16), let 

Riq = 2?i(l — q^lPo), z*i<7 = a(l qolPo), 
z lQ = z(l - qjp 0 ), h lQ = h(l - q 0 IP 0 ). 

(17a) 


In the second integral in (16), let 

R*a — 7?2(1 + qolPo), a 29 = a( 1 + q 0 IP a ), 
z 2ff = z(l + q 0 IP 0 ), h 2q = h( 1 + qjp 0 ). 


(17 b) 

Using (17a) and (176) in (16), the variables 
may be changed so that 
rh 


„ c I..' 

Cqa(h, z) = — - dz 1 

J -h la k iq 


ie~W 


t 


#0^2 < 


~h 2Q R'lq 


dz„ 


(18) 


Each of these integrals is in the same form 
as the function 

„ C h e -Vo R i 

E a (h,z)=\ —— dz', (19) 

J-h Ri 

which is discussed in Sec. 11.19 in terms of 
tabulated functions. Hence, 

C Qa (h, z) = z E Qa (h u , z lQ ) 

+ >E Qa (h 2Q , z 2Q ). (20) 


With a = 0, Cq a (h, z) may be expressed 
entirely in terms of the functions Si and Cm. 
This has been done in the literature since 
the generalized functions C and S have 
become available in tabular form only 
recently. The expression is complicated and 
is not given here, since (11.19.36) in (20) 
is simpler. With the function C Qa (h, z) 
defined in (13) and represented approximately 
in a form useful for numerical computation 
in (20), (11a, b) are expressed entirely in 
terms of tabulated functions. Note that 
H 1k (z) and H 1K (h) both vanish when q 0 = 0. 

The first-order solution (1) may be expressed 
in terms of the functions of the Hallen 
theory by the procedure described in Sec. 
11.21. The results for (2) and (3) are: 


lu 6 (z )]! = 


jAir 

P7i 


( (/>!)i[cos q 0 h cos /?„(z - 6) 

X < — COS q 0 z COS /?„(/! — (5)] 

lcos p 0 (h d) j (D 1 ) 0 Ai ll l x l K i 


(Z) 2 )i[m lfl (z) cos p 0 d j 

_ + Piii(z) sin p 0 8 ]/ J , 

cos P 0 (h - <5) + (£>i) 0 i 


lv^.z)] 1 = 


j 2lr 

(0^1 


( 21 ) 


(£>i)i sin p 0 (h - z) + (£> 2 )iM lfl (z)/'F J1 | 
cos p 0 (h -6) + ( D 1 ) 0 A 1 J'T k1 j ’ 

( 22 ) 
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where the D factors as obtained from 
(11.21.20) are 

(2>i)o = 1, = 2 - Q/V 

(D 2 \ = 1. (23) 

The functions m lg (z), p 1B (z), M lg (z), and 
A ln are given by (5)—(8) with subscripts K 
replaced by H. The functions F la (z), F lg (h), 
G lg (z), G lg (h) are given in (II.19.la-d) and 
(II.19.11a-d). The functions H lg (z) and 
H lg (h) are the same as (11a, b) with Cl written 
in place of 

In determining the current along the 
antenna the simplification <5 = 0 is justified, 
since the distribution of current is not sig¬ 
nificantly affected by small values of <5 except 
near z = ±<5, where a higher order of approxi¬ 
mation of I 3 is desirable. With (5 = 0, (1) 
becomes 


[ZJi = U[u 0 (z)] i + F 20 [v 0 (z)]„ (24) 

where, for 0 iS z Si h, 

[««(*)]i = rS 1 

*0 T K1 

l[cos q 0 h cos PqZ — cos q 0 z cos P Q h] \ 
x +m 1K (z)l'¥ K1 , 


KWh 


COS fS 0 h 4- A , K j j 

J' 2rr 


sin ft 0 (h - z) + M lK (z)l'i' Jll 
cos -f- AuJ'Yjc! 


V„ n = -u 




2(Z 0 + Z L ) ’ 


(25) 


(26) 


(27) 


with m 1K (z), M 1 k (z), and A 1K defined as in 
(5), (7), (8) with 6 = 0. 

The distribution of current for zero load 
( Z L = 0) is given by (24) with V 20 = — I 20 Z L 
= 0. In the special case q 0 = 0, when the 
even current given by (24) is the total current, 
(24) gives 

IJzh = [/;+,/q = J2 

2 ttU 2t tU (o'f'ici 

( (cos P(jZ - cos Poh) 1 

+ [Fu(z)-fuWFn ' (28) 
cos M + F 1K (h)/'i r K1 ) 

where 2ttU = A 0 E 21Qi cos y>. (29) 


The function m 1K (z) reduces to the simple 
form in (28) because 


H 1K (z) = 0| 

H 1K (h) = 0) 


when q 0 = 0. 


(30) 


This follows from 


H 0l = cos q 0 z — cos q 0 h = 0 for q 0 = 0. 

(31) 

An alternative expression for (28) is 

[U )2 

2ttU 

((2 - Cll'¥ K1 )(cos fl 0 z - cos fi 0 h) ) 

X _ + (F lg (z) - F lg (h))l'l" Kl j . 

I cos p 0 h + F lll (h)l'Y K1 J 


(32) 


The function [I^JlnU as given in (27) and 
(28) has been evaluated for several values of 
fi 0 h with Cl = 10, 15, 20. The distribution 
curves showing first-order values of l'i\lnU, 
I'JIttU, | I z \I2 ttU, 0 : = tan -1 (/;//;) are 
shown in Figs. 7.1-7.4. The general shape of 
the distribution curves of the quadrature 
component I’ z is seen to resemble closely 
the zeroth-order current shown in Fig. 
5.1, 0 2 = O. For thinner antennas with 
Q = 20 and 15 the in-phase component is 
small except for f} 0 h = tt/2, which is near 
self-resonance. For fl = 10, the in-phase 
component of current is quite large for all 
lengths. 

Distributions of current with a variety of 
loads Z L are shown in Figs. 8.2, 8.4, 8.6, 
8.8, 8.10-8.14. These were computed from 
(24) by assigning the indicated values to Z L . 
Note that when the circuit is tuned to reson¬ 
ance by setting X L = — X 0 , the distribution 
resembles closely the transmitting distribution. 
This indicates that the term in (24) involving 
v 0 (z) predominates. Evidently, a wide variety 
of distributions is possible, depending on 
the nature of the load. 

The current in an electrically short unloaded 
receiving antenna placed parallel to the 
electric field may be determined quite accur¬ 
ately using the method developed in Sec. 
11.31 for the short transmitting antenna. 




Fig. 7.1. First-order distributions of current on unloaded Fig. 7.2. First-order distributions of current on unloaded 

receiving antenna parallel to the electric field; ftjt = -n 12. receiving antenna parallel to the electric field; p 0 h = 3ir/4. 
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Fig. 7.3. First-order distributions of current on unloaded Fig. 7.4. First-order distributions of current on unloaded 

receiving antenna parallel to the electric field; /3 0 /i = n. receiving antenna parallel to the electric field; = 5w/4. 
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With 5 = 0, £ = zjh, r = R/h, and q 0 = 0 the 
integral equation (3.8) may be expressed as 
follows: 



= -^[Ccmpohl + V), (33) 

so 


where the notation is the same as in Sec. 11.31 
and where, for the antenna parallel to the 
electric field, at the center of the antenna, 

V= Er ne Jf] 0 . (34) 

Let 


where, as in (11.31.15a), 

F 0z = cos /Vi£ - cos P 0 h. (40) 

It is now possible to eliminate D between 
(38) and (39), and to separate the real and 
imaginary parts to give the following two 
equations: 

u'fV''(0 - u' 0 W' r (0 

= KVs(O) - «oVV(0)] F 0 » (41) 

u'oK(0 + u 0 w" r (0 

= ["oV>s(0) + u’oV>r( 0)] F 0Z . (42) 


no = no + jT(o = I’ofio + pom, 

(35) 

where I"(0 is the component of current in 
phase with the field and /'(£) is the component 
in phase quadrature; Ig and I' 0 are the com¬ 
ponents of current at the center, £ = zjh = 0, 
of the antenna. The distribution functions 
f s (0 and fJX) are, as yet, unknown. 

With (35), the left-hand member of (33) 
may be expressed as follows: 

4irv 0 A 22l = I’aW'A) + jVe(0\ 

+ r 0 (v r (0 + M(oi (36) 


These equations may be solved formally 
for u" 0 and u’g. For the electrically short 
antenna explicit solutions may be obtained 
by expanding the functions involved in powers 
of f} 0 h just as in Sec. 11.31. Thus, 


Fgz = -t 2 ) 1 - (1 + £ 2 ) , 


(43) 

mo = w;(0 + fv' 2 a\ 

(44a) 

V(0 = n(0 + wl(0. 

(44 b) 

W'(0 = W' 3 (0 + fV 3 (0, 

(44c) 


where y>"(0 and y>'(£) are defined by (II.31.1 la, 
b) with appropriate subscripts on y> and /. 
If phase is referred to V by setting V — U, 
(33) may be expressed as follows, using (36): 

4-rrVgA ggz 

U 

= WowKO - u'o’KiO] + j WMO + u'gWriO] 

= -j^[D cos P 0 hi + 1], (37) 

^>0 

where D = Cj U, u'g — FgjU, u' g = I' 0 /U. At 
{ = 0 , 

KvKO) - aoV»r(0)] + j [ulw's(0) + u'gy>"r( 0)] 


V>'(0 = w'i(0 + w' 3 (0, (44 d) 


where in (44 b) and (44 d) the functions on 
the right are defined in (11.31.18). Note that 
= 0, since y>j(f) is independent of 
£, as shown in Sec. 11.31. It follows that the 
leading term in fV'(0 is of the order pgh 3 , 
whereas the leading term in fV"(Q is of 
order unity. If terms of orders not exceeding 
Pgh 2 are to be retained in (42), all terms in 
W',(0 may be neglected; moreover, only the 
leading term in (43) is required. Thus, 




- J ^[D+ 1], (38) 
so 


= r^ 2 - ( 45 > 


Now let the vector potential difference 
fV(0 = y>(0 — v(l) be introduced as in 
Sec. 11.31. The resulting equation is 

KTO - l<oK(0] +jWgK(0 


The leading term on the left gives 
, [ w; 0 (Q] _ 2 Ttpgh 2 

u ° Li - d {o 


+ UgWU)\ = -iyOf,,, 
so 


(46) 


pm It has been shown in Sec. 11.31 that with/ r (0 
given by the modified parabolic distribution. 
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fJX) = 1 — £ 2 + p(0, which is shown graphic¬ 
ally in Fig. II.31.5, the expression in the 
brackets in (46) is a constant, namely, 

KfO , .... 

[ = K ro = const. (47) 

It follows that the second term in (45), which 
is of higher order, also must be essentially 
constant and hence equal to its value at 
£ = 0. Therefore, from (45), 

, = _ wyv . 

u ° UKo + fv; 2 (0) - WiY; 0 m • > 

For Cl = 10, it has been shown in Sec. 11.31 
that 

Ko = 6.90, vVo(O) = 9.0, 

fv; 2 (0) = 0.4545/1 qA 2 , (49) 


/J ^ 2 


’ 60 x 6.90[1 - 0.444^^2] 

^ Plh\i + 0.444/1^/! 2 ) 

_ 414 


(50) 


It may be verified from (41) with (50) that 
u'q is distributed essentially like u' 0 , so that all 
subscripts s on / and y» may be changed to r. 
It follows directly that whereas u' 0 has the 
factor PIh 2 , u'q has the factor so that it 
may be neglected for most purposes. The 
important part of the current is given by 

K0 = Vo + ,/ai - £ 2 + />(£)], (51a) 


where, for fl = 10, /, < I' 0 , 

I'o = Uu' 0 

= 2.42 x 10- 3 <7j3^ 2 (l + 0.444 Ppi 2 ). (51 b) 

The distribution in (51a) is represented 
graphically in Fig. 11.31.5. 


8. Experimental Determination of Distribution 
of Current and Impedance for a Base-Loaded 
Receiving Antenna on a Conducting Plane* 

The experimental determination of the 
distribution of the magnitude and phase of 
the current on and the impedance of a center- 
loaded, isolated receiving antenna is difficult, 
since the measuring gear disturbs the field. 
Accordingly, it is advantageous to use an 
antenna erected vertically on a large con¬ 
ducting plane, just as described in Sec. 11.26 

* This section is based in part on the work of Dr. 
T. Morita, ref. 21, Dr. D. G. Wilson, ref. 41, and 
Drs. T. Morita, E. O. Hartig, and R. King, ref. 22. 


for the transmitting antenna. The load Z L 
on the antenna is the input impedance of an 
arbitrarily terminated coaxial transmission 
line, an extension of the inner conductor of 
which constitutes the antenna. 

In taking the measurements of current the 
source consisted of a base-driven transmitting 
antenna at a distance of 7f wavelengths. 
Diagrams of the circuits are given in Figs. 
II.26.4 and II.26.5. Measurements of current 
were made with a small shielded loop as 
probe, following the general method described 
in Sec. 11.26, for a range of electrical lengths 
of the antenna from f 0 h = w/2 to p 0 h = 3w/2 
and for three types of load, namely, Z L = 0, 
Z L = —jX o, Z L = ZJ, where Z 0 is the 
impedance of the isolated antenna. The results 
are shown in Figs. 8.1 to 8.12. Shown with 
some of the experimental curves are the 
theoretical ones for approximately the same 
conditions as computed from the King- 
Middleton first-order formula. On the whole 
the agreement is good. 

A comparison of the relative magnitudes 
of the currents on an antenna of electrical 
length p 0 h = ir/2 with four different loads 
including Z L = 0, Z L = -jX 0 , Z, = ZJ, 
and | Z L | very large compared with | Z 0 1 is 
shown in Fig. 8.13. Note that the current 
is greatest when the antenna is tuned to 
resonance with a purely reactive load. As 
shown in Fig. 8.13, the distributions of current 
amplitude for a tuned receiving antenna are 
essentially the same as for a transmitting 
antenna. 

A further interesting comparison of the 
distributions of current magnitude on receiving 
antennas is given in Fig. 8.14, where curves 
for Z L — 0 and Z L = —jX 0 are shown for 
= 77/2 , 3ti-/4, 77, 577/4, and 3 t 7/2. Note that 
near self-resonance (/yi = 77 / 2 , 3tt/2) the 
distribution curves all resemble those of 
driven antennas, whereas near antiresonance 
(fi 0 h = 77) the tuned antenna (Z L = —jX 0 ) 
has a distribution resembling that obtaining 
for transmission, while the unloaded antenna 
( Z L = 0) has an entirely different distribution. 
The intermediate lengths, p 0 h = 377/4 , 5t 7/4, 
have distributions essentially as for trans¬ 
mission when the antenna is tuned to reson¬ 
ance (Z L = —jX 0), but quite different when 
unloaded (Z L = 0). It is clear that the 
distributions of current for transmission and 
reception are similar only for antennas near 
self-resonance. In general, the distribution 
of current in receiving antennas depends 
greatly on the load. 
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The impedance of a receiving antenna is 
by definition (Sec. 4) equal to the impedance 
of this antenna when driven from the same 
network but with a generator replacing the 
load. Hence, the impedance determined 
theoretically and experimentally in Chapter 
II is directly applicable to the receiving 
antenna and no further analysis or measure¬ 
ment is required. However, an interesting 
and useful alternative method for measuring 
the impedance of an antenna while used for 
reception is available. For simplicity, let 
terminal and coupling effects be assumed 
negligible. Account may be taken of these 
with appropriate lumped networks. Consider 
the circuit of Fig. 8.15, in which the terminals 
of the receiving antenna are connected to 
one end of a transmission line at x = 0 while 
the other end of the line is terminated in a 
loosely coupled detector that is equivalent to 
a terminal impedance Z s that may be either 
a very low-impedance current loop as shown 
or a very high-impedance charge probe. 
Energy is supplied to the line from the antenna, 
which is excited by an electric field E = E 21@i 
due to a distant transmitter. From the point 
of view of the antenna, the load Z L is the 
input impedance of the line at x = 0. From 
the point of view of the line, the termination 
at x = 0 consists of a generator with emf 
V e 0 = Y 2 (Z, = oo) and internal impedance 
Z s == Z 0 ; the termination at x = s is the 
very high or very low impedance Z s . Thus, 
the experimental measurement of the imped¬ 
ance Z 0 of the receiving antenna is equivalent 
to the measurement of the internal impedance 
of the generator driving the line. Although 
the more conventional transmission-line tech¬ 
niques which depend on the determination 
of the standing-wave ratio or the distribution- 
curve dip cannot be used for measuring the 
impedance of the generator, the resonance- 
curve method is directly applicable. 15,1 ' 31 ® This 
depends on the condition for resonance, 
obtained by varying i and defining the 
resonant lengths s„, 

Ps n + 4*0 + = nir, n = 1,2, • • -, (1) 

and the equation relating the width Aj„ of the 
resonance curve between s — s n — Aj„/2 
and s = s n 4- SsJ2 (where the square of the 
current amplitude is one-half of its maximum 
value when s = s n ) to the over-all attenuation 
in the system, 

( 2 ) 


where 

Po + j% = coth- 1 Z 0 /Z c , (3a) 

Ps + j®s = coth- 1 ZJZ C , (3 b) 

and a and f} are, respectively, the attenuation 
and phase constants of the line; Z c is its 
characteristic impedance. Since Z 0 is available 
if p 0 and 4> 0 are known, the experimental 
problem is the determination of p 0 and <X> 0 . 
This involves the predetermination of p s and 
4> s , which may be accomplished by replacing 
the receiving antenna with a short circuit 
and driving the line directly from a very 
loosely coupled generator. Since p 0 = 0 and 
4> 0 = -n/2 for a short circuit at x = 0, (1) and 
(2) may be solved for p s and <3> s if corre¬ 
sponding values of s n and A s n are measured 
and the constants of the line and the frequency 
are known. With the short circuit replaced by 
the receiving antenna, a second determination 
of s n and As„ for the new circuit permits the 
calculation of p 0 and O 0 from (1) and (2). 

The apparent impedance of receiving 
antennas with several values of h/a were 
measured by Wilson 41 by the resonance-curve 
method using a particular procedure for 
determining p s , which was discovered later 
to involve considerable error due to noise. 
A more accurate determination was made by 
Hartig and Morita. 22 Some of the results 
are given in Fig. II.34.9. More complete data 
showing comparisons between measured im¬ 
pedances of the same antenna when used for 
reception and for transmission are given in 
Fig. 8.16 and in Figs. II.34.10a, b. Theoretical 
curves also are shown in the last two figures. 
Agreement between the two sets of experi¬ 
mental values is excellent, as is the agreement 
between both sets and theory. Experimental 
curves obtained by Wilson with less accurate 
equipment are shown in Fig. 8.17. 

The apparatus used by Hartig and Morita 
is essentially the same as that used by D. D. 
King and improved by E. O. Hartig as de¬ 
scribed in Secs. 11.37 and 11.38. Owing to the 
small size of the coaxial line feeding the ver¬ 
tical antenna over a large (36 ft square) metal 
ground plane, the effect of the finite value of 
b — a for the line was negligible and the 
measured apparent impedance differed neg¬ 
ligibly from the ideal impedance, that is, 
Z so = Z s = Z 0 . Measurements of impedance 
were made at 500 Mhz. 

It is evident from the results obtained that 
the impedance of an antenna may be measured 
equally well when it is used for reception or 


— 2(a s n + p 0 + Ps)> 
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receiving antenna, 0 <Jt = 5 tt/4 (Morita). 




-MEASURED (MORITA) \ 
-KING-MIDDLETON \ 

(n = io) 


20 


10 /3 0 2 


Fig. 8.8. Measured currents on tuned receiving 
antenna, h = 5rr/4 (Morita). 
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Fig. 8.9. Measured currents on unloaded Fig. 8.10. Measured currents on tuned receiving 

receiving antenna, pji—3nl2 (Morita). antenna, pji = 3jr/2 (Morita). 



Fig. 8.11. Measured current on 
conjugate matched receiving 
antenna, fiji = tt/ 2 (Morita). 


Fig. 8.12. Measured current on approxi¬ 
mately conjugate matched receiving antenna, 
(SJi = 5rr/4 (Morita). 
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CURRENT DISTRIBUTION ON RECEIVING 
- ANTENNA FOR VARIOUS LOADS 


Fig. 8.13. Current distribu¬ 
tion on receiving antenna for 
various loads (Morita). 


ovp E INCIDENT * CONSTANT 

X 8 MEASURED TRANSMITTING 
7Q _ ANTENNA CURRENT 

DISTRIBUTION. (MORITA) 


Z L =660+j853 



Fig. 8.14. Current 0 

distribution on un¬ 
loaded and tuned 80 

receiving antennas 
of different lengths 
(Morita). = 


CURRENT DISTRIBUTION ON RECEIVING 
90 - ANTENNA lMORITA) 

-Z u = 0-Z L = iX 0 WITH E INC10ENT = CONSTANT 






4.0 w 



Fig. 8.15. Schematic diagram of complete equipment: 
A, receiving antenna; B, measuring line; C, movable 
piston; D, double line stretcher; E, shunt stub; F, bolo¬ 
meter mount; C, tuned bolometer amplifier; H, Ballantine 
voltmeter; J, transmitter; K, modulator; L, wavemeter 
crystal current; M, wavemeter; N, transmitting antenna; 
P, remote crystal current; R, ground plane. 
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MEASURED IMPEDANCE OF CYLINDRICAL ANTENNA 
OVER SQUARE GROUND SCREEN 
LHARTIG AND MORITA) 

04 TRANSMITTING ANTENNA 
«* RECEIVING ANTENNA 


Fig. 8.16. Measured impedance of cylindrical 
antenna over square ground screen (Hartig and 


Fig. 8.17. Measured impedance of receiving 
antenna (Wilson). 
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Fig. 9.1. Real and imaginary parts and magnitude of correction factor s a as 
functions of fi 0 h. 
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when used for transmission. The resonance- 
curve method required when using the re¬ 
ceiving antenna is somewhat less convenient 
than the standing-wave-ratio method that 
is available for the transmitting antenna. 
On the other hand, use of the receiving antenna 
has the advantage for some purposes that the 
usually heavy apparatus associated with the 
transmitter is not required at the location 
where the impedance measurements are made. 
For example, the impedance of an aircraft 
antenna may be measured while it is receiving 
a signal from a powerful ground transmitter 
with only light test equipment in the aircraft. 

9. Effective Length 

The general formula for the complex 
effective length of a center-loaded receiving 
antenna is given in (4.20). It is 

A>M®2> = liu s (8)Z s 

+ cos 0 2 sin (J} Q S cos © 2 )]/sin 0 2 . (1) 

Since it has been assumed that P 0 S is small, 
the condition 

P& 2 < 1 (2) 


may be applied. After neglecting higher 
powers of p Q d according to (2), it follows that 
(1) becomes 


Po h e6<ff>d 


\U^)Z 6 + /V 
sin 0 2 


— p 0 S sin 0 2 . 

(3) 


General expressions for mth-order u a (<5) and 
Z 6 subject to (2) are 

ML = JTTT- X 
to T K1 

cos qji — cos q 0 d cos P 0 (h — <5) 

m 

+ 21 m nJ A ) cos /fy5 + p nK {, 5) sin / V]/^ i 

' n~l _ * 

m 

cosfah -S) + ZA nK l'¥» 1 

»=i 

(4) 

iz a ] m = ^p£ 


simplified as follows: 


[««(<5)] m = x 

to * Kl 

cos qji — cos P 0 h — P 0 S sin pji 

m 

+ l[m nK (S) + p 0 dp nK (S)]IT E 

_ 71 = 1 _ f ’ 

m 

cos Mh-S) +2 A nK IT n Kl 

L 71 = 1 


( 6 ) 


The substitution of (5) and (6) in (3), and the 
neglect of higher powers of p 0 6 according to 
(2), gives the following expression for the 
complex effective length: 


— -/V sin ©2 
f m 

cos qji - cos P 0 h + 2 [m nK (S) 

n = 1 

+ 1 + WPnM + ^nJ/TSi 


[sin p 0 (h — 6) + 2 BnJ'ili] sin © 

» = 1 2J 


(7) 


In the numerator in (7), the small quantity 
P 0 S appears only in terms of order higher 
than the zeroth. For most practical lengths 
and useful inclinations of the receiving an¬ 
tenna, the zeroth-order term in the numerator 
of (7) does not become small. For example, 
with q 0 - P 0 cos 0 2 = 0, (1 — cos Pff) does 
not become vanishingly small for any value 
of Pf/i below 2 tt. Accordingly, the higher-order 
terms are relatively unimportant, so that in 
them it is a satisfactory approximation to set 
<5 = 0. If this is done, 


lPo h et(®z )]m — -/V sin ©2 

j cos qji - cos Poh + 2 i m n*(0)/' F 2i | 
[[sin P 0 (h - 6) +2 B nK l'¥” 1 ] sin 0 2 J 

( 8 ) 

where it is understood that 6 = 0 in m nK { 0) 
but not in B nK . Alternatively, 


f 771 ' 

cos p 0 (h -6)+ 2 A nK !'¥ n K1 
X -2=i- . (5) 

[ sin p a (h - d) + 2^*1^] 
where B nK = M nK {h). 

Subject to (2), the numerator in (4) may be 


lPohei(®z)]m = —Po d sin 0 2 

{ 771 

cos q^i - cos p 0 h + 2 tn ns ( 0)/T"» 1 

- 2=1 - 

771 

[sin Poh + 2 B nKt'Y n Kl ] sin 0 2 

n = l 


\ 


( 9 ) 
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in 

sin^ 0 (/r-(5) + 2^mi 

^ _ n~l _ 

Si m 

6 [sin flfi + 2 
n = 1 

sin /? 0 (/t - 5) + B 1K l'i’ K1 
[sin p 0 h +B 1 e I'¥ e1 ] s =o 


The numerator in (10) is the denominator 
in the expression (5) for the impedance Z s . 
Since it has been shown in Chapter II that 
the percent difference between Z s and Z 0 
is quite small near f) 0 (h — 5 ) = n where 
sin p 0 (h — 5) becomes negligible compared 
with B 1e I'¥ e1 , and cos /? 0 (A — 5 ) = cos pfi, 
it follows that B 1E differs negligibly from 
B 1e (S = 0) when p 0 (h — 5 ) is near n. Hence, 
it must be a good approximation to set 
B 1e equal to B lE (5 = 0) in (10). That is, 

1 . sin (i 0 (h-6) + B 1E (d = 0)ir E1 
s d sin p 0 h + B 1E (d = 0 )/'F jrl 

= , _ gs _ cos p 0 h _ 

Po sin/J 0 /i + B 1e (6 = 0)j'V El ' 

(ID 


Alternatively, in terms of the tabulated 
function B la instead of B lE , 

1 . (2 - n/'V El ) sin f) 0 (h - 5) + B ln /r El 
St (2 -Q/Y E )smp 0 h + B 1 u IH' e1 ’ 

( 12 ) 


Sf — 1 


(2T~ g i - 0) cos ftp 

_(2T X1 -a)sin^ + 


_ 

b 1b 


where the bracket is evaluated with <5=0. 
Since terms with the internal impedance per 
unit length, z\ as a factor are negligible in 
evaluating B lg , B 1b = p lfl , which is tabulated 
and represented graphically in Chapter II. 

Curves of the real and imaginary parts of 
s s and of its magnitude as functions of fi 0 h 
are given in Fig. 9.1 for P 0 6 = 0.01, 0.05, 0.10 
with 0 = 10, 15, and 20. 

The general formula (9) for the complex 
effective length may be expressed as follows: 


[Poh e (Q 2 )] m 

m 

cos q g h - cos p 0 h + 2 tn„ Jf (0)/'F'‘ 1 

=-2=1- (15) 

m v y 

[sin pji + 2 B nK l'¥ n El ] sin 0 2 

71=1 

is the complex effective half-length in radians 
for 5=0, and 

/W© 2 ) = M sin 0 2 (16) 

is the effective half-length in radians of a 
short antenna of length 26 and with uniform 
current. However, from (3) with 5 = 0, 

AA(®*) = • (17) 

2 sin O 2 

Therefore, 

P 0 hJ ® 2 ) = t, M sin 0 2 - (18) 

Z Sin VZ 2 

With (18) it is a simple matter to determine 
the effective length of a center-loaded receiving 
antenna for which 6 # 0 from the value for 
5 = 0. Therefore, it remains to evaluate 
fi 0 h e (® 2 ) for 5 = 0 from (17). 

In (17), u g (0 ) is proportional to the current 
at the center of an unloaded receiving antenna, 
whereas Z 0 is the impedance of a center- 
driven antenna. It has been shown (Sec. 7) 
that the first-order distribution of current in 
an unloaded receiving antenna is a very good 
approximation, since it differs relatively little 
from the zeroth-order. It follows that a 
combination of first-order « 0 (0) and second- 
order Z 0 should lead to an effective length 
that is comparable in accuracy to the second- 
order impedance. In Figs. 9.2-9.5 are shown 
curves for h' e l2 0 , ti' e ! A 0 , hjl 0 for A = 10,12.5, 
15, and 20 as functions of p 0 h with cos 0 2 
as parameter, as calculated from 


Po^e(,®2) 


27rft e (0 2 K t«oCO)1i [Z<J2 
A n 2 sin 0 2 


lPo^ei(®2 )lm — IP 0^1 e (® fi] m S t 


P(fie(®2)-< 

(14) 


h e (® 2 ) = K(® 2 ) + jh’ e {® 2 ). (20) 

For small values of f! 0 h, the first-order 
effective length using first-order impedances 
becomes 


2 ( 0-2 
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Fig. 9.2c. Effective length of 
receiving antenna | h,jl 0 | as a 
function of pjt; Q = 10. 
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1.0 


1.5 


2.0 


Fig. 9.3c. Effective length of 
receiving antenna | h e jX Q | as a 
function of O — 12.5. 
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Fig. 9.5a. Imaginary part of effective length of Fig. 9.5 b. Real part of effective length of receiving Fig. 9.5c. Effective length of receiving antenna | hjX 0 | as 

receiving antennaas a function of £1=20. antenna A£/2 0 as a function of £1 = 20. a function of pjt; £1 = 20. 
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With numerical values of the complex 
effective length available, the emf of the 
generator in the equivalent circuit for the 
receiving antenna may be determined in 
both magnitude and phase referred to the 
electric field of the distant transmitter. If 
this electric field is linearly polarized, the 
phase usually is not required. On the other 
hand, if the field is elliptically polarized it 
must be resolved into components along 
major and minor axes of the ellipse. The 
equivalent emf for each of these components 
must be determined separately and combined. 
This involves a knowledge of the relative 
phases of the two components. 

The magnitude of the effective length with 
the electric field parallel to the antenna 
(0 2 = 7 t/ 2 or 0 2 = 0) for n = 10, 12.5, 15, 
20, and oo is plotted in Fig. 9.6a, b. The 
zeroth-order curve for 0 = co is seen to be a 
fair approximation for thin antennas that are 
not too long. It is significant to note that the 
effective length for thick antennas is greater 
than that for thin antennas when the actual 
length of the antenna lies between resonance 
and antiresonance, but is smaller below 
resonance. The effective length hJX 0 is 
plotted in the complex plane with p Q h as 
running variable and cos 0 2 as parameter in 
Fig. 9.6c for ft = 10. The lower half of each 
curve is very nearly a perfect semicircle. 

The directional properties of the receiving 
antenna are illustrated in Fig. 9.7, where the 
magnitude of the effective length with ft = oo 
is plotted as a function of 0 2 with p 0 h as 
parameter. These zeroth-order curves for 
infinitely thin antennas are good approxi¬ 
mations even for quite thick antennas if p 0 h 
does not exceed n. When P^h exceeds w, 
minor lobes occur. In this case the sharp 
zeros of the curves for an infinitely thin 
antenna are replaced by minima for antennas 
of finite radius. This is illustrated specifically 
for p 0 h = 3.7 in Figs. 9.8 and 9.9, where 
curves are shown in both rectangular and 
polar graphs for ft = 10, 12.5, 15, 20, and oo. 
It is seen that the thicker the antenna the 
shallower is the minimum and the larger is 
the minor lobe. 

The experimental determination of the 
magnitude of the effective length h eS (& 2 ) was 
carried out by Morita and Taylor. The 
apparatus consisted of a receiving antenna 
of length h erected vertically over a large, 
highly conducting ground screen and base- 
loaded by a coaxial line that was terminated 


in its characteristic impedance. A constant 
electric field parallel to the antenna was 
maintained by a distant transmitter, and the 
relative power to the load was measured as a 
function of the length of the antenna. A graph 
of the relative power P L to the load Z Lt> = R c 
as a function of A/A 0 is shown in Fig. 9.10. 

Using (4.1) and (4.18) it follows that 

h et> {® 2 ) ~\UZ l6 + Z,)|, (22) 

where Z s = R 6 + jX b is the impedance of 
the antenna. Since the current in the matched 
line and hence in the load is given by 

h = V PJRc (23) 

it follows that the magnitude of the effective 
length per wavelength is given by 

/U© 2 )/2o ~ V(PJR c )[(R 6 + R c )* + XI). 

(24) 

Since R c is known and P, as a function of 
/t/2 0 is given in Fig. 9.10, the relative value 
of h ed (Q 2 )/X o as a function of /?/A 0 can be 
determined from (24) if the impedance of the 
antenna is known. The measured value of the 
apparent impedance Z, a is shown in Fig. 
9.11. Since terminal-zone effects are small and 
only a relative agreement between theory and 
experiment is sought, it may be assumed that 

— ho¬ 
using P L from Fig. 9.10, R s and X 6 from 
Fig. 9.11, and with R c = 65.9 ohms, the nor¬ 
malized effective length was determined and 
plotted in Fig. 9.12. Since only relative 
magnitudes are known, the maximum of 
Kh e /A 0 was normalized to unity. Corre¬ 
spondingly normalized theoretical curves 
taken from Fig. 9.6 are also shown. In the 
experimental determination, h\a for the 
antenna varied as the length was increased. 
On the other hand, the theoretical curves 
are computed for constant h/a. It follows that 
a direct comparison is not possible. However, 
the value of ft=2 In (2 h/a) for the experi¬ 
mental curve is at the bottom of Fig. 9.12. 
It extends from small values to about 12.3. 
For comparison the theoretical curves for 
ft = 10 and 12.5 are shown. It is seen that 
the general agreement for corresponding 
values of ft is quite good. Note that the 
theoretical curves assume <5 = 0, which is 
strictly correct in so far as h ed (Q 2 ) = h e {& 2 ) 
is concerned, since there is no axial gap in 
the antenna. 
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Fig. 9.10. Measured relative power into matched 
line from receiving antenna in constant field 
(Morita and Taylor). 



antenna (Morita and Taylor). 
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Since the impedance of an electrically 
short transmitting antenna has been deter¬ 
mined acccurately in Sec. 11.31 and the current 
at the center of an unloaded short receiving 
antenna is given with comparable accuracy 
in Sec. 7, the effective length of such an 
antenna may be expressed directly. With 
0 = ir/2 in (19), it follows that 

/S 0 fc e (© 2 ) = /S 0 [A"(© 2 ) + jh' e (®ff\ = iu 0 Z 0 . 

(25) 

For 0 = 10, it follows from Sec. 11.31 and 
(7.50) that 

Z 0 = 18.3/3g>j 2 (l + 0.086/3 jj/; 2 ) 

d- 0 - 383 ^ 2 )- < 26 > 

+»•««*■>. 

(27) 

Hence, 

(|^) (1 + 0.061 /3 2 0 6 2 ) 

= 0.479/i 0 /i(l + 0.061/? 2 6 2 ), (28a) 

00^(0*) = 0.00221/^(1 + 0.530/( 2 6 2 ). 

(286) 

It follows that for ^ 1, the magnitude 
of the effective electrical length is well approxi¬ 
mated by 

/?A(0 2 ) = 0.479/f 0 6(l + 0.061/i 2 6 2 ). 

(29) 

This formula is quite accurate for figh ^ 0.5. 
Since for 0 = 10 the first-order King- 
Middleton formula gives 

W^-Ti n-V+U )- 047 ^- 

(30) 

it is clear that the first-order effective lengths 
are accurate for sufficiently short antennas. 
Note that for very short antennas the magni¬ 
tude of the effective length is essentially 
independent of the resistance R 0 in Z 0 . 
In plotting the curve for 0 = 10 in Fig. 9.6 b 
use was made of (29) and points computed 
from it are denoted by crosses. A list of 
effective lengths for short antennas obtained 
from (19) for the higher range, (29) for the 
lower range, and by estimate and differencing 
in the intermediate range, are given in Table 
9.1 for 0 = 10. The zeroth-order values for 


Table 9.1. Effective lengths of short antennas. 


/So h 

M. 

= 2nhJX 0 

o 

II 

a 

0 oo 

0 

0 

0 

0.1 

0.048 

0.050 

.2 

.096 

.100 

.3 

.144 

.149 

.4 

.193 

.197 

.5 

.243 

.254 

.6 

.293 

.291 

.7 

.345 

.336 

.8 

.398 

.380 

.9 

.452 

.422 

1.0 

.516 

.462 

1.1 

.586 

.501 

1.2 

.654 

.537 

1.3 

.741 

.572 

1.4 

.866 

.604 

1.5 

1.12 

.635 

1.6 

1.30 

.664 

1.7 

1.46 

.691 

1.8 

1.61 

.716 


antennas with sinusoidally distributed currents 
and 0 co also are given. They are computed 
from (5.25). Note that by expanding (5.25) 
the analog of (29) for 0 co is 

£<A(© 2 ) = 0.5/? 0 6(l + plh*l 12) 

= 0.5/3 u 6(l + 0.083 Plh 2 ). (31) 

This gives a value of Poh e (® 2 ) for 0 -> oo 
with an initially higher value and a more 
rapid increase than for 0=10. 


10. Power in the Load; Effective Cross Section 
The power transferred to the load of a 
center-loaded receiving antenna is 

Pl = a) 


where /« is the magnitude of 

= 2h ee (& 2 )E r 21fh cos y 
Z s + Z l6 


( 2 ) 


as obtained from (4.1) with (4.18). P L is 
maximized in so far as adjustment of the load 
is concerned when Z Ld is the complex con¬ 
jugate of the antenna impedance Z 6 . 
Specifically, 


■ j ls ■ 


, T h ei (® 2 )E r 210i cos v 

i : -n-• 


R 


lS 


(3) 


Substitution in (1) gives 


(P L )n 


I h ed (Q 2 )E r 2 i 0i cos w | 2 
2 Rg 


(4) 
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This may be expressed as follows: 


(P /)max — 

where 


(4^210! cos V 1 ) 2 

8^o 


D(& 2 , /VO, 


D (@ 2 , () 0 h) 


7T 


(5) 

( 6 «) 


The dimensionless directivity* Z)(0 2 , /i 0 /i) is 
plotted in Fig. 10.1 against with 0 2 = w/2, 
(5 = 0 and 0 = 10, 12.5, 15, 20, and a> using 
the data of Sec. 9 for P 0 h e and those of Secs. 
11.30 and 11.31 for R 0 . The corresponding 
curves for a range of values of 0 2 are in Fig. 
10.2. In determining the curve for 0=10 
in Fig. 10.1 the interpolated values of R 0 
as given in Table 11.31.1 were used. For the 
smaller values of ft 0 h these coincide with 
those obtained from the accurate formula 
for the short antenna derived in Sec. 11.31. 
Using this formula (11.31.44a) for R 0 and the 
corresponding formula for fi Q h e , namely, 
(9.29), the following result is obtained for 
the directivity or gain: 

D(Q, p n h) = 1.500(1 + 0.036/3jj/i 2 ). 

(0 = 10 ) (6b) 

This is accurate for /Sj/r ^ 0.5 and an excellent 
approximation for (l 0 h sj 1. The corre¬ 
sponding formula for an extremely thin antenna 
with sinusoidal current (0 -> co) is obtained 
using (11.31.48) for R 0 and (9.28) for (S n h e . 
The result is 

D(@J 0 h) = 1.500(1 + /J 2 A 2 /30) 

= 1.500(1 + 0.033 Plh 2 ). (6c) 

Although the directivity of the thin antenna 
initially rises slightly more slowly than that 
of the thicker antenna, these relative positions 
are reversed as the antenna is made longer. 
This is shown in Fig. 10.1. Near resonance 
the gain of the thicker antenna increases 
rapidly. This is a direct consequence of the fact 


* It is proved in (V.14.21) that p„h t = F a (ft a h, 0), 
so that with (V.12.3) it follows that D( 0 2 , pji) in (6) 
is the same as the directivity D defined in (1.10.7). 

The defining formula for the directivity (6 a) may be 
rearranged as follows: 

A e <5(© 2 ) = kX 0 Vd((-> 2 , P,h)Ri6, 

where k = 1/' v/ 4»r^ 0 and the load resistance has been 
substituted for the equal antenna resistance. Note that 
this formula may not be interpreted as indicating 
that the effective length of a receiving antenna 
depends upon the resistance of its load. It follows 
from its definition in (9.1) that the effective length 
depends on the dimensions and orientation of the 
receiving antenna; a load is not involved. It is the 
power to the load that depends on the load, and in 
the particular case when the load is a conjugate match, 
the power to the load is proportional to the directivity 
or gain. 


that the effective electrical length of the 
thicker antenna is smaller than that of the 
extremely thin antenna when fi 0 h < n/2, 
whereas it is greater when p 0 h > w/2. The 
curves cross somewhere near fljt = ir/2. Since 
the gain varies as the square of the effective 
length, a sharp increase is observed near ir/2. 
It is well to note that the detailed shape of the 
curve for D(®, P 0 h) near resonance is very 
sensitive to the relative magnitudes and rates 
of increase of /3 0 h e and R 0 . Errors of approxi¬ 
mation of only a few percent might account 
for the dip below 1.5 for P 0 h between 1.2 
and 1.3 and for the small rise near p 0 h = 1.7. 

If the first-order King-Middleton formulas 
for (i 0 h e and R 0 are used, the limiting formula 
for the directivity as P 0 h -> 0 is 


D(® 2 ,P 0 h) 


(Cl - l) 2 1 . 

(0 — 2)(0 — 2 + 2 In 4)J 

( 6 d) 


It is readily verified that this gives values up 
to several percent below 1.5 for 0 < oo. 
This is a consequence of the inaccuracy in 
resistance, the first-order formula yielding 
values of R 0 for short antennas that are 
several percent too great. Numerical values 
of the gain or directivity for 0 = 10 and oo 
are given in Table 10.1 as computed from 
(6b) and (6c) for short antennas and from the 
second-order King-Middleton formula for 
longer antennas. 


Table 10.1. Directivity or gain of short antenna. 



D 

ED 

11 

o 

0 oo 

0 

1.500 

1.500 

0.1 

1.500 

1.500 

.2 

1.502 

1.502 

.3 

1.505 

1.504 

.4 

1.509 

1.508 

.5 

1.514 

1.512 

.6 

1.518 

1.518 

.7 

1.519 

1.524 

.8 

1.520 

1.532 

.9 

1.520 

1.540 

1.0 

1.521 

1.553 

1.1 

1.509 

1.564 

1.2 

1.450 

1.578 

1.3 

1.445 

1.592 

1.4 

1.546 

1.609 

1.5 

2.042 

1.627 

1.6 

2.211 

1.647 

1.7 

2.243 

1.669 

1.8 

2.137 

1.698 
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It is seen that the maximum value of 
D(Q 2 ,p 0 h) (which gives {P L ) ma xmax) in so 
far as the adjustment of 0 2 and h are con¬ 
cerned, occurs when fiji is near 4 and when 
0 2 = tt/2 or 0 2 = 0. The magnitude of this 
maximum power to the load is greater for 
thicker antennas. The power to the matched 
load is almost independent of h for pji < 0.5. 
However, owing to the high capacitive re¬ 
actance and very low resistance of very short 
antennas, a conjugate match is difficult to 
obtain and losses in the matching network 
may exceed the power to the load. 

The explicit zeroth-order formula for (6a) 
with <5 = 0 is interesting and useful for very 
long antennas for which higher-order data 
on effective length and impedance are unavail¬ 
able. It is given by 


[Z)(0 2 , 


’Woi 


cos(/? 0 /i cos 0 2 ) — COS PJl 
sin pji sin 0 2 


(7) 


where [/J 0 ] 01 is given by (11.28.5a) with <5 = 0 
or by (II.28.9), since the ohmic resistance is 
negligible in good conductors. Alternatively, 
(7) may be expressed in terms of the radiation 
resistance referred to maximum sinusoidal 
current defined by 

R e m = sin 2 p 0 h> (8) 


where R e 0 is equal to [/? 0 ] 01 if ohmic resistance 
is neglected. Hence 


[Z)(0 2 , fi n h)] n 


= Jo. 

*Rm 


cos (P 0 h cos 0 2 ) — cos 
sin 0 2 



(9) 


This function corresponds to (6a) with <5 = 0 
and Q oo. Curves of (9) to large values of 
/So/t are shown in Fig. 10.3 as computed by 
Hallen.* It is seen that for antennas whose 
half-length exceeds A 0 (fi^h > 2 it), the maxi¬ 
mum power to the load is not obtained with 
0 2 = tt/ 2 but at a variety of angles depending 
upon the length. Moreover, the maximum is 
greater for very long antennas inclined at a 
large angle 0 2 with respect to the wave front 
of the incident field £| 10i than for shorter ones 
with maxima at 0 2 = tt/2. In using long 
antennas at large angles 0 2 the adjustment 
in length and the angle of inclination of 


* See also Fig. V.12.2, where the same function is 
plotted using maximizing values of 0. 


the antenna are quite critical. It should 
be noted that a base-loaded antenna over 
a conducting plane corresponds to a center- 
loaded antenna in free space by the 
image theorem only when perpendicular to 
the conducting plane. An inclined antenna 
with its image corresponds to a V-antenna 
loaded at the apex. 

An experimental determination of the power 
to a matched load ideally requires the direct 
measurement of the power dissipated in an 
impedance Z LS = Z*. Since it is difficult 
to adjust Z lS accurately for each length of 
antenna so that it is the complex conjugate 
of the impedance of the antenna, an essentially 
equivalent procedure makes use of a matched 
load Z l6 = R c for the transmission line. 
By determining the relative effective length 
of the antenna in terms of the power 
to R c , and substituting the values of h eS (& 2 ) 
so determined in (6a), a quantity proportional 
to the power transferred to a load that 
is the complex conjugate of the impedance 
of the antenna may be computed. Using the 
experimentally determined values of the 
normalized relative effective length given in 
Fig. 9.12, the normalized relative directivity 
KD(Q 2 , pfji) was determined as a function of 
A/A 0 or of P a h by substitution in (6a). The 
results are shown in Fig. 10.4. 

If account is taken of the fact that h/a 
is not constant, the general shape of the curve 
in Fig. 10.4 is in good agreement with the 
curves in Fig. 10.1. Note that the maximum 
value of D(0 2 , jiff) occurs at the correct 
value of P 0 h and that a definite irregularity 
occurs near resonance. The amplitude of this 
oscillation in the experimental curve is smaller 
than for the corresponding value of h/a in 
the theoretical curves, but the general behavior 
is correctly given. The fact that the experi¬ 
mental curve drops sharply toward zero for 
small values of ftji is due to the fact that h/a 
diminishes rapidly whereas in the theoretical 
curve it remains constant. Thus, the theoretical 
assumption that h/a is constant implies that 
as h is reduced the antenna simultaneously 
becomes thinner and thinner so that at h = 0 
it is an infinitely thin doublet. The theoretical 
directivity curves do not go to zero at h — 0, 
whereas the practical curve of an antenna 
of finite thickness approaches zero rapidly 
but smoothly as h is reduced. 

A common measure of the effectiveness 
of a receiving antenna as a device for trans¬ 
ferring power to the load is a quantity, <r d!s , 
called the effective dissipation cross section, 



KD(9 t ,f3 0 h) 
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Fig. 10.2. Curves of Fig. 10.1 
with 0, as parameter. 


Fig. 10.3. Zeroth-order curves 
of D(0j, /?„ h) for large values 
of pji as computed by Hallen. 




Fig. 10.4. Measured normalized 
directivity (or relative power to 
a conjugate-matched load) of a 
receiving antenna in uniform field 
(Morita and Taylor). 
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the effective area, or the effective aperture of 
the antenna. It is defined to be the ratio of 
the power actually dissipated in a conjugate 
matched load to the magnitude of the time- 
average Poynting vector at the center of the 
receiving antenna. The Poynting vector in 
the far zone of the transmitter is expressed 
in terms of the incident field by 

(El lf> ) 2 

5 = -JglL = i . (10) 

With (10), (4) may be expressed as follows: 

(P,) max — Scf(\i$ 9 0 1 #) 

where 

CT dis = ~ [hed(® 2 ) COS v] 2 . (116) 

J<6 


when Z L = Z*, 

^li» — CT rad ~ ^abs- (146) 

The zeroth-order formula for the effective 
length is a good approximation when pff 
is not near m with n integral. For <5 = 0, 
0 2 = tt/ 2, it is 

[/?AW2)] 0 = tan OV/2) (15) 

The corresponding dissipation cross section is 

bdiJo = tJet tan2 W- 06«) 

PoL^oJoi 

For pff = ir/2, [/? 0 ] 0 i = 73.13 ohms, so that 

[^dtslo = = 0.13A 2 = A 2 /8. (16 6) 

Pol''oloi 


The effective dissipation cross section of the 
antenna with a conjugate matched load is by 
definition o- dis as given in (11a)*. When the 
antenna is in the plane of the electric field, 
tfi = tt/2, and 

Odis = [/a© 2 )] 2 . (12) 

This quantity is related to D(Q 2 , Pff) in (6a) 
as follows: 

CTdis = ~ D(®2> M) = § D(& 2, Pff). (13) 

P o 47T 

Thus, the curves of Figs. 10.1 to 10.3 give 
4-n a dis /A^ for y = w/2. It is clear that the 
effective cross section is somewhat greater 
for thick antennas than for thin ones. 

When the load of the receiving antenna is 
the conjugate of the impedance of the antenna, 
the power dissipated in the load is equal to 
the power reradiated from the antenna. 
Each of these is, then, one-half of the power 
absorbed by the antenna. It follows that the 
reradiating or scattering cross section <7 ra( i 
of the antenna must equal the dissipation 
cross section and their sum must equal the 
total absorption cross section cr abs . Thus, 

CT abs ~ ^dis 1 ^radi (14fl) 


* Note that if the Poynting vector is interpreted 
to be the “power per unit area flowing through space,” 
the effective dissipation cross section is the area in 
space perpendicular to the Poynting vector through 
which passes a power equal to that actually dissipated 
in the matched load. This area is much greater than 
the geometric cross section of the cylindrical antenna, 
and is not dependent upon it. The concept that a 
receiving antenna “intercepts” power flowing through 
space is a fiction requiring the definition of a fictitious 
area that is in no way related to the cross-sectional 
dimensions of the antenna. 


The same result is obtained by inserting the 
zeroth-order directivity [Dffjl, ir/2)] 0 = 1.64 
in (13). The dissipation cross section in (16) 
is often given as the correct value for all 
half-wave dipoles. Although the value of 
fiff) and hence of ou is does not vary 
rapidly with wire thickness, it is not actually 
constant. Thus, with O = 10, Dffjl, ir/2) = 
2.16 so that the second-order value of the 
dissipation cross section is 


faiJ. = = 0.17A 2 . (17) 


Since the directivity of the Hertzian dipole 
is 1.5, it follows that for such a dipole with 
a matched load 

bdis ] 0 = ^2 2 = 0.119A 2 . (18) 

The maximum value of [D(tt/ 2, Pff )]„ 
and of the dissipation cross section occurs 
when p 0 h is near 4. Its magnitude is essentially 
twice that at Pff — tt/2. Specifically, 

[D(in , 4)] 0 = 3.28, 

taislo = 0.26A 2 = A 2 /4. (19) 

This value increases considerably as the 
antenna is made thicker and thicker, as can be 
seen from Fig. 10.2. 

It is interesting to compare the absorption 
cross section of an antenna, particularly of the 
Hertzian dipole, with the classically derived 
absorption cross section of an elastically 
bound electron of charge e and mass m in a 
periodically varying plane incident field 
given by 

-Eiost = E 0 cos cut = Re(Eff wt ). (20) 
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The equation of motion for such an electron 
is a generalization of the well-known 
dynamical equation md 2 rldt 2 = eE, as given 
in ref. 1.31, Sec. 11.13. It is 


with the angular velocity oj — a> 0 , it follows 
that 


_ 3A 2 _ _ 3Aq 

ff abs > CT dis CT rad g v • 


(27) 


m 


dfr 

dt 2 


a dr _ 

—ma>ir — my — + e£ 0 cos cot. 


( 21 ) 


The value of tr dis is the same as (18) for the 
Hertzian dipole since the oscillating electron 
is, in effect, a Hertzian dipole. 


In (21) r is the displacement of the electron 
from its average rest position, co 0 is the reson¬ 
ant angular velocity, and —miu\r is the 
restoring force due to the internal binding 
of the electron. The term —mydrjdt takes 
account of dissipation. It consists of two 
parts: y = y rad + y di3 , where y dis represents 
dissipation within the system and y rad is the 
damping due to reradiation. In the classical 
theory it is given by 


2*? 2 £ 0 
Vrad 3/wA 2 ‘ 


( 22 ) 


The solution of (21) is 


(elm)E 0 e ia 
a>p — co 2 -f- jyct) 


(23) 


The time-average power absorbed by the 
oscillating charge (including that reradiated) 
is obtained from the time average of the 
product of the instantaneous force and the 

velocity. With E inst — Re E 0 e iwl it is 



= Re 



jMe/m)E 0 

- "o + jy°> 



(24) 


This may be expressed as follows: 
= eiof? 

abs m (co 2 - to 2 ) 2 + y 2 co 2 


^abs’ 

(25) 


where S is the time-average Poynting vector 
as given by (10) and cr abs is defined as follows, 
using (22): 

V 2 V " 2 

ffabs m (co 2 - co 2 ) 2 + y 2 co 2 

= 3A| rradr^ 2 

2n (co 2 — co|) 2 + y 2 co 2 ’ 

For an electron bound to a system with 
internal dissipation equal to reradiation, 
y rftd = y dia = y/2. If the field oscillates 


PARASITIC ANTENNAS AS SCATTERERS 
AND REFLECTORS IN THE RADIATION 
ZONE 


11. Reradiation from Parasitic Antennas — 
General Theory 

The general analysis in Sec. 2 of the parasitic 
antenna in the far-zone field of a transmitter 
is applied in Secs. 3-8 to the receiving antenna, 
of which the primary function is to transfer 
power to, or maintain a voltage across, a load. 
Since only even currents maintain a potential 
difference across a symmetric load, odd 
currents are ignored in that application. 

In this and following sections, the general 
analysis of Sec. 2 is applied to one or more 
parasitic antennas that serve a different 
function, namely, to provide suitable con¬ 
ductors for currents that maintain a desired 
electromagnetic field. Since all currents in 
each antenna contribute to the field, both even 
and odd distributions of current must be 
known. Therefore, the analysis of an arbit¬ 
rarily oriented, highly conducting parasitic 
antenna with no load must begin with (2.25). 
Let ohmic losses be neglected by setting 
z' = 0; also let 5 = 0. With this simpli¬ 
fication the integral equation (2.25) reduces 
to 


47rJ'Q/4 2 2 2 


C h jr e 
J-h R 22 


dz' 


where 


£0 


(Cj cos fi 0 z + C 2 sin £ 0 z 

+ (7<?Wo 2 ), (1) 


V = -E£ 101 cos y>/p , 0 cos 0 2 , (2) 


and £ 210 , is the field at the center of the 
receiving antenna No. 2 due to the transmitting 
antenna No. 1. The angle 0j is measured from 
the z x axis along the transmitting antenna, 
and 0 2 is measured from the z 2 axis along the 
parasitic antenna; C x and C 2 are complex 
constants to be evaluated from the boundary 
conditions; 

R 2 2 = v'fzg — zj) + a 2 , (3) 

q 0 = p 0 cos 0 2 = P 0 sin 0 2 . (4) 
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The solution of ( 1 ) may be carried out in 
two parts, corresponding to the symmetric 
problem with even currents and vector 
potentials, odd charges and scalar potentials, 
and the antisymmetric problem with odd 
currents and vector potentials, even charges 
and scalar potentials. 

The symmetric problem is the same as that 
already treated for the center-loaded antenna, 
but, since there is no load, 


where 

[11L = k,Y,(z) + 



lfe)gi(z, z')]K(z, z’) dz' , 


and where 


i = a or s, ( 11 c) 
d^z^h. (llrf) 


C 2 — iV 20 — 0. (5) Following the procedure in Chapter II for 

The appropriate integral equation is obtained t * le ' so * atec * antenna > 


from (2.28) with 8 — 0, z* = 0, and (5). Thus, 

4?n’«A!! 2z = f e-iW™ dz' 

J — h ^22 

_ ~j^ , 


£« 


-JAn 


[Ci s (cos /V - cos p»h) 


+ £/(cos q 0 z - cos q„h)] - — [ 12 ] s 


[C ls cos P 0 z + U cos q a z]. ( 6 ) 


(12 a) 


The integral equation for the antisymmetric 
problem is given by (2.32) with 8 = 0, z* = 0 
and with (2.35): 

P I a (z'\ 

4nv 0 A% 2z = e-IMst dz’ 

J-h r<22 

= ~Y~ t c 20 sin /V + jU sin (7) 
*0 


If = 7 “ [C 2a (sin p 0 z - sin P 0 h) 

to * a 

1 


+ jU (sin q 0 z - sin q 0 h)\ - — [ 12 ], 


where with ( 11 c) 


(12 b) 


[12], = [11], - T I‘(z')K(h, z') dz', 
J-h 


i = a or 5 . ( 12 c) 


The approximate solution of (6) and (7) 
may be carried out by the usual method of 
successive approximations. Let 

*F(z) = J g(z, z')K(z, z') dz' = T + y(z), 

(8) 

where 

g(z, z') = I z (z')!l z (z) = rjl z (9) 

and where 

K(z, z') = e~jPo R izIR 22 , (10) 

A superscript s is affixed to I, a subscript s to 
*F, y, and g for use with (6), and a superscript 
or subscript a for use with (7). Substitution of 
(8) in (6) and (7) and rearrangement of terms 
leads to 

11 = [Ci s cos /V + C cos q 0 z] 

to T s 

— Jr [11] 3 , (11a) 

* S 

l a z = [C 2a sin P Q z + jU sin q 0 z] 

to * a 

— ^ [ii] a , (lift) 

^ n 


These equations may be solved by iteration 
to give 

1\ = l C i sUz, h) + Uh s (z, h)l (13a) 

t0 T 3 

1? = [C 2 «A(^ h) + jUh a (z, h)l 

to T a 

(136) 

where / s (z, 6 ) = /(z, 6 ) as given by (3.11a); 
/i s (z, 6 ) = h(z, h) as given by (3.1 lc); / a (z, 6 ) 
is obtained from /(z, 6 ) by substituting sin 
for cos in F 0 (z); and h a (z, 6 ) is obtained from 
h{z, h) by substituting sin for cos in H 0 (z). 

The constants C l3 and C 2a may be evaluated 
as described in Sec. 3. The constant C ls is given 
by (3.16) with 6 = 0 and V = 0; it is 

C ls = -Uh $ (h)IUh). (14a) 

Similarly, 

C 2a = -jUh a (h)lf a (h). (146) 

Note that / 3 (/i) = /( 6 ) and h s (h) = h(h) are 
defined by (3.12a, c); f a (h) and h a (h) are 
obtained from f{h) and h(h) by substituting 
sin for cos in F 0 ( 6 ) and // 0 ( 6 ), respectively. 
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Substitution of (14a, b) in (13a, b) gives 

T> —foU \fs(z, h)h s {h) - h s (z, h)f s (h) 

2 w L m 


(15a) 


Since 


'a _ — f f a (z, h)h a (h) - h a (z, h)f a (h) 1 

* f 0 F. L Uh) V 

(15 b) 


h(z, h) = h(z) - h(h), 
f(z, h) = f(z) — f(h), 
it follows that 


r< _ fiirU | f s (z)h s (h) - h s (z)f s (h) 

2 to’*'. L U>’) J ’ 

(16 a) 


field is almost impossible with the currents 
given by (18) with the complicated formula 
(17a, b). In order to be of practical use, 
a simpler formula than (18) is required for 
the current. An exception is when interest is 
confined to the very special case in which the 
scattering antenna is parallel to the electric 
field so that no odd currents are excited 
(/* = 0) and 0 2 = -rr/2 so that q 0 = 0. In this 
case the entire first-order current in the 
scattering antenna is given by (17a) with 
cos q 0 h = cos q 0 z = 1, and H ls (z) = H ls (h) = 
0. With this simplification in the current, 
the first-order electromagnetic field may be 
evaluated in terms of tabulated functions, 
as is discussed in Sec. 13. 

12. Current Distribution in Reradiating 
Antenna 


ia _ \f a (z)h a (h) - h a (z)f a (h) 

2 loU L /«(*) 

(16 b) 

The zeroth-order and first-order terms are 


- 

I [cos (l 0 z cos q 0 h — cos q 0 z cos fl 0 h] 
+ (ll'Y s )[cosq 0 hF u (z) - cos fi 0 i 
+ H ls (h) cos (l 0 z - F ls (h) sing , 
cos fi 0 h + F ls (h)l'¥ s 


(17 a) 


as, - ydl x 

''[sin fl () z sin q 0 h — sin q 0 z sin ftji] 

+ (l/^a)[sin qohF la (z) - sin p 0 hH la (z) | 
+ H la {h) sin z — F la (h) sin q 0 z] 


sin j! n h + F la (h)j'¥ a 


(17 b) 


Note that F ls {z) = F x (z), H ls (z) = H x (z), 
and that F la (z) and H la (z) are obtained from 
F x (z) and f/,(z), respectively, by replacing 
cos by sin in F 0 (z) and H 0 {z) as defined in 
Sec. 3 and in Sec. 11.19. 

The resultant current in the parasitic 
antenna is given by 

l z = I* z + I“. (18) 

It is this current that maintains the reradiated 
electromagnetic field. However, since the 
evaluation of the electromagnetic field involves 
integrals with the current (18) under the sign 
of integration, the actual evaluation of the 


When the primary function of the current 
in a parasitic antenna is to maintain an 
electromagnetic field, and interest is in the 
properties of this field, it is necessary to 
determine both the odd and the even currents. 
Moreover, since the current ultimately must 
be substituted in the integrand of a complicated 
integral for the electric or magnetic field, 
it is important that it be simple in form in 
order to facilitate integration. The formula 
(18) with (17a, b) is far too intricate for this 
purpose. The problem of simplifying this 
formula is the principal subject of this section. 

A first step in the simplification is readily 
made if account is taken of the fact that, 
for an antenna that is not too short, the ratio 
of vector potential to current where this is a 
maximum does not vary appreciably with the 
particular form of the distribution of current. 
Hence, T - , and Y 0 , which are proportional to 
the ratio of vector potential to current at 
reference points that are near the maximum 
current in each case, are practically equal. 
Therefore, let 


T = |0*'« + Vs)- 


0 ) 


With (1), (11.18) reduces to the following 
first-order form: 

(/) =J±E x 
£ #r 

[— sin (S 0 h cos i) 0 h e+» z 
+ sin fifth cos q 0 h cos fi 0 z 

+ j cos fifth sin q 0 h sin fi 0 z] + — [• ■ •] 

[cos fifth + F u {h)l+][sin fi^h + F la (h)m J 

( 2 ) 
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While simpler than (11.18), this is still too 
complicated to permit evaluation of the 
electromagnetic field. Further simplification 
is necessary. 

The zeroth-order current is 

, = -jAnU l _ cos tjph cos fa 

( z ’° (o' 1 ' l cos p 0 h 

_ . sin q 0 h sin p 0 z \ 

J sin PJi j ‘ 

It is evident that whereas (3) is simple in form, 
it is not satisfactory for the evaluation of the 
electromagnetic field because the second 
term becomes infinite when PJt = m/2, 
n odd, and the third term when p 0 h = mr/ 2 , 
n even. Moreover, the entire current vanishes 
when q 0 = P 0 . 

A modified zeroth-order solution may be 
obtained from ( 2 ) by retaining only enough 
first-order terms to keep the expression 
finite for all values of p 0 h. This is readily 
accomplished by neglecting all first-order 
terms in the numerator, and retaining in the 
denominator the first-order terms associated 
with cos pji in the second term and with 
sin pji in the third term. Thus, let 

eft** cos q 0 h cos PqZ 
"T *F cos PJi + F 1$ (h) 

- j sin sin ] ( 4 ) 

J T sin p 0 h + F la (h)i ' W 

This expression has the same dependence 
upon the variable z as the zeroth-order 
solution (3), but the coefficients of the terms 
remain finite for all values of P 0 h. 

It remains to evaluate T. In its usual 
definition, T is the magnitude of the complex 
function 

*«= J* z^K^z'jdz', (5) 

where 

g(z, z') = / 2 (z')// 2 (z) (6) 

is determined from the zeroth-order distri¬ 
bution and where z is essentially that reference 
value z r where / 2 is a maximum. In the 
relatively complicated series form of solutions 
for current encountered heretofore, this 
definition is convenient and sufficiently 
accurate. Actually, it would be more accurate 
to choose the complex value of 'F(z) at the 
reference point rather than its magnitude. 
This was not done to avoid the increased 


complication. It was felt that the higher-order 
terms would make the solution sufficiently 
accurate with T real, since the imaginary part 
is quite small. 

Since no higher-order terms are to be 
retained with (4), some improvement in 
accuracy should be achieved if a complex 
value 'F of 'F(z) is selected instead of the 
magnitude *F. Moreover, 'F may be evaluated 
separately for each term with the appropriate 
distribution of current. Specifically, for the 
first term, *F(z) is defined by (5) with g(z, z ') = 
e n&’left o z ; for the second term, g(z, z') = 
cos /Soz'/cos /J 0 z; for the third term, g(z, z') = 
sin P 0 z'l sin /3 0 z. Let the appropriate complex 
values of 'F(z) at the corresponding reference 
points be defined as follows: 

S', = J (efto'/eft^K^z, z ) dz' 

at z = z Tq , (7) 

V.i = ( cos ^o z '/cos /9 0 z)liC 1 (z, z') dz ' 

J -h 

atz = z rl , ( 8 ) 

^c 2 = J (sin (i 0 z'/am /3 0 z)Jf 1 (z, z') dz' 

at z = z r2 , (9) 

where the reference point z T is chosen in 
each case where the corresponding current 
is sufficiently large. 

The function < F a (z) has been evaluated in 
Sec. 7. It is the first integral in (7.15) which is 
expressed in (7.20) in terms of the tabulated 
function E a (h, z). Specifically, using (7.17a), 

W = z„), (10) 

where 

a, = a(l - qolPo), h Q = h(\ - q 0 IP 0 ), 

z„ = z(l - q 0 IP 0 ). (11) 

This function has been evaluated in terms of 
integral sines and cosines in the literature, 39 
but the formula is very long. It is not repro¬ 
duced since the function E a (h,z) is readily 
expressed in a short formula in terms of 
newly tabulated functions (II.19.36). 

The function < F cl (z) has been evaluated 
in the following form [see (II. 19.3)]: 

Y cl (z) = C a {h, z)/cos Poz. (12) 

The function 'F c2 has not been used ex¬ 
plicitly before. However, it is given by 

▼«/*) = m o 

= y (A + U 03) 
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where I lt / 2 , 1 3 , and / 4 are defined by (II. 19.32a, 
6 , c, d). The function ^JJi, z) differs from 
S a (h, z) defined in (II. 19.4) by having opposite 
signs for / 3 and / 4 . 

Suitable mean values of the three functions 
are: 

W = = E aQ (h„ 0 ) 

== ft' + 2 In (1/sin 0 2 ) — jn, (14a) 

= \C a (h, h - A 0 /4) (h > 2 0 /4)| 
\C a (h, 0) (h F 2 0 /4)j 

= ft' - 2A + 1 -jnl 2, (146) 

where 

0' = 2 In (2//? 0 a) - 1.154, 

A = 0.712 — \ In p 0 h. (15) 


The asymptotic formulas on the right in 
(14a, b) were evaluated by Van Vleck, Bloch, 
and Hamermesh . 39 The function E a (h, z) has 
real and imaginary parts sensibly constant 
for all values of z except near z = h, where 
the function drops approximately to half¬ 
value as shown in Figs. 11.19.5,6. The 
behavior of C a (h, z)/cos b Q z is described in 
Sec. 11.20 and is shown in Fig. 11.20.1 for 
fl 0 h = w/2. 

The functions F u (h) and F la (h) in (4) are 
defined as follows: 


FiJLh) 




(cos bo 2 ' — cos fl 0 h) 


X K x (h, z') dz' 

= —C a (h, h ) + E a (h, h) cos Poh, 

(16 a) 


FJh) = 


■1 


(sin bo 2 ' — sin boh) 


X Kjjh, z') dz' 

= ~-Vh,h) + E a (h, h) sin boh- 

(16 b) 

Substitution of for Y in the first term 
of (4) and of Y c for Y in the second and third 
terms, together with (16a, b), gives 


, T , _ —jAttU \etio z 

( ’ )o1 “ IT 1*7 

cos q 0 h cos ft Q z 


S', 


E a (h, h) cos boh - C a (h, h) 


. sin q 0 h sin bo z 

’ + E a(h, h) sin boh - m 6 ). ' 


( 17 ) 


This formula may be expressed as follows: 

UXi = l(F + jFle 

to 

+ 2(G' + jG") cos q 0 h cos bo z 
+ 2j(H' + jH") sin qji sin /S 0 z], (18) 

where 

F' + JF” = Y-i, (19a) 

2(G' + jG") = — [Y c + E a (h, h) cos boh 

-C a (h,h))~\ (19 b) 

2{H’ + jH") = — [Y c + Ejh, h) cos boh 

~ K(h, h)]~\ (19c) 

Asymptotic formulas for F' + jF", G' + jG", 
and H' + jH" were obtained by Van Vleck, 
Bloch, and Hamermesh in a somewhat 
different but essentially equivalent manner. 
Their value for F' + jF" is identical with (19a). 
No attempt has been made to verify whether 
G' + jG" and H' + jH" in (196, c) reduce 
exactly to their asymptotic values or not. 
There can be at most small differences because 
the sequences in the analysis are not identical, 
and numerous approximations are made. 
The Van Vleck, Bloch, and Hamermesh 
formulas for the asymptotic values of (19), 
which are good approximations for antennas 
that are not too short (/i 0 6 ^ n/2) and not 
too thin (ft ^ 15), are: 

F’ + jF” = (ft' + »/(ft ' 3 + F z ), (20) 

2G' = nfWimboh) + xHboh)] 

— vG'jCl', (21 a) 

2.G” = x(/y0/[4>W0 + x\b 0 h)l (216) 

2 H' = Woh ~ ”12) [® 2 (boh - ”12) 

+ 2\boh - ”12)] - TrH'jQ.', (22a) 

2 H" = yjboh ~ ”12) mb 0 h - n/2) 

+ xHPJi - ”/2)l (226) 

where 

®(x:) = —(ft' — A) cos x + sin x , 

(23a) 

x(x) = |(ln 4 b 0 h + 0.577) sin x — \tt cos x, 

(236) 

and where A is given in (15). The formula for 
Y a , as given in (14a), is simplified further by 
omitting the term 2 In (1/sin 0 2 ). It is found 
that the omitted terms are negligible. Note 
that all dependence upon the angle 0 2 is 
contained in the three terms in (17) in which 
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q 0 = ft, cos 0 2 appears explicitly. The terms 
—ttG"IO' and occurring at the ends 

in (21a) and (22a) are important only very 
near resonance, where G" and H" are compara¬ 
tively large. 

Resonance occurs when the reradiated 
field has a maximum, as the wavelength is 
varied. This occurs essentially when the 
denominators of the fractions in (21a, b) 
and (22a, b ) are as small as possible. Approxi¬ 
mate values are given by 

cot M = 7r/4(n' - A), (24a) 

or 

-tan p 0 h = - A). (24 b) 

More accurate formulas are in the literature. 39 

The formula (17) or (18) for the distribution 
of current in the parasitic antenna is like 
the zeroth-order formula in its three terms 
with simple trigonometric dependence upon 
q 0 z and /3 0 z. The coefficients of these terms are 
different in the modified zeroth-order solution 
from the true zeroth-order formula. Note 
that (17) or (18) includes both the even and 
the odd currents. Their distributions are 
readily visualized. 


or (12.18). This current, in turn, maintains an 
electric field which is called the reflected, 
reradiated, or scattered field. At a distance R 0 
from the center of the parasite it is defined as 
follows: 


^ 20 a 


_ jco sin 0 2 e 


4rrv n 


r T' «. 

1^°*' 

K 0 J-h 


COS02 dz'. 

( 2 ) 


The value of this field at the center of the 
transmitting antenna is denoted by E r . 
Note that this field is perpendicular to R 0 , 
and that it makes an angle y> with the trans¬ 
mitting antenna. 

The “incident” Poynting vector at the 
center of the parasite due to the current in the 
transmitter has only a single component S is 
along R 0 . It is given by 

- Efl2l 0 . (3) 

Similarly, the “reflected” or “scattered” 
Poynting vector at radius R 0 from the center 
of the parasite also has only the radial 
component given below: 

SW0 2 ) = (£I 20a ) 2 /2£ o . (4a) 


13. Reflecting or Back-Scattering Cross 
Section of Reradiating Antennas 

A parasitic antenna No. 2 has its center 
at a great distance R n from the center of a 
transmitting antenna No. 1. The vector R 0 
is perpendicular to the transmitting antenna; 
the parasitic antenna is inclined at an arbitrary 
angle. Let the angle between the two planes 
defined by each of the two antennas and R 0 
be y>; the projection of antenna 2 on the plane 
containing antenna 1 and R 0 makes an angle 
0 2 = i n — ®2 w 'th the axis of antenna 1. 
The arrangement is illustrated in Fig. 13.1 
with = 0. If y> 0, antenna 2 in the figure 
is rotated through angle y> with R 0 as axis. 

The far-zone field maintained by the trans¬ 
mitting antenna at the center of the parasite is 
called the “incident” field and is denoted by 
E ( . Clearly, in the notation previously used, 


The particular value at the center of the 
transmitter is given by 

S rR = £?/ 2£ 0 m 

The total power reradiated or scattered by 
the parasite is 

(T^hotai = A[ 2J {(02 )/?o s in ©2*f®2 ( ^ > 2 

£ (closed) 

= 27 rRl £ Sj 2K (0 2 ) sin & 2 d& 2 . (5) 

The last step in (5) is possible in the case at 
hand since the reradiated electromagnetic 
field is rotationally symmetric if the parasite is 
a linear radiator of sufficiently small radius 
a so that fitfi <€. 1. The ratio of (5) to (3) defines 
an area called the scattering or reradiating 
cross section. It is 


E f = £ 2101 . ( 1 ) 

This field is perpendicular to R 0 at the parasite 
and is actually parallel to the transmitting 
antenna. Hence, this field is at an angle y> 
with respect to the plane containing the para¬ 
site and R 0 , and its projection onto this plane 
makes an angle 0 2 with the axis of the parasite. 

The “incident” field £,• induces a current J 22 
in the parasite which is given by (12.17) 


_ ( T 2 )tot.al _ 

°rad ' F 
°iR 

total power reradiated from parasite 
incident Poynting vector at center of parasite ’ 

( 6 ) 

The power that would be reradiated by the 
parasite if it were an isotropic radiator and 
maintained the same electric field at all points 
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on a great sphere of radius R 0 as at the center 
of the transmitting antenna is 

T 2i = 4 nR 2 S rR . (la) 

The power associated with the part of the 
scattered field that is polarized parallel to 
the transmitting antenna is 

r 2|l = cos 2 y(4nRl)S rl! . (lb) 

The power associated with the part of the 
scattered field that is polarized perpendicular 
to the transmitting antenna is 

T 2i = sin 2 yj(4irRl)S rll . (7c) 

The ratio of (la, b, or c ) to (3) defines an area 
called a back-scattering cross section. In terms 
of the total power given in (la) it is 

a, = 4nR 2 SjS iR = AnR&ErlEd 2 . (8a) 

If the transmitting antenna is used inter¬ 
mittently for reception or a separate receiving 
antenna parallel to the transmitter is used, 
the observable back-scattering cross section 
of the parasite involves only that part of its 
field which is polarized parallel to the receiving 
antenna and, hence, to the transmitting 
antenna. The back-scattering cross section for 
parallel polarization is obtained using (lb). It is 

cr = <r (| = cos 2 v>(4W? 2 )(£ r /£ t ) 2 . (86) 

This is the conventional back-scattering or 
radar cross section. If a receiving antenna at 
the transmitter is perpendicular to the trans¬ 
mitting antenna, the observable back- 
scattering cross section involves only that 
part of the field of the parasite that is per¬ 
pendicular to the transmitting antenna. It 
is defined using (7c) as follows: 

= sin 2 v^RDiEfE^. (8c) 

(Note that any distance R may be used in 
place of R () if E r is the far-zone field of the 
parasite at that distance.) 

The back-scattering cross section is seen to 
be the ratio of the power reradiated by a 
fictitious omnidirectional antenna to the 
incident Poynting vector when the field 
maintained by this omnidirectional source 
at the receiver is the same as that maintained 
by the actual scattering antenna. Depending 
upon whether the total field or the component 
in one of two directions of polarization is 
specified, different cross sections are defined. 
Evidently, o I = <r u + o ± . 


With E r given by (2), it follows that 

*-«-(££)■! j>r- 


With (11.18), and noting from (3.34) that 

U = -(£,- cos y>)IP o sin 0 2 , (10) 

it follows that 


a = An cos 4 v | J l(P' + jF")eito z ' 

+ 2 (G' + jG") cos qft cos /S„z' 

2 

+ 2 j(H' + jH”) sin qji sin ft 0 z'] dz’ . 

(11) 

This integrates into the following: 39 
a = (4A 2 /ir) cos 4 y> { a\(F' 2 + F” 2 ) 

+ (a 2 + a 3 ) 2 (G' 2 + G" 2 ) cos 2 q 0 h 
+ (a 2 - a 3 )\H' 2 + H" 2 ) + 2(a 2 - a|) 

X (G'H' + G"H") sin qfi cos qji 
+ 2a x (a 2 + a 3 )(F’G' + F"G") cos qji 
+ 2a x (a 2 - a 3 )(F'H' + F"H") sin q ft h}, 

(12) 

where 

_ sin 2P 0 h _ sin [fi 0 h( 1 + cos 0 2 )] 

01 2 cos 0 2 ’ 1 + cos 0 2 ’ 

sin [fi 0 h(\ — cos 0 2 )] 
fl3== -1 - cos 0 2 -• (13) 

Evidently, 

<r ± = a tan 2 y, (14) 

where cr is given by (12). 

If the “incident” electric field due to the 
current in the transmitting antenna induces 
currents in a bundle of parasitic antennas 
oriented in such a manner that 0 2 is the same 
for all but y is completely random, and their 
reradiated field is observed with a fixed 
receiving antenna, the following average 
cross section may be defined: 

<*©,)=f r ** 

277 Jo 277 Jo 

= |o< v = 0). (15) 

(This is also the average cross section observed 
for a single parasite if the receiving antenna 
rotates continuously about its center and the 
axis R 0 .) It is assumed in (15) that the fixed 
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Fig. 13.1. Parasitic antenna (2) inclined 
at an arbitrary angle with respect to 
distant transmitter (1). 




2h/X 0 


Fig. 13.2. Average back-scattering cross section of cylindrical 
wire (Van Vleck, Bloch, and Hammermesh). 


.90 



0 0.6 1.4 2.2 3.0 3.8 4.6 5.4 6.2 7.0 7.8 8.6 9.4 ICO 

2h/X 0 

Fig. 13.3. Curves of Fig. 13.2 for greater range of 2A/A 0 (Van Vleck, Bloch, and Hammermesh). 



Fig. 13.4. Back-scattering cross section for broadside 
response; first-order King-Middleton expansion. 
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receiving antenna coincides with the trans¬ 
mitting antenna (intermittent operation) or 
has the same polarization. 

If the fixed receiving antenna is perpen¬ 
dicular to the transmitting antenna, the 
observed average cross section is 

1 f 2 * 

<Ti(@ 2 ) = ( a J cos 2 y> sin 2 y>) ■ — I cos 4 y>dy> 

2tt Jo 

= Hv = 0 ). ( 16 ) 

Evidently, 

*l(0 2 ) = 0(0*)/ 3, (17) 

and 

a = _ ff ( 0 2 )cos 4 v». (18) 

If the “incident” electric field induces 
currents in a bundle of parasitic antennas 
oriented completely at random, the average 
back-scattering cross section is obtained from 
a by averaging. Thus, 

1 f 2 ” f" 

a = — ct sin Q 2 dQ 2 dy> 

'hr Jo jo 

= i ct( 0 2 ) sin & 2 d& 2 . (19) 
2 Jo 

The subscript ± may be affixed to a in (19). 

The evaluation of a from (19) using (12) 
and (14) has been carried out in terms of 
integral sine and cosine functions and ele¬ 
mentary functions. The resulting expression 
is long and it is advantageous to make use of 
asymptotic formulas. The final approximate 
expression for the average scattering cross 
section a as derived by Van Vleck, Bloch, and 
Hamermesh 39 is 

5/A 2 = (3/16rr){F' 2 + F"*][2*Poh - 1] 

+ [G' 2 + G" 2 ][2W? 0 A - 1 + In 43 0 h 
+ 0.577 + (4/l 0 /i In 2 + w) sin 23^i 
+ (£ - 2 {In 43 0 h + 0.577}) cos 23 0 h 

- (In 2) cos 43 0 h] + [H' 2 + H" 2 }[2^Ji 

- 1 + In 4 3Ji + 0.577 - (43 0 h In 2 

+ tt) sin 23 + (2{In 43 0 h + 0.577} 

- |) cos 2 3<)h — (In 2) cos 43 0 lt] 

+ 2[G'H' + G”H"][43oh(\n 2) cos 23 0 h 

- | sin 23S + 4[F'G' 

+ F"G"][(7nl4) sin 3 oh - |(ln 43 0 h 
+ 0.577) cos 3oh — i(ln 2) cos 33 0 h] 

+ 4 [F'H' + F"H"][ Jtt cos 3oh 

- j(ln 43oh + 0.577) sin 3oh 

+ |(ln 2 ) sin 33 0 h]}. ( 20 ) 


Formula (20) is a good approximation only 
if the parasitic antenna is long enough 
compared with the wavelength, that is, if 
3Ji S w/2. For shorter lengths asymptotic 
formulas are not satisfactory and the co¬ 
efficients F, G , and H must be redefined. 
Formulas have been derived in the literature 39 
but are not reproduced. 

For very short lengths, 3oh Si 0.3, Van 
Vleck, Bloch, and Hamermesh have derived 
the following formulas: 


a (3 0 hm — cos 0 2 ) 2 cos 4 v» 
A 2 977 -[ln (4 hja) - l ] 2 


5 (3phf 

A 2 457 r[ln (4h/a) — l ] 2 ’ 


( 22 ) 


Van Vleck, Bloch, and Hamermesh have 
evaluated a/A§. Points computed from (20) 
and ( 22 ) and curves estimated to fit these 
points are shown in Fig. 13.2 for three values 
of Q = 2 In ( 2 h/a), namely, O = 10 . 8 , 12 . 2 , 
13.6, corresponding to 2h/a = 225, 450, 900 
for a range of 2hj A 0 up to 2.75. In Fig. 13.3 
the range of 2A/A 0 is shown extended to 10 
for Cl — 13.6. The heights of the maxima in 
Fig. 13.2 depend on the ratio hja; they 
increase with decreasing hja. Numerical 
values of the first peak are 5/AJ = 0.184, 
0.194, 0.204 for 2hja = 900, 450, 250. Note 
that the resonance curves are sharper for 
larger values of 2h/a, as would be expected. 
The ratio of resonant peak to antiresonant 
valley decreases with increasing 2A/A 0 . Note 
that the valleys do not increase uniformly. The 
first and second valleys are about equal, as 
are the third and fourth, and so on. 

Resonance maxima occur when h is some¬ 
what less than «A 0 /4, n = 1,2, • ■ •. The dis¬ 
placement to values smaller than «A 0 /4 
increases with decreasing values of 0 = 
2 In (2 hja). For an infinitely thin wire resonance 
should occur exactly at 3<>h = nw/2. The 
following numerical values for A = 13.6 
or 2 hja = 900 have been computed: 

n = 1 2 3 4 5 

Theoretical ^ 0-95 1.94 2.935 3.93 4.925 
resonance A 0 

Experimental 4h Q % j gg 2 94 3 90 4 92 

resonance A 0 

The formula (12.17) or (12.18) for the 
current induced in the parasitic antenna 
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includes two types of terms, the first term 
involving q 0 z and the second and third 
involving ft 0 z. Since the phase of the impressed 
electric field along the wire is q 0 z, the term 
with q 0 z is called the forced part of the current. 
Since the amplitudes of the other terms 
become very great at resonance, they are 
called the resonant part of the current. 
An interesting observation in studying the 
average back-scattering cross section a is 
the fact that its amplitude at resonance is 
determined almost entirely by the “resonant” 
part of the current, the contribution from the 
“forced” part being practically negligible 
for n = 1, 2, 3. On the other hand, this is 
not true of the broadside response given by 
<r(V = 0)/AjJ = 8<t(0 2 = £ rr)!7>X\ which is 
plotted for 0 = 13.6 in Fig. 13.4 and over a 
more extended range in Fig. 14.6. Except for 
the first few resonances with ft 0 h == m\ 2 , 
n = 1, 2, 3, the “resonant” part of the current 
is so distributed that it contributes principally 
to ears of the reradiation-field pattern occurr¬ 
ing at angles other than 0 2 = w/2. On the 
other hand, this is not true of the “forced” 
part of the current. Hence, even though the 
amplitude of the “resonant” part of the 
current is far greater than the amplitude of 
the forced part at the higher resonances, it is 
the forced part that contributes principally 
to the field in the broadside direction, 0 2 = w/ 2 . 
As a numerical example, with 0 = 13.6, 
the contribution to o-( 0 2 )/ 2 g by the “resonant” 
terms in the current for resonances with h 
near «2 0 /4, n = 1, 2, 3, 4, are, respectively, 95, 
54, 24, 11 percent. 

The angular distribution of cr(0 2 )/A{j is 
shown in Figs. 13.5-13.8 for 0 = 13.6 near 
three resonances with h — A 0 /4, 32 0 /4, and 
2 „, and well removed from resonance in 
Fig. 13.8 with h — 5A 0 /8. For convenience 
[<t( 0 2 ) sin 0 2 ]Mo is plotted. The theoretical 
curves are in general agreement with experi¬ 
mental measurements. 

As pointed out at the end of Sec. 11, the 
entire first-order current is given by (11.17a) 
with q o = 0 , H u (z ) = H ls (h) = 0 , when the 
scattering antenna is parallel to the electric 
field. For broadside scattering (0 2 = w/2) 
this simplified current may be substituted in 
( 2 ) and used to determine cr/Ag with the angle 
V> = 0 as defined in ( 86 ). The result is the 
following first-order formula: 

* (v , = o)=_ iMfWj! _ 

*8 ; *'F*|'F,cos ftji + F ls (h)\ z ’ 

( 23 ) 


where the numerator has been evaluated by 
Dike and King 6 in the form 

Mh) = [4*F S - 20 + ft 0 h Si 4ft 0 h 

— 4 In 2 + 2 Cin 2 ft 0 h + Cin 4ft Ji 

— Cin 4ft 0 h + j Si 4ft 0 h 

+ jl Si2ft 0 h] sin ft 0 h + [2ft 0 h(Cl 

— 2'F S + 2 In 2) - ftji Cin 4ft 0 h 

— 2ft 0 h Cin 2ft 0 h — 2 sin 2ft 

+ Si 4 ft^ — jft 0 h Si 4 ft 0 h 

— j 2ft Si 2ft 0 h — j2 cos ftji 

+ j2 — j Cin 4ft ( fi\ cos ftji. (24) 
Results computed from (23) by Dike using 
T’ s = 'Ey as defined in Sec. 6 are shown in 
Fig. 13.4 with 0 = 10, 12.5 and 15. They are 
seen to be in general agreement with those 
obtained from the formula of Van Vleck, 
Bloch, and Hamermesh except near the 
second resonance (ft 0 h = 3w/2), where the 
Van Vleck formula gives a relatively greater 
maximum. For ft 0 h = n/2 and w, (23) gives 
the values ct/A| = 0.64 and 4w/0 2 , respectively. 

Since the first-order formula (23) makes use 
of a zeroth-order current that does not 
include the component in phase with the 
incident field but only the component in 
phase quadrature with this field, it is not to be 
expected that it can yield accurate results 
under conditions in which it is the in-phase 
component that is of primary significance. 
For ft 0 h S 3tt/ 2 the resonant quadrature 
current contributes primarily to the ears in the 
field pattern that are in directions other than 
©2 = i”, and it is the in-phase component 
that maintains the field in the broadside 
direction. It follows that a more accurate deter¬ 
mination of the broadside-scattering cross 
section for longer antennas requires either 
more than one iteration or a more accurate 
first-order formula obtained by using a 
complex distribution of current to obtain 
two real integral equations in the two com¬ 
ponents of the current in the manner described 
in Sec. 11.31. 

It is significant in this connection to note 
that the procedure carried out in Sec. 12 
makes use of separate complex expansion 
parameters for the forced and resonant 
parts of the zeroth-order current. As a con¬ 
sequence the Van Vleck formula may be 
expected to be as accurate or even more 
accurate for long antennas than the first-order 
formula (23). However, neither formula is 
adequate to determine the detailed behavior 
of broadside back-scattering for long antennas. 





tions of h/r with p o h as parameter 
(D. D. King). 



w (DISTANCE FROM SCATTERER IN M) 


Fig. 14.2. Typical curve of residual standing waves and 
standing waves produced by scatterer (D. D. King). 



Fig. 14.3. Schematic diagram of 
the circuit for measuring back 
scattering. The following elements 
are shown: A, antenna under 
test; B, bolometer; BH, tuned 
bolometer holder; H, horn trans¬ 
mitter; L, matched crystal load; 
M, monitor array; O, modulated 
oscillator; P, movable probe; 
S, auxiliary scatterer; SL, slotted 
line; T, triple-stub tuner; 
TA, tuned amplifier; V, vacuum- 
tube voltmeter; W, coaxial 
wavemeter. 
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14. Experimental Determination of Reflecting 
Cross Section* 

The theoretical analysis of the back- 
scattering cross section outlined in earlier 
sections is complicated and involves numerous 
approximations even though the simplest 
possible reradiating parasite or target was 
assumed, namely, one or more thin wires. 
It is evident that the analytical determination 
of the radar cross section of metallic structures 
of arbitrary shape is out of the question, since 
even a study of the distribution of surface 
current on such structures is extremely 
complicated. Therefore, the development of a 
convenient experimental method of measuring 
the back-scattering cross section is important, 
for two reasons. First, by measuring the cross 
sections of thin wires, a check on the accuracy 
of the theory in this important special case 
is obtained; second, by measuring the back- 
scattering cross sections of parasitic antennas 
or targets of various shapes and sizes, com¬ 
parison with thin wires is possible and, in 
addition, a measure of the magnitudes of 
the induced currents, particularly currents 
associated with resonant modes, is made 
available. 

Perhaps the most obvious method of 
determining the back-scattering cross section 
of a target of arbitrary structure is by direct 
measurement of the incident field at the target 
and the reflected field at the transmitter. 
However, since the reflected field is extremely 
small if the target is in the far zone of the 
transmitting antenna, accurate measurements 
are difficult. 

A useful method devised by D. D. King 16 
for determining back-scattering experimentally 
is analogous to standing-wave methods for 
transmission lines in that it measures the 
standing-wave ratio and the location of a 
minimum of the electric field between the 
transmitting antenna and the reflecting para¬ 
site near the latter. Clearly the magnitude of 
this standing-wave ratio is related to the 
magnitude of the electric field due to the 
currents in the parasite, and hence to the 
back-scattering cross section. In order to 
obtain reasonably simple formulas, it is 
necessary to assume that the electric fields 
due to the transmitter and to the parasite 
are essentially far-zone fields, that is, l/R 
fields, in the range between the antennas, 


* Most of this section is based on the work of Dr. 
D. D. King, in ref. 16, and an unpublished discussion 
of this by Dr. A. L. Aden. 
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where measurements are made. Before des¬ 
cribing the method it is necessary to determine 
how far from an antenna this range must be 
in order that far-zone formulas may be used 
for the field. Since the electromagnetic field 
of an antenna depends on the distribution 
of current in the antenna, and this, in turn, 
is determined by the boundary conditions of 
the particular structure, it is not possible 
to specify in perfectly general terms how far 
from an antenna a probe must be in order 
to be in the far zone. However, a satisfactory 
estimate of the distance may be obtained by 
determining it specifically for a linear radiator 
of half-length h with an assumed sinusoidally 
distributed current. It may be assumed that 
the minimum distance for the linear radiator 
does not differ greatly for parasites of other 
shapes with maximum dimension 2 h. Note that 
a sinusoidal distribution is a good approxi¬ 
mation for linear radiators with /S 0 /i sj 2. 

It is shown in Sec. V.3 that the z-component 
of the electric field at an arbitrary point 
P(r, 6, i ) due to the sinusoidally distributed 
current along the z-axis of a system of cylin¬ 
drical coordinates is given without further 
approximation by the following expression: 

jl m l 0 /ee 
^ \ Rlh R2M 

- ^cos/yie-fMoj , (i) 

R» = V(z + h) 2 + r\ 

R lh = V(z - h) 2 + r 2 , 

R 0 = Vz 2 + r 2 ; (2) 


where 


R 2h and R lh are the distances from the ends 
of the antenna, and R 0 is the distance from 
the center of the antenna to the point P{r, 6, z) 
where the field is calculated; I m is the complex 
amplitude of the sinusoidally distributed 
current. 

The field at P(r, d, 0) in the mid-plane is 
obtained by setting z = 0 in (1) and (2) so that 


R 2h = R lh = R = Vh 2 + r 2 , 

and 


*0 = r. 


(3) 




-jlmt 0 e~ jp ° r 

2it r 


\R 


COS fi 0 h. J 

( 4 ) 
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In the far zone, defined in general by 

M>1. *> h - ( 5 ) 

and with 

1 — cos p 0 h = 2 sin 2 h, (6) 
the field reduces to the simple form 

E r = zlM. 2 s in 2 — . (7) 

TT T 


At points that are nearer the antenna than 
permitted by (5) but that are, nevertheless, 
far enough to satisfy the following inequality 

A 4 /4r 4 <l, (8) 

the distance R in (3) may be expanded as 
follows: 



Substitution of (9) in (4) using (8) gives 

E = [2 sir 

Z7T r |_ 

1 (h 


'■ sin 2 tP 0 h 


~2 [r)< i+ JW 


( 10 ) 


This may be expressed as the far-zone field 
in (7) multiplied by a complex factor Ae~ i<t ‘ 
as follows: 

E„ = EZAe-i*, (11) 

where 

A = l(i - (h/r)2 V + (-^_V 

N\ l 4sin 2 ^o h) + \4sin 2 ^/ ’ 

( 12 ) 

(13) 


4> = tarn 




fioh 2 lr 


4 sin 2 \P 0 h - (h/r) 2 


the standing-wave ratio of the electric field 
to the back-scattering cross section, let the 
transmitting antenna be located at x = 0, 
the parasitic antenna or scatterer at x = I. 
A movable probe has an intermediate position 
x (0 < x < I) along the line (x-axis) joining 
the source and the scatterer. Let w = l — x 
be the distance to the probe from the scatterer. 
The signal received by the probe and trans¬ 
ferred to its load (indicator) is proportional 
to the electric field at the probe. Periodic 
maxima and minima are observed as the probe 
is moved along the x-axis, as shown in Fig. 
14.2; these define a standing-wave ratio 
given by 

SWR = , (14) 

(E,) m in 

where (E z ) max is the magnitude of the total elec¬ 
tric field due to currents in both the transmitt¬ 
ing antenna and the scatterer at a nearby point 
w-'i of maximum amplitude, and (£ 2 ) min is the 
corresponding value at a nearby point w 2 of 
minimum amplitude. This ratio is a function 
of position along the x-axis, since the standing- 
wave pattern does not have a constant 

amplitude as it does on a lossless line. Let 
the distance from the minimum at w 2 to the 
adjacent maxima be A, so that 

= w 2 ± A, (15) 

where w 2 + A locates a maximum at w x in the 

direction of the source from w 2 , and w 2 — A 
in the direction of the scatterer. Since the 
amplitude does not vary rapidly these dis¬ 
tances are nearly equal. Let 

S + = SWR with maximum at w 2 + A, 

(16) 

S_ = SWR with maximum at w 2 — A. 

(17) 


Clearly, the range over which E z is well 
approximated by E? z is defined by A suffic¬ 
iently near unity and <f> near 0; A and <f> are 
shown in Fig. 14.1 as functions of h/r with 
as parameter. For the range of values 
of P 0 h shown, A does not differ greatly from 
unity and 4> not greatly from zero even at 
distances as small as one wavelength. There¬ 
fore, it may be concluded that for antennas 
that are near a half wavelength long, 
1 P 0 h ^ 2, the far-zone formula is a good 
approximation of the field at distances 
exceeding one or two wavelengths from the 
antenna. 

In order to derive a formula relating 


Since it is assumed that the distances be¬ 
tween the probe and the transmitter and the 
scatterer are sufficiently great so that far-zone 
formulas apply to the field at the probe, 
let the magnitude of the incident field at 
x = l — w be expressed in the form 


-*-r 


_kE 0 _ 
l-w ’ 


(18) 


where A: is a constant that is dimensionally 
a length and E 0 is the reference field at x = k 
near the source. The magnitude of the incident 
field at the scatterer is 

E t = Eff) = ^2 . (19) 
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The magnitude of the “reflected” field at w 
due to currents in the scatterer is 

E r (w) = ^ , (20 a) 

w 

where E r is the magnitude of the reflected field 
at the transmitter. Alternatively, 


Substitution of the two values of the standing- 
wave ratio, S + for w x = w 2 + A, S_ for 
w 2 — A in (24) gives 

= [/(w 2 ± A)/(/ - w 2 =F A)] + b w 2 
± [/w 2 /(/ — w 2 )] ~ b w 2 ± A 

(25) 


where 

E r (w) = £< - = kE 0 — , 
w m 

(20 b) 

fc _ / /h > 2 \ S ± - 1/[1 T A/(/ - n-g)] 

\l - wj S ± + 1/(1 ± A IwJ 


III 

<5 

(21) 

(26) 

From the 
section, 

definition of the scattering 

cross 

This may be put into a slightly more con¬ 
venient form if the following inequality is 
satisfied: 


O = 477/ 2 ( h\ = 4nb 2 . 

(22) 

0- J ,27) 


It remains to express b in terms of the 
standing-wave ratio. The maximum electric 
field at w x is composed of the contributions 
from currents in the transmitter—the incident 
field £,(h' 1 )— and from the currents in the 
scatterer—the reflected field £,(»!)—when 
they combine in phase. Thus, 


Subject to (27), 

b = ( lw 2 \ ± [A/(/ - w 2 )] - 1 

V — w ») S ± + 1/(1 ± A/>v 2 ) 

(28) 


Emax — Ef(w x ) 4" £f( w ’l) — 


kE 0 kEpb 
l — w x lw x 


The phase shift <f> at the scatterer is obtained 
from the relation 


(23a) 


Similarly, the minimum electric field at w 2 is 
composed of incident and reflected fields 
when they combine in phase opposition. 
Thus, 


_ y 1 , . . kEn kEnb 

Emin = Eiiw 2 ) E r (w 2 ) = - — . 

I ^2 1^2 

(236) 

Hence, 

_ 1 _ b_ 

SWR = ^ max - 1 ~ w 1 l w i 
Emin 1 6 

/ — W 2 lw 2 


— 2 

W X ‘ 


( 24 ) 


lw x 

l — w x 


lWj 

l — w. 


- b 


2/5 w 2 + 4> = {2n + l)7r. (29) 

The standing-wave measurements actually 
carried out were made with transmitting and 
scattering antennas over a very large image 
plane made of copper screening. This arrange¬ 
ment eliminated the problem of supporting 
antennas in space and permitted the use of a 
transmission-line type of probe protruding 
through a slot in the conducting plane. With 
the very large size of the plane used, it was 
possible to have the highly directional 
transmitting antenna sufficiently far away from 
the probe so that the incident field approxi¬ 
mated closely a plane wave with negligible 
change in amplitude over the region of 
measurement. 

The electronic equipment consisted of a 
modulated oscillator and several tuned bolo¬ 
meter amplifiers with associated vacuum-tube 
voltmeters. Monitors were provided for 
frequency and power. 

The scattering antenna under test was 
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mounted a short distance beyond the end of 
a slot cut in the image plane for the movable 
probe. The monitor was at the other end of 
the slot so that the standing-wave probe could 
travel a distance of several wavelengths 
between the monitor array and the scatterer. 
A block and schematic diagram is shown in 
Fig. 14.3. 

In order to reduce standing waves on the 
image plane due to irregularities in its surface 
and its finite size, an artificial compensating 
irregularity in the form of an auxiliary 
scatterer was placed many wavelengths 
beyond the measuring position and the 
scatterer under test, and adjusted to reduce 
the standing-wave ratio over the measuring 
interval with the test antenna removed. 
Compensation for the remaining slight 
variations in amplitude over the measuring 
range was made by plotting the residual 
standing-wave pattern and using this to cor¬ 
rect the pattern due to the scatterer under 
test. A typical curve of the residual standing 
waves is shown in Fig. 14.2 together with the 
standing waves produced by a scatterer 
consisting of a linear antenna with pji 
slightly greater than w/2. 

Values of the coefficient b(a — 4nb 2 ) ob¬ 
tained for all values of the standing-wave 
ratios S ± contained in the data of Fig. 14.2 
are tabulated below. 


'*'2 

b_ 

b + 

0.430 

3.79 

3.94 

.348 

3.99 

3.81 

.265 

3.57 

3.69 

.180 

3.74 

3.69 


The average value is b — 3.78. The probable 
error of the average value of b is less than 
1 percent; it is twice as large for a. Values 
of a/ll f° r the dipole are plotted in Fig. 14.4 
together with the corresponding value of y>. 
The theoretical maximum indicated on the 
figure is obtained from Sec. 13. Its location 
is at 2 h/l 0 = 0.475; from Fig. 13.2 this value 
is seen to be essentially independent of Cl. 
The magnitude of this maximum is obtained 
from Fig. 13.4. (Note that cr/Ag = (8/3)cr(0 2 )/A| 
with y> = 0.) It is seen that this maximum as 
well as the shapes of the curves in Figs. 
13.4 and 14.4 are in good agreement. The 
dependence of <x/2jj on the load at the base 
of the scatterer is illustrated in Fig. 14.5 for 
a zero and matched load. The sharp resonance 
peak for Z L = 0 is absent for the matched 
load. 


The application of the standing-wave 
method for measuring scattering cross section 
has been limited in this discussion to simple 
dipoles with no load and with matched load 
over a large conducting plane. It is readily 
applied to other scatterers over a conducting 
plane and, with some modifications, to isolated 
scatterers in space. 

The principal disadvantages of the standing- 
wave-ratio method for measuring scattering 
cross sections, that it is time consuming and 
requires the measurement of a small change 
in a given signal, are avoided in an alternative 
method developed by Sevick 33 and Morita. 
The essential feature of the method is the use 
of a hybrid junction to inject a signal into 
the circuit of the measuring probe which 
cancels exactly the signal received from the 
transmitter in the absence of the scatterer. 
When the scattering antenna to be tested 
is placed in position, the new signal measured 
by the probe is precisely that produced by 
the currents in the scattering antenna alone. 
Using a wavelength of 10.0 cm and a silvered 
scattering antenna erected on an outdoor 
ground screen of sheet aluminum 36 ft square, 
Sevick obtained the experimental data repre¬ 
sented in Fig. 14.6. The ratio of the length of 
the measuring probe to the distance from the 
scatterer was 0.008 for h g 2 0 and 0.004 
for h > A 0 . The peaks in Fig. 14.6 occur at 
resonance when large currents in phase 
quadrature with the exciting field are main¬ 
tained on the antenna. The valleys between 
the peaks correspond to radiation from the 
forced current in phase with the exciting 
field. The level of these minima rises steadily 
with the increase in this component of current 
with length. As the length of the antenna is 
increased, a larger and larger fraction of the 
broadside field is maintained by the forced 
current, since the principal ears of the field 
maintained by the resonant currents are not 
in the broadside direction when 2 h/l 0 equals 
or exceeds 1.5. 

By interpolating between the curves of 
Fig. 13.4, the theoretical curve for the first- 
order formula (13.23) was obtained for a/l 0 = 
3.5 x 10 -3 and plotted in Fig. 14.6. Good 
agreement with Sevick’s curve is evident over 
the range of electrical length pji less than 
3 tt/ 2 for which the first-order theory may be 
expected to give satisfactory results, as 
explained at the end of Sec. 13. The theoretical 
points calculated from Van Vleck’s formula 
also are shown, but since they correspond 
to a fixed value of 0 = 13.6, they are not 
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Fig. 14.6. Back-scattering 
cross section of single 
antenna. 
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directly comparable with the experimental 
curve below f! 0 h = 7. However, since Van 
Vleck’s formula is shown in Fig. 13.4 to agree 
with the first-order formula (13.28) over this 
range, it must, in fact, be in agreement with 
Sevick’s experimental results. For longer 
antennas the Van Vleck formula yields the 
correct order of magnitude, but does not 
correctly represent the details of the curve, 
particularly off resonance. 

Measurement of the back-scattering cross 
section also was carried out by Dike. 6 Some 
of his results also are shown in Fig. 14.6 
together with the corresponding first-order 
theoretical curve interpolated from Fig. 13.4 
for the appropriate value of a/A 0 . Since 
Dike’s measurements are relative, they have 
been normalized to agree with Sevick’s 
experimental curve at the first resonance. 
With due regard for the differences in radii. 
Dike’s measurements are not in good agree¬ 
ment with either the theoretical curve or 
Sevick’s measured values. The scattering 
cross section determined by Dike lies well 
below all other values when (l n h exceeds w/2. 
Dike made his measurements at A 0 = 10 cm 
on an indoor ground screen 8 ft by 12 ft in size. 
He used rather large horns for both the 
transmitter and the receiver, with the latter 
placed at right angles to the former. The 
ratio of maximum dimension of either horn 
to the distance from the scatterer was about 
0.15. There is no indication that the scattering 
antenna was silvered. Since Sevick found that 
a very large ground screen completely 
removed from walls and other obstacles, 
silvered scatterers, and a very small receiving 
probe at very large distances from the scatter¬ 
ing antenna and from the transmitter are 
essential if accurate results are to be obtained, 
it appears probable that Dike’s results are 
quantitatively less reliable than Sevick’s. 


to the distant transmitter is R 0 . The angle 
between R 0 and the z-axis is 0 (it corresponds 
to 0 2 in the case of the single receiving 
antenna). As in the analysis of the single 
antenna, y> is the angle between the incident 
electric field and the plane defined by the 
z-axis and the vector R 0 . The new variable 
is the polar angle <1> measured in the horizontal 
plane from the positive x-axis toward the 
positive y-axis. With the newly defined 
quantity 

Pa = sin $, (la) 

and the previously defined quantity 

q 0 = P 0 cosQ, (16) 

the following simultaneous integral equations 
for the currents I u and I 2z are readily derived: 

47rt> 0 A 1 (z) = f I lz K a (z, z') dz' 


+ I I^K b (z, z') dz' 

= [C<‘> cos p n z + C{ 2) sin /i 0 z 

to 

+ UeiWeiPoW], (2a) 

4nv 0 A 2 (z) = J I 2l K b {z, z') dz' 

+ J I' 2z K a (z, z') dz' 

= —~ [C< 1} cos p 0 z + C< 2 > sin p 0 z 
to 

+ E/eWe- m>o&/2], (2b) 

where, as in Sec. 3, 


15. Two Parallel, Nonstaggered Receiving and 
Scattering Antennas 

The analysis of two identical parallel 
center-loaded receiving antennas in an arbit¬ 
rarily oriented, linearly polarized electric 
field E has been carried out by Moritz. 23 Let 
the two receiving antennas be numbered 1 
and 2. The half-length of each receiving 
antenna is 6, its radius is a. They are parallel 
to the vertical z-axis with centers on the 
y-axis at y = ±6/2, where the upper sign is 
for antenna 1, the lower sign for antenna 2. 
The vector from the origin of coordinates 
midway between the centers of the antennas 


U = — (E cos y)IP o sin 0. (3) 

Also, 

c 

Kj(z, z') = —— , i = a or 6, (4a) 

R a = V(z - z') 2 ± a 2 , 

_ (46) 

R b = V(z - z') 2 ± 6 2 . 

As in Sec. 11, each of the two equations 
(2a) and (26) may be separated into an axially 
symmetric part (superscript s) involving 
even currents and vector potentials with 
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respect to z for each antenna, and an axially 4?n> 0 AUz) 
antisymmetric part (superscript a) involving 
odd currents and vector potentials with 
respect to z for each antenna. These parts are 


J> 


(z')[K a (z, z') + K b (z, z')] dz' 


4-rrV 0 A\(z) 


= f I S uK a (z, z') dz' + f II' : K b (z, z') dz’ 

J-h J-h 

= — IC{ cos /V + Wio sin 00 | z | 

+ U cos q 0 ze> p o b l 2 ], (5 a) 

4nv 0 A l(z) 

= f I a u K a (z,z')dz' + C I“'K b (z,z')dz' 

J-h J-h 


-j4ir 


[Cf sin fi a z +jU sin q a z cos (pob/2)], 

(7c) 


Co 

4m> 0 A* a {z) 

= T a (z')[K a (z, z' 


) - K b (z, z')] dz' 


= [C“ sin fl 0 z — U sin q 0 z sin (p 0 b/ 2)]. 

to 

(7 d) 


—j4tt 

“c 7 ~ 


[CJ sin /3 0 z+ jU sin q 0 ze> p o W 2 ], 




and two similar equations with subscripts 1 
and 2 interchanged and with the factor e~i p o b ^ 
in place of eMA' 2 . 

As in Sec. 2 of Chapter III, each of the 
equations (5a) and (56) may be separated into a 
laterally symmetric part (subscript .v) involving 
currents and vector potentials on antenna 1 
that are equal to and in phase with the currents 
and vector potentials at corresponding points 
on antenna 2, and a laterally antisymmetric 
part (subscript a) involving currents and 
vector potentials on antenna 1 that are equal 
to but in phase opposition with currents and 
vector potentials at corresponding points on 
antenna 2. This separation is accomplished 
by setting 

Vi o = -Ao Zu = V s + V„ 

V 2Q = -IA = Vs- V a , ‘ ; 
and expanding e±JPo®/ 2 into its trigonometric 
parts. Thus, 

^o A u(z) 



')[K a (z, z') + K b (z, z ')] dz' 


Note that those parts of the currents in the 
two antennas that are due to the voltage V s 
(equal in magnitude and in phase) and to the 
components of the electric field with the 
factor cos (p 0 b/2) are driven by identical 
voltages and fields, so that the currents 
must be equal. That is 

lie = lie. Its = I a u- (8a) 

Similarly, those parts of the currents that are 
due to the equal and opposite voltages V a 
and the components of the electric field with 
the factor sin (p 0 b/2) are driven by equal and 
opposite voltages and fields, so that the currents 
must be equal and opposite. That is, 

Ila = ~I\a, *?o = -*?o- (86) 

Relations corresponding to (8a) and (86) 
are true of the components of the vector 
potentials A x (z) and A 2 (z). 

By solving the four independent integral 
equations (7a) through (76) for the four 
currents and combining these in the form 

*iz — *« + *? + *o + *o> (9a) 


= -J 4jr 

Co 

4nv 0 A s la (z) 


[C s s cos/9 0 z + JF, sin f) 0 \z\ 

+ U cos q 0 z cos (p 0 b/2)], (7a) 


1 


= I S a(z')[K a (z, z') - K b {z, z')] dz' 


Co 


[Q COS ft 0 z + \ V„ sin p () \ z \ 

+ jU cos q 0 z sin (/) 0 6/2)], (76) 


he = /J +/“-/* - /“, (96) 

the unknown currents in (2a) and (26) are 
determined. The symmetric and antisymmetric 
voltages are eliminated and expressed in 
terms of the voltage drops across the arbitrary 
impedances Z 1L and Z 2L at the centers of the 
two antennas. Since the integral equations 
(7a) through (Id) are the same in form as 
equations already solved earlier in this 
chapter, the solution of the simultaneous 
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Fig. 15.3. Broadside back-scattering from two parallel antennas (Sevick). 
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integral equations ( 2 a) and (26) for the cur¬ 
rents in the two coupled receiving antennas 
has been achieved. 

Extensive computations of first-order cur¬ 
rents and their experimental measurement 
have been carried out by Moritz for ranges 
of values of the half-length h and the separ¬ 
ation b of the two antennas when Z 1L = 
Z 2i = 0. The agreement between theoretical 
and experimental distributions for the two 
unloaded coupled antennas as obtained by 
Moritz is very satisfactory. In general, the 
distributions in the coupled antennas differ 
little from those for the single receiving 
antenna as given in Sec. 8 . The currents at 
the centers (z = 0 ) of the two antennas are 
shown in Figs. 15.1 and 15.2 as functions 
of the distance b between the antennas. 
The magnitudes of and J 2 are in Fig. 15.1, 
the phases in Fig. 15.2 for identical antennas 
with h = A 0 /4 and fl = 2 In (2 h/a) = 9.3. Two 
sets of data are shown. The one is for O = 0 
(broadside reception), the other is for <K = 90° 
(end-fire reception). When <D = 0 the indivi¬ 
dual currents, /, and / 2 , are equal to the sym¬ 
metric part, I s , of the current. The agreement 
between theory and experiment is seen to be 
very good. 

In addition to obtaining the currents in 
unloaded coupled receiving antennas, Moritz 23 
has defined and evaluated symmetric (broad¬ 
side), antisymmetric, and general complex 
effective lengths for the two-element receiving 
array. The symmetric and antisymmetric 
effective lengths consist of the product of a 
function of 0 and a trigonometric function 
of O. By the reciprocal theorem the complex 
effective electrical length is equal to the pro¬ 
duct of the vertical field factor (a function of 
0 ) and the two-element array factor (a 


function of fl>) of the same antenna when 
driven. Theoretical values of the effective 
length have been obtained by Moritz 23 
using first-order currents in the unloaded 
antennas and second-order impedances just 
as for the single antenna. His theoretical 
data for antennas with h = A 0 /4, 0 = 
2 In (2 h/a) — 9.3 and $ = 0° and 90° do not 
differ greatly in their dependence upon O 
from the zeroth-order values which, by the 
reciprocal theorem, may be obtained by 
assuming a sinusoidally distributed current 
in a driven antenna (see Chapter VI). More¬ 
over, they are in reasonably good agreement 
with his experimental values. In general, 
the product of the complex effective length 
h e (Q) of a single receiving antenna as given in 
Sec. 9 and the appropriate zeroth-order 
horizontal-array factor is a good approxi¬ 
mation of the complex effective length 
of the two-element array. The same is 
necessarily true of an array of N parallel 
antennas. The zeroth-order horizontal array 
factors are evaluated in Chapter VI. The 
zeroth-order effective lengths or vertical 
field factors are evaluated in Sec. 9 and in 
Chapter V; first-order values are derived in 
Sec. 9. 

The problem of reradiation or scattering 
from a two-element array in a uniform electric 
field has been analyzed by Sevick and Storer 35 
using a variational method. Theoretical and 
experimental back-scattering cross sections 
have been determined 34 for f) 0 h = w /2 and 
7 t and for a range of values of O and b. 
Results for broadside back-scattering and 
end-fire back-scattering as a function of b 
are in Figs. 15.3 and 15.4. Note that the 
back-scattering for /? 0 6 = tt/2 is due to the 
currents shown in Figs. 15.1 and 15.2. 



CHAPTER V 


THE ELECTROMAGNETIC FIELD OF CENTER-DRIVEN AND 
MULTIPLE HALF-WAVE ANTENNAS 


In the calculation of currents in electric 
circuits that are coupled by the interaction of 
moving charges in antennas, the use of the 
electromagnetic field with its boundary 
conditions is a mathematically unavoidable 
step. The actual evaluation of the field or of 
the associated potential functions is, however, 
not always necessary. For example, the deter¬ 
mination of the distribution of current in 
the center-driven antenna involves both the 
boundary conditions of the electric field and 
the general integral for the vector potential, 
but neither the field nor the vector potential 
has to be evaluated. Similarly, in the analysis 
of two coupled antennas, the distribution 
of current, in particular, the input current 
is obtained with the aid of the general 
integral for the vector potential due to cur¬ 
rents in cylindrical conductors, but without 
actually determining the vector potential 
or the electromagnetic field at points in space 
in the vicinity of the antennas. In the analysis 
of the receiving antenna, on the other hand, 
the restriction that the receiving antenna 
be in the far zone of the transmitter is imposed. 
This great separation makes the effect 
of currents in the receiving antenna on the 
currents in the driven antenna negligible, 
so that the electric field or the vector potential 
appears as a factor in the expression for the 
current in the receiving antenna. In this 
case, therefore, the final solution for the 
current involves directly the electric field in 
the far zone of the transmitter. If the receiving 
antenna is not in the far zone of the trans¬ 
mitter the electric field of the transmitter 
does not appear as a simple factor in the 
expression for the current. Because of the 
interaction between adjacent currents, simul¬ 
taneous equations occur, and the problem 
is essentially that of coupled antennas as 
solved in Chapter III in the special cases 
of parallel and collinear arrangements of 
identical antennas. The general case of unlike 
antennas or even of identical antennas in an 
arbitrary orientation has not been solved 


except when the antennas are in the radiation 
zone with respect to each other. 

According to the theorem of images 
(ref. 1.31, Chap. IV) the electromagnetic field 
of a base-driven antenna of length h and 
radius a erected perpendicularly on an infinite, 
perfectly conducting plane is the same at 
all points above the plane as the field above the 
equatorial plane of an isolated, symmetric, 
center-driven antenna of Zia/f-length h and 
radius a. This is true provided the driving 
potential difference of the base-driven antenna 
is one-half that of the center-driven antenna. 
It follows that the entire analysis of the field 
of one or more center-driven antennas 
carried out in this and later chapters applies 
directly to the corresponding problem in¬ 
volving base-driven antennas on a perfectly 
conducting plane. This is discussed in greater 
detail in Chapter VII, where the antenna over 
an imperfectly conducting plane is studied 
and where it is shown that at broadcast 
frequencies the field in space of antennas 
over moist earth is well approximated by the 
field of the same antenna over a perfect 
conductor. 

The electromagnetic field due to a distri¬ 
bution of current and charge in an antenna 
is given in Sec. 1.9 in the form of integrals 
with the total axial current I = I z l, and the 
charge per unit length q written in the 
integrand. They are 



e dz'. 


B 




e -iM dz'. 


If the distribution of current and charge are 
known as functions of z', the electromagnetic 
field is formally determined. Since these 
integrals are in any case more intricate than 
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the general integral for the vector potential 
from which they are derived, namely, 


A 



e iPaR 

~R 


dz\ 


it is simpler to evaluate A first, and from it 
determine B and E using B = curl A and 
E = —(jco/Pl) (grad div A + /3 qA). Since this 
procedure involves only differentiation, it is 
in some instances possible to evaluate B and E 
by differentiation of the definite integral for 
A without first carrying out the integration. 
This is illustrated in Secs. 2 and 3. 

In order to evaluate the integral for the 
vector potential for an antenna of radius a 
it is necessary to make use of the solution 
obtained in Chapter II for the current in the 
antenna. It is 


jlnVl 


sin p 0 (h - 171) + MjHzW + M 2 (z)/T 2 ' 
cos fi 0 h + Ajr + A.J'V* + • • • 


If this expression is substituted in the integral 
for the vector potential, the result is so intricate 
that it has not been possible to obtain inte¬ 
grated solutions for either the vector potential 
or the field vectors. An approximate solution 
for the field of an antenna of finite radius 
may be obtained by making use of the zeroth- 
order distributions of the components of the 
current as discussed in Sec. 11.25. The formula 
is 

_ „ / cos /V - COS P 0 h \ 

°\ 1-cos p 0 h ) 

+ jl' m sin ft ,(h - I z |), 


with 7 q the input value at z = 0 of the 
component of current in phase with the driving 
potential difference, and I' m the maximum 
value near z = h — A/4 of the component 
of current in phase quadrature with the driving 
potential difference. 

A zeroth-order approximation of the 
electromagnetic field of a thin antenna of 
finite radius is obtained using 


h = I m sin Uh - | z |) 

= j sin p 0 (h — j z |) 
0 sin fiji 


If interest is primarily in the field in the 
far zone, as is usual, an accurate method for 
determining the electromagnetic field of an 
antenna of finite radius is available. It depends 
upon the Rayleigh-Carson reciprocal theorem 
(ref. 1.31, Sec. IV.21), which makes possible 
the determination of the field of a transmitting 
antenna in terms of its characteristics as a 
receiving antenna and vice versa. Since the 
receiving qualities of a symmetric, center- 
loaded receiving antenna are given quite 
accurately in Chapter IV, the far-zone field 
of a center-driven antenna may be determined 
from them. 

In the analysis of the electromagnetic 
field of center-driven antennas and multiple 
half-wave antennas in this chapter all three of 
the above methods are used. First, the field 
of an infinitely thin antenna is investigated 
in detail, since it leads to an analytically 
and physically attractive and complete solution 
that is in any case a zeroth-order approxi¬ 
mation of the actual field of physically 
realizable antennas. Next, the far-zone field 
is obtained from the properties of the re¬ 
ceiving antenna. Finally, the complete field 
due to the approximate distribution of current 
involving both in-phase and quadrature 
components of current is investigated, and the 
results of all three methods are compared to 
show that the magnitude of the zeroth-order 
field in the far zone is an excellent approxi¬ 
mation. 


INFINITELY THIN CENTER-DRIVEN 
ANTENNAS—CYLINDRICAL 
COORDINATES 
1. The Vector Potential 
The vector potential of a symmetric antenna 
in space is given by 


A r < A z , A e = 0, 



R 


dz\ (1) 


In terms of the cylindrical coordinates r, 6, z 
in Fig. 1.1, 

R = R 1 = V(7 - z') 2 + r 2 . (2a) 

Let 

R 2 = V(z + z') 2 + r 2 . (2b) 


As usual, the primed coordinates refer to the 
element of integration dz\ the unprimed 
coordinates locate the point of calculation at 
P, as shown in Fig. 1.1. The distance from P 


in the integral for A. 
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to the upper end of the antenna at z = h is 
R lh = V(h - z) 2 + r 2 = Vu\ + r 2 , (3a) 

with 

«! = h — z. (3b) 

The distance from P to the lower end is 
R 2h - V(h + z) 2 + r 2 = Vu\ + r\ (4 a) 

with 

u z = h + z. (4 b) 

The distance from P to the center is 

R 0 = Vz 2 + r\ (5) 


for the electromagnetic vectors of a thin 
center-driven antenna with sinusoidally distri¬ 
buted current turn out to be much simpler 
than the vector potential in (7). They are 
derived in the following sections. 

2. The Magnetic Field 
The magnetic field is readily computed from 
the vector potential using the fundamental 
relation 

B = curl A. (1) 

In the present case 

A t = 0, A e = 0, (2) 


The sinusoidal distribution in the infinitely 
thin antenna is 

I z = I m sin Uh - | z |) 


and because rotational symmetry about the 
z-axis obtains, all derivatives with respect 
to 6 vanish. Hence (1) reduces to 


= J m (sin 0 o h cos /3 0 z 

- cos P 0 h sin /9 0 | z |), (6) 

where I m is the maximum amplitude at 
z = h — i/4. 

Upon substituting (6) in (1) the following 
final expression is obtained for the vector 
potential at any point in space due to a 
center-driven symmetric antenna with sinu¬ 
soidal current: 

A„ = ~ [sin fl (y hC r (h, z) — cos [l 0 hS r (h, z)]. 

47rt'o 

(7) 



B r = curl r A = 0, 

(3a) 


r. dA Z 

B b = curl e A =- — , 

(3b) 


B z — curl 2 A = 0. 

(3c) 

With (1.7), 



Bo= - 

„ , <>C T (h, Z) 

4^ r nM 0 r 



no. R h 3S ^ Z) 1 
COS l' u h dr 1 

■ (4) 


The functions C T (h, z) and S r (h, z) are 
defined below as in Chapter II: 



except that in (8) and (9) above r appears in R x 
instead of a. It is seen from (7) that the general 
expression for the vector potential due to an 
infinitely thin antenna is a complicated 
function. In spite of the fact that the general 
integrals for the electric and magnetic vectors 
are more intricate than the general integral 
for the vector potential, the expressions 


The differentiation of the function C r (h, z) 
and S r (h, z) as defined in (1.8) and (1.9) may 
be carried out as follows. The exponential 
integral 


Ei(v) = 



(5) 


can be differentiated with respect to a para¬ 
meter r contained in v as follows: 


Y Ei(v) 
dr 


i r e ~ 

3r }„o u 


du 



( 6 ) 


Since u is an independent variable, the differ¬ 
entiation of the definite integral reduces to a 
single term obtained by substituting the 
upper limit in the integrand. Thus 


3 

dr 


Ei(v) = 


e v dv 
v dr' 


(7) 
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Using (II.19.29-31) with U replaced by P 0 u 
and A by p 0 r, the following expression is 
obtained after a change of variable: 

SC r (h, z) = , /_ g-3W*«>+«i > _ 

3/" \ B 2 A + tt 2 -^ 2 * 

iW R i \~“ll r \ 

— “l Rlh) 


+ 


+ 


\ ^ 1 A + U 1 Rlh 


+ 


e—iP<I R ih— u i) r \ 
— « 2 R^h) 


R 2 


Combining terms gives 


( 8 ) 


3C r (6, z) _ 


9r 


RzhiRih + m 2 ) 


+ 


Rih(Rih w i) Rih(Rih "I - u i) 

^ g~j^o( R 2h~^ 


(9) 


with 


u 2 = h + z, u x = h — z, 


^ 2 A(^ 2 A — “ 2 ) 

Since 

(B 2 A + “2)(^2A ~ " 2 ) = ^2A — "2 

= u\ + r 2 - u\ = r 2 , ( 10 a) 

(^1A + «l)(^!A - "l) = R lh - 

= a 2 + r 2 - uf = r 2 , (106) 

it is possible, by reducing to common denomi¬ 
nators, to obtain 


R 2h = V ul + r*, R lh = Vu 2 + r 2 . 
Similarly, 

dS T (h, z) _ j e-J/ 3 o(- R 2 »+ !< 2 ) r 

dr 2 [ i? 2 A + w 2 -^2A 

’~jfio^ R h "t 2 ) /* "j 

i ? 0 + z ^oJ 


g—jPo(Rih~ u i) r e 
' 2 - 


*i, 


«i R y 


-L 

2 


c~ r 

Rlh + U 1 Rlh 


e~iPo( R 2h~ u t) r 

Rih R 2 R 2 h 


~jfio( R 0~Z) f 

Ro r R 0 


( 12 ) 


Collecting terms gives 
3S,(h, z) j j e~^o R th_ 

2 r i R 2h 

+ (R. ih - u.Je-tfJ 1 ] 

e~o^t\R\h 


dr 


R 


ih 


[(Rih + u 2 )e^<A 

(Rui ~ u ± 

[(Rlh + «1 yeW* 


+ (Rih — «i)e _;/3 o / '] + 4e~iP° R ° 
. cos P 0 h 




(c-iM.» e~^« ®ia) 


+ 


sin Poh /u 2 e~Wi> R th u 1 e~^« R ih 


t\ Poh / u,e~iPo l 

r \ Rzh 


+ 


/ 2 . 


Rlh 


H- e iPo R o. (13) 

r 


3r 2 r ( /? 2ft 

O . e~^0 R lh 

- (R 2 h - u 2 )e->W] + —— [(2? lft 

A 1 A 

+ U])eiW - (R lh - w 1 )e-W>]j 

e~tfo R 2h l W, COS BJl . . n ,\ 

- — u*;- 

+ ^ , (‘i^ + ysi„w) 

cos P 0 h luve-Wott-M Hjg-i/WtuX 
r \ ^ 2 A ^ Rlh ) 

+ / —— (e~)Pt> R i\ + c - t/So K u), (11) 


Upon combining (11) and (13) to form (4), 
and noting (3a, c), the following simple 
result is obtained: 

B r = 0, (14a) 

Bn = — - m (c ~i@a R ih -j- e~iPo R M 
4wr 0 r 

— 2 cos P a he~iPo R o), (146) 

B, = 0. (14c) 

This is the magnetic field of a center-driven 

antenna of half-length h with sinusoidally 
distributed current. In (146), 

Rih = ^ ( z + h) 2 + r 2 , 

Rih = V(z - 6) 2 + r 2 , 

R 0 = Vz 2 + r 2 ; (15) 
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R 2 h and R lh are the distances from the point 
where B e is calculated to the ends of the 
antenna; R 0 is the distance to the center. 

An interesting application of (146) is to 
calculate the magnetic field near the surface of 
a cylindrical conductor with a sinusoidal 
distribution of current. For a conductor of 
half-lengths h = 2 0 /4, 3A 0 /4, • • • , the magni¬ 
tude of (146) may be expressed as follows: 

| Wolk | 

= (V'OtcOS (rrR lh j). 0 ) COS (j rR 2h jk 0 ) 

+ sin (j r/? lft /A 0 ) sin (7rR 2h IX 0 )], (16) 

where & is a constant. The quantity defined 
in (16) is shown plotted in Figs. 2.1 and 2.2 
for h = A 0 /4, 3A 0 /4 as a function of 360“ z/2 0 
with r/A 0 as parameter. For comparison, 
cosine curves are also drawn. It is seen that 
for sufficiently small values of r/A 0 the 
magnetic field differs negligibly from a cosine 
curve except near the end of the conductor. 
Accordingly, a device such as a small loop, 
which has an induced voltage proportional to 
the average magnetic field linking it, may be 
used to measure the magnetic field near the 
conductors, and this field, in turn, is pro¬ 
portional to the magnitude of the current 
except near the ends, where the current is 
known to vanish. 

3. The Electric Field 

The electric field may be calculated from the 
general expression 

E = —grad<t> — jto A 


= - (grad div A + /SgA). (la) 
P o 

At points in space where all currents vanish, 
the vector potential satisfies the relation 

V 2 A + /SqA = grad div A — curl curl A 

+ $A=0, (16) 


so that 

E= — — curl curl A = — curl B. (lc) 
a) to 

This last form is identically the field equation 
v 0 curl B = p m v + jtoegE, (2a) 
solved for E at points in space. That is, 


~J V o 


curl B. 


[V.2] 

It follows from (2.14a, 6, c) that 

B = e B g , B t = 0, B 2 = 0. (3) 

Hence, 

curl r B = - - (rB e ) = - , (4a) 

rdz 3z 

curl e B = 0, (46) 

curl 2 B = - ( rB g ). (4c) 

r or 

But from (2.146), 

( rB d ) = -—— (e -)- e~iP» R ih 

470-0 

— 2 cos [ijie (5) 

In carrying out the differentiation of (5) in 
accordance with (4a) and (4c), the following 
are useful: 


3R 2h _ z + h 3R lh _ z - 6 
3z R 2h ’ 3z R lh 


3 Rjh = d Rih 

3r R 2h ’ dr 


With ( 6 ) and (7), 


M, 

3z 


2 



( 6 ) 


r 


*Ro 

3r 


*o' 


(7) 


j z (rB 0 ) 


= /Vm h + f* t 

4t77-0 \ Ryi 


~iP 0 R 2 i 


+ 


- e~iP» R ih 

Rlh 


— cos /J 0 6 e _ ^o R o 
Ro 


( 8 ) 



PoI m r / e-rtpRth 
4771-0 \ T?27i 


e ~}Po^ih 

Rlh 


— cos P 0 he~iPt 
Ro 


ifinRo j . 


(9) 


Upon forming the cylindrical components 
of (2) using (4a, 6 , c) and ( 8 ), (9), and noting 
that 

£o_ = d)Ve 0 lv 0 = 1 

<ue o a>e 0 V £ 0 »-o 


(26) 


( 10 ) 
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360 *.^ 


Fig. 2.1. Magnetic field 
along antenna of half- 
length h = A 0 /4 (with sinu- 
soidallydistributedcurrent) 
at different distances r/A 0 
from the axis (z-axis) of 
the antenna. 


Fig. 2.2. Magnetic field 
along antenna of half- 
length h = 32 0 /4 (with 
sinusoidally distributed 
current) at different dis¬ 
tances r/2„ from the axis 
(z-axis) of the antenna. 




Fig. 4.1. Polar coordinates R 0 , 0, ®. Fig. 4.2. Cylindrical and spherical 

components of the electric field. 
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the electric field is found to be 

E = jJJ *o e -j()„R lh + 7 + h e -of> a n n 

4?rr \ R lh R 2h 

— ^ cos p 0 he-iP o R o^ , ( 11 a) 

E e =0, (116) 

E _ -jlmU ( e ~ j ^ . e~tfo R 2h 

1 4w \ R lh R 2ll 

—cos (l 0 he -iPo R o | . ( 11 c) 

These expressions define the complete electric 
field at all points in space due to the sinu¬ 
soidally distributed current in a symmetric 
center-driven antenna of half-length h, with 

R 2h = V(z + h) 2 + r 2 , 

R lh = V( Z - h) 2 + r 2 . 


R 2 h = Vr 2 + (z + 6) 2 = VRl + 2zh + h 2 . 

( 2 c) 

Since, 

z = R 0 cos 0, (3) 

it follows that 

R ^ h= R «J l ~J o °° S&+ ^ 0 ’ (4a) 

Rzh — Ro jj 1 + — cos 0 + -jjjj • (46) 

Subject to (1), the terms h 2 !R% are negligible 
compared with unity, so that they may be 
multiplied by cos 2 0 without significant error 
when 0 g 77-/2 and with no error when 0 = 0 . 
This makes (4a) and (46) perfect squares, and 

R lh = R 0 — h cos 0, (5a) 


R 0 = Vz 2 + r 2 . (12) R 2 h = R 0 + h cos 0. (56) 

Also 

4. The Radiation Field r = R 0 sin 0, ( 6 ) 

In a large class of problems interest is 

primarily in the electromagnetic field at a With (5a, 6 ), (1), and (3), it follows that 


considerable distance from an array of one 
or more antennas. Subject to the condition 

* 2 o > h 2 (1) 

it is possible to simplify the general expressions 
(2.14) and (3.11). It is significant to note that 
( 1 ) is much less severe than the general con¬ 
ditions for the far zone, P 0 R 0 >1, R Q > h. 
The inequality (1) will be called the condition 
for the quasi-far zone. Let the cylindrical 
coordinates r, 0 , z that have been used hereto¬ 
fore be replaced by the spherical coordinates 
R 0 , 0, ® with origin at the center of the 
antenna (Fig. 4.1). Rotational symmetry with 
respect to 6 in the cylindrical system corre¬ 
sponds to symmetry with respect to ® in the 
spherical coordinates. It follows that B e may 
be identified with B 0 , while E r and E z must 
be combined to give E„ and E 0 . 

By definition, 

R 0 = Vr 2 + z 2 , (2 a) 


z — h z — h 





Rlh = ^r 2 + (z - h) 2 = VR 2 - 2zh + h 2 , 

(26) 


( 10 ) 
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Upon substituting (3), (5a, 6), (6), (7), and 
(8) in (2.14) and in (3.11) the following 
expressions are obtained: 


B r r = 0 , 


(Ha) 


% = F m (0, /3 0 /,), (116) 

LTIVq Kq 


b: = o, 


E r e = 0, 

El = ^-° [f m (0, /? 0 6) sin © 

+ / — sin (/3 0 6 cos 0) cos 0 . (12c) 

J 


The quantity 

F m (0, ft 0 h) = 


cos (/S,,/! cos 0) — cos ft^h 
sin 0 


(13) 

has been introduced. 

The two cylindrical components E r and E z 
of the electric field may be combined to give 
the spherical components E„ and E 0 . The 
component E# is zero because E e vanishes. 
From Fig. 4.2 it is easily verified that 

E r Q = E r r cos 0 — E r z sin 0, (14a) 

E r K = E r r sin 0 + El cos 0. (146) 

With (13) and 

cos (ftjt cos 0) — cos ft g h 


F o (0, /VO = 


sin 0 sin ft<Ji 


and noting that 


I 0 - I m sin ft„h. 


(15) 


(16) 


the electromagnetic field (11) and (12) may 
be written as follows, subject only to 6 2 < i? 2 : 


= 0 , 


(17a) 


% = ^ F m (0, /J°6) 

= j -^r —j^~ F ° i& ’ W>’ (18o) 


(lie) 


K = o, 

I Cnh a iMo 

E ^ = 2 ^ 4 r sin ° 8#Acos0) - 


(186) 


K = jI ~ e ~^ W cos 0 

— j — sin (i cos 0) sin © , (12a) 

R<> J 


(126) 


(=0if/? 0 >6) (18c) 

Since (1) rather than the more severe condition 
h < R 0 has been imposed, E T R , which is a 
1 /Rg term and hence not part of the far-zone 
field, appears. Subject to h R 0 , its maximum 
value at 0 = 0 is negligible compared with 
the maximum value of E T & . It is significant to 
note, however, that B, b and E Q have essentially 
the far-zone form at distances from the 
antenna that satisfy R 0 ^ 56. This is im¬ 
portant in making measurements of E & in 
the experimental determination of field 
patterns. 

Note that 

—— = 2 x 10~ 7 henry/meter, (19) 
I 2 - = 60 volts/meter. (20) 

2 n 

The far-zone components E r B and B^ 
satisfy the relation 

El 


— v oB 
or, in vector form, 

E ; 


( 21 ) 


''o» r X R 0 


( 22 ) 

The function F m (0, ft 0 h) is the field char¬ 
acteristic of the antenna in a plane containing 
the antenna and referred to maximum 
sinusoidal current. It is often called the 
“vertical” field characteristic. The function 
F o (0, ft 0 h) is the same characteristic referred 
to the input sinusoidal current. Clearly, if 
Poh = it, 2n, • • •, F o (0) becomes infinite 
so that F m (0, ft^h) is more convenient. 
Important special forms follow. 

Although the general expression (1.7) for 
the vector potential is long and intricate, 
the simple relation 


B r K = 0 , 


J m * w « 

2^0 *o 

F»(®, /V») 


£ r e = 

—jo)A r 0 — jo>A r z sin 0 

(23) 

jl 0 e-JW* 

E 0 ( & > /VO, 

(176) 

is true for the far zone. Accordingly, 


2 ttv 0 

A r — 

h F o (0, ft 0 h) e-iftoN, 

(24) 

0, 


(17c) 


2m’ 0 ft 0 sin 0 R 0 
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5. Field Patterns 

The directional properties of the electric 
and magnetic fields in the far or radiation 
zone of a center-driven, infinitely thin antenna 
are contained in the functions F m (Q, PS 
and F o (0, j 3 0 h) as defined by 


F m (0, /VO 


cos (Poll cos 0) — cos p 0 h 
sin 0 


(la) 


F o (0, PS 


cos (fi 0 h cos 0) — cos fl a h 


sin 0 sin /J 0 6 


(16) 


These functions depend only upon the polar 
coordinate 0 because the antenna is rotation- 
ally symmetric and the field therefore inde¬ 
pendent of the angle <1>. A graph of the magni¬ 
tude of (la) or (16) as a function of 0 is, 
therefore, sufficient to show the directional 
properties of the electric and magnetic fields 
in the far zone. Such a graph is called a 
field pattern in a plane containing the antenna. 
It may be represented in rectangular form 
with 0 as abscissa, F m (0, fifi) or F o (0, /3 q 6) 
as ordinate, and fl 0 h or 6/7. 0 as parameter. 
Alternatively, it may be drawn as a polar 
diagram with 0 as angle and F m (0, fi 0 h) 
or F o (0, p 0 h) measured radially outward. 
It is usually convenient to express 0 in degrees 
measured from the vertical. For a symmetric 
center-driven antenna it is sufficient to plot 
F(0, fifi) as a function of 0 in the range 
0 < 0 < 90°, that is, in a single quadrant, 
because all quadrants are alike owing to 
symmetry. Rectangular and polar graphs of 
F m (0, P 0 h) or of F„(0, PS are shown in 
Fig. 5.1 for several values of 6/A 0 = /3 0 /j/2tj-, 
including especially the following important 
cases: 

Short antenna, /?q6 2 -€ 1, 

f o (0, ps , 

= 1 — cos 2 0 +-1 +jPlh i - 

Pffi sin 0 

— sin 0; (2) 


Half-wave dipole, f3 0 h = tt/2, 


cos 


F o (0, PS = F m (0, PS = 


Full-wave dipole, /3„/i = w, 


^ cos 0 j 


sin 0 


(3) 


r a ^ COS (77 cos 0) + 1 
Fm(0, P Q h) = - - - ; (4) 


Wave-and-a-half dipole, / 9 0 h = 3n/2, 

(y cos 0 j 


cos 


F o (0, P 0 h) = F m (0, PS = 


Two-wave dipole, 1 9 0 h = 2n, 


sin 0 


(5) 


r , A COS (2 tt cos 0) - 1 

F ^^)= --Q- • ( 6 ) 


Extreme values and zeros of the functions 
F o (0, p 0 h) and F m (0, fifi) are of particular 
importance. The values of 0 for which they 
occur are readily derived. The zeros are deter¬ 
mined by solving 

cos (p 0 h cos 0) — cos flfi = 0 (7a) 

or 


sin $Poh( 1 + cos 0)] sin [|/t 0 6( I — cos 0)] 

= 0. (76) 

The roots are 

©o^cos-^l- 2 ^), 7V= 0,1,2, • • •, 
®i, » COS-- {— - l) , 


(8a) 


N'= 1,2,3, (86) 


with © and 0' in the first quadrant. The value 
N = 0 in (8a) gives © 00 = 0 for all values of 
/3 0 6. The functions F o (0, ffili) and F m (0, /3 q 6) 
actually become indeterminate of the form 
0/0 at this value. However, by differentiating 
numerator and denominator, 

lim [ COS cos “ cos **1 
0 _^)[ sin© J 

[sin (fiJi cos 0) P 0 h sin ©1 
= lim - — - = 0. 

0—>0 L cos 0 J 

(9) 


Curves of 0 O _ V , N > 0, and 0 q V ,, N' > 0, 
are shown in Fig. 5.2 in unbroken lines 
marked Q oy or 0^. It is clear that for 

0 < P 0 h < t t, there is only one angle that 

satisfies (7a), namely, 0 OO at 0 = 0; for 

TT < < 2n, there are two angles, 0 OO and 

© 01 ; for 2 it < fifi < 3 77 , there are three 
angles, 0 OO , 0 O2 , and ©oi; for 3 t 7 < /V> < 4 t 7 , 
there are four angles giving a zero value of the 
function, namely, 0 OO , 0 O3 , 0 q 1( and 0 O2 ; for 


sin 0 




Fig. 5.2. Angles of zero (0 O , 0') and extreme Fig. 5.3. Extreme amplitudes of FJQ, BJi). 

(0 m ) values of F m (0, fijt). 
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4w < ftji < 5n, there are five angles, 0 OO , | F m (0 ml , ft a h) | is near a maximum. Since 


® 04 » ® 01 » ® 03 » an ^ ® 02 * 

Values of 0 that maximize or minimize 
F m (Q, ft^h) are readily obtained formally by 
equating to zero the derivative of F m (Q, pji) 
with respect to 0. Thus 

Jq FJ&, PS 

d r cos (Pah cos 0) — cos 
d@[ sin© J U ' 

Differentiation and rearrangement give 

ftji sin (ftji cos 0) = — [cos {ftji cos 0) 

— cos Poh] cos 0 esc 2 0. (11) 

The roots of this equation are 0 mA ., where 
N = 0, 1, 2, • • •. They can be obtained 
graphically. In Fig. 5.2 are curves showing 
0 mJV as a function of p 0 h. It is interesting to 
note that these curves for the maximizing 
and minimizing values 0 m intersect the curves 
for 0 O . This means, of course, that the maxi¬ 
mum magnitude of a particular ear or lobe 
in a curve shrinks down to zero as ftji is 
increased and then grows again. For example, 
in Fig. 5.2 the maximum value | F m (0 mO , ft oh) \ 
(which always occurs at 0 = 90° since 
0 mO = 90° for all values of ft^h) increases 
continuously from zero with h = 0 to 1 with 
h = A/4 to 2 with h = A/2. It then decreases 
continuously back to 1 with h = 3A/4 and 
again to zero with h = A. It repeats this cycle 
indefinitely as h is increased beyond A. The 
maximum values | F m (Q mN , ftji) | behave in 
similar ways but also change their directions 
because 0 mA . for N = 1,2, 3,- • • varies with 
PA In Fig. 5.2, | F m (0 ml , (tji) \ is zero at 
h = A/2. It grows from zero at 0 = 0° with 
h = A/2 to 1.4 at 0 ml = 42° with h = 3A/4, 
It increases further to a maximum of 2.36 
at © ml = 57.5° with h = A, then decreases 
continuously to zero at 0 ml = 0 O2 = 70° 
with h = 3 A/2. This behavior can be followed 
for any lobe or ear, using Fig. 5.2. Along 
any curve ® mN , zero values occur whenever 
it crosses a curve 0 OJV and maxima are very 
nearly at the values of ft<fi lying midway 
between the values for zero. Thus, following 
the curve for 0 ml from its beginning at 0 = 0 °, 
Poh — 7 t, the following may be concluded. 
At 0 = 0°, 70°, 77.5°, 83°, • • • the curve 
intersects successively 0 O1 , © 02 , ©,, 3 , © 04 , • • •, 
so that | F m (Q ml , fifji) | must be zero at 
PJi = 7t, 37t, 577 , In, • • •. Midway between, 
at Poh = 277, 4t7, 677 , • • •, the quantity 


®mjv» N = 0 , 1 , 2 , ••• are maximizing or 
minimizing angles for all values of ft 0 h, the 
function 

(F m )extrcmc = F m (® my , PqF) 

_ cos (Pph cos e m , v ) - cos p 0 h 
sin ® mII 

gives all the extreme values of all the ears. 
It is plotted in Fig. 5.3 as a function of (t 0 h 
with N as parameter, that is, for each value of 
ft 0 h the extremizing angles 0 mA are read from 
Fig. 5.2 and substituted in (12). A continuous 
curve is then plotted for each value of N. 
These curves are marked Q mN to identify 
them with curves in Fig. 5.2 from which the 
values of @ mx are obtained. In most cases 
the magnitude of (12) is required. Curves for 
the magnitude are obtained from Fig. 5.3 
by plotting the negative half with a positive 
sign. Using Fig. 5.2 and Fig. 5.3 the angle 
and magnitude of all extreme values of ears 
or lobes for f) 0 h < In can be obtained directly. 

THEORY OF THIN CENTER-DRIVEN 
AND MULTIPLE HALF-WAVE ANTENNAS 
—CONFOCAL COORDINATES 

The complete electromagnetic field of a 
center-driven antenna as given in (2.14) 
and (3.11) is mathematically relatively simple. 
However, the representation of the field in 
cylindrical coordinates does not lend itself 
to an interpretation in terms of expanding 
surfaces of constant phase. It is pointed out 
in general terms in reference 1.31, Chap. IV, 
that electric and magnetic fields can be 
described in terms of a simple wave picture 
only in the far zone. In the special and simple 
case of antennas with sinusoidally distributed 
currents it is possible nevertheless to deter¬ 
mine surfaces of constant phase or wave 
fronts for the components of the field in 
relatively simple form. Since the field of 
multiple half-wave antennas is not only the 
simplest but actually fundamental in the 
general case, it is considered first. It is then 
shown that the fields of antiresonant antennas 
and of antennas of arbitrary length may be 
obtained by superposition from the solution 
of the multiple half-wave case. 

6. The Complete Field of Multiple Half- Wave 
Antennas in Confocal Coordinates 

Although the general expressions (2.14) and 
(3.11) correctly represent the electromagnetic 
field of an infinitely thin antenna both near 
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and far, they are not in a form to permit 
ready visualization of the shape and motion 
of surfaces of constant phase or wave fronts. 
It has been shown (ref. 1.31, Chap. IV) that 
in the far or radiation zone these surfaces are 
great spheres expanding in space with a 
constant radial velocity v 0 , as can be seen from 
(4.176) and (4.18a) after multiplying by e i<u 
and taking the real part. It is of interest to 
determine their behavior near the antenna 
as well, at least in simple special cases. This 
is readily accomplished for resonant antennas. 
For these there is no discontinuity in current 
at the center and a remarkably simple and 
instructive representation is possible. 2 ® 

An infinitely thin center-driven antenna 
is resonant at half-lengths 6 given by 

h = «A 0 /4, pji = mr/2, n odd. (1) 
The distribution of current is 

Iz = lm COS f 0 Z, I m - I 0 , (2) 

as shown in Fig. 6.1a. The complex amplitudes 
of the electromagnetic field are obtained from 
(2.14)and(3.11)using(l).Thus,for/i = nA 0 /4, 
n odd, 


B r = 0, 

(3a) 

B e = JldlL ( e -f- e~^» R 2 »), 

4rrv 0 r 

(36) 

b 2 = o, 

(3c) 

E t - jI r Co ( Z ~ h e Z + h e 

4ur \ R lh R 2h 

j 9 


(4a) 

© 

II 

© 

(46) 

£ -flml : 0 

4n \ R lh R 2 h / 

(4c) 

with 


Rin = V(z - 6) 2 + r 2 , 
R 2 a = V(z + 6) 2 + r 2 . 

(5) 


An infinitely thin antenna of half-length 
h — «A 0 /4, jjffh = mr/2, n even, (6) 
with a distribution of current 


I z = I m sin /V, (7) 

as shown in Fig. 6.16 is also resonant in the 
physical sense of oscillating in a natural 


mode. Such an antenna cannot be center- 
driven and is, therefore, necessarily driven 
asymmetrically if driven by a single generator. 
This presents special difficulties in an antenna 
of finite radius, as discussed in Chapter III. 
If two properly phased generators are used, 
a symmetric distribution is possible which 
is equivalent to that in two antennas each of 
half-length 6 = «A 0 /4, n odd, placed end to 
end. The field of each half of such a com¬ 
bination is given by (3) and (4) with respect 
to an origin at the center of each half and with 
2h the length of each half. If the origin is 
shifted to the center of the entire structure 
and 26 is its full length, the field of the upper 
half is given by (3) and (4) with R„ written 
for R 2h . The field of the lower half (in which 
the current is reversed) is given by (3) and (4) 
with a negative sign and with R 0 written for 
R lh . If the two fields are combined, the result 


for 6 

= «A 0 /4, 

n even, is 



Br = 

0, 



(8a) 

B e = 

4nv,f 

-jPoRih — e~ 


(86) 

Bz = 

0, 



(8c) 

E r = 

b4 1 

© 

-» 

— e-V 

z + h 

i»- e 

-}Po R 2h 1 


4nr \ 



/’ 





(9a) 

E e = 

0, 



(96) 

E — 

—jlmC Q 

/ e —jPoRvi 

e ~ 



4* 

\ Rik 

R» / 

V ?C) 


The distances R lh and R ih are defined as in 
(5); they are the distances from the point of 
calculation to the ends of the antenna. 
Since (8) and (9) differ from (3) and (4) only 
in a negative sign, the two sets of formulas are 
conveniently treated together. 

The instantaneous values of the components 
of the electromagnetic field given in (3), (4), 
(8), and (9) are obtained by multiplying both 
members by e imt and selecting the real part, 
assuming I m to be real. The solution so ob¬ 
tained is that corresponding to a time 
dependence 

(7m)inst = Im COS • 


( 10 ) 
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The instantaneous values are 

C® r )inst = 0, (11a) 

(B e ) ias t = [sin {cot _ Mi/,) 

4TTV 0 r 

± sin (to/ - P 0 R 2h )], (116) 
OUlnst = 0, (Ilf) 


(E r ) inst — 


~ImC 0 

4nr 


sin (cot - Mu) 


1 h 


l±Jl sin (to/ - M 2 *) | , (12a) 

Ai 


2* 


) , 


1£«)inst — 0, 

/»£ o 


(126) 


(^z)inst — 


± 


lA* 


sin (to/ - P 0 Rn) 


sin (to/ - M 2 *) . (12c) 

^2h 


Substitution of (15) and (17) in (19a) and 
(20a) and of (16) and (18) in (196) and (206) 
gives 

Iir£ 0 


(^u)inst — 


47TjR 


1 h 




1/2 


I_rrX _0 

4 7,r 


sin (to/ 


x sin (to/ - Mi*) 

- Mi*), (21) 


( £»)mst : 


Imi Q 
4irR 2h 



1/2 


x sin (co/ - M 2 *) 


= ^ sin (co/ - fS 0 R 2h ), (22) 

_ _ L L _ 

tan <j> u = -— = ——— , (23 a) 

. , z + h 6 + z 

tan <£„ =-or tan (—<£,.) =-. 

r r 


Here and in the following the upper sign is 
for n odd, the lower sign for n even in 
h — nX # /4. 

In order to obtain a more convenient form 
for the electric field let the following com¬ 
ponents be defined: 

(^r)inst = (^rl)inst i (£r 2 )inst, (13) 

(£z)inst = (Ezi)inst ± (Ez2)inst, (14) 

with 

(£ rl ) in3t = Z --^ sin (co/ - Mi*), 

47JT K lh 

(15) 

(E r2 ) inst - P^- 0 Z -±Jt sin (co/ - M 2 *), 

l\2h 

( 16 ) 

(£ z i)i„st - ¥-° sin (co/ - Mu), (17) 

^7T 

(£ Z 2 )inst - sin (co/ - P 0 R 2h ). (18) 

477- K 2 h 

These components can be recombined as 
follows: 

(£«W. = [(£ri)f„ 8t + (£ z i)LJ 1/2 , (19«) 

(E v ) inst = [(£ r2 )f nst + (£z2)f„ 8 t] 1/2 - d96) 

The directions of u and v make the angles 
4> u and <f> v with the positive z-axis. Thus, 

tan <f> u — (£' r i)inst/(^zi)mst, (20a) 

tan i> v = {E r 2 )instl(E Z 2 )m»t- (206) 


(236) 

It is now possible to identify u and v with 
the axes of a system of coordinates. Consider 
a point P near the antenna as in Fig. 6.2. 
The angles >j> u and (—<£„) as defined in (23a) 
and (236) are shown. From (23a) it is clear 
that the positive //-axis must make an angle 
</>„ with the positive z-axis. By laying this 
angle off at P, the direction of u is determined. 
From the figure it is clear that u is perpen¬ 
dicular to R lh for points in the first and 
second quadrants, and perpendicular to R 2h 
for points in the third and fourth quadrants. 
Since the antenna is symmetric with respect 
to its center, only the field in the first quadrant 
need be determined. The direction of v is 
also determined very easily. Since u is perpen¬ 
dicular to R lh , it follows from the figure that 

V + X = n l 2 - (24) 

Therefore v is perpendicular to R 2h . 

Although (21) and (22) for the components 
of (E)j ns t are simple, they are not convenient 
because the u- and //-axes are oblique, and 
the angle between them varies from point to 
point. It is, therefore, advantageous to define 
a pair of mutually perpendicular axes along 
which the components of (E)inst have a 
simple form. This is readily accomplished 
by defining a new pair of axes with origin at P 
which are normal to each other and which 
bisect the angles made by the u- and //-axes. 
Since u is perpendicular to R lh , and v is 
perpendicular to R 2h , it follows that the 
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angle between u and v is the same as the 
visual angle y between R lh and R 2h . Hence the 
new axes bisect both the angles formed by 
R lh and R ih and their extensions and the 
angles formed by u and v. In particular, let a 
new p-axis bisect the visual angle y> = F 1 PF 2 , 
as shown in Fig. 6.3. Let its positive direction 
be always outward from the antenna. Let a 
new f-axis be introduced perpendicular to the 
/s-axis, so that it bisects the angle vPu = y 
between the u- and u-axes. Let its positive 
direction be so chosen that the coordinates 
P, e, <I> form a right-handed system, where ® 
is the usual spherical coordinate. It is the same 
as the cylindrical coordinate 0. In Fig. 6.3 
the direction of ® at P is vertically down into 
the paper. 

Since the angle between the E-axis and the 
u- and u-axes is y/2, the components of (E)j ns t 
along p and e are readily expressed in terms 
of 18t and (E v ) inst . The following relations 
are true: 

E t = —cos \y (E u + E v ), (25 a) 

E p — sin \y> (E„ — E v ). (256) 

Upon substituting (21) and (22) in (25a, 6 ), 
the following expressions for the components 
of the electric field are obtained; the formula 
(7) for (jBo)inst is rewritten: 

(^fl)inst = (2?<p)inst = ^ S ' n (^ ~ @0 R l h) 

± Sin (at - fl 0 R v ,)], (26) 

(^)inst = cos h’ [sin (at - P 0 R lh ) 

± sin (at - P 0 R 2h )], (27) 

(E p ) mst = ^7 sin [sin (at - P 0 R lh ) 

T sin (tut - P 0 R 2 h)I (28) 

The trigonometric expressions in the brackets 
can be rearranged using the formula 

sin A ± sin B 

= 2 sin %(A ± B) cos \(A =F B) (29) 
to give the following for the upper sign (n odd): 

(^o)inat = A COS \Pq(R 2 ji Rlh) 

2 «V" 

x sin [a>t - %P 0 (R 2h + /?!(,)], (30a) 
(E e )inst = 2™r° COS ^ C0S iPJ-Etk ~ R lh) 

x sin [cot - iP 0 (R 2h + 7? u )], (306) 


(^p)inst = sin \y sin \PfR 2h ~ R in) 

X cos [at - \PfR 2h + /?!(,)]. (30c) 
For the lower sign (n even), 

(■®e)inst = ~-sin ^PoiRzh — Rih) 

ZnVoT 

x cos [at - \P 0 (R 2h + /?!*)], (31a) 

(E e ) mst = cos sin iP 0 ( R 2 h- R ih) 

x cos [at - \p 0 (R 2h + /Ik,)], (316) 

(^p)inst = r ~~ Sin \y cos \PfR 2h - R lh ) 

X sin [at - \P 0 (R 2h + /In)]. (31c) 

The functions sin \y and cos \y may be 
expressed in terms of R lh and R 2h as follows. 


By the law of cosines: 


Rlh + R lh ~ 46 2 

cos y> = ‘ „ *-. 

2R lh R 2h 

(32) 

Using the trigonometric relations 


sin| = VKl - cosy), 

(33) 

cos| = V|(l + cos y), 

(34) 

it follows that 


2 \ RihR2h 

(35a) 

C0 .V f(R 2h +Ri h m-h 2 

2 R lh R 2h 

(356) 


7. The Radiation Field of a Multiple Half- 
Wave Antenna 

At sufficiently great distances from the 
antenna the following condition is satisfied: 

R 2 > h 2 . (1) 

With (1), 

iPo( R 2 h + R lh) == M* (2) 

hPo( R 2h — Rlh ) = kPo R 0 ^ i "L ~p2 





Fig. 6.2. Transformation of coordinates. 



to FOR MAXIMUM F rn (e,/5 0 M _ 

T* % F0R W, h) 1 ° 


3H 4ir sir 6ir rrr 

6 B 10 12 14 


Fig. 7.2. Angles of maximum and zero F m (Q,poh) 
for multiple half-wave antenna. (Lines connecting 
0 ’s have no significance.) 


Fig. 6.3. Coordinates e and p. 
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Table 7.1. Angles for zero and extreme values of the field function of a multiple half-wave antenna. 


n 

©o (deg) 

©m (deg) 

i 

0.0 

90.0 

2 

0.0, 90.0 

54.0 

3 

0.0, 70.5 

42.5, 90.0 

4 

0.0, 60.0, 90.0 

36.3, 75.1 

5 

0.0, 53.1, 78.5 

32.5, 66.0, 90.0 

6 

0.0, 48.2, 70.5, 90.0 

29.2, 59.5, 80.3 

7 

0.0, 44.3, 64.6, 81.6 

27.1, 54.6, 73.3, 90.0 

8 

0.0, 41.4, 60.0, 75.5, 90.0 

25.2, 50.8, 67.8, 82.7 

9 

0.0, 38.9, 56.3, 70.5, 83.6 

23.8, 47.7, 63.4, 77.1, 90.0 

10 

0.0, 36.9, 53.1, 66.4, 78.5, 90.0 

22.4, 45.1, 59.8, 72.4, 84.2 

11 

0.0, 34.3, 50.5, 63.0, 74.2, 848. 

21.3, 42.8,'56.8, 68.6, 79.5, 90.0 

12 

0.0, 33.6, 48.2, 60.0, 70.5, 80.4, 90.0 

20.3, 41.1, 54.0, 56.4, 75.7, 85.2 

13 

0.0, 32.2, 46.2, 57.5, 67.4, 76.7, 85.6 

19.6, 39.2, 51.8, 62.4, 72.0, 81.1, 90.0 

14 

0.0, 31.0, 44.4, 55.2, 64.6, 73.4, 81.8, 90.0 

19.0, 37.9, 49.8, 59.9, 69.0, 77.6, 85.8 

15 

0.0, 29.9, 42.8, 53.1, 62.2, 70.5, 78.5, 86.2 

18.2, 36.5, 48.0, 57.7, 66.4, 74.5, 82.3, 90.0 
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Introducing the polar coordinates R 0 , 0, 3> 
in (3) it may be written as follows: 

iPo(R 2 h - Rin) = Poh cos 0 = y cos 0. 

(4) 

With (2) in (6.355), 

cos | == 1. (5) 


With (3) and (4) in (6.35a), 




h\ 1 - cos 2 6) h . 

-*j— -s; sme ' m 


Also, 


r = R 0 sin 0. 


(7) 


Since the p-axis at a point P bisects the 
visual angle yi, p approaches the radial line 
R 0 through P as v> becomes small. Since the 
e-axis is normal to the p-axis, it becomes 
tangent to the spherical coordinate 0 at P. 
Hence, in the quasi-far zone and with n odd, 


C®!j>)mst — 


(Eq) inst — 


(^e)inat 



COS (inn COS 0) 



27 TVqRq 

sin 0 




X sin (cot — 

Mo)> 

(8a) 

— ImZo 

cos (inn cos 0) 



2ttR 0 

sin 0 




X sin (tot — 

Mo), 

(85) 

_ ImK 0 

sin (inn cos 0) 






sin 0 

x cos (cor — P a R 0 ) (8c) 


= 0 if h < R 0 . 
Similarly for n even. 


(TJJjOinat — 


(£@)inst — 


(T^)inst 


—I m sin (fnn cos 0) 


27TVqRq 

sin 0 



x cos (tot - P 0 R 0 ), 

(9a) 

O 

Xjt O 

s 0 ? 

1 

II 

sin (inn cos 0) 
sin 0 



x cos (u)t - P 0 R 0 ), 

(95) 

I m h( 0 cos (inn cos 0) 


InRl 

sin 0 



X sin (ait — P 0 R 0 ) 

(9c) 


= 0 if h < R 0 . 
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The formulas (8a)-(8c) for the instantaneous 
values of the quasi-far-zone field of a resonant 
antenna an integral odd number of half-wave¬ 
lengths long can be obtained directly from 
(4.17) and (4.18) with fiji = rmjl, n odd. Field 
patterns of 

c i \ cos cos 0 ) 

F m (Q, \mr) = 


sin 0 


n odd 


( 10 ) 


are given in Fig. 5.1. The angles 0 m at which 
the field is a maximum and the angles 0 O 
for which it is zero may be read directly at 
the intersections of the appropriate curve in 
Fig. 5.2 with the abscissas PJi = cm/2, n odd. 

The formulas (9a)-(9c) for the resonant 
antenna an integral even number of half¬ 
wavelengths long cannot be obtained from 
(4.17) and (4.18) since these apply only to 
the symmetric distribution of current /(—z) = 
/(z). Field patterns of 


F m (©, \nn) = 


sin (\mt cos 0) 
sin 0 


n even 


(ID 


are given in Fig. 7.1. The angles 0 m and 0 O 
at which the field is a maximum or minimum 
and zero are indicated in Fig. 7.2. The relative 
amplitudes of maxima and minima are shown 
in Fig. 7.3. No significance is to be attached 
to the lines connecting points in Figs. 7.2 and 7.3 
except at p„h = mf2 , n even or odd, since a 
continuous variation of P () h is not possible 
in this special case. The points at n even 
apply to (11); those at n odd apply to (10) 
and coincide with values obtained from Fig. 
5.2 and Fig. 5.3. Numerical values of 0 m and 
© 0 for integral values of n from 1 to 15 are 
given in Table 7.1. 

It is significant to note in Table 7.1 that the 
angle for the first and largest maximum value 
of F m (@, inn) moves nearer and nearer to 
0 = 0 as n increases. That is, as the length of 
the antenna is increased, its principal maxi¬ 
mum approaches the axis of the antenna. 
For an antenna that is several hundred 
wavelengths long 0 ml is very small. 


8 . Phase Relations in the Field of Multiple 
Half- Wave Antennas 

The general expressions (6.30)-(6.31) are 
written in terms of R lh and R 2h and the visual 
angle y> between them. This form is not 
inconvenient for purposes of computation 
using graphical methods, but it does not lend 
itself to ready determination of phase relations. 



THEORY OF LINEAR ANTENNAS 


F m l«m.A h >l £ 


■« 



Fig. 7.3. Extreme values of F m (Q, p 0 h ) for multiple 
half-wave antenna at 0 m given in Fig. 7.2. (Lines 
connecting 0’s have no physical significance.) 


Fig. 8.1. Confocal coordinates e and p 
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A further very illuminating modification is 
possible with the aid of a few well-known 
theorems from analytic geometry. 

(1) A point P which moves so that the sum 
of the distances from P to two fixed points 
F 1 and F 2 is constant remains on the surface 
of an ellipsoid of revolution with foci at F 1 
and F 2 , and with axis of symmetry through 
Fj and F 2 . 

(2) A point P which moves so that the 
difference between the distances from P to 
two fixed points F l and F 2 is constant re¬ 
mains on one sheet of a hyperboloid of 
revolution of two sheets. The points F 1 and 
F 2 are the foci; the axis of symmetry passes 
through F 1 and F 2 . 

Thus 

R<ih + R lh = 2 a e , (la) 


For all points on a given ellipsoid, a e is 
constant. Therefore, every ellipsoidal surface 
that has the ends of the antenna as foci is an 
equiphase surface or a wave front. The phase 
(co/ — / 9 0 a e ) on such an ellipsoid varies 
periodically in time, but at every instant its 
value is the same for all points on the ellipsoid. 

A surface that is to remain in the same 
phase at all times is defined by 

cot — = const. (4) 

Since time is not constant, this expression 
is true only if a e increases in time. That is, 
an ellipsoidal equiphase surface or wave 
front expands in time. The time-rate of 
increase of the semimajor axis is obtained 
by differentiating (4); it gives the axial phase 
velocity, v va , in free space. Thus, 


R^h ~ R\h — 2o/j. (1ft) 

Here a e is the semimajor axis of the ellipsoid 
and a h is the semitransverse axis of the hyper¬ 
boloid, as shown in Fig. 8.1. Note that a h 
is positive in the upper, negative in the lower 
half plane. 

(3) The tangent and normal to an ellipse 
at any point bisect the angles made by the 
lines from the foci to the point. Therefore 
the p-axis, which bisects the angle y (Fig. 8.1), 
is normal to the ellipsoid of revolution at P, 
and the c-axis is tangent to the ellipsoid. 

Using (la, ft) in (6.30-6.31), the following 
expressions are obtained for the field both 
near and far from the antenna. With n odd, 

CB<t)inst = cos fl 0 a h sin (co/ - f 0 a e ), (2a) 
2nv 0 r 

(F e )inst = cos \ cos Ptflh sin (cot - \3 0 a e ), 

(2 ft ) 

(Fp)inst = ij ~ sin ~ sin P 0 a h cos (co/- /3„a e ). 

(2c) 

With n even, 


or 


v 



da* 

^ = ° 


CO 



(5) 


== 3 x 10 8 meters/second. (6) 


The ellipsoid of constant phase is seen to 
expand in such a manner that its semimajor 
axis increases in length with velocity v 0 . 
Since the semimajor axis is measured along 
the z-axis it follows that the intersections of the 
equiphase surfaces along this axis travel at 
the constant velocity v 0 . In all other directions, 
however, the velocity is not constant as the 
surface expands. Thus, along the equatorial 
plane the rate of increase of an equiphase 
ellipsoid is that of the semiminor axis b e of 
the ellipsoid. This is related to the semimajor 
axis and the half-distance between foci 
(antenna half-length) by the formula 

b 2 e = aj - ft 2 . (7) 

Hence, 


da e 

dt 




ftf db e 
a e dt ' 


( 8 ) 


sin jffi h cos (co/ - p a a e ), 

im’^r 

(3a) 

(F £ )in 3 t = 2nr° cos ! sin cos iv>t ~ 0O®*)* 

(3ft) 


I ml 0„:_ V 

2n r 


(Ephnat = SZ 7 sin - COS iVft sin (mt - (Ve)- 

(3c) 


Upon substituting (8) in (6) and solving for 
the radial phase velocity v Pb of the equiphase 
ellipsoid along the equatorial plane, the 
result for n odd is 
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The ratio v vb lv 0 is plotted in Fig. 8.2. It is 
clear that the phase velocity along the 
equatorial plane is much greater than t> 0 
near the antenna where a e greatly exceeds b e . 
However, as the ellipsoid expands and both a e 
and b e increase, the ratio bja e approaches 
unity. As the distance from the antenna 
becomes large a e and b e become approximately 
equal to each other and to R 0 , and the velocity 
of the equiphase surfaces approaches v 0 
asymptotically. This is the case of spherical 
wave fronts expanding with constant radial 
velocity in the far zone as described in detail 
in reference 1.31. 

If the frequency of the source driving the 
generator is modulated at a low frequency 
or if a pulse containing a narrow region of the 
frequency spectrum is applied, a velocity 
called the group velocity* may be defined. 
This measures the velocity of a particular 
phase of the modulation envelope of the electro¬ 
magnetic field or the velocity of the pulse. 
It is defined by 


doj dv~ 

v ' = Tr v *~ x ~d r- 


( 10 ) 


The group velocity in the equatorial plane 
of the antenna corresponding to the phase 
velocity v vb in (9) is obtained as follows 
using (10) and (9): 

"■* - %A + [w) 

Upon carrying out the differentiation and 
combining terms the result is 

__ v o 

Vgb ~ Vi + Mj4b e Y ~ VYThWe ' 

(ID 

Evidently, 

V% = v Pb v gb . (12) 

It is possible to write the expressions 
(2)-(4) entirely in terms of variables that are 
characteristic of the ellipsoids and hyper¬ 
boloids of revolution. The most convenient 
quantities for this purpose are the reciprocals 
of the eccentricities. These are defined by 

k, = l/e, = ajh, (13a) 

k h = l/e h = a h lh. (13*) 


* For a discussion of group velocity, see ref. 1.52, 
p. 330. 


Since a e can vary from a e = h to a e = oo, 

1 < k e < co. (14a) 

The ellipsoid k e = 1 is the straight line of 
length 6; the ellipsoid k e = oo is a circle of 
infinite radius. Similarly, because a h can vary 
only from —h to h, 

-\<k h <\. (14 b) 

When k h = 0 the two sheets of the hyper¬ 
boloid degenerate into the equatorial plane. 
For k h = ±1 they become the positive and 
negative sections of the z-axis above and below 
the antenna. With (13a, b ) and n integral 

= (15a) 


/V*e=/V>f = y*e- (1 5b) 


In expressing the quantities sin cos 
and 1 ]r in terms of k e and k h , use is made of 
relations obtained by adding and subtracting 
(la) and (16): 

Rih = <*e ~ a h , R 2h = a e + a h . (16 a) 


The substitution of (16a) in (5.35a, b) gives 





J 

J 


1 ~k\ 

k* - 1 
kl — kl 


(166) 

(16c) 


Curves of 'V / — k\ as a function of k h 
for different values of k e , and as a function 
of k e with k h as parameter, are shown in 
Fig. 8.3. The former are sections of circles, 
the latter of hyperbolas. 

Any circle in space with cylindrical 
coordinates r, z may be located by the inter¬ 
section of an ellipsoid and a hyperboloid of 
revolution. The equations of these confocal 
surfaces are 

(z/a,) 2 + (r/b e ) 2 =1, 

(z/a A ) 2 - (r/6,) 2 = 1. 


Here b e and b h are, respectively, the semiminor 
axis of the ellipsoid of semimajor axis a e , 
and the semiconjugate axis of the hyperboloid 
of semitransverse axis a h . They are defined 
as follows: 

6 2 = a 2 - 6 2 = h\k\ - 1), 
b\ = A 2 — a\ = 6 2 (1 - kl). 


( 18 ) 
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Fig. 8.4. Electric field near a half-wave antenna with sinusoidal current; 
h = /./4 (n = 1 in h — nA/4). 
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Fig. 8.5. Electric field near a multiple half-wave antenna with sinusoidal 
current; h = A/2 (n = 2 in h = »//4). 
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Fig. 8.6. Electric field near a multiple half-wave antenna with sinusoidal current; 
h = 3A/4 (n = 3 in A = nA/4). 
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The coordinates r and z in both equations (17) 
are to locate the same point. With (13) and 
(18), the two equations in (17) may be equated 
and transformed in the following manner 
to determine r: 


a\ a\ a\ a\ 


Hence, 


bl 


rfi - sfi 

a e a h _ ^ 

_2 Li 1.2 > 


(kl-kfrh* kf 


bl bf 
+ kid - kl) 


Finally, 


k' t - 1 
kl - k\ 

(kl - 1)(1 - kl) ■ 


r/h = V(*J - 1)(1 - kl). 


(19 a) 

(19 b) 

(19c) 
(19 d) 


Using (15a, b), (166, c), and (19 a-d), the 
results with h = nkj4, n odd, are: 


(^®)inat — 


(Fj)inst — 


(k')inst — 


-L 


cos (nrrkjl) 


2-V' ^(kl ~ 1X1 - k\) 

X sin (cot — nrrkjl), (20 a) 
-Iml 0 COS ( nrrkjl) 

2-rrh V(kt - kl)d - kl) 

x sin ( cot — mrkjl), (20 b) 

I_mt o sin (mrkjl) 

Irrh V(kl - mi - kl) 

X COS (cot — nrrkjl). (20c) 


With n even, 

( i(i>)imt = 


sin (nrrkjl) 


(^e)inst : 


2rrv 0 h V(k* - 1)(1 - kl) 

x cos (cot — nrrkjl), ( 21 a) 

-Imtp sin (nrrkjl) 

Irrh V(kl-kt)d-kl) 

X COS (cot — nrrkjl), (216) 


nf ^ _ Imi 0 COS (nrrkjl) 

2rrh V(kl -mi-Ti) 

x sin (cot — nrrkjl). ( 21 c) 


From these relations the instantaneous value, 
the amplitude, and the phase angle of the 
electromagnetic field can be calculated at 
any point in space. The coordinates locating 


such a point are the reciprocal eccentricities, 
k h and k e , of the hyperboloids and ellipsoids 
of revolution that intersect at the point. 
In Fig. 8.4 is represented one quadrant 
of space about a symmetric antenna of half 
length OF = h = A 0 /4; in Fig. 8.5, h = 2A 0 /4; 
in Fig. 8 . 6 , h = 3A 0 /4. The lower half of the 
antenna is not shown. The confocal ellipsoids 
have reciprocal eccentricities ranging from 
k e = 1 , when the ellipsoid reduces to a line 
coincident with the axis of the antenna, to 
k e = 2.4. The confocal hyperboloids have 
reciprocal eccentricities ranging from k h — \, 
when the upper sheet of the hyperboloid 
reduces to the vertical axis extending from 
Fj upward, to k h — 0 , when the two sheets 
of the hyperboloid coincide with the equatorial 
plane. 

It is possible to draw certain general con¬ 
clusions from the formulas ( 20 )—( 21 ) with 
regard to amplitude and phase relations of 
the three components of the electromagnetic 
field. It is to be noted in the first place that 
C 8 ®)i D 9 t and (F^mst are always in phase, 
while (F^inst lags by a quarter period or a 
phase angle of rr/2. Since (F c )i na t and (£ p )i na t 
are mutually perpendicular, it follows at 
once that the end of the electric vector E in9 t 
traces an elliptic path at every point. This is 
readily shown by eliminating the time from 
the expressions for (£ E )i nst and (£ p )i n 3 t- Thus, 
since with n odd 

(F e )Lt = El sin 2 (cot - nrrkjl), ( 22 ) 

(£ p )Lt = E't cos 2 (cot - nrrkjl), (23) 
it follows that 

(EJIJE? + (EJlJEl = 1. (24) 

The same equation is obtained with n even. 
This is the equation of an ellipse with semi¬ 
principal axes equal to the amplitudes E c 
and E p . Ellipses of this type are shown 
dotted at many points in Figs. 8.4, 8.5, 
and 8 . 6 . The electric vector is in general 
elliptically polarized in a plane containing 
the antenna; the magnetic vector is linearly 
polarized at right angles to this plane. 

The ellipse traced by the electric vector 
degenerates into a straight line tangent to the 
equiphase ellipsoids when EJE e vanishes; it 
becomes a straight line normal to the equi¬ 
phase ellipsoids when EJE p vanishes. It 
becomes a circle when these two quantities are 
equal. These special cases of linear and 
circular polarization occur under the following 
conditions. 
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Linear polarization with E p = 0 occurs 
when 


sin ( mk h \2 ) 

V(ki - mi - ki) 

COS (n-rrkJT) 

V(k* - mi -M 


n odd, (25a) 
n even. (256) 


This is true along hyperboloids for which 

nk h = 0, 2, 4, ■ • •, n odd, (26a) 
nk h = 1, 3, 5, • • •, n even. (266) 


Since in the upper half space 0 < k h < 1, 
the following solutions are possible in this 
half space: 

n= 1, k h = 0, defining the equatorial 

plane; (27a) 


n = 2, k h = 1/2; (276) 

n — 3, k h = 0, 2/3; (27c) 

« = 4, k h = 1/4, 3/4; (27</) 

n — 5, k h = 0, 2/5, 4/5; (27c) 

« = 6, Ar* = 1/6, 1/2, 5/6. (27/) 

Note that in the far zone, 

*1 = (ajh)* >\>kl (28) 

and (25) becomes 


6 2 sin (nukhjl) 6 2 sin (nnkjl) 

a 2 _ * 2 , ' ^ 


Accordingly, £ p vanishes at infinity as 1 //?§. 

Linear polarization with E e = 0 occurs 
when 


cos (n-nkjl) 

V(kl - kl)(l - A# 

sin ( riTrkJl) 
^(kj - k\)(\ - kf) 


nk h = 1, 3, 5, 
nk h = 0, 2, 4, 6, 


:=0, 

1 

n odd, 

(30a) 

= 0, 

1 

n even. 

(306) 

'oloids for which 


} 

n odd, 

(31a) 

6, ••• 

, n even, 

(316) 


with 0 < k h < 1. The following solutions are 
possible in the upper half space: 

n = 1 , k h = 1 , defining the z-axis be¬ 
yond the ends of the 
antenna; (32a) 


n = 2, k h = 1,0 defining the mid-plane 
and the z-axis beyond the 
ends of the antenna; 


(326) 

n= 3, k h = 1, 1/3; (32c) 

n = 4, k h — 1, 1/2, 0; (32J) 

«=5, **=1,3/5, 1/5; (32c) 

n — 6, k h = 1, 2/3, 1/3, 0. (32/) 


Note that in the far zone (28) is true so that 
(30a) becomes 

6 cos (mrkJ2) 6 cos {mkjl) 

1 - *2 “ * 0 V 1 - k\ ' 


The same relation with sin written for cos is 
true for (306). Accordingly, E e vanishes as 
l//? 0 at infinity. 

Circular polarization occurs when 


\E,\ = \E'\ (34) 

or when 

| tan (nnkjl) \ = V(k 2 e - 1)/(1 - k\), 

n odd, (35a) 

| cot (nrrkjl) | = V(kl - 1)1(1 - kfX 

n even. (356) 


Since in the upper half space 0 < k h < 1, it 
is seen directly that as 


k e -* », k h 


m m = 1, 3, 5, • • • 
n ’ n — 1, 3, 5, • • • 

(36a) 


kh 


m m = 0, 2, 4, 6, • • • 

n n = 2, 4, 6, • • • 

(366) 


Accordingly, in the far zone the lines of 
circles approach the hyperboloids k h = min 
for m and n odd, the hyperboloids k h = min 
for m = 0, 2, 4, • • • and n = 2, 4, 6, • • •. 
For n = 1, k h -*■ 1, the z-axis is approached; 
for n = 2, k h -*■ 0 or 1, that is, the equatorial 
plane or the z-axis is approached. 

Aside from constants, the expression (20a) 
for (.SaOinst differs from the expression (206) 
for CE t )inst only in having k\ — 1 appear in 
place of k\ — k\ in the denominator. Since 
k\ < 1, this in no way affects the behavior 
at infinity. Since the numerator is the same 
for (5 0 ) ins t as for (F^mst it follows that B$ 
vanishes when E e vanishes and in the same 
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way. The following ratio is true: 

(^e)inst 


(B<t>)ioat 


fkI - 1 
%/*?-**• 


(37) 


£ 9 = o, 

E 


[O] 

(56) 


(F)in3t/(B®hr,si — Vg 


Iz Im sin z |, 


/(-z) = -/(z). 


(3) 


Whereas the even natural modes occurring 
near h = nA 0 /4, n even, may be called resonant 
modes, the antiresonances occurring near 
h = nA 0 /4, n even, with a center-driven antenna 
are not resonant modes. The electromagnetic 
field of the center-driven antenna with 
fl n h = n-rr/2, n even, is given by (2.14) and 
(3.11) properly specialized. It is 


B r = 0 , 


B„ 


jlrr 


4 nvgr 
B z = 0, 


E, 


_ jlmi 0 j z-h 
4W \ R lh 


(4 a) 

(e~iPo R ih 4 - e~iPo R 2h 4 - 2e~^o R o) f 

m 

(4c) 
h 


— h z 

e~^o R ih 4-~ 




~^Q^2h 


— e-Vo) , 

Rq / 


= -jhXa (e~ jt 

4tt \ R 


■iPoRvt e~'Hkfitk 


In the far zone, where kj^> 1 > k\, this 
ratio reduces to 


+ 


Rib 

2e 


(38) 


W?o\ 

*r / ■ 


(5c) 


in agreement with the general results obtained 
in reference 1.31, Chap. IV. At all points 
along the z-axis, k h = 1 and (37) also reduces 
to (38). 

9. Field of Antiresonant Antenna and Antennas 
of Arbitrary Length 

A center-driven antenna of vanishing radius 
is antiresonant at half-lengths h = «A 0 /2 
with n even. The distribution of current is 


These formulas may be rearranged as follows: 


Bg 


Arrv 0 r 


[(e~4/V*i» — e~ 3A>®o) 


( 1 ) 


= jJmC0 [ /z- 
4nr [\ R 

\Rq 


4- (e~F 1 o R <i 4 e ~4i s a rt ih)\ (6 a) 
h 


■ e~iP«Ri* + 


,R„ + z ~ h e-iMu 


as shown in Fig. II.16.1. It is to be noted that 
antiresonance in a thin center-driven antenna 
occurs near the same lengths as the even 
natural modes of an antenna not excited at the 
center. The distribution of current (1) differs 
from (6.7) only in the absolute-value sign 
which requires codirectional currents at 
corresponding points in the two halves. The 
antiresonant center-driven antenna has even 
currents, 

/(-z) = /(z). (2) 

The even natural modes referred to an origin 
at the center have odd currents, 


= ~jhXn \( 

4n LI R 

+ ('-T 


Rih 


— e ~) 

R» / 
)], ( 66 ) 


1 ft 

Vo 


+ 


£— 

+ ~rT) 

e-ifitRvA 1 


R 


2h 


'll- 


(6 c) 


Each of these expressions is the sum of two 
parts of which each is exactly the formula 
for an antenna of half-length nA/4, n odd, 
but with origin at one end. If the field of each 
half is referred to an origin at its center, the 
formulas for the nonvanishing components 
of the field are 

B e = [(e~RW { ih + e~iPo R 2i) 

4rrvgr 

4- (e -J'Mu + e~iP<Rt »)], (7a) 


p jlmi 0 L (z' — 6/2 ■- 


h/2 


( K 


Rih 


? ^0^2 A ^ 


lft 

z" - 


? e | , 

P _ -jUo T { , e-iWLk\ 

Ez -~^r-[\-^r + ~Kr) 


(76) 



( [ e i@o R ih | e ^ct R 2 h ^ 

J , (5a) 

+ \ Kh + Rlh )\ 


(7c) 
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z' = z — h/2, z" = z + 6/2, 

m 

C^V^nat — 

R'lh = V(z' - h/2) 2 + r 2 . 

/■“•N 

oo 

w 


R'lh = V(z" - A/2) 2 + r-, 

(8c) 

(^c'Oinst = 

Rk = V(z' + A/2) 2 + r 2 , 

(8 d) 


Kh = V(z* + h/2) 2 + r 2 . 

(8c) 


The instantaneous values referred to 


I 

ii 

( An)inst ~ An COS 0)t 

(9) 


are 



Wi„ 9t =^{[sin(co/-^ 0 /j; A ) 


(^p")inst — 

+ sin (cot — 0 o /?2a)3 + [sin ( mt ~ 

Mu ) 



I-mio 

cos (mk' h l2) 


2rrh 

V(k' e 2 - 

- k' h 2 )( 1 - 


X 

sin (co/ 

- mk' e l2), 

(12a) 

IrrXo 

cos (n-rrkll 2) 


2nh 

V(k? 

- kl 2 )(\ - 

W) 

X 

sin (cor 

— nnk'/l 2), 

(126) 

IrrX 0 _ 

sin 1 

frrk'hl 2) 


2rrh V(k' e 2 - 

m? - k’ h 

5 

X 

cos (cor 

- nrrk'e/2), 

(13a) 

IrrX 0 _ 

sin (n-rrkll 2) 


2nh V (k'e 2 - 

l)(k? ~ k'l 2 ) 

X 

cos (cor 

- nrrk"J2). 

(136) 


(Fr)inst 


sin (cor - /3 0 /?2 a)]}» (10a) 

z' — h/2 , 

—--— sin (cut - Mia) 


_ ~I nX 0 I 
4*r I 

+ Z sin (c ot - /9 0 /?2 a)1 

A 2A J 

+ sin _ WQ 

-MZa)]}. 


, *" + 6/2 . , . 
+ - - —- sin (cor 

R 2h 


In the above equations (11)—<13), k' e is the 
reciprocal of the eccentricity of the ellipsoids 
associated with the upper half of the antenna, 
k" e the reciprocal of the eccentricity of the 
ellipsoids associated with the lower half of 
the antenna; k’ h and k'j, are the corresponding 
reciprocal eccentricities of the two families 
of hyperboloids. Thus, 

K = 2 a'Jh, k' h = 2 a'Jh, (14a) 

k" e = 2a" e jh, k’i = laj/h, (146) 


( r \ _ An?0 


(106) 


— sin ( cot - M/a) 

K lh 

Jr sin (cut - Mza) 
K 2h J 


with a' e and a" e the semimajor axes of the two 
families of ellipsoids, a' h and a'l the semi- 
transverse axes of the two families of hyper¬ 
boloids for which 

R\h + R’ih — 2fle, R' 2 h — R'lh = 2c>A> (15a) 


— sin (cot - Mia) 

.'HA 

+ -Jr sin (cot - Msia) 

K -lh 


(10c) 


If the two parts in each of these expressions 
are treated separately, they may be expressed 
in terms of the coordinates of two families 
of ellipsoids and hyperboloids having the two 
halves of the antenna as major axes. With 
( 8 . 20 ), 

^ _ zh. COS (link'd 2) 

2rrV 0 h V(k'e 2 — 1)(1 - W) 

x sin (cot — mrk'Jl), (1 la) 
_ COS (nrrk'l/2) 

( ®' )inSt 2irv 0 h V(kf- m 

x sin (cot — nnk"l2), (116) 


R'lh + R’zh — 2a/, R' 2h — R'[ h — 2a/. (156) 

The electromagnetic field in space may be 
regarded as a superposition of two families 
of identical ellipsoidal equiphase surfaces 
each expanding outward from one half of the 
antenna just as though it were alone. The 
instantaneous field at a given point is the 
vector sum of the instantaneous values of 
the primed and double-primed components. 
It is shown in Fig. 9.1 for two antennas end 
to end, and in Fig. 9.2 for two antennas 
with ends separated A 0 /20. It is to be noted 
that neither E e , and E c „ nor E p , and E p „ are 
codirectional except in the far zone, where the 
two families of expanding ellipsoids coalesce 
into a single family of expanding spheres. 

The combination of the fields due to the 
halves of an antenna treated as separate 
sources is a special application of the general 
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principle of superposition. The instantaneous 
electromagnetic field due to any number of 
arbitrarily oriented antennas may be regarded 
as the superposition of the instantaneous 
fields due to each antenna and due to each 
region in which charges are set in motion. 
This follows directly from the general integrals 
for the potential function or for the electro¬ 
magnetic vectors. However, it is only in the 
special case of a multiple half-wave antenna 
that the expanding ellipsoidal surfaces of 
constant phase due to each half-wave element 
coalesce into a single ellipsoidal surface 
expanding from the antenna as a whole. 

The general expressions (2.14) and (3.11) 
for the magnetic and electric fields of a linear 
radiator may be rearranged in the following 
equivalent way: 

B e = Jhz- [(l -f cos fi 0 h)(e 4 - e-#<>*») 
H r 

— cos p 0 h(e~iP o K ift + e — W*i» 4- 2e~M A)], 

(16) 


E r 

+ 


1 _J~ ^ e -W<flv\ — COS flfjl («-#•*!* 
°2h ! \ Rlh 

+ l±± e ~»+ %■ rVo)] , (17) 

R 2h R 0 / J 


E. 


■ -jlmto [, 

Air L 
e~j^o^2h\ 

R Zh ) 


(1 4-cos PJi) 


I e~iPo R v< 
\ Eu 


COS pjl 


( e ~iPo R ih 


e 

~ R 


=- + ■=-«-**) . (18) 
“'Zh Kq 1. 


In each of these formulas the second paren¬ 
thesis is exactly the same as in the corre¬ 
sponding formulas in (6.3) or (6.4) for the 
resonant multiple half-wave antenna. Simi¬ 
larly, the third parenthesis in each formula 
is the same as the corresponding expression 
in (4) and (5). It follows that the field of 
a center-driven antenna with sinusoidal 
current and arbitrary half-length A may be 
described in terms of the superposition of 
three families of expanding equiphase ellip¬ 
soids. Of these, the first has its foci at the 
ends z = ±A of the antenna separated the 
full length. Of the other two families of 


ellipsoids, one has its foci at z = 0 and A; 
the other, at z = 0 and —A. The resultant 
instantaneous field at any point may be 
obtained by combining vectorially the instan¬ 
taneous contributions associated with each of 
the three families of ellipsoids. This resultant 
field is not readily visualized in the near and 
intermediate zones. In the far zone all three 
families of ellipsoids coalesce. 

Although the representation in terms of 
ellipsoidal equiphase surfaces is advantageous 
in visualizing the nature and the behavior 
of the field near an antenna, direct evaluation 
of the field is probably more readily carried 
out using the relatively simple expressions 
(2.14) and (3.11) in cylindrical coordinates. 

10. Graphs of Instantaneous Electric and 
Magnetic Fields for Multiple Half- Wave 
Antennas 

The general electromagnetic field of a 
resonant antenna has been defined at every 
point in space in terms of its three non¬ 
vanishing components, Bq in8t , E c inst , and £ pinst . 
Since the magnetic vector B inst has only the 
single component B tl> inst , the B-lines at 
points in space are necessarily directed tangent 
to circles about the z-axis on each of which 
r and k h is constant. Depending upon the 
time and the reciprocal eccentricity k e of the 
equiphase ellipsoid passing through the point, 
B in3t is directed clockwise or counterclockwise 
around the circle as determined by the phase 
factor, 

Cj = sin (tor — k e ), n odd, (la) 

Cj = cos (a>r — \mkA, n even. (16) 

If it is desired to describe the B-field in terms 
of any plane z = z x cut normally by the 
z-axis, rather than in terms of the intersection 
of equiphase ellipsoidal surfaces with hyper¬ 
boloids, it is merely necessary to determine 
the radii of successive circles in this plane 
on all of which B inst has the same phase. This 
is accomplished by plotting (1) as a 
function of k e and then changing the scale 
of abscissas from k e to r/h with z = z v This 
can be done graphically using a diagram like 
Fig. 8.4 from which the radial distances r/A 
corresponding to any value of k e and z are 
readily obtained. It can also be done analytic¬ 
ally using the equation (8.17) for an ellipsoid 
of revolution together with (8.18). Thus, 

m 2 = (*; - 1 ) [i - . ( 2 ) 
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Two analytically simple cases are convenient 
examples. The first of these is the field in the 
equatorial plane, the second the field in the 
plane z = h, which contains the upper end of 
the antenna. In these cases (2) becomes 

r\h = (z = 0) (3a) 

rj h = *Lli.. (z = h) (3b) 

k e 

Using Fig. 8.3, or by direct calculation from 
(3a) or (3b), the value of k\ — 1 corresponding 
to a given k e is readily obtained and (1) can 
be plotted as a function of the value of r/h 
corresponding to k e instead of as a function 
of k c . In Fig. 10.1 three curves are shown for 
the instants when cot = 0, 2n, 4«■,••• for the 
case n = 1. The solid line shows sin \irk e as a 
function of k e = zjh along the z-axis. This 
curve actually shows the instantaneous phase 
relations along the z-axis, since k e = ajh, and 
a e is measured along the z-axis. The curve 
starts at k e = 1 or a e = h, which is the upper 
end of the antenna. The dashed curve shows 
sin \zck e plotted as a function of r/h along the 
equatorial plane where z = 0. The dotted 
curve is sin rk e plotted against r/h along the 
plane z — h which contains the end of the 
antenna. At sufficiently great distances k e ap¬ 
proaches R 0 /h. Along any plane, r = R 0 sin 0. 
Therefore the dashed curve approaches the 
solid one asymptotically as k e -* Rjh, or as 
dbjdt -*■ v 0 . The dotted curve asymptotically 
approaches sin (^-n-r/Zi sin 0). By plotting 
curves like those of Fig. 10.1 for any plane 
and any instant, the phase of the B-field 
may be pictured geometrically by families 
of concentric equiphase circles. 

Since the electric vector E inat cannot be 
reduced to a single component but consists 
of .Eeinst and E pinst in confocal coordinates 
or of -EVinst a °d E zinst in cylindrical ones, the 
direction and phase of the E-lines can be 
obtained by combining the instantaneous 
values of the components at every point. 
This is a tedious procedure, so that it is 
preferable to derive an equation to characterize 
the E-field in any plane containing the antenna 
to correspond to equation (1), which describes 
the B-field in the plane normal to the antenna. 
(It is to be noted that by assigning to C\ in 
(1) numerical values ranging from zero to 
unity families of equiphase circles for Bj nst 
are obtained.) Such an equation is quickly 
derived by combining £,. lnst and £ zinat as given 
by (6.12a) and (6.12c) in such a way as to 


obtain the equation of the curves that are 
everywhere tangent to E inst . 

As a consequence of rotational symmetry 
with respect to the z-axis, the electric fields 
in all planes containing the z-axis are necess¬ 
arily identical. Therefore, it is sufficient to 
consider the two-dimensional problem of 
determining the equation of the curves tangent 
to E inst at every point in the r, z-plane. The 
slope m of a curve, z = f(r), at a point P 
(Fig. 10.2) is defined by 


dz 

m ~ dr 


(4) 


By definition, a curve tangent to E lnat at every 
point must have the slope of E inst at that point. 
That is, 


Ur/ mSt ‘ 


(5) 


Hence a curve that is tangent to E inst at every 
point must satisfy the relation 


dz__ (EA 
dr ~ \E r / inst 


or 


"z inst 6 * 


dr - E Tim dz = 0. 


( 6 ) 


(7) 


Upon substituting (6.12a) and (6.12c) in (7), 
the following equation is obtained: 


sin (cot - P n R lh ) ± sin (cot 


R 


lh 


2 h 


„ . , , z — h 

oRyd dr + —— 
L K \h 


± 


(3, 

z + h . 


sin (cot - P 0 R lh ) 


dz 


R 


2 h 


sin (cot - p 0 R 2h ) — = 0. (8) 


The upper sign is for n odd, the lower for n 
even. Rearrangement gives: 


rdr + (z — h) dz 


± 


Rlh 

rdr + (z + /;) dz 

R*h 


sin (cot - P 0 R lh ) 


sin (cot - P 0 R 2h ) = 0. 

(9a) 


However, since 

R lh = vV 2 + (z - h)\ 
= vV* +(z+ h) 2 . 


(9b) 
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rdr + (z-h)dz 

dR ih = -„- , 

(10) 

rdr + (z + h)dz U ’ 

“ K 2h -p- • 

Hence, (9a) reduces to 
sin (c ot - P 0 R lh ) dR lh 

± sin (cot - P 0 R 2h ) dR ih = 0. (11) 

Upon integrating, the following equation 
for the instantaneous E lines is obtained: 

cos (ait - P 0 R lh ) ± cos (to/ - P 0 R 2h ) 

— const. (12) 

Using standard trigonometric formulas (12) 
may be transformed into 

cos ±P 0 (R lh - R lh ) cos [to/ - {p 0 (R 2h + R lh )] 
— C, (upper sign, n odd) 

(13a) 

sin iP 0 (R 2h - R lh ) sin [to/ - \P n (R 2h + R lh )] 
= C. (lower sign, n even) (136) 

In confocal coordinates, 

cos \mrk h cos (to/ — \mrkP) = C, (n odd) 

(14a) 

sin \rnrk h sin (to/ — {mk e ) = C. (n even) 

(146) 

By assigning any desired value to C between 
— 1 and +1, the instantaneous contour of 
an E line may be calculated from (14a) or 
(146) for any instant / and any integral value 
of n. Because the trigonometric functions 
are multiple-valued, each value of C leads 
to a whole family of separate contours, each 
defined in terms of the confocal variables 
k e and k h . Curves of the E-vector about a 
multiple half-wave antenna were first cal¬ 
culated in this way by F. Hack 12 from formulas 
derived by M. Abraham. 1 Hack plotted 
contours showing the direction of the E-field 
in the neighborhood of the antenna for 
n = 1, 2, 3 and for times ait = 2nvn, cot = 
7t/4 + 2wn-, ait = 77/2 + 2/7777, ait = 377/4 + 
2//7T7, (tt? — 0, 1, 2, - ■ •). Hack’s curves are 
frequently reproduced; 1 - 38 a few are shown 
for 77 = 1 in Fig. 10.3. From these, the 
interesting nature of the E-field for an 
infinitely thin resonant antenna may be 
expressed in a graphical manner as follows. 


Consider the instant, cot = 0, when /j nst = 
I m cos cot has its maximum value. At this 
moment the entire antenna is uncharged and 
a maximum current is upward at the center. 
For a sufficiently thin antenna, its surface 
is given approximately by the degenerate 
ellipsoid k e = 1. A surface of constant 
phase is defined by cot — {tt k e = — {n, which 
is equivalent to setting C = 0 in (14a). As 
time passes, a positive charge moves upward, 
a negative charge downward in the antenna, 
and the current at its center gradually 
diminishes. After 1/4 period cot = 77 / 4 , and 
the surface of constant phase, C = 0, is 
J 77 — {irkg = —{tt or k e — 1.5. This defines 
the ellipsoid shown in Fig. 10.36. Within 
this ellipsoid the E-lines calculated from (14a) 
with n = 1, and for four values of C between 
0 and 1, follow the indicated contours. It is 
seen that they go from positive to negative 
charges. Their path is also determined 
by (dBjdt) imi . As time elapses after cot — 77 / 4 , 
a diminishing upward current continues 
and a greater and greater positive charge 
density accumulates in the upper half, a 
negative charge density in the lower half of 
the antenna. At the instant cot = n/2 there is 
no current anywhere in the antenna and a 
condition of maximum charge obtains at the 
ends. One now has {n — {nk e = — {n or 
kg = 2.0. This defines the ellipsoid of constant 
phase shown in Fig. 10.3c. The E-lines 
within this ellipsoid go from positive to 
negative charge. 

As more time passes, a downward current 
begins in the antenna and the charge on the 
ends diminishes as it moves toward the center 
where it is neutralized. The upper half is still 
positive, and the lower half negative. When 
ait = 377/4 the equiphase ellipsoid has ex¬ 
panded to kg = 2.5. Within it the E-lines 
still go from positive charge on the antenna, 
but some also encircle B-lines on which 
( dBldt) lnsl is large. This is shown in Fig. 10.3//. 

In the next quarter cycle the downward 
current increases and the charge density at 
the ends diminishes. When cot = n the entire 
antenna is uncharged and a maximum 
current is directed downward at the center. 
The equiphase ellipsoid has expanded to 
k e = 3, as shown in Fig. 10.3a. The E-lines 
within this ellipsoid have the contours 
shown in Fig. 10.3a but with all arrows 
reversed. When the charge vanishes there 
remain the two sets of closed contours that 
are shown in Fig. 10.3a. The E-field is now 
determined by (//B////) inst . During the 
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Fig. 10.3. E lines for a linear radiator of half Fig. 10.4. E lines for a linear radiator of half 

length h = A 0 /4 with sinusoidal current (Hack). length h = A 0 /2 with sinusoidal current (Hack). 
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next interval of a quarter period the ellipsoid 
expands to k e = 3.5 while a new ellipsoid 
moves out to k e = 1.5. The case of Fig. 10.36 
is then repeated but with arrows reversed 
and the E-lines that were contained between 
the antenna and the ellipsoid from <ot = 0 
to a>t — n are now contained between two 
ellipsoids differing by unity in k e . Since the 
major axes of the ellipsoids expand at a 
constant rate, the E-lines between them can 
only expand parallel to the circumference in 
ringlike sections between the ellipsoids which 
grow more circular as their principal axes 
increase. Ultimately in the distant field all 
E-lines become practically semicircular about 
the center of the antenna, except along and 
near the 2 -axis, where the loops are closed. 
The closed loops belonging to each half-period 
are then contained between equiphase spheres 
(C = 0), differing in radius by h = A 0 /2. 
Contours like those of Fig. 10.3 but for 
antennas of length 2 0 (n = 2) and 32 0 /2(« = 3) 
are shown in Figs. 10.4 and 10.5. 

To illustrate the calculation of curves 
from (14a), let the E-field for n = 1 be 
considered at the instant t = 0. In this case 
(14a) becomes 

cos \rrk h cos \-nk„ = C, (15a) 

with 

-1<C<+1, 0<fc A <l, 1 < k e < <x>. 

(156) 

The nature of the curves may be determined 
from suitably selected values of C. The 
limiting ones are conveniently chosen first as 
follows: 

(1) C = 0: (a) k e = 1, 3, 5 •• • for all 

values of k h , (16a) 

(6) k h = 1 for all 

values of k e . (166) 

The values (a) specify a family of ellipsoids, 
the value (6) the z-axis above and below the 
antenna. 

(2) C = +1: k h = 0 and k e = 4, 8, 12, • • • 

(17a) 

(3) C = — 1: k h = 0 and k e = 2, 6, 10, • ■ • 

(176) 

These values define circles in the equatorial 
plane (z = 0). 


(4) C = +0.5: (a) k h = 0, k e = 3J, 4f, 7± 

8 |, ‘' (18a) 

(6) k e = 4,8, • • •, 

A:* = 2/3, (186) 

(c) k h = 0.5, k e = 3.5, 4.5, 
7.5, 8.5, ■ • • (18c) 

The values (a) define a family of circles in the 
equatorial plane; the values (6) define a 

family of circles through k h — 0.665; the 

values (c) define a family of circles through 
k h = 0.5. 

(5) C = -0.5: (a) k h = 0 ,k e = lj, 2§, 5£, 

6 f, •• (19a) 

(6) k e = 2, 6, • • •, 

k h = 2/3, (196) 

(c) k h = 0.5, k e = 1.5, 2.5, 
5.5, 6.5, 9.5, 10.5, • • • 

(19c) 

The values (a) define a family of circles in 
the equatorial plane; the values (6) define 
a family of circles through k h — 0.665; the 
values (c) define a family of circles through 
k h — 0.5. Similarly, 

(6) C = 0.1: (a) k h = 0, k e = 3.06, 4.94; 

7.06, 8.94, • ■ • (20a) 

(6) k e = 4, 8, • • •, 

k h = 0.935, (206) 

(7) C = -0.1: (a) k h = 0, k e = 1.06, 2.94, 

5.06, 6.94, • • • (21a) 

(6) k t = 2, 6, • • •, 

k h = 0.935. (216) 

The construction of the curves using the values 
of k h and k e as obtained above is illustrated 
in Fig. 10.6a. 

At t = \T or cat = \n, (14a) gives 

cos \rrk h sin \rrk e = C, (22) 

with 

— 1 < C < 1, 0 < k h < 1, 1 < k e < oo. 

(23) 
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The following numerical results are readily 
obtained: 

(1) C = 0: (a) k e = 2, 4, 6, 8 for all 

values of k h , (24a) 

(6) k h = 1 for all values 

of k e . (24 b) 

(2) C= +1: k h = 0, = 1,5,9, 

(25a) 

(3) C = —1: * ft = 0,*, = 3,7, 11, ••• 

(25b) 

(4) C= —0.5: (a) *» = <>, 

6 e = If, 4J, 5|, • • • (26a) 

(6) = 1, 5, 9, • • •, 

A:* = 2/3. (266) 

(5) C = —0.5: (a)** = 0, 

= 2J, 3f, 6j,7|, • • • 
(27a) 

(6 )*.= 3, 7, 11, -, 

6* = 2/3. (276) 

(6) C = 0.1: (a) 6* = 0, k e = 4.06, 5.94, 

8.06, 9.94, • • • (28a) 

(6) k e = 1, 5, 9, • • ■, 
k h = 0.935. (286) 

(7) C = -0.1: (a) k h — 0, k e = 2.06, 3.94, 

6.06, 7.94, • • • (29a) 
(6) k e = 3, 7, 11, •••, 

= 0.935. (296) 

The construction of the curves using the 

values of k h and k e obtained above is illus¬ 
trated in Fig. 10.6. 

11. Correlation of Theoretical Near-Zone Field 
of Multiple Half- Wave Antenna with 
Experiment 

In Secs. 6 through 10 the electromagnetic 
field due to a sinusoidal distribution of current 
along the part of the z-axis between z = —6 
and z — h is determined rigorously for all 
points in space. When 26 is an integral 
multiple of a half wavelength the complicated 
field near the current filament is represented 
in an elegant and relatively simple manner 
in terms of its components in confocal 
coordinates. Characteristic of the near-zone 
field are the graphs in Figs. 8.4 through 8.6 


of the elliptically polarized electric field. 
Rigorously, the assumed sinusoidal distri¬ 
bution of current can be maintained only by a 
continuous distribution of generators along 
the entire length of the antenna. However, 
it is demonstrated theoretically and verified 
experimentally in Chapter II that the distri¬ 
bution of current along a center-driven 
cylindrical antenna with hemispherical caps, 
small radius a, and length 26 near a half 
wavelength is very nearly sinusoidal in ampli¬ 
tude and constant in phase along the entire 
antenna even when 6/a is as small as 75. 
Note, however, that this current is concen¬ 
trated primarily in a thin sheet near the 
surface of the cylinder and not along the axis, 
as assumed in determining the near-zone 
field. Since this difference in the lateral 
distribution of the rotationally symmetric 
current can affect the field only within dis¬ 
tances of the order of magnitude of the 
radius a, it is correct to assume that the 
fields determined in Secs. 6 through 10 are 
good approximations of the fields of center- 
driven antennas of finite cross section and 
lengths near 2 0 /2 at distances from the axis 
of the antenna that are large compared with 
the radius a, which is very small compared 
with the wavelength. 

It is shown in Sec. 1.7 that a flat strip with 
rounded edges and width w — 4a is analytic¬ 
ally equivalent to a cylindrical antenna of 
radius a, since it has the same value of 17. 
Such a strip antenna of length 26 and semi¬ 
circular ends should have essentially the same 
axial distribution of total current as the cylin¬ 
der, and its electromagnetic field should also 
be the same at distances that are great 
compared with w, provided w is sufficiently 
small compared with the wavelength. 

The direct experimental verification of a 
complicated field of the type shown in Figs. 
8.4, 8.5, and 8.6 is a difficult problem. 
Evidently, it requires freely movable probes 
that can determine both the direction and the 
magnitude of the electric field at any point in 
space near the antenna. Moreover, in order to 
verify the elliptic polarization of the field, 
the probe must be rotatable about an axis 
perpendicular to a plane containing the 
antenna. The experimental difficulties are 
somewhat simplified if half of the antenna is 
erected vertically on a large, highly conducting 
plane so that the antenna may be base-driven 
from a coaxial line with the generator and 
associated equipment under the plane, but 
the difficulties associated with the exploring 
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probe are not solved thereby. Indeed, no 
accurate direct measurements of the near-zone 
electric field of a dipole have been made. 
However, measurements are available in which 
the actual problem of determining an electric 
field like that in Fig. 8.4 is replaced by an 
equivalent or complementary problem in 
which a quantity is measured that behaves 
in the ideal case exactly like this electric field. 

It is a well-known and useful practice in 
many branches of physical science to solve 
an experimentally difficult problem by re¬ 
placing it with a simpler equivalent one. 
Such a substitution of one problem for another 
is always possible if a physical quantity can 
be found that satisfies in its mathematical 
model the same differential equation and the 
same boundary conditions as the unknown 
quantity originally in question. It is, of course, 
assumed that the boundary conditions are 
adequate to assure a unique solution. This is 
true in an electromagnetic problem with 
harmonic time dependence if either the tan¬ 
gential electric field or the tangential magnetic 
field is specified on each of the several parts 
of an enclosing boundary. If infinity is part of 
the boundary, the fields must satsfy a 
radiation condition that includes vanishing as 
1 /R as R ->■ oo. For example, in determining 
the electromagnetic field in space due to 
currents in a conducting cylinder or strip, the 
following boundary conditions are sufficient 
to assure a unique solution: 

Antenna in space: 

(a) B Un( , given on the surface of the 

antenna, (1) 

(b) E and B satisfy a radiation 
condition. 

Note that the solution actually obtained for 
these boundary conditions in Secs. 6 through 
10 involves a magnetic field that is perpen¬ 
dicular to any plane that includes the z-axis 
through the center of the antenna, for example, 
the *,z-plane, which cuts the antenna length¬ 
wise in the middle. Hence, if interest is confined 
to each half-space separately, the same unique 
solution in the half-space y S 0 is obtained 
if the following conditions are imposed: 

Half antenna in half-space: 

(a) ®tang given on the half of the 

surface of the antenna in the 
region in question, (2) 

( b ) B t a ng = 0 on the *,z-plane except 
where this intercepts the antenna, 

(c) E and B satisfy a radiation 
condition. 


If the antenna is a thin strip and this has its 
fiat surface in the x,z-plane, these conditions 
become: 

Strip antenna: 

(a) Btang is given on the x,z-plane 
between z = —h and h and 

x = —wj 2 and w/2, (3) 

(b) B t a ng = 0 on the x,z-plane 
excluding the part specified in (a), 

(c) E and B satisfy a radiation 
condition. 

Since both E and B satisfy the homogeneous 
wave equation at all points in free space, 

V 2 E + filE = 0, (4a) 

V 2 B + = 0, m 

it is possible to interchange E and B in (3) 
and in this manner obtain a set of boundary 
conditions that must lead to a solution 
exactly like that for (4a) with (3) but with E 
and B interchanged. The proposed boundary 
conditions are: 

Slot antenna: 

(а) E tang is given on the x.z-plane 

between z = —h and h and 
between x = — w/2 and w/2, (5) 

(б) £ tan6 == 0 on the x,z-plane 
excluding the part specified in (a), 

(c) E and B satisfy a radiation 
condition. 

The uniqueness theorem requires that B and 
E, obtained by solving (4 b) and (4a) subject 
to (5) in the half-space y > 0, must be the 
same as the solution for E and B, obtained 
by solving (4a) and (4 b) subject to (3) in the 
half-space y go, provided the given distri¬ 
bution of B tang i n (3a) is the same as the given 
distribution of £ t ang in (5a). (Owing to the 
vector relation between E and B there is a 
difference in sign of certain components; 
see Fig. 11.1). It follows that the field graphs 
of the elliptically polarized electric field in 
the x,z-plane shown in Figs. 8.4 through 
8 .6, which represent solutions of (4a) subject 
to (3), become field graphs of the elliptically 
polarized magnetic field in the *,z-plane that 
represent solutions of (4 b) subject to (5) 
merely by writing B for E. Evidently, if an 
experimental arrangement that satisfies the 
boundary conditions (5) with Etang in (5a) 
the same as B tang in (3a) is used to measure the 
elliptically polarized magnetic field, this may 
be identified with the electric field for the 
boundary conditions (3), which apply to an 
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actual strip antenna. It follows from the 
general boundary condition (1.4.15), special¬ 
ized to the boundary between empty space 
and a perfectly conducting strip with a sheet 
of surface current in the z-direction, that 

H x = v 0 B x = l z , (6) 

where l z is the surface density of current in 
the conducting strip and B x is the tangential 
magnetic field. Since the axial variation of l z 
is the same as that of the total current, and 
this is assumed to be sinusoidal, it follows that 
for h — nk 0 j4 

B x = #max COS /S 0 z, (n odd) (7a) 

B X = ®max Sin /V. (« even) (lb) 

Except near the rounded ends, B x may be 
assumed to be approximately constant over 
the width w of the conducting strip. If (la, b) 
are used as the boundary condition (3a) for 
the strip antenna, the corresponding condition 
(5a) for the slot antenna with h = n\ 0 j 4 is 

E x = E„ mx cos /V, (« odd) (8a) 

E x = E m ax sin P 0 z. (n even) (8b) 

With (8a, b) the boundary conditions (5) 
are achieved with an infinite, perfectly con¬ 
ducting sheet in the *,z-plane containing a 
rectangular slot bounded by z = ±h, x = 
±wjl, across which is maintained an 
impressed electric field distributed according 
to (8a) or (8b). That is, the electromagnetic 
field in the half-space y SO due to the 
impressed field (8a) or (8b) in a slot of length 
2 h and width w in a perfectly conducting 
plane is the same with E and B interchanged 
as the electromagnetic field in the same 
region if the slot is replaced by a metal strip 
with an impressed sinusoidal axial current 
(or transverse magnetic field) and the infinite 
conducting plane is removed. These com¬ 
plementary conditions correspond to those 
familiar in optics, as expressed in Babinet's 
principle. The two complementary arrange¬ 
ments are illustrated in Fig. 11.1. The elliptic- 
ally polarized electric field in the x,z-plane 
of an antenna as shown in Figs. 8.4 through 
8.6 is the same as the elliptically polarized 
magnetic field on the conducting sheet in the 
;c,z-plane due to a sinusoidally distributed 
transverse electric field across the slot. 

Extensive measurements of the magnitude 
and polarization of the magnetic field tangent 
and very close to a large metal sheet have 
been made by R, M. Hatch. 17 The sheet 


was excited by a very narrow slot (0.015 A 0 ) 
of length 2 0 /2 or A 0 in which a transverse 
sinusoidally distributed electric field was 
maintained by a specially designed wave 
guide. The probe consisted of a very small 
shielded loop that could be moved over the 
entire sheet and rotated about its axis. For 
convenience in locating the probe a map of 
the confocal coordinate system was drawn 
to scale for each measurement and placed 
in proper position relative to the slot on the 
metal sheet. The results of these measurements, 
which correspond to the determination of the 
essential properties of the magnetic equivalents 
of Figs. 8.4 and 8.5, are contained in Figs. 
11.2 through 11.7, together with theoretical 
curves obtained from Figs. 8.4 and 8.5 or the 
equations from which these are calculated. 
They are discussed in turn. 

Figure 11.2. The direction e, that is, 
the slope of the ellipse, was calculated along 
one of the ellipses (k c = 3.0) and plotted 
against k h for n = 1. By setting the loop at 
various points along this ellipse and rotating 
it to locate its maximum and minimum 
positions, the r-direction could be deter¬ 
mined. The experimental results, indicated 
by small circles on the figure, are in good 
agreement with theoretical curves. This 
procedure was repeated for several of the 
ellipses and the angular differences between 
theoretical and experimental results were 
plotted against k h for several values of k e . 
The greatest errors were in the region of nearly 
circular polarization, where the maxima and 
minima were difficult to locate accurately. 
Otherwise the differences were quite random 
and the average of all differences was only 
about 4°. 

Figure 11.3. If the ratios of major to 
minor axes of the polarization ellipses in Fig. 
8.4 are calculated for numerous values of k e 
and k h , a family of curves is obtained as shown 
in Fig. 11.4. For each value of k c the polar¬ 
ization varies from linear through circular and 
back to linear. Since the polarization ellipse 
rotates on passing through the locus of 
circular polarization, the ratio is plotted 
against positive and negative decibels. Zero 
decibel indicates circular polarization. Good 
agreement between theory and experiment 
is indicated with an average error of only 
about 1 db. 

Figure 11.4. The computation of contours 
of constant major axis of the polarization 
ellipses involved calculating the field for 
various combinations of k e and k h and then 
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component H e with respect to axis of slot ellipse for two half-wave collinear slots driven 180° out 
along ellipse K e — 1.05 for n = 2. of phase. 

4.0 


3.0 


2.0 

1.6 

1.2 

1.00 



(a) - THEORETICAL LOCI 

ooo EXPERIMENTAL POINTS (HATCH ) 



00-0 EXPERIMENTAL POINTS (HATCH) 

Fig. 11.7. Two half-wave collinear slots driven 180° out of 
phase (n = 2): (a) loci of circular polarization; (b) contours 
of constant major axis of polarization ellipse for H (or 
surface-current density). 
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interpolating. For n = 1, the theoretical 
contours together with the experimental 
results are shown in Fig. 11.5. Note that 
very close to the slot H e is not dominant 
but that it becomes dominant rapidly on 
moving away. The deviations of the experi¬ 
mental curves from the theoretical are due in 
large part to reflections from the edge of the 
metal sheet. They would not appear if the sheet 
were infinite in size. 

Figure 11.5. Measurements of the direction 
of H c were made for two collinear half-wave 
slots (n = 2) independently driven in phase 
opposition to correspond to the case shown 
in Fig. 8.5. The results are compared with 
theory in a manner similar to that in Fig. 
11.2 for the single slot (n = 1). The average 
error is about 3°. 

Figure 11.6. The ratio of the major to the 
minor axis of the polarization ellipse is shown 
in Fig. 11.6 for n = 2. The curves go through 
zero twice since there are two loci of circular 
polarization, as seen in Fig. 8.5. The agreement 
with theory is good, better even than in Fig. 
11.4. Perhaps this improvement in accuracy 
can be attributed to a coordinate system 
enlarged by the factor 2 with respect to that 
used for the single slot and permitting more 
accurate location of the probe. 

Figure 11.7. Measurements of the loci 
of circular polarization and of the contours 
of constant amplitude of the major axis of the 
polarization ellipse are compared with theory 
for n = 2. Again the agreement is good. 

The very satisfactory agreement between 
the measured near-zone magnetic field of 
moderately narrow slot antennas with corre¬ 
sponding theoretical results obtained from 
the complementary near-zone electric field 
of sinusoidal distributions of current along 
infinitely thin filaments suggests that this 
theory should be in good agreement with 
near-zone fields of cylindrical and strip 
antennas whenever these are of such length 
and are so driven that the distribution of 
current is well approximated by a sine curve. 


RADIATION FACTORS 
12. Radiation Function, Radiation Resistance, 
Directivity of Center-Driven and Multiple 
Half- Wave Antennas 

The radiation function of an antenna is 
defined in general terms in reference 1.31, 
Chap. IV, and in Sec. 1.10 in terms of the 
vector potential in the far zone. For an antenna 
parallel to the z-axis, so that the <J>-component 
of the vector potential vanishes, it reduces to 

Ki(&) s (4ttR 0 {! 0 v 0 ) 2 A ^iL. , (i) 

-* ra-* m 


referred to I m . With (4.23) and (4.24), 

— I P # 0*0 

(2) 

Upon substituting (2) in (1), 

Kim = 4/^(0, P 0 h). (3) 


The radiation resistance referred to I m is 
defined in reference 1.31, Chap. IV, and in 
Sec. 1.10. For the present case, in which the 
radiation function is independent of <I>, it is 


R e m 


« 1 *™( 0 ) sin © d& 

/VOsinO d&. 


With (4.13), 

R e m = ^ [cos (f 0 h cos 0) 

— cos fi 0 h] 2 


d& 

sin 0 ’ 


(4) 


(5) 


By a series of transformations* this ex¬ 
pression can be integrated into 

R e m = t- [-cos 2f) 0 h Cin 4fS 0 h 
4tt 

+ 2(1 + cos 2/? 0 /r) Cin 2/? 0 /i 
+ sin 2 fiji [(Si 4/y - 2 Si 2/V»)] (6a) 


* In order to evaluate (5), let 

H = p 0 h, x = cos @. 

Then, with { 0 /2it — 60 ohms so that Rm is in ohms, 


C + l 


RZ, = 60 [cos (Hx) - cos H] 2 


dx 

1 -x 2 


_ 30 J* +1 / [cos (Hx) -cos H] 2 


1 - * 

[cos (Hx) -cos H] 2 \ dx 
1 + * / 


Let 


u = 2H(\ + x), 
du = 2 H dx, 

Hx = i(u - 2H), 


v = 2H(\ - *), 
do = -2H dx, 

Hx - - i(o - 2H). 


Then 
K - 30, 


(/: 

s: 


iH [cos}(2ff - v) - cos H] 2 


4H [cosK2ff - u) - cos H] 2 


dv 


du\ 
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This can also be written in the following 
longer form; 

K, = [sin 2(l 0 h(Si 4fl 0 h - 2 Si 2/y» 

— cos 2 PJ 1 (2 Cin Ifi^h — Cin 4/3q/i 
— In Pgfi -C) + 2(C+ln2 + ln/? 0 

- Cin 2fl 0 h)} (6b) 

where C is Euler’s constant. The function Rf n 
is represented graphically in Fig. 12.1. 

For p 0 h = \m, n odd, 

r 

R e m = R e g = Cin Inn = 30 Cin 2nn ohms. 

rr (?) 

For 

n — 1, R f m — R% = 73.13 ohms; 
n = 3, R e m = R e 0 = 105.5 ohms. 

For p 0 h = n, 

R e m = ~ (~Cin 4n+4 Cin 2n) =199.1 ohms. 

47T 


The radiation resistance referred to the 
input (sinusoidal) current is readily obtained. 
It is 

R e 0 = KlsirfPoh (8) 

or 

*S=£[ (1 — cot 2 (iji) Cin 4fl 0 h 

+ 4 cot 2 /JqA Cin 2(1 Ji 
+ 2 cot p 0 h (Si 4£ 0 h - 2 Si 200*)]. (9) 

The form (9) is identically the same as the 
modified zeroth-order input resistance ob¬ 
tained in Sec. 11.28 for an antenna of finite 
radius subject to the conditions 


sin (t»h > B\, 
fl sin > Al, 


(10a) 

(106) 


where Q = 2 In (26/a) and A[ and B\ are 
defined and tabulated in Sec. 11.28. 

The input resistance R 0 and the radiation 
resistance referred to maximum current 


- 60 /, 

= 60 f 4 

Jo 


[cos 1(2// — v) - cos H] 1 


dv 


However, 

2 cos H cos (H - w) ~ cos w + cos (2 H - w). 


with 


4/f [cos 2 !(2 H-v) -2 cos //cos 1(2 H-v) 1 

- 

v J 

COS lx — v'Kl + cosx), 


nil, 

«, = «> (l[l+cos(2//- 

Jo 


p)l 


dv 


-2 cos H cos *(2ff-0) + Hl +cos 2//]} - 
= 3° |J^ H [1 +cos (2// —0) + 1 +cos 2H] j 


with 

Rn in ohms, 



riH 

dv 

30 1. 

[cos(2 H - v) 
'o 

- cos 2H - 

V 


rzH 


+ 2 J 

\ [l + cos2//- 
'o 

cos w - cos(2 H 


rlH 



-<1 


-4 cos//| cos 1(2 


> hT 

Jo 

30 ( f [cos (2 H-v) - cos 2H]- 
Uo v 


= 30[cos 2//cos i) +sin 2//sin e -cos 2H\ — 
rzH 

2 | [1 +cos 2H — cos w - cos 2//cos tv 

sin 2//sin w] — ] 
w j 


+ 2(1 + cos 2//) - 

Jo 0 

— 4 cos H f 4 ^cos 1(2//—p) —) . 
Jo VI 


= 30 


rzH 

(1 

Jo 

(_cos 2 tfpizSSf 
l Jo i> 

+ sin 2H 

Jo v 


In the last two integrals let 

w = iv, dw = 1 dv, 
1(2 H - v) = H - w, 

v = 0, w = 0, 
v = 4//, tv = 2//. 


Then 


[cos (2H—v) — cos 2//]- 

v 


^ - 30 f/o 

2(1 

f 2/f </wl 

4 cos // cos (// - w) — . 
Jo w j 


r2H dw 

2(1 + cos 2//) — 

Jo VP 


+ 2(1 + cos 2//) f 2,/ dw 

Jo H> 

- • - rr f sin w . 1 
— 2 sin 2// -awl 

Jo >p 1 

= 30{ -cos 2 H Cin 4 H + sin 2H Si 4// 

+2(1 + cos 2//) Cin 2H - 2 sin 2H Si 2//}. 
Finally, 

= 30{ -cos 2// Cin 4// + 2(1 + cos 2H) Cin 2H 
+ sin 2 H(Si 4// - 2 Si 2H)}. 
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(neglecting ohmic losses in the conductor) 
are related according to the equations 

I%R a = (11a) 




By reading first-order | I m | and 1 1 0 1 
from Figs. 11.22.1-II.22.6 and first-order R 0 
from Figs. 11.30. la, c, d, R' m can be calculated 
for an antenna of nonvanishing radius. 
The results of this calculation for an antenna 
for which fl = 20 and fl = 10 are shown in 
Fig. 12.1 together with the value for fl->- co. 
It is seen that R$ n is reduced somewhat as 
hi a decreases. 

The absolute directivity of an antenna in a 
direction Q m in which F m (Q, fiji) has a 
maximum value is defined by (1.10.7) in the 
following form with R% n in ohms: 

D rn = 30 


= ,.64. 


evaluated in (7) for n odd. The general 
formula is 

r 

R^„ = —2 Cin 2mr = 30 Cin Inn ohms, 

An 

n integral. (17) 

Numerical values are listed in Table 12.1 
for R e m , D, and D r , for the multiple half-wave 
antenna. 

As stated in reference 1.31, Chap. IV, 

and in 1.10 the total time-average power T t 
transferred across a closed surface 2 is 
given by the real part of the complex energy 
transfer function T, where 

T = T r + jT { = f n • S do 


iTi = f n •! 

* Z(clos 

= i ffi 


or, with (3) and R e m in ohms, 

D(& m , fiji) = 120 ^ . (13) 

Absolute directivities for the principal ear 
are shown in Fig. 12.2 together with the 
angles & m involved. Intermediate values are 
shown in Fig. IV.10.3. For the half-wave 
dipole (h = 2 0 /4), 


This value is used as standard in defining 
the relative directivity, 


and the gain in decibels over a dipole, 

Gain (db) = 10 log 10 D r . (16) 

Corresponding to the absolute directivity* 
shown in Fig. 12.2, the decibel gain referred 
to a 2/2 dipole is represented in Fig. 12.3. 

The formula for the radiation resistance 
referred to maximum sinusoidal current of a 
multiple half-wave antenna can be shown to 
be the same for n even as for n odd. It is 


= \ In • E X H* da. (18) 

* ^(closed) 

The evaluation of the radiation function (1) 
and the radiation resistance (4) involve the 
integration of (18) over a great sphere 
enclosing the entire transmitting system. 
Since the specific formula for F m (0, flji) 
used in (3) and (4) assumes a sinusoidal 
distribution of current, and since this in 
turn implies that the current in the antenna 
is maintained by a continuous distribution 
of generators along the entire antenna and 
not by a single generator or a transmission 
line feeding the antenna at its center, the 
complete transmitting system actually assumed 
consists of an unbroken conducting thread 
with an appropriate continuous distribution 
of generators. It follows that the surface of 
integration 2 need enclose only the antenna, 
since this is the complete transmitting system. 

Reference to Fig. 8.6 for a multiple half¬ 
wave antenna of half-length h = 32 0 /4 shows 
that the component of the electric field E € , 
which is in phase with the magnetic field, 
vanishes along the entire surfaces k h — ±0.33 
which coincide with the cones 0 O = 70° 
and 110° at distant points where E c -r E & = 0. 
These surfaces cut the antenna at distances 
A 0 /2 from the ends where the sinusoidal 
current is zero. Note that the real part of 
E x H* vanishes everywhere on the surfaces 
k h = ±0.33. Hence, a great sphere enclosing 
the antenna may be divided into three regions 
by the two surfaces k h = ±0.33 which 
intersect the sphere at 0 = 70° and 0 = 110°. 
These regions have the property that there 
is no time-average transfer of power from one 
to the other. 


* See also Fig. IV.10.1. 














0 IT ZTT 31T /J 0 h 4TT 0 TT 21 31T fa h 4TT 

0 0.5 1.0 1.3 h/X, 2 j0 0 05 10 1.5 h/X 0 2.0 

Fig. 12.2. Absolute directivities of linear radiator. Fig. 12.3. Gain in decibels of linear radiator 

referred to a A/2 dipole. 



0 I 2 H 


Fig. 13.1. Fourier coefficients b x and b a . 
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space enclosing one of the three ears in the 
field pattern, it follows that the net balance 
of power is such that all of the power radiated 
by the upper half-wavelength of the antenna 
may be associated with the principal ear 
with 0 m = 42° (see Fig. 5.1a, 6), the power 
radiated by the lower half-wavelength of 
the antenna may be associated with the 
principal ear with 0 m = 180° — 42°, and 
the power radiated by the central half¬ 
wavelength of the antenna may be associated 
with the smaller ear in the equatorial plane 
with 0 m = 90°. Note that this does not imply 
that the field in the upper region 1 is main¬ 
tained entirely and exclusively by the current 
in the upper third of the antenna, the field 
in the lower region 2 by the current in the 
lower third of the antenna, and the field in 
the central region 3 by the current in the 
middle third of the antenna. The field at any 
one point in space is maintained by all 
currents in the entire antenna. However, the 
power transferred downward across the sur¬ 
face k h = 0.33 from the power supplied to 
the upper third of the antenna is exactly 
equal to that transferred upward across the 
same surface from the powers supplied 
to the lower two-thirds of the antenna. 
Similarly, the power transferred upward 
across the surface k h = 0.33 and downward 
across the surface k h = —0.33 from the 
power supplied to the central third of the 
antenna is exactly equal to the power trans¬ 
ferred in the opposite directions across these 
same surfaces from the powers supplied to the 
outer two-thirds of the antenna. 

If the antenna of length 2 h = 3A 0 /2 with 
its continuous distribution of generators 
is replaced by three very thin collinear 
antennas each of length A 0 /2 and individually 
center-driven by slice generators so that 
the currents at their respective centers are 
equal in magnitude and the currents in the 
two outer units are mutually in phase but 
180° out of phase with the current in the 
central unit, very nearly the same sinusoidal 
distributions of current exist. Although a 
center-driven antenna does not have an 
exactly sinusoidal current, the actual distri¬ 
bution departs negligibly from a sine curve 
for purposes of determining the far-zone 
field. It follows that it must be a good approxi¬ 
mation to assume that the total power supplied 
to each of the outer A 0 /2-units is equal to that 
associated with each of the principal ears 
in the upper and lower half spaces of the 
field pattern. Similarly, the power supplied 


to the central unit is equal to the power 
associated with the ear along the equatorial 
plane. 

Using the zeroth-order resistances for 
antisymmetrically driven collinear antennas 
as given in Table III.34.1, the following 
values are obtained: 

P l = P 3 = / 2 0 /?« ve „ = 42.6 /q, (20a) 

Pi = I%R%c = 20.3/*. (206) 

The same results could be obtained by 
evaluating (19a, 6) with F m (&, f! 0 h) defined 
as in Sec. 5. Evidently, slightly more than 
twice as much radiated power is associated 
with the principal ear at 0 m = 42° than with 
the ear in the equatorial plane. This agrees 
with the relative sizes of the ears in Fig. 5.1a, 6. 

It is significant that the power supplied to 
each of N center-driven collinear elements 
with essentially sinusoidal currents that 
are all equal in magnitude and alternately 
in phase and 180° out of phase is equal to 
that associated with each of the N ears in 
the field pattern. Since it is shown in Sec. 
11.26 that the component I' of current in 
phase quadrature with the driving voltage is 
very nearly sinusoidal for an extremely long 
center-driven antenna, it follows that the 
power associated with the principal ear or any 
other ear of this component of current may be 
determined using formulas corresponding to 
(19a, b, c). Since the quadrature current I' 
maintains a larger part of the far-zone 
field than does the in-phase current I", a 
fair estimate of the distribution of radiated 
power associated with the several ears of the 
field pattern of a multiple half-wave antenna 
may be obtained in this manner. 

When P 0 h is less than unity, the several 
functions in (9) may be expanded in powers 
of p o h. The first two terms in the series are 

+ (2D 

It is interesting to examine the instantaneous 
Poynting vector and the instantaneous transfer 
of power across ellipsoidal surfaces enclosing 
the multiple half-wave antenna. The instan¬ 
taneous Poynting vector is defined by 

®inst = v o®'inst ®inst (22a) 

and the instantaneous transfer of power 
outward across a closed surface 2 is 

Tinst = J s "-S inst «fo (226) 
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For the multiple half-wave antenna of half- 
length h = wA 0 /4 with n odd the instantaneous 
electromagnetic vectors E and B are given by 
(8.20a, b, c). With p a unit vector tangent to 
the hyperbola and e a unit vector tangent 
to the ellipse that intersect at the point 
where the instantaneous Poynting vector 
is evaluated, it follows that 

C _ I"£ COS 2 (n-rrkjl) _ 

iD3t 4 tt 2 /i 2 [ P (I _ kl)V(kl ~ \)(k 2 e ~ A i) 
x sin 2 ( cot — mrkJT) 

A sin rtnk h 

+ *4(** - 1)V(1 - k 2 h )(k 2 e - k\) 


X sin (2 cot — nnk e ) 


(23) 


Note that the p-component of S inst is always 
positive and outwardly directed. 

If the closed surface 2 is chosen to be an 
ellipsoid, it follows that n = p, so that 

T - f COs2 (■ nnk h lf ) 

in8t ^ h (1 - kl)V(kj - mi - kl) 

X sin 2 (cot — mrkJ2)da. (24) 

This relation indicates that power is trans¬ 
ferred continuously outward across the ellipse 
defined by k e = const, at a rate that varies 
in time as sin 2 cot. Significantly, there is no 
pulsating of electromagnetic energy back 
and forth across the surface 2. The outward 
transfer of energy pulsates between zero and 
a maximum, but it is never negative or 
inward. The reason for this depends upon 
the following rather special circumstances. 
(1) The separation of the electric field into 
two components E c inst , E p in3t that have the 
property of representing, respectively, the 
entire radiation field and the entire induction 
field irrespective of distance from the antenna. 
That is, E t in3t behaves like a radiation field at 
all points near and far, and 2i plnst behaves 
like an induction field that never contri¬ 
butes to radiation. (2) The choice as the 
surface of integration 2 of the ellipsoidal 
surfaces of constant phase on which £ e inat 
and B, j, inst are in phase. Since the induction 
field E p inst is everywhere perpendicular to 2, 
it can never contribute to the component 
of the Poynting vector normal to 2. It 
follows that there is no contribution whatso¬ 
ever from the induction part of the E-field 
to the normal component of the Poynting 
vector regardless of whether the ellipsoidal 
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surface is very close to or very far from the 
antenna. (Note that if a cylindrical or other 
surface were used for 2 instead of an 
ellipsoidal one, the tangential components of 
E would include parts of the induction field 
so that the components of E and B that 
contribute to the normal component of the 
Poynting vector would not be in phase and 
the electromagnetic energy might pulsate back 
and forth so long as the surface of integration 
is not in the far zone.) 

If use is made of the trigonometric identity 

sin 2 (tot — n-nkjl) = ^[1 — cos (loot — nrrkf)\, 

(25) 

the expression (24) becomes 

T in st =T-T X , (26) 

where T is the time-average power transferred 
outward across 2, given by 

of cos 2 (mrkjl) ^ 

SnW J s (1 - klW(kj - 1 X*J - kl) ’ 

(27) 

and T x is defined as follows: 

T x = T cos (2 cot — n-nkf). (28) 


Note that in the quasi-far zone defined by 
kl > 1 it is readily shown that k e = ajh -> 
RJh, (1 — k'l) = b'fjh 2 -* sin 2 0, so that 


3k. f 

^ 2 R% Js 


cos 2 (mr/2 cos 0) 
sin 2 © 


do, (29) 


in agreement with the value obtained using 
(4.176) and (4.18a). 


13. The Approximate Representation of the 
Radiation Field of a Center-Driven Antenna; 
Effective length of a Driven Antenna 

The field of a center-driven antenna with 
sinusoidally distributed current is character¬ 
ized by the function 


F»(®, 


COS (fifl cos 0) — cos Poh 
sin foh sin 0 


• ( 1 ) 


In the special case of a short antenna it reduces 
to the simple form 

sin©. [(/VO 2 < 1] (2) 


In analyzing the far-zone field of arrays of 
antennas the simple function (2) is much more 
readily handled analytically than is (1). 
Furthermore, it is clear from Fig. 5.1 that the 
field patterns of a half-wave dipole (h = A/4) 
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and all antennas shorter than this differ only 
slightly in shape from the semicircle in a polar 
graph or the sine curve in a rectangular 
graph defined by (2). This suggests approxi¬ 
mating (1) by a function of the form (2) over 
a range of sufficiently small values of pqh. 
That is, 

F o (0, /VO = P»ht s*n ©, (PJi < L) (3) 

where the effective length h t of the trans¬ 
mitting antenna is to be determined together 
with a limiting value L/0 O . 

In order to determine an appropriate value 
of h t it is necessary to establish a criterion for 
the representation. If, for example, the relation 
(3) is to be the best possible approximation for 
0 = 7r/2, that is, along the equatorial plane 
regardless of any other consideration, h t is 
immediately defined as follows. Thus at 

0 = W2, 

(4) 

Then 

A* = 4 - tan IfIJi. ((IJi < n) (5) 

0o 


It is to be noted that this value of effective 
length for the transmitting antenna is 
necessarily the same as the effective length h e 
of an infinitely thin receiving antenna placed 
parallel to the electric field, since (1) is equal 
to 0o0 e (®) for O. -* oo. Using (5), 

F o (0, 0<>0) = tan sin 0. (6) 

This reduces to (2) for (/y0 2 <l. For 

0o h — «-/2, 

Ptht = 1 , ( 7 ) 

so that 

F o (0, in) = sin 0. (8) 

Accordingly, the radiation function is 

K'i(S) = 4 sin 2 0. (9) 

The radiation resistance referred to maximum 
current is 

R e m ^— | sin 3 0 <70 = k . - = 80 ohms. 
2nJ 0 2n 3 

( 10 ) 

The absolute directivity is 

D = 1.5. (11) 

It is to be noted that the radiation resistance 
IT m — 80 ohms is not in particularly good 
agreement with the actual value 73.13 ohms 


for the antenna with sinusoidal current and 
half-length h = 2 0 /4. 

In defining h t by (5) the criterion used was 
that the field in the equatorial plane 0 = n/2 
shall be the same. If interest lies exclusively 
in determining the field in this plane, the 
value given in (5) is obviously the best possible 
value because it gives exactly the right field. 
On the other hand, if the approximate repre¬ 
sentation (3) is to be used for a more general 
purpose, such as the determination of the 
field and radiation function for all values of 
0, and in addition for the calculation of the 
radiation resistance of one or more antennas, 
the value (5) is not the best choice. In order 
to obtain the best possible representation 
of the function F o (0, fl 0 h) by /yi ( sin 0 in the 
sense of the rms error, the theorem of Fourier 
may be used. In effect, the representation (3) 
is nothing else than an attempt to replace a 
complicated function of 0 by the first term 
in an odd Fourier series of the form 

F o (0,0 O 0) = Ai sin © + b 3 sin 30 + • • •, 

( 12 ) 

with the effective half-length h t defined in 

0o h t = 0i- (13) 

(Even terms in the series (12) have zero 
coefficients and are therefore omitted.) The 
magnitude of the error involved by dropping 
higher terms in the series depends upon the 
ratio bxlb^. A good representation by the 
first term in (12) demands that 

0f > 01- (14) 

The coefficients b n of the series (12) as defined 
by Fourier are 

b„ = (?) JV o (0, /i o /0 sin n& d&. (15) 

Using the well-known relations 

sin 30 = 3 sin 0 — 4 sin 3 0, (16) 

^ = j*”sin 2 0 d 0, (17) 

and* 

nJ^pgh) = J cos (fioh cos 0) <70, (18) 

^ j /jOVO = J* cos (fioh cos 0) sin 2 0 d®, 

(19) 


* Ref. 1.35, p. 44, formula 22, and p. 52, example 22. 
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the following values are obtained directly: 
b 1 = 2[J a (PS - cos iVzl/sin ffi, (20) 


b 3 = 2[3/ 0 ^) - (W)-W) 

— cos j3 0 A]/sin fiji. (21) 


Subject to (14) the best effective half-length 
h t is 


h t = bjfio = 2 [J 0 (fi 0 h) - cos sin Pa h - 


Then (3) is equivalent to 


( 22 ) 


sin9 . 

sin Pqo 

(figh S 2) (23) 


The coefficients = f 0 h t and b 3 as well as 
| b 3 /b 1 1 are shown in Fig. 13.1. It is seen that 
I bjb^ | g 0.1 for f 0 h g 2. Therefore no 
satisfactory representation of the form (3) 
is possible unless fjt g 2 as indicated in (23). 
For a short antenna with (/VO 2 << 1) 

h t = \h, (24) 


resistance differs by only a small amount 
from 73.13. It follows that (23) may be used 
as a good approximation for determining both 
field patterns and radiation resistance. 

If an antenna or a group of antennas can 
be represented approximately by a number 
of elements all of half-length h = A/4 with a 
sinusoidally distributed current, each element 
may be described in terms of an effective 
length and a field function like (23). This 
greatly simplifies the analysis, especially when 
nonparallel elements are involved, as in 
crossed antennas or the turnstile antenna. 
There are useful applications of (23) to arrays 
of parallel antennas and to the turnstile 
antenna. 

CENTER-DRIVEN ANTENNAS OF 
NONVANISHING CROSS SECTION 
14. The Radiation Field of a Symmetric 
Center-Driven Antenna of Nonvanishing 
Radius—Application of the Reciprocal Theorem 

The Rayleigh-Carson reciprocal theorem 
(ref. 1.31, Chap. IV) reduces to the following 
simple form when applied to two antennas 
numbered 1 and 2: 


which agrees with (2). For the half-wave 
dipole with = n/2, 

b l = f 0 h t = 0.945, (25) 

b 3 = -0.052. (26) 

Since (14) is well satisfied, the representation 

„ l r. tt\ COS (Att COS 0) . nr,., ■ 

F 0 0, - =-=-- = 0.945 sin 0 

\ 2/ sin 0 

(27) 

is a good one. The radiation function is 

*2(0) = 3.57 sin 2 0. (28) 

The radiation resistance is 

R5 n = Rl = 71.4 ohms. (29) 


The absolute directivity is 


IioVt'o = Wo, (1) 

where ho is the current maintained at the 
center of antenna 1 (used as a receiver) by the 
driving voltage V 30 at the center of antenna 2 
(used as a transmitter), and 0 is the current 
maintained at the center of antenna 2 (used as 
a receiver) by a driving voltage FJJ at the 
center of antenna 1 (used as a transmitter). 
It is assumed that the total impedance of 
each circuit remains the same when used 
for transmission and reception; that is, 
the impedances of load and generator in each 
antenna are the same. The currents in the 
loads of the two antennas when these are used 
successively for receiving are 


r/ 2ft ( , cos V] 
10 " (Z 0 + Z L \ ’ 

r , 2h ^ £ 0 , cos V >2 
20 ~ ( Z 0 +Z L ) 2 • 


( 2 ) 

(3) 


D = 1.5. (30) 

The representation (27) does not give the 
correct value of unity at 0 = w/2 as does (8); 
on the other hand, it is a better over-all 
representation for other values of 0. Further¬ 
more, the value 71.4 ohms for the radiation 


In writing (2) and (3) it is assumed that the 
two antennas are in the far zone with respect 
to each other; Z 0 is the self-impedance of 
the antenna, Z L the load impedance in each 
case. 

The electric field in the far zone of a center- 
driven transmitting antenna is given in general 
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terms in Sec. 1.9. For the two antennas used 
successively for transmission 

E k = ^ 4 (4) 


JC o4 e ~^» R 0 


x sin 0 2 dz' 2 


F 0 (® 2 , /V4. 




x sin dz[ 


iCnl'in e-VoRo 

= J ~—7T- 4(® 1.W 


4 (® 2 > ^0^*2) 


A f 2 r 

24 J-*, 22 


(z 2 ) e»W°s®« 


x sin 0, rfzo, 


4(®i» /»o*i) = tf f 1 4 (*i) ^«^ CO90 > 

x sin 0 t rfz(. (7) 

The function F 0 (©, flji) has been defined by 
analogy with (4.18a). In this general case 
F o (0, f! 0 h) is complex. It must approximate 
the real form (4.15) for a sufficiently thin 
antenna. The quantity R 0 is the distance 
between centers of the two antennas. 
Substituting (6) and (7) in (2) and (3) gives 

2h (!l 44(®2» ^ 0 ^ 2 ) cos V 1 


(Z 0 + Z L ) 1 


( /io C-^o K o\ 
\2n R 0 )’ 


2^e a ^i Fq(0i, Pphi) cos y 2 
(Z 0 + Z £ ) 2 


/ jio 

\ 2tt R 0 /• 


The currents at the terminals in the two 
antennas when driven successively are 

4 = »4/(4 + z,)„ (io) 

4 = 4o7(4 + 44 do 

Z 0 is the self-impedance of the antenna, 
Z„ the impedance of the generator. As 
required above, 


Accordingly, with (10) and (11) and (8) and 
(9), (1) becomes 

4iFq(®2, M 2 ) cos V>i 
(Z 0 + Z l ) 1 (Z 0 + Z g ) 2 

_ 4,F 0 (©1, Pphi) cos y 2 y.,, 

(Z 0 + Z i ) 1 (Z 0 + Z g \ 

Using (12), (13) reduces to 

h ei cosvi _ h ei cosv2 

F„(©!, 0A) F o (0 2 , ^ 2 ) • 1 

The angles v»i and y 2 are related as follows. 
Consider three planes; plane 1 contains 
antenna 1 and R 0 , plane 2 contains antenna 2 
and R 0 , plane 3 is perpendicular to R 0 . The 
component Eq i of the field maintained by 
antenna 1 when transmitting is defined at the 
center of antenna 2 when this is receiving. It 
lies in plane 1 and in a plane parallel to plane 3. 
Similarly £q 2 at the center of antenna 1 when 
this is receiving is in plane 2 and parallel 
to plane 3. The angle Vi is the angle between 
Eq 2 and plane 1 measured parallel to plane 3. 
Similarly y 2 is the angle between F 01 and 
plane 2 measured parallel to plane 3. That is, 
Vi and y> 2 both measure the angle between 
planes 1 and 2 parallel to plane 3. Therefore 

Vi = y>2 (15) 

and (14) becomes 

^4 = *4 = r ( 16 ) 

F o (0 1 ,^ 1 ) F o (0 2 , p o h 2 ) • 1 

The effective half-length h Cl of antenna 1 
when receiving is by definition a function of 
P 0 h 1 and ©j only; similarly, h e2 is a function 
alone of £ 0 /j 2 and 0 2 . Since (14) is true for 
all values of the" mutually independent 
variables and parameters ©j, h x and 0 2 , h 2 , 
it follows that they must both be equal to a 
constant as written in (16). The value of this 
constant can be determined from any con¬ 
venient special case such as, for example, 
a very short, infinitely thin antenna. For a 
short receiving antenna such that (fi 0 h) 2 < 1 
placed parallel to the electric field, 

0A = (17) 

For the short transmitting antenna such that 

W 2 < 1 

F 0 (©, (VO = lP 0 h. (18) 

Therefore, 

/?„K = F o (0, fi 0 h). [(PJi) 2 < 1] (19) 


( 12 ) 
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It is a necessary consequence of (16) and (19) 
that the constant in (16) is 

c ~k 

(20) 

so that in perfectly general terms 


TV©, Poh) = Pfth, 

(21) 


for any antenna. That is, the complex field 
function F 0 (@, fifth) of an antenna when used 
for transmission is equal to the complex 
effective half-length in radians when used for 
reception. Using (IV.9.3) with 6 = 0 sub¬ 
stituted on the right in (21), the field function 
becomes 


TV©. PtfO = 


j2nZ 0 
£ o r sin 0 


X 


cos (fifth cos 0) — cos jiji + qj [aw[(0) 

+ y>”i'(0)] + [m 2 (0) + jm\ l (0)] 

_ + ••• 

cos + 1 [A{ + jA?) + ~ [A\ 

+JAR + --- 


For the extremely thin antenna. 


( 22 ) 


Z 0 = J^cotfiA (23) 


so that as T -> <x>, (22) reduces to 


F o (0, W 


cos (fifth cos 0) — cos PqH 


sin 0 sin p 0 h 


(24) 


This is identically (4.15) as obtained for the 
extremely thin antenna by substituting 


= j sin p 0 (h - | z |) 
0 sin fj 0 h 


(25) 


in the expression for the vector potential. 
The function (21) must be essentially the 
function that would have been obtained if the 
current 

/ -P* V -o 

* n 0 

(sin fi 0 (h -| 2 |) + i [M[ +jM“] + ■■■) 
cos fifth + q; [A\ + jA]f] + • • • 


had been used in the integral for the vector 
potential (1.1) instead of the sinusoidal 
distribution (25) subject to the restrictions 
for the far zone. 

The far-zone field of a center-driven antenna 
is characterized by 

TV©, Poh) = hK = 2*HJX 0 . (27) 


The complex effective length of a receiving 
antenna per unit wavelength, 


K 

2o 


K.jX 

Ao K ' 


(28) 


is given in Figs. IV.9.2-9.6 as a function of 
/r/A 0 with sin 0 2 = cos 0 2 as parameter. 
Since 0 2 = 90° — 0 2 , h e /X 0 is available for 
h/X 0 ranging from 0 to 5A 0 /8 for the values 
0 2 = 0°, 11.5°, 23.6°, 36.9°, 53.1°, 90°, or 
for 0 2 = 90°, 78.5°, 66.4°, 53.1°, 36.9°, 0°. 
It follows that the real and imaginary parts of 
F o (0, Pah) can be plotted if required. In 
general, interest in the far-zone field is in the 
magnitude F o (0, fi lt h) of F o (0, fifth) and not 
in the phase referred to the driving potential 
in the transmitter. Accordingly, the real 
magnitude 

F o (0, fifth) = Poh e 


[ K \ 

(h e (® = 90°)\ 

\h e (& = 90°)/ 

l A 0 ) 


is all that is required. The factor hjh e {& — 90°) 
is plotted in Figs. 1V.9.7-9.9 as a function 
of 0 2 with A/A 0 as parameter for 0 = 
2 In (2hfa) =10, 12.5, 15, 20, and oo. 

Numerical values of hJh e (Q = 90°) are also 
given. Making use of these, the curves of Figs. 
IV.9.7-9.9 are readily replotted with 0 2 = 
\tt — 0 2 as variable and fifth as parameter. 
The curves so obtained are shown in Figs. 
14.1 and 14.3 for fi 0 h — 3 tt/S and 5tt/S. For 
P 0 h = 77 / 2 , (29) differs negligibly from 


F 0 (©, £ 77 ) = 


COS (£77 cos 0) 
sin 0 


cos (£77 sin 0) 
cos 0 


(30) 

for the thin antenna with sinusoidal current. 

Experimental verification of Figs. 14.1 and 
14.3 is in the literature. 23 

In Figs. 14.1 and 14.3, in which p 0 h = 377/8 
and 577/8, the curves marked Q -> 00 for the 
extremely thin antenna are computed from 


F o (0, W = 


cos (fifth cos 0) — cos fifth 
sin fifth sin 0 


( 26 ) 


( 31 ) 
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Since (31) becomes infinite at = w, it is 
not useful in obtaining a curve of F 0 (@, fjt) 
for the extremely thin antenna with sinusoidal 
current and half-length h = 2 0 /2. Further¬ 
more, the function 

F m (0, fi 0 h) = F o (0, p 0 h) sin p 0 h, (32) 

which is commonly used in plotting field 
patterns of thin antennas with sinusoidal 
current, is referred to the maximum current, 
not to the input current, as are all other 
curves in Figs. 14.1-14.3. In order to obtain a 
quantitative as well as qualitative comparison 
of the field of actual antennas with that of 
antennas of near-zero radius, use is made of 
the definition 

I m — f 0 /sin PJt, (33) 


the curve for ft oo and those for 0=10 
and 20 for all other angles, including especially 
© = 90°. By adjusting 7 0 in the extremely thin 
antenna to be an appropriate fraction of 7 0 
in the antenna for which ft = 10, perfect 
agreement can be obtained between the curves 
ft = oo and ft = 10 at 0 = 90° but at the 
expense of increased differences for other 
angles. For rough qualitative purposes, a 
satisfactory adjustment in relative currents 
in extremely thin and actual antennas is to 
make 7 m the same in both. Except for antennas 
with half-lengths near integral multiples of 
A 0 /2, it is satisfactory to make 7 0 the same, 
and in practice 7 0 is usually more conveniently 
determined. If more accurate adjustment is 
required, it may be carried out using (29) 
rewritten as follows: 


where 7,„ may or may not be the maximum 
current physically. With (33), (31), and 
f) 0 h = n, (32) becomes 

F^8..)=faf «” i ’ c ”») ±jl. (34) 

7 0 [ sin 0 

By requiring that I m for the sinusoidal current 
be equal to I m for an antenna of finite thick¬ 
ness, a reasonable comparison is possible. 
The curve in Fig. 14.2 for ft ->• oo is, therefore, 
computed from F m (0, n) for an antenna with 
sinusoidal current that has the same maximum 
current as the antenna of finite radius. 

It is clear from Figs. 14.1-14.3 that the far- 
zone field of an antenna for which ft -»• oo is a 
good approximation of the relative magnitude 
of the far-zone field of cylindrical antennas 
of small radius. The principal difference in the 
relative field patterns of antennas of small 
and near zero radius is at angles 0 where the 
field of the extremely thin antenna has sharp 
nulls. Instead of becoming zero near these 
angles, the magnitude of the field of an antenna 
of small radius merely reduces to a minimum. 
It is clear from Fig. 14.1, however, that the 
shape of the field pattern is not quite the 
same. For practical purposes it is usually 
satisfactory to determine the relative pattern 
of the far-zone field of an antenna of small 
radius by treating the antenna as though it 
were extremely thin with a sinusoidal current 
of appropriately adjusted amplitude. However, 
quantitative agreement cannot be expected 
for all values of 0 because the shapes of the 
field patterns are not the same. Thus in Fig. 
14.1 the agreement is excellent near 0 = 50° 
with 7 0 the same in all antennas. On the other 
hand, there is considerable difference between 


e 0 (&, /VO = T-* = K[Fje, /VOk-.cc. 

A o 

(35) 

By selecting a particular angle 0 X where 
agreement is desired, 7 7 m (0 1 , fi n h) — 
[cos (f 0 h cos 0 X ) — cos fi 0 h]/sin 0 X may be 
computed; hJ2 0 for the angle 0 2 = |tt — 0 2 
may then be determined. Finally, (35) may 
be solved for the numerical factor K. The 
function A'[/%„(©, /V0]n-»a> is then used instead 
of F„(0, ji a h) in determining the approximate 
field pattern. The directivity D of antennas 
of finite cross section is plotted in Figs. IV. 10.1 
and IV. 10.2. 


15. The Complete Field of a Center-Driven 
Antenna of Small Radius—Approximate 
Analysis 

An exact determination of the general 
electromagnetic field due to a center-driven 
antenna of small but not zero radius depends 
upon the evaluation of the integral for the 
vector potential. 


A 


z f* j, e-*W 
4 nv 0 )-h Z R 


dz'. 


( 1 ) 


and the calculation of the electric and magnetic 
vectors E and B from (1), using 


E = -# (grad div A + #jA), (2a) 

P o 

B = curl A. (2b) 

Since the distribution of current in the antenna 
is known only in the form of an intricate 
series in powers of 1/T, the evaluation of (1) 
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% IN DEGREES 

Fig. 14.1. Field factor of linear radiator as a 



6 IN DEGREES 

Fig. 14.2. Field factor of linear radiator as a 
function of 0 with fl as parameter; Pah = n. 



Fig. 16.1. Field factor of antenna with small radius; 
M = 5 tt/4- 


F m (Q, p„h) = 


cos (Poh cos 0) — cos i 
sin 0 


„ sin P„h cos (PJi cos 0) cos 0—cos Pah sin (p 0 h cos 0) 

F ° (0 ’ m = — -sin-© cos 0(1— cos Pah) -' 

I F(0, pah) I = {[F m (0, p a h)Y+C\Fl(Q, PM 2 } 112 ; 

C = 0.234 (a = 10); C = 0.123 (£2 = 20). 
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is excessively intricate even if only terms in Thus, in the evaluation of the magnetic field, 
the series of zeroth and first order are retained, which reduces to 

Only the zeroth-order terms corresponding B — n\ 

to the sinusoidal distribution in a thin antenna 6 ~ dr ^ 

are sufficiently simple to make direct integ¬ 
ration of (1) in closed form possible. as in (2.3), the functions C r (h, z) and S r (h, z) 

As discussed in Chapter II, Sec, 25, the lead only to elementary functions, as shown in 
modified zeroth-order distribution Sec. 2. On the other hand, the function 


/ — j" ( cos iV ~ cos P 0 h\ 

° \ 1 - cos p 0 h J 

+ jl'm sin Po(h — j * |) (3) 

is a moderately good representation of the 
current with p 0 h < 2-n. It is in any event a 
very much better approximation than the 
zeroth-order term 

I z = I' m sin p 0 (h - |z|) (4) 

used in Sec. 1. Therefore, if (3) is substituted 
in (1) instead of (4) a reasonably accurate 
expression for the vector potential due to an 
antenna of small radius should be obtained. 
Since the imaginary term in (3) is exactly 
like (4), the integral is simply (1.7). The 
integral due to the real part of (3) is 



The first integral in (5) has already been 
determined. It is C T (Ji,z) as defined in (1.8). 
The second integral is E r (h, z), defined in 
(11.19.5), with r written for a. Accordingly, 
with (1.7) and p 0 h < 2-n, 

A z — A z + jA' z 

- W1 -cos/W 10 ^) 

- cos PJi E r (h, z )] 

+ j [sin PJt C r (h, z) 

— cos P 0 h S r {h, z)]. (6) 

Using tabulated functions, A z can be cal¬ 
culated from (6) at any point in space. 

The determination of the electromagnetic 
field from (6) using (2a, b ) unfortunately does 
not lead to expressions involving only 
elementary functions and tabulated integrals. 


E r (h, z)=l ^——— dz'. 


yields 
dE r (h, z) 
3r 


R — V(z — z') 2 




and these integrals cannot be evaluated in 
closed form nor are they tabulated. 
Accordingly, 

B n r sc r (h, z) 

6 4m> 0 (l — cos P 0 h) [ dr 

+ r cos PJi j_jjp + J ^j dz' 


+ r cos P 0 h J 
+ ^[ Sin ^ 


3C r (h, z ) 


— COS P, 


, , ss r (h, z) 

° h —3T~ J’ 


(Poh < 2n) (11) 


with dC T {h,z)ldr given in (2.11) and 
dS r (h, z)l dr in (2.13). The imaginary part of 
(11) reduces identically to (2.146). Evaluation 
of the electric field involves further differ¬ 
entiation with respect to r and z. The formula 
for E r can be expressed entirely in terms of 
known functions; the formula for E z involves 
complicated integrals similar to those in (11) 
but with higher powers of R. They are avail¬ 
able in the literature. 14 

In the important special case of antennas 
that have a half-length h equal to an integral 
odd multiple of a half-wavelength, (11) 
simplifies greatly. In this case, as pointed out 
in Sec. 1, the distribution of current reduces to 


I z — I 0 cos p qz , Iq — I 0 + jl 0 — vyz n . 

( 12 ) 

Also, I m = I 0 . The magnetic field is 

Ba == i- m [ce~ 

4*V 

{P 0 h = m\2, n odd) (13) 
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This is exactly the form (6.36), and since the 
components of the electric field are calculated 
from (13) by differentiation, they must 
coincide with (6Aa, b, c). It follows that the 
complete field of a cylindrical highly con¬ 
ducting antenna of nonvanishing radius and 
of half-length h = «A 0 /4, n odd, differs from 
that of an antenna with sinusoidal current 
only by a constant shift in phase, except at 
distances from the ends of the antenna that 
are not large compared with its radius. If the 
antenna has rounded ends, this restriction 
is not required and an estimate of the field 
near the surface of the antenna may be ob¬ 
tained from (13) and expressions derived from 
(13), such as the form (8.20) in confocal 
coordinates. 

It may be concluded from the approximate 
analysis of the magnitude of the far-zone 
field of an antenna for which the ratio of 
radius to half-length ( a/h ) is small but not 
zero, that for all practical purposes it is 
adequate to make use of the field factors of 
extremely thin antennas (a/h == 0). The only 
difference between the magnitude of the field 
factor of an extremely thin antenna and of 
one for which a/h is small is in the appearance 
of minima in the places of nulls. 

Since the magnitude of the field factor 
at such a minimum is very small compared 
with the maximum value, it is usually of no 
significance. This is verified more specifically 
in the next section. 

16. The Radiation Field of a Center-Driven 
Antenna of Small Radius—Approximate 
Analysis 

It is shown in the preceding section that 
the complete electromagnetic field of a center- 
driven antenna of nonvanishing radius does 
not reduce to simple form using the modified 
zeroth-order current (15.3), except in the 
special case fji — mr/2, n odd. However, if the 
analysis is restricted to a determination of 


the far-zone or radiation field, great simpli¬ 
fication is possible and the electromagnetic 
field can be evaluated in closed and relatively 
simple form. 

The general integral for the far-zone field 
of a center-driven antenna parallel to the 
z-axis is given in Sec. 1.9. It is 

£ © = » 0 B e> = -jojA r e 
iaj p o 

= -f-/*(z')<? , ' ( V cose sin © dz'. 

4«’ 0 R o J-h 

( 1 ) 

If the distribution 


sin /V 


-Po¬ 


rn 


is substituted in (1) and the integration 
carried out* the following integrals are 
obtained: 


, j(:) c 

10 4to’ 0 R n 


sin © 


X (-- f cos /J^z W CO80 dz' 

\1 - cos P 0 h 

— Io cos P° h f eJV' C080 dz' 

1 - cos fifth] 


+ y/'J cos /J o z'e J ft>*' C080 dz' 

— jig cot ffi j' sin fa W CO80 dz' 

+ jl' 0 cot jSj/j j* sin /? o zW C080 dz^ . 


* The following standard integrals are involved 
(see Peirce, ref. 1.39, formulas 415, 401, 364): 

J cos P 0 z' C030 dz' 

_ gJiV' c030 (jfl 0 cos Q cos fs a z' + Pq sin fl 0 z') iA 
0o(l - cos 2 6) |-A 

-2 

= p sin a q [cos P 0 h sin (P„h cos 9) cos 9 

- sin p„h cos (f> a h cos 0)], 



i/? o z'cos0 j z > 


jPo cos 9 
2 


. y^oZ'cosG 


, COS 0 


sin (/3 0 ft cos 0), 


f sin Pqz’ ef0o 2 ' c ° 80 dz' 
JO 


- f° sin P 0 z' e^o 2 '® 080 dz' 
J — h 


rn 

2\ sin (3 0 z cos ((3 0 z cos &)dz 
Jo 


cos P 0 z'(l — cos 9) cos ^qz'( 1 + cos 9) I* 
_ 0 O (1 - cos 0) 0„(1 + cos 0) lo 

1 - cos ^ 0 A(1 — cos 9) 1 — cos MU + cos 9) 

“ 0„(1 - COS 0) + /3 0 (I + cos 9) 

2 

= p sin . 0 [1 - COS M cos (M cos 0) 

- cos 0 sin M sin (M cos 9)]. 
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Upon carrying out the integration, substituting 
the integrated results in (3), and noting that 
w/i^o = v ol v o — £ 0 . the following final for¬ 
mula is obtained: 




x / 


+ P 


jl o 

2-n R 0 

sin P 0 h cos (/J 0 /i cos 0) cos 0 

— cos p 0 h sin (P 0 h cos 0) 
sin 0 cos 0(1 — cos 0„0 

[ cos (fi 0 h cos 0) — cos /yi] \ 

sin0 Jj 


(0o h < 2w) (4a) 


In shorthand notation, 

pr • /Vm 


2tt 


Ro 

c = / 0 ' //; 


[CF'(0, 0,0 


+ jF,n(®, Poh)\, 

(4b) 


where Fj(0, PJi) is the first square bracket 
in (4a), and where F m (0, p 0 h) is, of course, 
the same as the far-zone-field factor previously 
obtained by another method using the zeroth- 
order distribution 

(/ 2 ) 0 = I m sin /?„(/> -| z\). (5) 

An extra factor j appears in (4) because 
phases are referred to the driving potential 
difference Fg and not to the quadrature current. 

With /Jq/i = mr/2, n odd, 

rr . cos \fl7T COS 0) 

“ Trr —R^~ (/ ° + J, °’ Sin© ’ 

n odd. (6) 

It is clear from (6) that the far-zone field 
of an antenna with the distribution (2) is the 
same as with the distribution (5). This could 
have been predicted at the outset, since (2) 
and (5) both reduce to cos /5 0 z in their depend¬ 
ence on z. For all values of ft 0 h other than 
mr/2, n odd, the real and imaginary factors in 
(4) differ. In particular, their nulls do not 
coincide, so that E r % has no nulls except when 
figh = mr/2, n odd. This is illustrated in Fig. 
16.1, where the factors F m (0, PJi ), Fg(0, f! 0 h), 
CF"(&, /VO, and | F o (0, 0,0 \ = {[F m (0, PM 2 
+ C\F£(®, P 0 h)] 2 } l/2 are plotted for two 
values of C = /#//« for antennas such that 
fi n h = 57t/4 and 0 = 2 In 2 hja is 10 and 20. 
It is seen that the field factor | F o (0, flgh) \ 
does not differ significantly in magnitude 
from | F„,(0, pgh) |, except that nulls are 
replaced by minima. It is to be expected that 


even with fSJi = n-nfl, n odd, the nulls in the 
field factor would be replaced by very deep 
minima if the actual current were used in 
determining the field instead of the value (2). 

A more accurate representation of the far- 
zone field of an antenna of finite cross section 
may be obtained using Storer’s current 
distribution parameters A and B as given in 
Sec. 11.39. It is readily verified that the sub¬ 
stitution of the current distribution (11.39.18a) 
in (1) leads directly to 

E & -P — n — WFm(0,0,0 + bu&, 0o*)i. 

L7T Kq 

(7) 

where F m (0, fl 0 h) is given in (4.13) and 


U(Q, W - 


sin (fS (t h cos 0) — cos 0 sin 
sin 0 cos 0 


( 8 ) 


The current parameters A and B are tabulated 
in Sec. 11.39 for 0 = 15. 


17. The Electric Field Near the End of an 
Antenna; Spark Discharges 

A useful application of (8.20c) is in esti¬ 
mating the intensity of the electric field near 
the ends of an antenna of nonvanishing 
radius in order to determine the curvature 
required to prevent a spark discharge. The 
electric field along the z-axis near the rounded 
end of an antenna may be assumed to be of 
the same order of magnitude as the field at 
corresponding points due to an infinitely 
thin antenna with the same maximum current 
if the rounded end of the actual antenna is 
made to coincide with an ellipsoidal surface of 
constant phase of the infinitely thin antenna. 
This is illustrated in Fig. 17.1. If the value of 
k e for this ellipsoid is determined and k h = 1 
on the z-axis, (8.20c) may be evaluated at 
<ot — 7t/ 2 when (F p ) in9 t is a maximum. For 
example, if the end of an antenna near h = A/4 
in half-length may be approximated by an 
ellipsoid with k e = 1.002, (8.20c) with n — 1 
gives 


sin (1.002 x tt/2) 
4t rh 1.002 2 - 1 


(la) 


(E^max — 


u 

4nh 


x 250. 


(10 


If I m = 10 amperes, h = 5 meters. 


(F p )max — 


10 x 30 


x 250 


= 15,000 volts/meter. (2) 
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This is the correct field at k e = zjh = 1.002 
on the z-axis for an infinitely thin antenna with 
its end at zjh = 1. It is an estimate of the 
field near an antenna of which the end is 
approximated by the ellipsoid k e = 1.002. 

If the end of the antenna is made more 
rounded so that k e of an ellipsoid that approxi¬ 
mates it increases, (E p ) ma x decreases. If the 
end is made sharper, k e decreases and (£ p ) m , x 
increases rapidly. For example, with k e = 

1.0002 instead of 1.002 as above, 

(Fornax — 150,000 volts/meter. (3) 

CENTER-DRIVEN ANTENNAS WITH 
UNEQUAL CURRENTS IN THE HALVES 

18. Radiation Field of an Unbalanced Center- 
Driven Antenna* 

Antennas are sometimes center-driven in 
such a manner that the currents on the 
identical halves are unequal. This occurs, 
for example, when the antenna is center-driven 
from a coaxial line, as shown in Fig. 18.1. 
In this case the entire system is not symmetric 
with respect to the plane perpendicular to the 
antenna and bisecting the distance 2d between 
its adjacent ends. As a consequence, the forces 
acting on the charges in the halves are different 
and the resulting currents required to maintain 
the boundary condition are unequal. Simul¬ 
taneously, tangential forces on the surface of 
the coaxial line due to charges in the halves 
of the antenna are not exactly equal and 
opposite so that currents must exist on the 
outer surface of the coaxial line. These con¬ 
tribute to the radiation field in a manner 
and degree depending on the over-all length 
and geometric configuration of the coaxial 
line. Obviously, this field cannot be deter¬ 
mined in general. However, it is possible to 
calculate the field due to the unequal currents 
in the halves of the antenna for various 
assumed degrees of unbalance and in this 
way determine the effect and significance of 
such an unbalance. By moving a receiving 
antenna with its axis tangent to a great circle 
about the unbalanced transmitting antenna 
and yet always perpendicular to the axis of 
the coaxial line, the field due to the currents 
in the antenna alone can be measured 
experimentally. 

In order to evaluate the radiation field 
of a center-driven antenna of half-length h, 
a sinusoidal distribution of current may be 


* The calculations and the experimental work in 
this section are those of W. Kelvin, ref. 19. 


assumed so that the currents in the halves are 


hi = I n sin flfh - z), (6 ^ z ^ h) (la) 


hz — ^ Im sin j j.h -|- z), 


(-6 < z ^ -6) 

06) 

where h is an arbitrary complex factor that 
characterizes the degree of unbalance. For 
Fig. 18.1 it may be assumed essentially real 
since the currents on the two conductors of a 
coaxial line are equal and opposite. 

The far-zone electric or magnetic field may 
be evaluated for each half by the same method 
used for equal currents in Secs. 3 through 5. 
However, since only the far-zone field is 
required, a shorter method is simply to 
evaluate the general far-zone integral (1.7.15) 
with (4.23): 

—ja>A T Q — ja>A r z sin 0 

h 

I' z <?-tfo*'eos0 sin 0 dz', 

h 

( 2 ) 

with I' z given by (la) in the range i g z' g A 
and by (16) in the range —h gz' g —6. 
Since terminal-zone effects are of minor 
significance in determining the far-zone fields, 
they may be neglected and the spacing 26 
set equal to zero. Thus, the desired far-zone 
field is 

j(oI m e~i' s o R o 

4n„ 0 


E @ 


JKtJ 

jay e f h 

4n-v 0 R 0 


E b^ 


R n 


J> 


[/> 


sin Pfh — zjeiP« z ‘ coa0 dz' 


+ k \ sin P 0 (h + z’)e~’P o 2 ' 0089 dz 




(3) 


The integrals in (3) are elementary and the 
following result is obtained directly: 


Eb = 


.jfohn e-iWo 


F a (Q), 


(4a) 


2-rr R 0 

where the complex field factor is 

F o (0) - m + k)F m (@, p 0 h) 

+ j(\ - k)W m (Q, ji 0 hj). (46) 

As defined in (4.13), 

cos (/3 0 h cos 0) — cos P 0 h 


F m ( 0, P 0 h) = 


sin 0 


and 

W m (®, ,%h) ss 


sin (fi 0 h cos 0) 


(5) 

sin p 0 h cos 0 


sin 0 


( 6 ) 
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ELLIPSOID WITH 
FOCUS AT F, 


ACTUAL ANTENNA 



INFINITELY-'' 

THIN ANTENNA 

Fig. 17.1. Electric field near the 
ends of an antenna of non¬ 
vanishing radius. 

—r i—1—i—pn * 5 1—i—m—i—im r 


/ y >’ TT ' / 2 


f/3„h =317/2/ 


0" 30* 60“ 90“ 



30“ 60“ 90“ 
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Fig. 18.1. Antenna center-driven 
from coaxial line. 



-2.0 f F m (9,2Tf* 


Fig. 18.2. Field functions F m (0, PJ%) and 

W n (®, PM 


Fig. 18.3 a-d. Field factor F„(0) for unbalanced 
antenna. The broken lines in ( b ) are for ftji = l.lw, 
the solid lines for /Vi = w. 



Fig. 18.3e. Field factor F„(0) for unbalanced 
antenna. 


Fig. 18.4. Experimentally determined field 
of unbalanced antenna. 
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Note that with equal currents in phase, k = 1, 
so that the term with W m (®, fljt) disappears 
and (4) agrees with (4.18a). The components 
FJ @,/VO and WJ®, f) 0 h) are shown in 
Fig. 18.2 for four values of P 0 h. It is seen that 
W m (®, Pgh) is relatively small for antennas 
that do not exceed P 0 h = n/2 in electrical 
half-length. Indeed, for a short antenna with 
(figh) 2 < 1 and sin fiji = flji, fV m (®, P 0 h) = 0. 
On the other hand, for longer antennas 
W m (®, P 0 h) is of the same order of magnitude 
as F m (Q, f) 0 h), so that its effect on the field 
pattern is significant. This is verified in Figs. 
I8.3a-e, where the magnitude 

F a (&) = HtO + k)F m (Q, P 0 h)] 2 

+ 1(1 

(7) 

is shown as a function of 0 for five values of 
PJi and with a real parameter k £1 1. For 
figh = v/2 there is no significant change in 
the shape of the field pattern as k is reduced 
from 1 (for symmetric currents) to zero 
(for no current in one half). Of course, the 
magnitude of the field decreases with k since 
the total effective current maintaining the 
field is reduced. For longer antennas the 
shape is changed greatly when the pattern for 
equal currents has several lobes with sharp 
nulls between them. With unequal currents, 
these sharp nulls become minima when k 
is not too far from unity or disappear entirely 
for small values of k. This is shown in Figs. 
18.3c and 18.3e. 

The existing experimental verification of 
the theoretical results in Figs. 18.3a-e is 
qualitative, since the value of k is unavail¬ 
able. However, the general nature of the 


effect of unequal currents on the field pattern 
is demonstrated together with a demonstration 
that the currents in the halves of an antenna 
center-driven from a coaxial line as in Fig. 
18.1 are unequal. In the experimental arrange¬ 
ment 19 a center-driven antenna was used as in 
Fig. 18.1, so that the antenna and coaxial 
line could be rotated around the axis of the 
line. A distant receiving antenna was oriented 
perpendicular to the coaxial line and tangent 
to a great circle about the center of the trans¬ 
mitting antenna. With this apparatus operated 
at a wavelength of 10 cm, the current in the 
output of the receiving antenna was deter¬ 
mined (using a calibration curve of the crystal 
detector) as the transmitting antenna was 
rotated. The curves in Fig. 18.4 were obtained 
for several lengths of the transmitting antenna. 
This is indicated by the electrical half-length 
p 0 h in the figure. The general agreement with 
approximately equivalent curves in Figs. 
18.3a-<? is quite good if it is remembered 
that it has been assumed that k is real and that 
the antennas used in the experiment are quite 
thick and that 2 h is the distance from end to 
end including 28. Degrees of inequality 
approximating k — 0.5 are indicated. 

Center-driven antennas with unequal cur¬ 
rents in the halves are undesirable because 
they indicate the presence of radiating 
currents on the transmission line. The primary 
purpose of this section is to illustrate the 
effect of such unequal currents on the field 
pattern, so that when such patterns are 
observed the cause may be known. Note, 
however, that a degree of rounding of sharp 
minima may be due to the finite cross section 
of the antenna (Sec. 16) or, if the antenna is 
erected on the ground, to the finite conduc¬ 
tivity of earth and water (Sec. VII.8). 



CHAPTER VI 


ELECTROMAGNETIC FIELDS OF ANTENNA ARRAYS 


The fundamental requirement for a trans¬ 
mitting antenna is that it maintain a sig¬ 
nificant far-zone field in the direction of the 
receiving antenna or antennas in which 
currents are to be excited, whether for trans¬ 
ferring power to a load or for reradiation or 
scattering. Supplementary requirements may 
include a vanishingly small field in all other 
or some other directions. Thus, for point-to- 
point communication a large field essentially 
in a single direction is desired. On the other 
hand, for broadcast transmission more or less 
omnidirectional properties usually are ad¬ 
vantageous. Field distributions having a 
great variety of properties may be obtained 
by superimposing the fields of arrays of linear 
radiators. Suitable variables include the num¬ 
ber and relative locations of antennas and the 
relative magnitudes and phases of the currents 
in them. If all antennas are identical and 
have currents of equal magnitude and pro¬ 
gressive phase sequence, the array is called 
uniform, otherwise nonuniform. It is usually 
convenient to have all elements in an array 
of center-driven antennas a half-wavelength 
long or less. For these it has been shown that 
the distributions of current are very nearly 
sinusoidal. 

The essential property of a receiving antenna 
is to respond to the electromagnetic field of a 
transmitter or a group of transmitters in a 
specified direction or directions, and to be 
quite insensitive to the fields of transmitters 
in other directions. For point-to-point trans¬ 
mission this requires an essentially uni¬ 
directional response, for broadcast reception 
an omnidirectional or selectively unidirectional 
response. Since the load in a receiving array 
usually is connected to a single antenna, the 
directional properties of receiving arrays may 
be obtained from the directional properties 
of transmitting arrays which have only a 
single driven antenna among an arbitrary 
number of parasitic antennas by application 
of the reciprocal theorem. It follows that in 
this chapter it is sufficient to consider the 
directional properties of transmitting arrays. 


including those in which only one unit is 
driven. 

UNIFORM PARALLEL ARRAYS 

1. The Diffraction Formula and the General 

Array Factor 

In the study of uniform arrays of A identical 
collinear or parallel antennas with currents 
of equal magnitude the following sums are 
encountered, and it is well to investigate them 
in general terms first: 

i(tf-i) 

^odd =1+2 2 cos 2 ix, N odd, (1) 

<=i 

iN 

A even = 2 2 cos (2/ — l)x, N even. (2) 

<=i 

These sums are readily transformed by 
multiplying numerator and denominator of 
the sum by sin x and expanding in expon¬ 
ential form.* The results show that A, 


HN-l) 


1+ 2 


(e l2ix + e- i2i *)(e ix - e~ lx ) 


t' = l 


e ix - e~ 


}(JV-1) _ e /(8i-l)l + e —J(2i—in 

H 2 _ 


gjx _ e -JX 

_ i(A v 1} [ -sin (2 1 - l)x +sin (2 i + 1)*] 
— + .-2 sin* 

l =1 

sin x + sin ix - sin ix + sin 5*q 
+ sin (N - 2)x + sin Nx 


‘ -sin* 


sin Nx 


sin * 


, (N odd) 


(3) 


iN 

> = 2 

»=i 

i N 

= 2 - 
t=i 


^ e H2i-l)x _|_ e - 


H2i-l)xy^ e ix _ 






^2 sin 2(/ -1)* + sin 2 ix 


i = l 


sin * 


0 + sin 2x — sin 2x + sin 4* - sin 4* 

+ sin 6* — • • • — sin 2 {iN - 1)* + sin Nx 
sin * 

sin Nx 

—:-. (N even) 


( 4 ) 
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to be called the array factor, is the same in 
form for even and odd values of A and is given 
by 

A = (5) 

sin x 

The factor A is well known in optics, where 
it occurs in the form A 2 in the formula for 
the intensity of illumination in the diffraction 
pattern of a grating. In discussing the behavior 
of this function and in representing it graphic¬ 
ally, it is more convenient to divide it by N. 
Thus, 

A sin Nx 

a = T r = Tj —.— • ( 6 ) 

N Asinx 

The factor a is the array factor per element 
or the normalized array factor. It is plotted 
in Fig. 1.1 for A = 1, 2,' 3, 4, 5, 6, 8, 10, 12 
and listed in Table 1.1 for a useful range of 
values of x and N. Important properties of a, 
the array factor per element, are its extreme 
values and its zeros. 

The values of x giving extreme values of a 
may be obtained by equating to zero the 
derivative da\dx. Thus, 

da = d_/ sinAx\ = Q 
dx dx \Asin x) 

Differentiation leads to 

N tan x = tan Nx. (8) 

The roots of (8) may be divided into two 
groups: (a) those that reduce both sides to 
zero, and ( b ), those that do not. 

(a) The roots for which tan x = tan Nx = 0 
are readily determined. Since N is an integer, 
they are given by 

x = f*. (q = 0, 1, 2, • • •) (9) 

The indeterminate form obtained when (9) 
is substituted in (6) is readily evaluated as 
follows: 

[j m sin N(qrr — d) _ cos Nqn |j m sin A<5 
N sin (q-rr — <5) cos q-rr 4-*o N sin <5 

= (-1) A ’ ? iim cos Nd 
( —1) ? <-*o cos <3 

= (—lyrttf-D. (10) 

Accordingly, 

a — a max = 1 when x — qn 

with q(N — 1) even, (11) 
a = a m j n = — 1 when x = qn 

with q(N — 1) odd. (12) 


These values having a magnitude 1 are called 
principal extreme values. 

( b ) Other roots of (5) locating minor 
extreme values are not easily determined 
analytically. They may be obtained graphically 
by plotting tan x and (tan Nx)jN for a particu¬ 
lar value of N and locating points of inter¬ 
section. This method is illustrated in Fig. 1.2 
for the first intersections with N — 4 and 5, 
and the first and second intersections with 
N = 6. It is seen from these curves that at 
the points of intersection (tan Ax)/A is 
quite steep and that the locations of the points 
of intersection do not differ greatly from the 
values at which tan Nx becomes infinite, 
provided N is not too small. Hence, an 
approximate, but usually quite satisfactory, 
expression locating the minor extreme values 
is 

* = (/> + £V/A. (p = 1, 2, 3, • • •) (13) 

The value p = 0 does not give a point of 
intersection. The range of p for intersections 
with x in the first quadrant is 

x = (p + iW N £ v/2, pZHN- 1). 

(14) 

The magnitude and sign of extreme values 
of a are obtained readily and in general by 
using (8) with (6). Specifically, multiplication 
of (6) by N tan x/tan Nx = 1 gives 

sin Ax Atanx cosAx .... 

flpvt — “ ; * _ _ — • (15) 

A sin x tan A x cos x 

An alternative expression is obtained with the 
trigonometric identity 

cosAx = 1/Vl 4- tan 2 Ax. (16) 
With (14) and (8), 


cos xV 1 + A 2 tan 2 x 

_ ±1 _ 

Vl + (A 2 - 1) sin 2 x 


. (17) 


The largest possible values of a ex t occur 
when x = qn, q = 0, 1, 2, 3, • ■ •, which 
yield the principal extreme values, all of 
magnitude unity, as given in (11) and (12). 
All other extreme values have magnitudes 
that are less than unity, since for them the 
denominator in (17) is always greater than 
one. Their approximate magnitudes are 
obtained by substituting(13) in (17) as follows: 

flext = 1/Vl + (A 2 - 1) sin 2 Wp + DIN], 
(p = 1, 2, 3, • • •) (18) 
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Fig. 1.1. Normalized array factor sin NxjN sin at as a function of x for different values of N. 
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Table 1.1. Values of a — sin Nx/N sin x. 



X 





N 





(deg) 

(rad) 

2 

3 

4 

5 

6 

7 

8 

10 

12 

0 

0 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

1 

0.0175 

0.9998 

0.9996 

0.9992 

0.9988 

0.9982 

0.9975 

0.9968 

0.9950 

0.9928 

2 

.0349 

.9994 

.9984 

.9970 

.9951 

.9929 

.9897 

.9873 

.9800 

.9712 

3 

.0524 

.9986 

.9963 

.9932 

.9891 

.9841 

.9776 

.9715 

.9554 

.9359 

4 

.0698 

.9976 

.9935 

.9879 

.9806 

.9718 

.9620 

.9496 

.9215 

.8878 

5 

.0873 

.9962 

.9899 

.9811 

.9698 

.9561 

.9411 

.9219 

.8789 

.8280 

6 

.1047 

.9945 

.9854 

.9728 

.9567 

.9372 

.9145 

.8887 

.8285 

.7582 

7 

.1222 

.9925 

.9802 

.9631 

.9413 

.9151 

.8845 

.8503 

.7711 

.6800 

8 

.1396 

.9903 

.9742 

.9519 

.9237 

.8900 

.8512 

.8073 

.7076 

.5955 

9 

.1571 

.9877 

.9674 

.9393 

.9040 

.8619 

.8138 

.7599 

.6392 

.5066 

10 

.1745 

.9848 

.9598 

.9254 

.8823 

.8312 

.7729 

.7089 

.5671 

.4156 

11 

.1920 

.9816 

.9515 

.9101 

.8586 

.7980 

.7294 

.6547 

.4925 

.3246 

12 

.2094 

.9781 

.9424 

.8936 

.8331 

.7624 

.6824 

.5979 

.4165 

.2356 

13 

.2269 

.9744 

.9325 

.8758 

.8058 

.7247 

.6348 

.5392 

.3405 

.1507 

14 

.2443 

.9703 

.9220 

.8567 

.7769 

.6852 

.5851 

.4791 

.2657 

.0716 

15 

.2618 

.9659 

.9107 

.8365 

.7464 

.6440 

.5332 

.4183 

.1932 

.0000 

16 

.2793 

.9613 

.8987 

.8152 

.7146 

.6013 

.4805 

.3574 

.1241 

- .0629 

17 

.2967 

.9563 

.8860 

.7928 

.6815 

.5576 

.4274 

.2970 

.0594 

- .1159 

18 

.3142 

.9511 

.8727 

.7694 

.6472 

.5129 

.3740 

.2378 

.0000 

- .1585 

19 

.3316 

.9455 

.8587 

.7451 

.6120 

.4677 

.3211 

.1803 

- .0533 

- .1902 

20 

.3491 

.9397 

.8440 

.7198 

.5759 

.4220 

.2684 

.1250 

- .1000 

- .2110 

21 

.3665 

.9336 

.8288 

.6938 

.5391 

.3763 

.2172 

.0725 

- .1395 

- .2212 

22 

.3840 

.9272 

.8129 

.6670 

.5017 

.3306 

.1671 

.0233 

- .1716 

- .2212 

23 

.4014 

.9205 

.7964 

.6394 

.4639 

.2854 

.1191 

- .0223 

- .1961 

- .2121 

24 

.4189 

.9135 

.7794 

.6113 

.4258 

.2409 

.0730 

- .0639 

- .2129 

- .1949 

25 

.4363 

.9063 

.7619 

.5826 

.3877 

.1972 

.0295 

- .1012 

- .2224 

- .1708 

26 

.4538 

.8988 

.7438 

.5534 

.3495 

.1546 

- .0114 

- .1339 

- .2247 

- .1413 

27 

.4712 

.8910 

.7252 

.5237 

.3115 

.1134 

- .0492 

- .1618 

- .2203 

- .1079 

28 

.4887 

.8829 

.7061 

.4937 

.2738 

.0738 

- .0839 

- .1850 

- .2098 

- .0722 

29 

.5061 

.8746 

.6866 

.4635 

.2366 

.0359 

- .1149 

- .2032 

- .1938 

- .0357 

30 

.5236 

.8660 

.6667 

.4330 

.2000 

.0000 

- .1429 

- .2165 

- .1732 

.0000 

31 

.5411 

.8572 

.6463 

.4024 

.1641 

- .0338 

- .1670 

- .2250 

- .1487 

.0336 

32 

.5585 

.8480 

.6256 

.3718 

.1291 

- .0654 

- .1872 

- .2289 

- .1213 

.0640 

33 

.5760 

.8387 

.6045 

.3411 

.0950 

- .0946 

- .2039 

- .2283 

- .0918 

.0899 

34 

.5934 

.8290 

.5831 

.3106 

.0621 

- .1212 

- .2166 

- .2234 

- .0612 

.1107 

35 

.6109 

.8191 

.5613 

.2802 

.0304 

- .1453 

- .2257 

- .2146 

- .0303 

.1258 

36 

.6283 

.8090 

.5393 

.2500 

.0000 

- .1667 

- .2312 

- .2023 

.0000 

.1348 

37 

.6458 

.7986 

.5171 

.2201 

- .0290 

- .1853 

- .2330 

- .1867 

.0289 

.1377 

38 

.6632 

.7880 

.4946 

.1906 

- .0564 

- .2012 

- .2314 

- .1683 

.0556 

.1346 

39 

.6807 

.7771 

.4719 

.1616 

- .0823 

- .2143 

- .2266 

- .1476 

.0795 

.1259 

40 

.6981 

.7660 

.4491 

.1330 

- .1064 

- .2245 

- .2189 

- .1250 

.1000 

.1123 

41 

.7156 

.7547 

.4261 

.1050 

- .1288 

- .2321 

- .2082 

- .1010 

.1168 

.0944 

42 

.7330 

.7431 

.4030 

.0777 

- .1494 

- .2369 

- .1950 

- .0760 

.1294 

.0732 

43 

.7505 

.7314 

.3798 

.0510 

- .1682 

- .2390 

- .1795 

- .0505 

.1378 

.0497 

44 

.7679 

.7193 

.3566 

.0251 

- .1851 

- .2386 

- .1621 

- .0250 

.1418 

.0249 
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Table 1 . 1 —contd. 



X 








N 








(deg) 

(rad) 

2 


3 


4 


5 

6 

7 


8 


10 


12 

45 

0.7854 

0.7071 

0.3333 

0.0000 

— 1 

0.2000 

- 0.2357 

- 0.1428 

0.0000 

0.1414 

0.0000 

46 

.8029 

.6947 


.3101 

— 

.0242 

— 

.2130 

- .2304 

- .1222 


.0242 


.1369 

— 

.0241 

47 

.8203 

.6820 


.2868 

— 

.0476 

— 

.2240 

- .2229 

- .1006 


.0471 


.1285 

— 

.0463 

48 

.8378 

.6691 


.2636 

— 

.0699 

— 

.2331 

- .2133 

- .0781 


.0684 


.1165 

— 

.0659 

49 

.8552 

.6561 


.2406 

— 

.0913 

— 

.2402 

- .2017 

- .0553 


.0878 


.1002 

— 

.0821 

50 

.8727 

.6428 


.2176 

_ 

.1116 

_ 

.2453 

- .1884 

- .0323 


.1049 


.0839 

_ 

.0942 

51 

.8901 

.6293 


.1947 

— 

.1308 

— 

.2486 

- .1735 

- .0096 


.1195 


.0643 

— 

.1020 

52 

.9076 

.6157 


.1721 

— 

.1489 

— 

.2499 

- .1572 

.0127 


.1315 


.0434 

— 

.1052 

53 

.9250 

.6018 


.1496 

— 

.1659 

— 

.2495 

- .1396 

.0341 


.1407 


.0217 

— 

.1038 

54 

.9425 

.5878 


.1273 

— 

.1816 

— 

.2472 

- .1211 

.0546 


.1469 


.0000 


.0980 

55 

.9599 

.5736 


.1053 

_ 

.1962 

_ 

.2432 

- .1017 

.0736 


.1503 

_ 

.0212 

_ 

.0881 

56 

.9774 

.5592 


.0836 

— 

.2095 

— 

.2376 

- .0818 

.0913 


.1507 

— 

.0413 

— 

.0747 

57 

.9948 

.5446 


.0622 

— 

.2215 

— 

.2303 

- .0614 

.1072 


.1482 

— 

.0596 

— 

.0584 

58 

1.0123 

.5299 


.0411 

— 

.2323 

— 

.2216 

- .0409 

.1212 


.1430 

— 

.0758 

— 

.0400 

59 

1.0297 

.5150 


.0204 

— 

.2418 

— 

.2115 

- .0203 

.1330 


.1352 

— 

0894 

— 

.0202 

60 

1.0472 

.5000 


.0000 

_ 

.2500 

_ 

.2000 

.0000 

.1428 


.1250 

_ 

.1000 


.0000 

61 

1.0647 

.4848 

— 

.0199 

— 

.2569 

— 

.1873 

.0199 

.1504 


.1126 

— 

.1074 


.0198 

62 

1.0821 

.4695 

— 

.0395 

— 

.2625 

— 

.1735 

.0392 

.1555 


.0983 

— 

.1115 


.0384 

63 

1.0996 

.4540 

— 

.0585 

— 

.2668 

— 

.1587 

.0578 

.1584 


.0825 

— 

.1122 


.0550 

64 

1.1170 

.4384 

— 

.0771 

— 

.2699 

— 

.1430 

.0754 

.1588 


.0653 

— 

.1096 


.0689 

65 

1.1345 

.4226 

_ 

.0952 

— 

.2717 

— 

.1266 

.0919 

.1570 


.0472 

— 

.1037 


.0796 

66 

1.1519 

.4067 

— 

.1128 

— 

.2722 

— 

.1095 

.1072 

.1530 


.0284 

— 

.0948 


.0868 

67 

1.1694 

.3907 

— 

.1298 

— 

.2714 

— 

.0918 

.1212 

.1467 


.0095 

— 

.0832 


.0900 

68 

1.1868 

.3746 

— 

.1462 

— 

.2695 

— 

.0738 

.1336 

.1386 

— 

.0094 

— 

.0693 


.0894 

69 

1.2043 

.3584 

— 

.1621 

— 

.2663 

— 

.0554 

.1444 

.1283 

— 

.0278 

— 

.0536 


.0849 

70 

1.2217 

.3420 

— 

.1774 

— 

.2620 

— 

.0370 

.1536 

.1165 

— 

.0455 

— 

.0364 


.0768 

71 

1.2392 

.3256 

— 

.1920 

— 

.2566 

— 

.0184 

.1610 

.1030 

— 

.0621 

— 

.0184 


.0655 

72 

1.2566 

.3090 

— 

.2060 

— 

.2500 


.0000 

.1667 

.0883 

— 

.0773 


.0000 


.0515 

73 

1.2741 

.2924 

— 

.2194 

— 

.2424 


.0182 

.1705 

.0724 

— 

.0908 


.0182 


.0354 

74 

1.2915 

.2756 

— 

.2320 

— 

.2338 


.0361 

.1724 

.0557 

— 

.1025 


.0356 


.0180 

75 

1.3090 

.2588 

_ 

.2440 

— 

.2241 


.0536 

.1725 

.0383 

— 

.1121 


.0518 


.0000 

76 

1.3265 

.2419 

— 

.2553 

— 

.2136 


.0705 

.1708 

.0204 

__ 

.1194 


.0662 

— 

.0179 

77 

1.3439 

.2250 

— 

.2659 

— 

.2022 


.0867 

.1673 

.0026 

— 

.1245 


.0786 

— 

.0348 

78 

1.3614 

.2079 

— 

.2757 

— 

.1899 


.1022 

.1621 

- .0153 

— 

.1271 


.0885 

— 

.0501 

79 

1.3788 

.1908 

— 

.2848 

— 

.1769 


.1169 

.1551 

- .0327 

— 

.1273 


.0957 

— 

.0631 

80 

1.3963 

.1736 

_ 

.2931 

_ 

.1632 


.1305 

.1466 

- .0496 

— 

.1250 


.1000 

— 

.0733 

81 

1.4137 

.1564 

— 

.3007 

— 

.1488 


.1432 

.1365 

- .0656 

— 

.1204 


.1012 

— 

.0802 

82 

1.4312 

.1392 

— 

.3075 

— 

.1338 


.1547 

.1251 

- .0807 

— 

.1135 


.0994 

_ 

.0837 

83 

1.4486 

.1219 

— 

.3135 

— 

.1182 


.1651 

.1124 

- .0944 

— 

.1044 


.0947 

— 

.0835 

84 

1.4661 

.1045 

— 

.3188 

— 

.1022 


.1742 

.0985 

- .1068 

— 

.0934 


.0871 

— 

.0797 

85 

1.4835 

.0872 

— 

.3232 

— 

.0858 


.1820 

.0837 

- .1174 

— 

.0807 


.0769 

— 

.0724 

86 

1.5010 

.0698 

— 

.3268 

— 

.0691 


.1884 

.0680 

- .1264 

— 

.0664 


.0644 

— 

.0621 

87 

1.5184 

.0523 

— 

.3297 

— 

.0520 


.1935 

.0516 

- .1335 

— 

.0509 


.0501 

— 

.0490 

88 

1.5359 

.0349 

— 

.3317 

— 

.0348 


.1971 

.0347 

- .1387 

— 

.0345 


.0342 

— 

.0339 

89 

1.5533 

.0175 

— 

.3329 

— 

.0174 


.1993 

.0174 

- .1418 

— 

.0174 


.0174 

— 

.0173 
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Table 1 . 1 — contd . 


x N 


( deg ) 

( rad ) 


2 


3 

4 


5 


6 

7 


8 


10 

12 

90 

1.5708 

0.0000 

- 0.3333 

0.0000 

0.2000 

0.0000 

- 0.1428 

0.0000 

0.0000 

0.0000 

91 

1.5883 

— 

.0175 

— 

.3329 

.0174 


.1993 

— 

.0174 

- .1418 


.0174 

— 

.0174 

.0173 

92 

1.6057 

— 

.0349 

— 

.3317 

.0348 


.1971 

— 

.0347 

- .1387 


.0345 

— 

.0342 

.0339 

93 

1.6232 

— 

.0523 

— 

.3297 

.0520 


.1935 

— 

.0516 

- .1335 


.0509 

— 

.0501 

.0490 

94 

1.6406 

— 

.0698 

— 

.3268 

.0691 


.1884 

— 

.0680 

- .1264 


.0664 

— 

.0644 

.0621 

95 

1.6581 

_ 

.0872 

_ 

.3232 

.0858 


.1820 

_ 

.0837 

- .1174 


.0807 

_ 

.0769 

.0724 

96 

1.6755 

— 

.1045 

— 

.3188 

.1022 


.1742 

— 

.0985 

- .1068 


.0934 

— 

.0871 

.0797 

97 

1.6930 

— 

.1219 

— 

.3135 

.1182 


.1651 

— 

.1124 

- .0944 


.1044 

— 

.0947 

.0835 

98 

1.7104 

— 

.1392 

— 

.3075 

.1338 


.1547 

— 

.1251 

- .0807 


.1135 

— 

.0994 

.0837 

99 

1.7279 

— 

.1564 

— 

.3007 

.1488 


.1432 

— 

.1365 

- .0656 


.1204 

— 

.1012 

.0802 

100 

1.7453 

_ 

.1736 

_ 

.2931 

.1632 


.1305 

_ 

.1466 

- .0496 


.1250 

_ 

.1000 

.0733 

101 

1.7628 

— 

.1908 

— 

.2848 

.1769 


.1169 

— 

.1551 

- .0327 


.1273 

— 

.0957 

.0631 

102 

1.7802 

— 

.2079 

— 

.2757 

.1899 


.1022 

— 

.1621 

- .0153 


.1271 

— 

.0885 

.0501 

103 

1.7977 

— 

.2250 

— 

.2659 

.2022 


.0867 

— 

.1673 

.0026 


.1245 

— 

0786 

.0348 

104 

1.8151 

— 

.2419 

— 

.2553 

.2136 


.0705 

— 

.1708 

.0204 


.1194 

— 

.0662 

.0179 

105 

1.8326 

_ 

.2588 

_ 

.2440 

.2241 


.0536 

— 

.1725 

.0383 


.1121 

_ 

.0518 

.0000 

106 

1.8500 

— 

.2756 

— 

.2320 

.2338 


.0361 

— 

.1724 

.0557 


.1025 

— 

.0356 - 

- .0180 

107 

1.8675 

— 

.2924 

— 

.2194 

.2424 


.0182 

— 

.1705 

.0724 


.0908 

— 

.0182 - 

- .0354 

108 

1.8850 

— 

.3090 

— 

.2060 

.2500 


.0000 

— 

.1667 

.0883 


.0773 


.0000 - 

- .0515 

109 

1.9024 

— 

.3256 

— 

.1920 

.2566 

— 

.0184 

— 

.1610 

.1030 


.0621 


.0184 - 

- .0654 

110 

1.9199 

— 

.3420 

— 

.1774 

.2620 

— 

.0370 

— 

.1536 

.1165 


.0455 


.0364 - 

- .0768 

111 

1.9373 

— 

.3584 

— 

.1621 

.2663 

— 

.0554 

— 

.1444 

.1283 


.0278 


.0536 - 

- .0849 

112 

1.9548 

— 

.3746 

— 

.1462 

.2695 

— 

.0738 

— 

.1336 

.1386 


.0094 


.0693 - 

- .0894 

113 

1.9722 

— 

.3907 

— 

.1298 

.2714 

— 

.0918 

— 

.1212 

.1467 

— 

.0095 


.0832 - 

- .0900 

114 

1.9897 


.4067 

— 

.1128 

.2722 

— 

.1095 

— 

.1072 

.1530 


.0284 


.0948 - 

- .0868 

115 

2.0071 

— 

.4226 

— 

.0952 

.2717 

— 

.1266 

— 

.0919 

.1570 

— 

.0472 


.1037 - 

- .0796 

116 

2.0246 

— 

.4384 

— 

.0771 

.2699 

— 

.1430 

— 

.0754 

.1588 

— 

.0653 


.1096 

- .0689 

117 

2.0420 

— 

.4540 

— 

.0585 

.2668 

— 

.1587 

— 

.0578 

.1584 

— 

.0825 


.1122 - 

- .0550 

118 

2.0595 

— 

.4695 

— 

.0395 

.2625 

— 

.1735 

— 

.0392 

.1555 

— 

.0983 


.1115 - 

- .0384 

119 

2.0769 

— 

.4848 

— 

.0199 

.2569 

— 

.1873 

— 

.0199 

.1504 

— 

.1126 


.1074 - 

- .0198 

120 

2.0944 

— 

.5000 


.0000 

.2500 

— 

.2000 


.0000 

.1428 

— 

.1250 


.1000 

.0000 

121 

2.1118 

— 

.5150 


.0204 

.2418 

— 

.2115 


.0203 

.1330 

— 

.1352 


.0894 

.0202 

122 

2.1293 

— 

.5299 


.0411 

.2323 

— 

.2216 


.0409 

.1212 

— 

.1430 


.0758 

.0400 

123 

2.1468 

— 

.5446 


.0622 

.2215 

— 

.2303 


.0614 

.1072 

— 

.1482 


.0596 

.0585 

124 

2.1642 

— 

.5592 


.0836 

.2095 

— 

.2376 


.0818 

.0913 

— 

.1507 


.0413 

.0747 

125 

2.1817 

— 

.5736 


.1053 

.1962 

_ 

.2432 


.1017 

.0736 

— 

.1503 


.0212 

.0881 

126 

2.1991 

— 

.5878 


.1273 

.1816 

__ 

.2472 


.1211 

.0546 

— 

.1469 


.0000 

.0980 

127 

2.2166 

— 

.6018 


.1496 

.1659 

— 

.2495 


.1396 

.0341 

— 

.1407 

— 

.0217 

.1038 

128 

2.2340 

— 

.6157 


.1721 

.1489 

— 

.2499 


.1572 

.0127 

— 

.1315 

— 

.0434 

.1052 

129 

2.2515 

— 

.6293 


.1947 

.1308 

— 

.2486 


.1735 

- .0096 


.1195 

— 

.0643 

.1020 

130 

2.2689 

— 

.6428 


.2176 

.1116 

_ 

.2453 


.1884 

- .0323 

_ 

.1049 

_ 

.0839 

.0942 

131 

2.2864 

— 

.6561 


.2406 

.0913 

— 

.2402 


.2017 

- .0553 

— 

.0878 

— 

.1002 

.0821 

132 

2.3038 

— 

.6691 


.2636 

.0699 

— 

.2331 


.2133 

- .0781 

— 

.0684 

— 

.1165 

.0659 

133 

2.3213 

— 

.6820 


.2868 

.0476 

— 

.2240 


.2229 

- .1006 

— 

.0471 

— 

.1285 

.0463 

134 

2.3387 

— 

.6947 


.3101 

.0242 

— 

.2130 


.2304 

- .1222 

— 

.0242 

— 

.1369 

.0241 
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Table 1.1—contd. 


x 


N 


( deg ) 

( rad ) 

2 

3 

4 

5 


6 

7 


8 


10 


12 

135 

2.3562 

- 0.7071 

0.3333 

0.0000 

- 0.2000 


0.2357 

- 0.1428 


0.0000 

_ 

0.1414 


0.0000 

136 

2.3736 

- .7193 

.3566 

- .0251 

- .1851 


.2386 

- .1621 


.0250 

— 

.1418 

— 

.0249 

137 

2.3911 

- .7314 

.3798 

- .0510 

- .1682 


.2390 

- .1795 


.0505 

— 

.1378 

— 

.0497 

138 

2.4086 

- .7431 

.4030 

- .0777 

- .1494 


.2369 

- .1950 


.0760 

— 

.1294 

— 

.0732 

139 

2.4260 

- .7547 

.4261 

- .1050 

- .1288 


.2321 

- .2082 


.1010 

— 

.1168 

— 

.0944 

140 

2.4435 

- .7660 

.4491 

- .1330 

- .1064 


.2245 

- .2189 


.1250 

_ 

.1000 

_ 

.1123 

141 

2.4609 

- .7771 

.4719 

- .1616 

- .0823 


.2143 

- .2266 


.1476 

— 

.0795 

— 

.1259 

142 

2.4784 

- .7880 

.4946 

- .1906 

- .0564 


.2012 

- .2314 


.1683 

— 

.0556 

— 

.1346 

143 

2.4958 

- .7986 

.5171 

- .2201 

- .0290 


.1853 

- .2330 


.1867 

— 

.0289 

— 

.1377 

144 

2.5133 

- .8090 

.5393 

- .2500 

.0000 


.1667 

- .2312 


.2023 


.0000 

— 

.1348 

145 

2.5307 

- .8191 

.5613 

- .2802 

.0304 


.1453 

- .2257 


.2146 


.0303 

— 

.1258 

146 

2.5482 

- .8290 

.5831 

- .3106 

.0621 


.1212 

- .2166 


.2234 


.0612 

— 

.1107 

147 

2.5656 

- .8387 

.6045 

- .3411 

.0950 


.0946 

- .2039 


.2283 


.0918 

— 

.0899 

148 

2.5831 

- .8480 

.6256 

- .3718 

.1291 


.0654 

- .1872 


.2289 


.1213 

— 

.0640 

149 

2.6005 

- .8572 

.6463 

- .4024 

.1641 


.0338 

- .1670 


.2250 


.1487 

— 

.0336 

150 

2.6180 

- .8660 

.6667 

- .4330 

.2000 


.0000 

- .1429 


.2165 


.1732 


.0000 

151 

2.6354 

- .8746 

.6866 

- .4635 

.2366 

— 

.0359 

- .1149 


.2032 


.1938 


.0357 

152 

2.6529 

- .8829 

.7061 

- .4937 

.2738 

— 

.0738 

- .0839 


.1850 


.2098 


.0722 

153 

2.6704 

- .8910 

.7252 

- .5237 

.3115 

— 

.1134 

- .0492 


.1618 


.2203 


.1079 

154 

2.6878 

- .8988 

.7438 

- .5534 

.3495 


.1546 

- .0114 


.1339 


.2247 


.1413 

155 

2.7053 

- .9063 

.7619 

- .5826 

.3877 

— 

.1972 

.0295 


.1012 


.2224 


.1708 

156 

2.7227 

- .9135 

.7794 

- .6113 

.4258 

— 

.2409 

.0730 


.0639 


.2129 


.1949 

157 

2.7402 

- .9205 

.7964 

- .6394 

.4639 

— 

.2854 

.1191 


.0223 


.1961 


.2121 

158 

2.7576 

- .9272 

.8129 

- .6670 

.5017 

— 

.3306 

.1671 

— 

.0233 


.1716 


.2212 

159 

2.7751 

- .9336 

.8288 

- .6938 

.5391 

— 

.3763 

.2172 


.0725 


.1395 


.2212 

160 

2.7925 

- .9397 

.8440 

- .7198 

.5759 

— 

.4220 

.2684 

— 

.1250 


.1000 


.2110 

161 

2.8100 

- .9455 

.8587 

- .7451 

.6120 

— 

.4677 

.3211 

— 

.1803 


.0533 


.1902 

162 

2.8274 

- .9511 

.8727 

- .7694 

.6472 

— 

.5129 

.3740 

— 

.2378 


.0000 


.1585 

163 

2.8449 

- .9563 

.8860 

- .7928 

.6815 

— 

.5576 

.4274 

— 

.2970 

— 

.0594 


.1159 

164 

2.8623 

.9613 

.8987 

- .8152 

.7146 

— 

.6013 

.4805 

— 

.3574 

— 

.1241 


.0629 

165 

2.8798 

- .9659 

.9107 

- .8365 

.7464 

— 

.6440 

.5332 

— 

.4183 

— 

.1932 


.0000 

166 

2.8972 

- .9703 

.9220 

- .8567 

.7769 

— 

.6852 

.5851 

— 

.4791 

— 

.2657 

— 

.0716 

167 

2.9147 

- .9744 

.9325 

- .8758 

.8058 

— 

.7247 

.6348 

— 

.5392 

— 

.3405 

— 

.1507 

168 

2.9322 

- .9781 

.9424 

- .8936 

.8331 

— 

.7624 

.6824 

— 

.5979 

— 

.4165 

— 

.2356 

169 

2.9496 

- .9816 

.9515 

- .9101 

.8586 

— 

.7980 

.7294 

— 

.6547 

— 

.4925 

— 

.3246 

170 

2.9671 

- .9848 

.9598 

- .9254 

.8823 

— 

.8312 

.7729 

— 

.7089 

— 

.5671 

— 

.4156 

171 

2.9845 

- .9877 

.9674 

- .9393 

.9040 

— 

.8619 

.8138 

— 

.7599 

— 

.6392 

— 

.5066 

172 

3.0020 

- .9903 

.9742 

- .9519 

.9237 

— 

.8900 

.8512 

— 

.8073 

— 

.7076 

— 

.5955 

173 

3.0194 

- .9925 

.9802 

- .9631 

.9413 

— 

.9151 

.8845 

— 

.8503 

— 

.7711 

— 

.6800 

174 

3.0369 

- .9945 

.9854 

- .9728 

.9567 

— 

.9372 

.9145 

— 

.8887 

— 

.8285 


.7582 

175 

3.0543 

- .9962 

.9899 

- .9811 

.9698 

— 

.9561 

.9411 

— 

.9219 

— 

.8789 

— 

.8280 

176 

3.0718 

- .9976 

.9935 

- .9879 

.9806 

— 

.9718 

.9620 

— 

.9496 

— 

.9215 

— 

.8878 

177 

3.0892 

- .9986 

.9963 

- .9932 

.9891 

— 

.9841 

.9776 

— 

.9715 

— 

.9554 

— 

.9359 

178 

3.1067 

- .9994 

.9984 

- .9970 

.9951 

— 

.9929 

.9897 

— 

.9873 

— 

.9800 

— 

.9712 

179 

3.1241 

- .9998 

.9996 

- .9992 

.9988 

— 

.9982 

.9975 

— 

.9968 

— 

.9950 

— 

.9928 

180 

3.1416 

- 1.0000 

1.0000 

- 1.0000 

1.0000 

- 1.0000 

1.0000 

- J 

1.0000 

- 1.0000 

- 1.0000 
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This expression can be simplified if (p + \)jN 
is small enough so that the following inequality 
is a good approximation: 

N 2 >(p + D 2 - (19) 

This is obtained by expanding the quantity 
(N 2 — 1) sin 2 [-nip + |)/jV]in series and noting 
that with (18) 

(N 2 - 1) sin 2 Mp + DIN] = n 2 (p + *) 2 . 

(20) 

Hence, subject to (19), (18) reduces to 

a ext — 1 1^ 1 + n \p + ^) 2 — IKp + D- 

(21) 

The last step follows from the fact that since 
p ^ 1, it follows that -n\p + D 2 > 22. 
Evidently, a ext is essentially independent of N 
for all values of N that are sufficiently large 
to satisfy (19). Numerical values of minor 
extremes of a as computed from (21) are: 

p — 1 2 3 4 

(22) 

a ext = 0.212 0.128 0.091 0.058 

These limiting values are indicated in Fig. 1.1, 
and envelopes of the first four orders of minor 
maxima and minima are shown in dotted lines. 
It is clear from Fig. 1.1 or (19) and (21) that 
minor extreme values of the array factor per 
element cannot be reduced below specific 
limiting values by increasing N. This is of 
importance in the design of directional 
arrays. 

The zeros of the array factor per element 
occur when the numerator in (6) vanishes 
and when the denominator does not. Thus, 

pTT 

a = 0 when x = r — =/= an. 

N 1 

(q = 0, 1,2, •••, p= 1, 2, ■■■) 

(23) 

The number of zeros between x = 0 and 
x = it is N — 1 . 

The approximate locations of the minor 
extreme values as defined in (13) are seen to 
be at values of x that lie midway between 
the zeros. 

A useful special form of the general variable 
x appearing in a r = sin A,jc/A r sin x is 

x = Tr(n r cos y ) — t r ) = 180°(n r cos y — t r ), 

(24) 


where n T and t r are arbitrary parameters and 
y an angle variable. In order to represent 
conveniently the three parameters N r , n T , t r , 
the following shorthand is used: 


<2 r (v; N r , n r , t r ) 


sin N r n(n r cos y — t T ) 

N r sin ir{n T cos y| — t r ) 

sin N t 180°(« r cos y — t r ) 
N r sin 180°(« r cos y — t r )' 
(25) 


For example, if N r = 8 , n r — D t r — 1/6, 


a(v, 8, i 1/6) = 


sin 8 w(^ cos y — 1 / 6 ) 

8 sin ir(£ cos y — 1 / 6 )' 

(26a) 


If y = 7 t/ 2 , 

a(D 2; 8, i 1/6) = 


sin 871/6 
8 sin 77/6' 


(266) 


In an antenna array of a particular type r, 
N r is the number of units , n r is the distance 
between centers of units in wavelengths, and 
t r is the phase difference between currents in 
adjacent elements in fractions of a period. 

A quantity called the beam width of the 
array factor per element may be defined in 
either of two ways as follows: 

The half-power beam width is the angle be¬ 
tween the values of x on each side of a principal 
extreme value at which the magnitude 
of the square of the array factor per element 
is equal to one-half. 

The null beam width is the angle between the 
values of x on each side of a principal extreme 
value at which the array factor per element 
vanishes. 

The principal maxima occur at x m defined 
by 

= 977 . {q = 0, 1, 2, 3, • • •) (27) 

The half-power values of x are given by x x in 

sin Nx x = V2N sin x v (28) 

The half-power beam width is 

W 1 = 2\x m -x 1 \. (29) 

Since the half-power values, x x , usually 
occur at reasonably small values of *, an 
approximate formula for x 1 is obtained from 
(28) by replacing sin x x by x x . Then 

N Xl = 0.707 sin Nx v (30) 


The solution of this is 
Nx x = 1.39 or Xi 


1.39 _ 79.6° 
~N N~ 


• ( 31 ) 
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Table 1.2. Beam width (deg) of general array factor. 


N 

2 

3 

4 

5 

6 

8 

10 

12 

20 

50 

W x = \ 59.2° IN 

79.6 

53.1 

39.8 

31.8 

26.5 

19.9 

15.9 

13.3 

8.0 

3.2 

W l (from Fig. 1.1) 

90 

56 

40.5 

32.5 

27 

20.5 

16.5 

13.5 



fV 0 = 360° IN 

180 

120 

90 

72 

60 

45 

36 

30 

18 

7.5 


Substitution of this value of x x in W 1 with 
x m = 0 gives 


^1 = 2*1 


2.78 

~N 


159.2° 
N ' 


(32) 


Values computed from this formula are 
included in Table 1.2 with those obtained from 
Fig. 1.1 at 0.707 by doubling the abscissas. 
It is seen that, except for very small values of 
N, the approximate formula for W x is entirely 
adequate. 

The values of x giving zero for the array 
factor are given by x g in 

X ° = / W = !> 2 - 3 - ''' 

*? = 0,1,2, •••) (33) 

If the principal maximum occurs with q = 0, 
the adjacent zero requires p = 1 , so that 

x m = 0, x 0 = tt/N, (34) 

and the null beam width of the array factor 
per element is 

W 0 = 2n IN = 360V N. (35) 


in phase that the current in a given unit 
numbered i lags the current in the adjacent 
unit numbered / — 1 by an angle <5 C and leads 
the current in the unit i + 1 by the same angle. 
(The subscript c is for collinear.) That is. 

It = Ii-te-Ac. ( 1 ) 


For present purposes of determining the 
radiation or far-zone field, let each unit in the 
array be center-driven by an individual 
generator, as shown in Fig. 2.1, or from a 
suitably arranged transmission line. Let it 
be assumed that the ©-component of the 
electric field in the far zone or in the quasi-far 
zone due to a single unit may be represented 
to a satisfactory degree of approximation by 


. (q/q, 

J In Ri 

■ Co I mi 

J 2n R ( 


F 0 (&, Poh) 


F m (&, /3 0 h) 


with 


F 0 (e, f S 0 h) = 


F m (&, P 0 h) 

sin P 0 h 


(,2a) 


These values also are listed in Table 1.2. 

2. The Collinear Array; The Marconi-Franklin 
Antenna 

The collinear or stacked array consists 
of N c identical antennas equally spaced 
along a single axis. In its most usual form 
all N c units are arranged to be driven so that 
their currents are equal and in phase. This 
can be accomplished approximately in prac¬ 
tice in a number of different ways. A some¬ 
what more general collinear array which is 
characterized by a formula for the far-zone 
field that is no more intricate than the special 
case with all currents in phase is conveniently 
analyzed. In this more general array the 
currents in the several units are so related 


- cos (fiJ 1 cos (-> ) ~ cos Ptfi (jb) 

sin p 0 h sin 0 

The condition for the quasi-far zone is 

Ri > h 2 . (for all V s) (3a) 

Subject to (3a), (2a) with (2b) is a good 
approximation for E & , but E R is not negligible. 
Subject to the condition for the far zone, 

R { > h, (for all fs) (3b) 

(2a) is a better approximation and E R is 
negligible. 

The use of (3a, b) means that the far-zone 
field of each unit is assumed to be the same 
as if the unit were isolated and extremely 
thin. It is shown in the preceding chapter 
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that the field of an antenna of nonvanishing 
radius is actually very well represented in 
the far zone by the field of an antenna with 
sinusoidal current of the same half-length h. 
Although the distribution of current in two 
or more antennas that are placed in a collinear 
position is not the same as when the units are 
widely separated or completely isolated, the 
mutual impedance of collinear antennas 
is relatively small and the change in the dis¬ 
tribution of current not large, especially if 
the individual units are near or less than 
h = A 0 /4 in half-length, as is usual. This is 
clear from the analysis in Chapter III. 

The arrangement to be considered is shown 
in Figs. 2.1 and 2.2. It consists of N c identical 
units symmetrically placed along the positive 
and negative z-axis. The number of units 
may be odd (Fig. 2.1) or even (Fig. 2.2). 
The distance from the point P where the 
field is calculated to the origin of coordinates 
at the center of the array is 

R 0 = vV 2 + z \ (4) 

The distance from the origin to the ith unit 
along either the positive or the negative 
z-axis is 

= id e , (N c odd) (5a) 

St = (2/ - 1) dJ2. (N c even) (5b) 

The distance between centers of adjacent 
units in each group is d c ; the distance between 
adjacent ends is 2s, so that 

d c = 2 (6 + s). (6) 

The distance R, from the point P to the 
center of the f'th unit along the positive 
z-axis is 

== Vr 2 0 + Sf - 2 R 0 Si cos 0 

== j R 0 — Sj cos 0. (7a) 

Similarly, the distance to the fth unit along 
the negative z-axis is 

R'i = VRl + S? + 2 R 0 Si cos 0 

= R 0 + S t cos 0. (76) 

The approximate expressions on the right in 
(7a, 6 ) imply the conditions 

R% > Sf = i 2 df ( 8 a) 

Since the index i can become only as large 
as n, the severest condition that must be 
imposed is 

R 2 o>Sl = n 2 d 2 . ( 86 ) 


The ©-component of the electric field at 
P is the sum of all contributions by the N c 
units: 

K-Vc-n 

E' @ = % o + J [E r &i cos (©, - 0) 

i = l 

+ E%, cos (0 - 0,-)], (N c odd) (9a) 


e q = cos (&i - 0 ) 

i = l 

+ E\f cos (0 - ©•)]. (N c even) (96) 

The angle between E r &i and £@ is readily 
determined from Fig. 2.1 or Fig. 2.2 to be 
(0, — 0); the angle between E r ( f and E T & is 
(0 — 01). Using Fig. 2.1 or Fig. 2.2 and 
(7a, 6 ), 

cos ( 0 j — 0 ) = cos &i cos 0 + sin 0 ,- sin 0 , 

- (4r)(i) + fe)(i) 


R 0 - Si cos 0 


Similarly, 


Since 


R , 


cos (0 — 0 ,-) = 1 . 


cos ( 0 ,- — 0 ) = 1 — 


(0,. - 0) 2 
2 ! 


( 10 a) 

(106) 

+ ‘ • ‘ > 

(ID 


it follows that second-degree differences in 
0 * — 0 are negligible if ( 86 ) is satisfied. 
Hence, since 


cos 0 — cos 0 t - - 


0? _ ©2 ©J _ ©4 


2! 


4! 


+ ■ "» 
( 12 a) 


it also follows that, neglecting second-order 
differences, 

cos 0 ; == cos 0 . (126) 

Similarly, 

cos ©'■ == cos 0 . ( 12 c) 

An additional relation that is useful later is 
obtained directly from Fig. 2.1 or Fig. 2.2. 
Thus, 

r = J ? 0 sin © = R t sin 0j = R( sin @^. (13) 
With (1), 

T = I 0 e- ji \ I'i = he ji \ 

(N c odd) (14a) 

I. = j. = / 0 ei(2i-i)« c /2, 

(N c even) (146) 
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With N c odd, I 0 is the current in the cehtral 
unit; with N c even, J 0 is a fictitious reference 
current, since there is no antenna at the 
origin. 

The far-zone field of antenna i on the 
positive z-axis is like (1). For N c odd, it is 


£ r 

Qi 

with 


2tt Rf 


Fq(©2, MX 


(15a) 


F 0 (&i, M) = 


COS (ftjl COS 0,) — COS ft oh 


sin ftoh sin 0* 


(156) 


Using (7a), (126) and (13), (15a) becomes 


Unln e~iP» (B 0- S i C0S 0 + ii c> 

E ei = J -~ - - Yo - F ° (& ’ 

(N c odd) (16) 

Similarly, 


E %i = - - o -W MX 


Rn 


(N e odd) (17) 


Upon substituting (16) and (17) in (9) 
and using (10a, 6), the result is 

e q = ^ F 0 (Q, ft 0 h)A c (Q; N c , n c , tft), 

2tT Rq 

(18) 

with 


A C (Q; N c , n c , tft) 


1(4-1) 

= 1 + 2 2 cos Pw/(« c COS 0 — / c )], 

i = l 

(N e odd) (19a) 

A ^(0, N c , n c , tft) 


= 2 2 COS [rr{2i - l)(« c COS 0 — /«.)], 
i = l 

(N c even) (196) 

where 


_ Me 


do 

V 


t c 


2t7 360° ’ 


(20a) 

(206) 


Thus, n c is the distance between centers 
measured in wavelengths; t c is the time 
difference in the phase of adjacent units 
measured in fractions of a period. 

With x = 7r(« c cos 0 — to ) and with (1.3) 
and (1.4), it follows that the array factor is 


A c(0, N Cf n c , to) 


sin N c Tr(n c cos 0 — t c ) 
sin t r(n c cos 0 — t c ) 

( 21 ) 


The array factor per element is 


a c (0, N C) n C) tft) 


sin N c n(n c cos 0 — t c ) 
N c sin ir(n c cos 0 — / c ) ‘ 
( 22 ) 


Principal extreme values of a c as defined 
in (22) are located using (1.9) and with 
x = n(n c cos 0 — t c ). Thus, 

| a c | = 1 when n c cos 0 — t c = q, (23a) 


that is, when 

0 = cos -1 (q + tft)ln c (22b) 

with q = 0, 1, 2, • • •. 

The location of zeros is given by (1.17). Thus, 

a c = 0 when n c cos © — t c = + q, (24a) 

™ C 


or when 

s , cos” 1 (W> + i 


(24« 


with p = 1,2, • • • ,q = 0,1,2, • • •. 

An important special case is when all 
currents are in phase so that the parameter 
t c vanishes and (22) reduces to 


a c (0; N c , n c , 0) 


sin (N c nn c cos 0) 
N e sin (™ c cos 0) 


(25) 


This function is readily evaluated using Fig. 
1.1 or Table 1.1 for given values of N c and 
n c . Since (23) does not change when tt ± 0 
is written for 0, it is adequate to allow 0 
to vary from zero to 7 t/ 2. In other quadrants 
the function is obtained by symmetry. If 
© is varied, and appropriate values of the 
argument 77 n c cos 0 are determined, the corre¬ 
sponding values of a c (Q; N c , n c , 0) may be 
read from the appropriate curve of Fig. 1.1. 
A family of curves of a c (Q; N c , n c , 0) for 
N c = 2, 4, 6, 8 and rt c = £, £, 1 is shown in 
Fig. 2.3. 

The most important collinear array is the 
Marconi-Franklin arrangement. In this d c = 
2h = A 0 /2, <5,. = 0, so that n c = J, t c — 0. 
The array factor per element is 


a c (&; N c , i 0) 


sin (iN c Tr cos 0) 
N c sin (^77 cos 0)' 


(26) 


This factor is readily evaluated using Fig. 
1.1 or Table 1.1. It is included in Table 3.1 
for n c = \ and with 0 substituted for T. 
Curves of a c (®; N c , £, 0) as defined in (26) 
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Table 2.1. Values 0 

r cos (90° cos 0) sin Nx 

, with x = 

90° cos 0. 


1 u c 

sin © N sin x 

0 




N 




(rad) 

(deg) 

2 

3 

4 

5 

6 

8 

0 

0 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0873 

5 

.0004 

- .0227 

- .0004 

.0136 

.0010 

- .0010 

.1745 

10 

.0033 

- .0458 

- .0033 

.0273 

.0033 

- .0033 

.2618 

15 

.0110 

- .0682 

- .0110 

.0400 

.0109 

- .0108 

.3491 

20 

.0261 

- .0889 

- .0257 

.0495 

.0249 

- .0239 

.4633 

25 

.0509 

- .1057 

- .0487 

.0520 

.0452 

- .0405 

.5236 

30 

.0873 

- .1150 

- .0797 

.0420 

.0673 

- .0524 

.6109 

35 

.1370 

- .1049 

- .1155 

.0153 

.0842 

- .0486 

.6981 

40 

.2008 

- .0873 

- .1490 

.0316 

.0804 

- .0150 

.7854 

45 

.2788 

- .0443 

- .1688 

.0934 

.0435 

.0450 

.8727 

50 

.3696 

.0306 

- .1604 

.1549 

- .0305 

.1000 

.9599 

55 

.4706 

.1463 

- .1151 

.1892 

- .1239 

.0965 

1.0472 

60 

.5855 

.2721 

.0000 

.1633 

- .1924 

.0000 

1.1345 

65 

.6844 

.4290 

.1647 

.0499 

- .1753 

- .1456 

1.2217 

70 

.7855 

.5950 

.3741 

.1572 

- .0243 

- .2044 

1.3090 

75 

.8733 

.7525 

.6006 

.4306 

.2589 

- .0333 

1.3963 

80 

.9417 

.8833 

.8052 

.7104 

.6037 

.3715 

1.4835 

85 

.9851 

.9697 

.9285 

.9219 

.8896 

.8101 

1.5708 

90 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 


are included in Fig. 2.3 for N c — 2, 4, 6, 8. 
The complete field factor is the product 
F 0 (®, P () h)A c (Q; N c , n c , t c ). The factor for the 
Marconi-Franklin antenna is 


F o (0, H^ c (0; N c , i. 0) 

COS (fa COS 0) sin (\N c ir COS 0) ^ 

sin 0 sin (fa cos ©) 


This composite factor is expressed numerically 
in Table 2.1 and graphically in Fig. 2.4 
(rectangular graph) and Fig. 2.5 (polar 
graph of magnitude). 

A second special case that is of practical 
importance is that for which t c = n c . In this 
case 


a c (@;N c , n c , n 0 ) 


sin N c im c ( 1 — cos 0) 
N c sin 777/ C (1 — cos 0) ’ 


(28) 


With Y written for 0 this factor is the same as 
the highly important factor a e of the end-fire 
array, which is discussed, tabulated, and 
represented graphically in Sec. 3. Note that 
(28) must be multiplied by F„(0, Pgh) in 
order to obtain the complete characteristic 
of the array. 

A useful approximate representation of the 
far-zone field of a collinear array of half-wave 


elements makes use of the leading term in the 
Fourier series of the field factor F 0 (&, fa), 
as explained in Sec. V.12. That is 

, cos (fa cos 0) . 

F o (0, fa) = 


sin 0 


0.954 sin 0, 
(29) 


(30) 


so that 

F 0 (Q,fa)A c (@;N c , |,0) 

-__ . _ sin (*jV> cos 0) 

sin (fa cos 0) 

The radiation function of the Marconi- 
Franklin array of N c collinear half-wave 
dipoles is obtained from (1.10.4). It is 
, 2 

r* 


*W®) = A e Ar * 

- (£)**• 

With (18) and (27), 

Ki(&) = 4 F*(@, * 77 ) 4 ( 0 ; N c , *, 0 ) 

[ cos (*77 cos 0) sin (^N c n cos 0) 
sin 0 sin (*77 cos 0) 


(31) 


]' 


( 32 ) 
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The radiation resistance referred to maximum 
sinusoidal current is obtained from (1.10.6): 


RL = 


if 

-iff 


A^(0) sin 0 dQ 


COS 2 (far COS 0) 
sin 2 0 

sin 2 (IN, 


.77 COS 0) 

1 -FTT S1 

cos 0) 


sin 2 d 

This expression can be expanded in a series* 


sin 0 dQ. 
(33) 


* M. A. Bontsch-Bruewitsch, ref. 5; the integration 
is outlined below. The interval to be evaluated is 
rearranged as follows: 


= to. f * [ cos a (in cos 0) ^in^(iA/jT_cos_0)l $in 0 dQ 
2irJo L sin 2 0 sin 2 0 tt cos 0) J 

= U_ f " 1 + cos (it cos 0) 

4tt J o (1 - cos 0)(1 + cos 0) 


x 


1 -( - l) A 'cos (Nir COS 0) 
1 — COS (n COS 0) 


sin 0 d& 


-- k f" [ 1 + co; 
8 ir Jo L 1 — 


COS (tt COS 0) 1 + COS (n COS 


COS 0 


1 + cos 0 


>S 0 )1 

0 J 


Let 


I T -(- l) v COS(AirCOS 0) 
L 1 - COS (it COS 0) 

U « ir(l - COS 0), I 


- j sin 0 d&. 
ir(l +COS 0), 


TT COS 0 = 77 — U, n COS 0 = — (77 — V), 
du - tt sin 0, dv = -tt sin 0. 

The limits are 

0 - 0, u = 0, 0 = 0, v - 2t7, 

0 = TT, U — 2t, 0 = IT, V = 0. 

Since cos (n - v) = cos [ - (tt — »)], the integrals in u 
and v are identical. 

Hence, 

ge _ to. f 2 ” 1 - COS u 1 - ( - ipeos Nu du 
m 4-tt J 0 u 1 + cos u 


The following series expansion is true: 


(1 -cos u)(l -[ - l] ff cos Nu) 

1 + cos u 

=( - 1)- V_1 {[1 - cos Nii\ - 4(1 - cos N - 1)h] 
+8[1 — cos (AT—2)«] — 12[1 — cos(N— 3)«] 

+ • • • ± 4(iV-l)[l - cosu]}. 

Hence, 


_ k 


-4 f 2 ^-^ l_^cos_u + 
Jo U 


With the definition 

Cin x = { X X - cosu du, 
Jo u 

the above expression is identically (34). 


and integrated term by term. The result is 

R e m = (-l) jy -i^.[C/n2rrJV 

4w 

- 4 Cin 2n(N - 1) + 8 Cin 2NN - 2) 

- 12 Cin 2n(N - 3) + • • • 

±4 (N - 1) Cin 2w). (34) 

Numerical results for several values of N c are 
listed in Table 2.2. 


Table 2.2. Radiation resistance of collinear 
array. 


N 

K 

(ohms) 

D 

D r 

^max 

(db) 

Kin (ohms) 
Exact* Approx.* 

1 

73.1 

1.64 

1 

2.15 

73.1 

71.4 

2 

199.1 

2.41 

1.47 

3.82 

99.5 

93.2 

3 

316.5 

3.41 

2.08 

5.33 

105.5 

96.8 

4 

436.5 

4.40 

2.68 

6.44 

109.1 

99.8 

5 

555.0 

5.40 

3.30 

7.63 

111.0 

101.0 

6 






102.2 

7 






102.8 


* Exact values are obtained from (34), approximale 
values from (39). 


The absolute directivity is defined by (1.10.7) 
to be 


£„ Kl(Q m ) 
4- R e m ' 


(35) 


The direction of the principal extreme value 
is 0 = n/ 2. Hence 


£ 0 . KKjrr) j 0 N? 
47r R‘ m 77 R e 


Numerical values of the absolute directivity, 
the relative directivity, 


D(N C units) _ D(N C units) 
D( 1 unit) 1.64 


and the maximum absolute gain in decibels 

G m ^(db) = 10 log 10 D (38) 

are given in Table 2.2.* 

Instead of using the exact formula (27) 
for the array factors of the collinear array 
in evaluating the radiation resistance referred 


* These values were computed using accurate 
tables for Cin x. In the literature, slightly different 
values are sometimes listed. These are the results 
obtained using one or both of the following approxi¬ 
mations: (a) computing only C + In x instead of 
C + In x — Ci x\ (b) using sin 0 to approximate 
cos 077 cos @)/(sin 0) or 0.954 sin 0 as F m (@, Jtt). 
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to maximum current, the approximate ex¬ 
pression (30) may be employed. This gives the 
formula* 


R e m = (0.945) 2 k \<N. 

Lit |_3 


ay ^-2 cost 


' (jrn) 1 


(39) 


* The evaluation of this formula involves the 
integral 

R' m = (0.945) 2 —■ f" sl - n i . M^ cos f) sin 3 0 d&. 
2nJ0 Sin 3 (Jit COS 0) 

(39a) 

In order to integrate it is convenient to expand 
sin 2 Ay/sin 2 /: 

sin 2 N v ^r “ 

sin g *" = ff c + 2 < - 2N ‘ ~ r ) cos ry < 

51n y r =2 

(39*) 

where y — J»r cos 0 and r = 2, 4, 6, 8 • ■ • is an even 
integer. With (39*) the expression for the radiation 
resistance in ohms takes the form: 

JtS = 60(0.945) 2 kfsi 
2 N c -2 


sin 3 0 d® 


r it 1 

+ 2 , ( 2 N c -r) cos (ir» cos 0 ) sin 3 0 d& I . 

r =2 30 J 

(39c) 

The first integral is immediately integrable. It is 


sin 3 8 40 = 4/3. 


(39c/) 


The second integral can be evaluated by Hankel’s 
integral theorem: 

f cos (Z cos 0) sin 2 * 0 do = r ( v + 1) 

Jo (JZ)" 

(39c) 

This evaluation holds for » > -J. With 2v = 3 and 
Z = inr, and recalling that the gamma functions 
r(I) and T(§ + }) have the values v ' * and 1 , respec¬ 
tively, (39 d) becomes 

cos(Wcos 0)sin 3 0 rfo = _ 3 >a(J f '’ , ) ^ * 2^2 

10 (ir, r) 3 ' 2 

T , . „ (39/) 

It ts well known that 


f 

Jo 


J 31 aOr") _ [2 [sin (Inr) cos (Ir©] , 

(Ir *) 3 ' 2 V- L (Irir ) 3 ‘ Ur „) 2 J ’ 

s always an even integer, 

(t^) = _ /2 cos (ir*) 

-) 3 ' 2 V* (inr ) 2 • (39A) 


Since r is always an even integer, sin (inr) = 0, and 
Thus 

(Jr 

Hence 




cos (Jr* cos 0) sin 3 0 d& -4 c ° s . ( 39 ,) 

0 {hr it) 2 

If this result is substituted in (39c) with (39 d), the 
following formula for R $ in ohms is obtained: 

RS - 60(0.945) 2 ^ 

2 N c -2 ,1 

-4 J (2N C -r) cos( y ohms. (39/) 
r = 2 (irrr) J J 


Numerical results computed for R^jN c from 
this approximate formula are given in Table 
2.2 for comparison with the values obtained 
from the exact formula. It is seen that they 
differ by amounts up to 10 percent. 

The beam width of the Marconi-Franklin 
collinear antenna in the 0-plane is obtained 
using the array factors F o (0, $w)a c (0; N c , £, 0) 
as obtained from (27). Even for quite small 
values of N c , the magnitude of this factor 
decreases rapidly from the principal maximum 
at 0 = T7-/2 as is seen from Fig. 2.5. Therefore, 
the half-power points are at values of 0 
not differing greatly from 77-/2. Near 0 = 77/2, 
the factor F o (0, %n) does not differ greatly 
from unity, so that an approximate half¬ 
power beam width may be obtained by setting 
F„(0, £77) = 1 near 0 = 7 t/ 2. If this is done, 
the remaining array factor per element is of 
the form sin Nx/N sin x with x = £77 cos 0. 
Since the half-power beam width for this 
factor is given in Sec. 1 in terms of the general 
angle x, it is merely necessary to determine 
the values of 0 corresponding to the values of 
x. Thus, from (1.31), the half-power point 


is located at ©j, given by 


w n • 139 

5 co»e,-*, = 

(40) 

©! = cos- 1 (0.885/Ay. 

(41) 

Since the maximum is at 


= ir/2, 

(42) 

the half-power beam width is 


W 1 = 2(0 m - 0j) = 77 - 2 cos- 1 

(0.885/V c ) 

= 180° - 2 cos" 1 (0.885/Ay. 

(43) 

Numerical values of W 1 for a range of 
values are given in Table 2.3. 

The null band width is obtained by locating 
the null nearest to the maximum at 0 = 77/2. 
This is given by 

*0 = w /2 cos © 0 = , 

(43a) 

©o — cos -1 ~ • 

(43 b) 

The null band width is 

11/ A \ . _ 

, 2 


fr„ = 2(© m - 0o) = 77 - 2cos- 1 -^ 


= 180° - 2 cos" 1 . 

N c 

Values of W 0 are also given in Table 2.3. 


( 44 ) 
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Table 2.3. Approximate beam width (deg) of Marconi-Franklin coilinear array. 


N c 

2 

3 

4 

5 

6 

8 

10 

12 

20 

50 

^=180° 

-2 cos _1 (0.885/V c ) 

52.5 

34.3 

25.6 

20.4 

17.0 

12.7 

10.2 

8.5 

5.1 

2.0 

fF 0 =180° 

-2COS-K2 IN C ) 

180.0 

83.7 

60.0 

47.2 

38.9 

29.0 

23.1 

19.2 

11.5 

4.6 


A simple but important special case of the 
general coilinear array with array factor given 
by (21) is that of two antennas separated by 
an arbitrary distance d c = n c I 0 between cen¬ 
ters, and driven in phase. Then 

N c = 2, t c = 0, (45) 

so that (21) becomes 


A e (@; 2, n c , 0) = 2 cos (n c n cos 0) 

= 2 cos (iP 0 d c cos 0). (46) 

The array factor per element is 
a c (0; 2, n c , 0) = cos (n c n cos 0) 

= cos (iP n d c cos 0). (47) 


This function is represented in Fig. 2.6 for 
n e = h 1> f> 2. The complete array factor 
for ft 0 h = 7r/2, 


F m (0,Tr/2M c (0; 2, n c , 0) 


= 2 


COS (|tt cos 0) 
sin 0 


cos (n c TT cos 0), (48) 


is represented in a rectangular graph in 
Fig. 2.7, and is included in polar graphs in 
Fig. 2.8. This latter figure also includes polar 
graphs of the complete array factor for 
p Q h = t r, namely, 

F m (®, tt)A c (Q; 2, n c , 0) 

„ rcos (tt COS 0) + 11 , . 

= 2 - t—— - cos (n,n cos 0). 

L sin 0 J 

(49) 

For some purposes it is convenient to set 
cos 0 = z/R 0 == zjr, (r 2 > z 2 ) (50) 

so that (47) becomes 

a c (0; 2, n c , 0) = cos = cos (^^)- 

(51) 

An interesting generalization of the two- 
element coilinear array, the array factor of 


which is useful in the discussion of antennas 
over a conducting earth in Chapter VII, 
consists of two identical, center-driven ele¬ 
ments of half-length h and separated by a 
distance d c = 2d between centers but excited 
by unequal voltages so that the currents may 
differ in magnitude as well as in phase. 
Let the center of the upper antenna (No. 1) 
be at z = d, that of the lower antenna (No. 2) 
at z — —d. The maximum associated with the 
sinusoidally distributed current in the upper 
antenna is I m , that for the lower antenna is 
kl m , where k is the complex ratio of the two 
currents. The individual far-zone fields of 
the two antennas are given by (2a) with 
Ri replaced by R t = R 0 — d cos 0 and 
R 2 — R 0 + d cos 0, respectively. The array 
factor is obtained directly to be 

A(0) = co8 0 + ke^A cos 0 . (52) 

The complete field factor is F m (0, p 0 h)A(Q), 
where F m (&, fS 0 h) is defined by (2b) and A(0) 
is in (52). Obviously, (52) reduces to (46) 
when the currents in the two antennas are 
equal so that k — 1. 

3. Parallel Arrays — the Broadside and the 
End-Fire Array 

Consider an array of N p identical center- 
driven antennas all of which are parallel to 
the z-axis and have their centers on the x-axis, 
as shown in Fig. 3.1. The half-length of 
each unit is h; the distance between each 
pair is b. In the analysis, let N P be odd, 
with the origin of coordinates at the midpoint 
of the central unit, which is designated by the 
number 0. Antennas on the positive x-axis 
are numbered from 1 to n; those on the 
negative x-axis likewise. The currents in the 
several units are related as follows (primed 
quantities apply to antennas along the negative 
x-axis): 

10m = IoofCm e (qw = Iook m e 

m = 1, 2, • • •, n, (1) 
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Fig. 2.8. The field factor A =2 [ <?* ., <ft* cos 9) - cos CQS ^ CQS 0); 
polar graph. 
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where k m and k' n are real constants of 
arbitrary magnitude, and S m and <Y m are phase 
angles. An array of this type is called a 
“uniform ” array if k m = k' m = 1 and 

S m = ~ S m- 

The ©-component of the electric field at 
P (Fig. 3.1) is 

E & = E eo + 2 E &m COS V’m + E 0m COS Vm, 

771 — 1 

( 2 ) 

where y> m is the angle between E T @0 and E r 0m 
and \f' m is the angle between E 0O and E r 0m . 
The far-zone field of each unit is assumed 
to be well approximated by the field of an 
antenna with a sinusoidal current of the same 
maximum value. For the central unit, 

Pr _ .* £o^OO ^ 0 £, q 

^00 — J ~~ 2 ~ n ^o(©> P0“)> w) 


R n 


where 

F o (0, p 0 h) = 


COS (P 0 h cos 0) — cos P 0 h 
sin fl 0 h sin 0 


subject to the condition 

h 2 < R 2 0 . 

For the mth unit, 


J 0m 


2rr R„ 


(4) 

(5) 

E 0 (®m> 

( 6 ) 


where 

F o (0 m , PS = 


cos (Poh cos 0 m ) — cos PJt 


sin Poh sin 0„ 


The distances from the point P to the centers 
of the several units are: 


R„ 


R 0 = Vx 2 + y 2 + z 2 , 
V(x - m6) 2 + / + z 2 


( 8 ) 


This is true for all values of m if 

[(A - \)b!2x\(\ -x 2 IR$ <2 R 0 , 

l(N-\fb 2 <Rl (12) 

Expressed in terms of polar coordinates 0, 
4>, R 0 (Fig. 3.1), x is given by 

x — r cos <3> = R 0 sin © cos C>, (13) 

so that 

R m = R 0 — mb sin © cos ® = R 0 — S m , 

(14) 

R' m = R 0 + mb sin 0 cos $ = R 0 + S m . 

(15) 

Also 

R m sin 0 m = r m = r — mb cos 4> 

= R 0 sin 0 — mb cos 4>, (16) 

R' m sin &' m = r' m = r + mb cos <I> 

= R 0 sin 0 + mb cos <I>. (17) 

It follows from the law of cosines (Fig. 3.1) 
that 

7?o + Rm ~ , 1(A 

COS V’m = --. (18) 

ZK 0 K m 

Using (14), and neglecting terms in accordance 
with (11), 

Rl + Rl 2R 0 S m + Sj - mS 

2R 0 (R 0 — S m ) 

= 1. (19) 

cos y' m — 1, (20) 

Using (16) and (17), 

1 _ 1 

R m sin 0 m r — mb cos £> 


COS Wm 


Similarly, 


= V Rl — 2 mbx + m 2 b 2 = R 0 — mbx/R 0 , 

_ (9) 

R' m — V(jc + mb) 2 + y 2 + z 2 


(2I) 


1 


1 


RL sin 01 r + mb cos $ 


= V Rl + 2mbx + m 2 b 2 = R 0 + mbx/R 0 . 

( 10 ) 

The approximate forms on the right in (9) 
and (10) are sufficiently accurate provided 
the following inequalities are satisfied: 

(T ) ( 1 _ F 2 ) < 2R< >’ K (H) 


1 ^ mb cos <I>j 


( 22 ) 


Referring to Fig. 3.1, it is clear that 
R m cos © OT = R 0 cos © = R' m cos ®' m , (23 a) 
so that 

cos 0 m = -^ cos 0 = — — cos 0. (23 b) 

Rm R 0 “m 
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Fig. 3.3. Broadside array; polar graph of a — (sin Nx)fN sin x; x = «180° cosT. 
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Rearranging, 


cos 0* 


( l + l) c “ e 

( 1 mb sin 0 cos <E>\ 
*o / 


cos 0. (24) 


Similarly, 

" sS —('-%) 

mb sin 


cos 0 


( , mb sin 0 cos 0\ ^ 

1-—-) cos 0. (25) 


The formulas (21), (22), and (24) are not 
sufficiently simple to permit transformation 
of (2) into the form for the radiation field, 
that is, into the form obtained when R 0 -*■ a>. 
In order to obtain the far-zone field for all 
values of 0 it is necessary to impose the 
much severer restriction 

mb r. (26) 


Subject to (26), (21) and (22), (24) and (25) 
reduce, respectively, to 

-!-===_!_==-1- (27) 

R m sin Q m R 0 sin 0 R' m sin 0^ ’ 

cos 0 m == cos 0 == cos Q' m . (28) 


Using the above results in (2), the formula 
for the far-zone field of the array is 

—j'wAq = VqBq = E'q 


_ ,/Vo 




2tt 


R n 


■ F 0 (Q, fl Q h) 


, K-V-l) 

x 1 1 + 2 , 

VI = 1 


Ke-Wm+W]], (29) 


subject to (26). Note that (26) makes (29) 
invalid for small values of r even for great 
distances R 0 from the center of the array to 
the point of calculation. Because F o (0, P 0 h) 
vanishes at 0 = 0, (29) necessarily gives a 
zero value for the ©-component of the electric 
field on the z-axis. This is not actually correct; 
£q, while small, is not identically zero for 
r = 0, R 0 very large. It is for this reason that 
the field in a cone of small angle about the 
z-axis strictly is not correctly given by (29). 
However, this is of no great practical sig¬ 
nificance. The array factor for the parallel 


array with units separated a distance b is 

t i(.N v - 1) 

Ajt®, ®) = 1 + 2 

v m = 1 


S m = mb sin 0 cos <X>, 
N P odd, 

(N,- 1)6/2 <R 0 . 




(30) 

(31a) 

(316) 

(31c) 


If the number of units is even, the array 
factor can be obtained directly from (29) by 
omitting all even-numbered units including 
the central unit numbered 0 and extending the 
sum to %N P , or to (N v — 1) if only odd 
numbers are used. If these units, spaced 2b, 
are moved together to a spacing b between 
units, and the phase angles S m is divided by 
two, the resulting array factor is easily found 
to be 

AJQ, <D) = 2 [k m e-R s m-^s m V2 

m = 1,3,5 

+ k^e-Wn+WI 2], (32) 

S m = mb sin 0 cos ®, (33 a) 

N p even, (336) 

N P b/2 <4 R 0 . (33c) 


As before 6 is the separation of units. 
The currents now are referred to the fictitious 
reference current / 00 by I om = I 00 k m e~i d ml2 
and a similar expression with I, k, and S 
primed. 

Great simplification in the array factor 
is achieved in the practically important 
cases that satisfy the following restrictive 
conditions defining a uniform array: 

~ 1> 2irmt P . 

(34) 

Also, let 

n 9 = hbP--* = 6/A 0 . (35) 


With (34) and (35), (30) and (32) become 
/l 2,(0, N v , n v , t v ) 

UN P - 1) 

= 1+2 2 cos m(n v sin 0 cos O — t v ), 

VI = 1 

(N, odd) (36) 

^(0, fl>; N p , n p , t P ) 


— 2 2 cos 7 T, ( w 3> sin © cos ® — t p ) 

i = l,3,5 

(N P even) (37a) 


Wv 

= 2 2 cos tt( 2m — 1 )(ti p sin 0 cos ® — t p ). 

m — 1 


(N p even) (376) 
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The expressions (36) and (37b) are in the form 
of (1.1) and (1.2), so that with (1.3)—<1.5), 

A P (Q, ©; N P , r p ) 

= sin N P fin P sin 0 cos © - /„) 
sin Tr(n v sin 0 cos © — t p ) 

Alternatively, the array factor per element is 
<*„(©, ©; N„, n P , t P ) 

= sin N P Tr(n P sin 0 cos $ - t v ) 

N P sin Tr(n p sin 0 cos © — /„)" 

Principal extreme values as defined in (1.16) 
are characterized as follows: 

a P = ±1 when ±(n v sin 0 cos © — /„) = q 
or when 

sin 0 cos © = (/„ ± q)jn p , (40) 
with q — 0, 1, 2, • • •. Zeros are given by 
a p = 0 when ±(n v sin 0 cos $ — t P ) = plN P , 
or when 

sin 0 cos $ = (/„ ± p/N P )ln p , (41) 

with p = 1, 2, 3, • • • N P q. Minor extreme 
values are determined as explained in Sec. 1. 

It is often desirable with parallel arrays to 
have principal extreme values located in the 
equatorial plane, 0 = rr/2. These extremes 
are defined by 

a p = ±1, 0 = 7T-/2, <5 = cos- 1 (t v ± q)ln P , 
q = 0, 1, 2, • • • (42) 

The number of extreme values is limited by the 
condition 

|(/» ±q)!n v )\ =S 1. (43) 

Evidently, a large number of combinations 
is possible if n P is sufficiently large. An im¬ 
portant case with n p small is 

, „ „ , 7T 3jT 

n v = h t v = 0, 9 = 0, <X> = -, 


Zeros in the equatorial plane are defined by 
(D = cos -1 (/„ ± plN P )ln P , 

p = 1, 2, • • • # N p q. (45) 

The values p = N p q, q = 0, 1, 2, • • ■ give the 
principal maxima. Note that since (39) in 
general is not symmetric in the first and 
second quadrants, extreme and zero values 
must be obtained in the range of © from 0 
to tt or cos © in the range from 1 to — 1. 


The two most important special cases of 
parallel arrays are the broadside array, in 
which all currents are in phase, and the 
end-fire array, in which the successive differ¬ 
ences in phase of the currents in the adjacent 
units is equal to their separation in angular 
measure, that is, <5 = fi 0 b or t P = n P . 

Broadside array: t B = 0; 

A b (Q, <5; N B , n B , 0) 

_ sin ( N B -nn B sin 0 cos ©) 
sin (-nn B sin 0 cos 4>) 

End-fire array: t B = n E \ 

A e (&, 4>; N E , n E , n E ) 

= sin [N E Ttn E (\ - sin 0 cos O)] 
sin [im E ( 1 — sin 0 cos <D)] 

The pattern of the broadside array is 
symmetric in the first and second quadrants, 
that of the end-fire array is not. This follows 
from the fact that (v — 4>) may be written 
for © in (46) without changing its magnitude 
or sign, but not in (47). Formulas for the 
location of principal maxima are given by 
(40) and (41) with appropriate values of t P . 

Broadside array: (a B ) ext — ±1 when 

sin 0 cos © = ± — , q — 0,1, 2, • ■ • (48) 

n B 

a B = 0 when sin 0 cos © = ± , 

n B N B 

p = 1, 2, • • • # N B q. (49) 
End-fire array: (a £ ) ex t = ±1 when 


sin © cos 


®»(' ± l), ,-0.1.2, 

a E — 0 when sin 0 cos © = j 1 ± -~— 

\ n E N 


p = 1, 2, • • • ± N E q. (51) 

The complete far-zone field for a parallel 
array is 

—ja>A r & = VqB’q = E r & 

= fi^oo ^V o (0, pjOAje, ©; N P , n„ t p ). 


where the subscript p becomes B for the 
broadside array and E for the end-fire arra y 
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Table 3.1. Values of a — sin NxjN sin x with x = n 180° cos ®. 


® N 


n 


(rad) 

(deg) 

2 

3 

4 

5 

6 

8 

1/4 0 

0 

0.7071 

0.3333 

0.0000 

-0.2000 

-0.2357 

0.0000 

0.0873 

5 

.7092 

.3373 

.0042 

- .1976 

- .2364 

- .0042 

.1745 

10 

.7155 

.3492 

.0170 

- .1900 

- .2379 

- .0171 

.2618 

15 

.7257 

.3689 

.0387 

- .1763 

- .2371 

- .0386 

.3491 

20 

.7398 

.3963 

.0699 

- .1550 

- .2378 

- .0687 

.4633 

25 

.7572 

.4312 

.1111 

- .1242 

- .2307 

- .1063 

.5236 

30 

.7775 

.4726 

.1624 

- .0815 

- .2139 

- .1480 

.6109 

35 

.8001 

.5202 

.2243 

- .0251 

- .1829 

- .1890 

.6981 

40 

.8244 

.5729 

.2962 

.0470 

- .1300 

- .2197 

.7854 

45 

.8497 

.6293 

.3773 

.1353 

- .0599 

- .2285 

.8727 

50 

.8752 

.6880 

.4656 

.2393 

.0387 

- .2019 

.9599 

55 

.9002 

.7472 

.5589 

.3567 

.1626 

- .1281 

1.0472 

60 

.9239 

.8047 

.6533 

.4828 

.3080 

.0000 

1.1345 

65 

.9454 

.8584 

.7446 

.6113 

.4668 

.1792 

1.2217 

70 

.9641 

.9061 

.8283 

.7341 

.6279 

.3947 

1.3090 

75 

.9794 

.9456 

.8995 

.8420 

.7750 

.6181 

1.3963 

80 

.9903 

.9749 

.9537 

.9276 

.8831 

.8160 

1.4835 

85 

.9976 

.9937 

.9882 

.9844 

.9734 

.9521 

1.5708 

90 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 


1/2 0 

0 

0.0000 

-0.3333 

0.0000 

0.2000 

0.0000 

0.0000 

0.0873 

5 

.0059 

- .3333 

- .0059 

.1999 

.0060 

- .0060 

.1745 

10 

.0237 

- .3326 

- .0237 

.1986 

.0238 

- .0237 

.2618 

15 

.0534 

- .3295 

- .0531 

.1932 

.0527 

- .0520 

.3491 

20 

.0945 

- .3214 

- .0928 

.1788 

.0901 

- .0863 

.4633 

25 

.1468 

- .3046 

- .1405 

.1499 

.1302 

- .1167 

.5236 

30 

.2089 

- .2751 

- .1907 

.1005 

.1610 

- .1255 

.6109 

35 

.2803 

- .2146 

- .2363 

.0313 

.1722 

- .0994 

.6981 

40 

.3593 

- .1561 

- .2665 

- .0565 

.1439 

- .0268 

.7854 

45 

.4440 

- .0705 

- .2689 

- .1488 

.0692 

.0716 

.8727 

50 

.5320 

.0440 

- .2309 

- .2230 

- .0439 

.1440 

.9599 

55 

.6209 

.1930 

- .1519 

- .2497 

- .1635 

.1273 

1.0472 

60 

.7071 

.3333 

.0000 

- .2000 

- .2357 

.0000 

1.1345 

65 

.7876 

.4937 

.1895 

- .0574 

- .2017 

- .1676 

1.2217 

70 

.8591 

.6508 

.4092 

.1719 

- .0266 

- .2236 

1.3090 

75 

.9184 

.7914 

.6316 

.4528 

.2723 

- .0350 

1.3963 

80 

.9630 

.9033 

.8234 

.7265 

.6173 

.3799 

1.4835 

85 

.9906 

.9752 

.9538 

.9271 

.8946 

.8147 

1.5708 

90 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 
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Table 3. 


ontd. 


<D 





N 



(rad) 

(deg) 

2 

3 

4 

5 

6 

8 

1 0 

0 

-1.0000 

1.0000 

-1.0000 

1.0000 

-1.0000 

-1.0000 

0.0873 

5 

-0.9992 

1.0000 

-0.9983 

0.9939 

-0.9921 

-0.9933 

.1745 

10 

- .9988 

1.0000 

- .9961 

.9924 

- .9886 

- .9776 

.2618 

15 

- .9943 

0.9839 

- .9704 

.9551 

- .9350 

- .8846 

.3491 

20 

- .9821 

.9527 

- .9122 

.8618 

- .8026 

- .6624 

.4633 

25 

- .9570 

.8878 

- .7961 

.6862 

- .5637 

- .3052 

.5236 

30 

- .9128 

.7790 

- .6081 

.4216 

- .2358 

.0684 

.6109 

35 

- .8429 

.6140 

- .3548 

.1102 

.0818 

.2291 

.6981 

40 

- .7419 

.4005 

- .0746 

- .1516 

.2373 

.0731 

.7854 

45 

- .6057 

.1558 

.1613 

- .2498 

.1447 

- .1384 

.8727 

50 

- .4337 

- .0826 

.2332 

- .1382 

- .0805 

- .0600 

.9599 

55 

- .2290 

- .2634 

.2051 

.0828 

- .1683 

.1235 

1.0472 

60 

.0000 

- .3333 

.0000 

.2000 

.0000 

.0000 

1.1345 

65 

.2407 

- .2561 

- .2128 

.0717 

.1706 

- .1199 

1.2217 

70 

.4762 

- .0309 

- .2602 

- .1797 

.0309 

.1048 

1.3090 

75 

.6872 

.2967 

- .0381 

- .2197 

- .2263 

.0378 

1.3963 

80 

.8548 

.6410 

.3945 

.1550 

- .0421 

- .2264 

1.4835 

85 

.9617 

.9017 

.8219 

.7246 

.6147 

.3763 

1.5708 

90 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 


3/2 0 

0 

0.0000 

-0.3333 

0.0000 

0.2000 

0.0000 

0.0000 

0.0873 

5 

- .0180 

-0.3329 

.0179 

.2000 

- .1079 

.0179 

.1745 

10 

- .0713 

- .3266 

.0708 

.1878 

- .0696 

.0717 

.2618 

15 

- .1597 

- .2993 

.1517 

.1407 

- .1386 

.1215 

.3491 

20 

- .2805 

- .2284 

.2363 

.0311 

- .1721 

.0994 

.4633 

25 

- .4272 

- .0900 

.2713 

- .1315 

- .0872 

- .0526 

.5236 

30 

- .5912 

.1312 

.1790 

- .2477 

.1423 

- .1417 

.6109 

35 

- .7526 

.4220 

- .1003 

- .1325 

.2331 

.0968 

.6981 

40 

- .8923 

.7282 

- .5288 

.3180 

- .1203 

.1611 

.7854 

45 

- .9819 

.9521 

- .9114 

.8613 

- .8015 

- .6591 

.8727 

50 

- .9936 

.9831 

- .9682 

.9495 

- .9272 

- .8717 

.9599 

55 

- .9053 

.7594 

- .5513 

.3826 

- .1915 

.1058 

1.0472 

60 

- .7071 

.3333 

.0000 

- .2000 

.2357 

.0000 

1.1345 

65 

- .4085 

- .1108 

.2722 

- .1113 

- .1057 

- .0305 

1.2217 

70 

- .0408 

- .3311 

.0408 

.1960 

- .0406 

.0402 

1.3090 

75 

.3444 

- .1753 

- .2626 

- .0391 

.1459 

- .0435 

1.3963 

80 

.6834 

.2894 

- .0449 

- .2228 

- .2239 

.0445 

1.4835 

85 

.9168 

.7873 

.6246 

.4441 

.2616 

- .0450 

1.5708 

90 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 
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Table 3.2. Values of a = sin Nx/N sin x, with x = 180°n(l —cos <[>). 


4> N 


(rad) 

(deg) 

1 

2 

3 

4 

5 

0 

0 

0.00000 

1.0000 

1.0000 

1.0000 

1.0000 

0.0873 

5 

.00297 

1.0000 

1.0000 

1.0000 

1.0000 

.1745 

10 

.01187 

1.0000 

1.0000 

1.0000 

1.0000 

.2618 

15 

.02670 

1.0000 

1.0000 

0.9998 

0.9998 

.3491 

20 

.04728 

1.0000 

0.9982 

.9962 

.9925 


.4633 

25 

.07359 

0.9961 

.9919 

.9853 

.9777 

.5236 

30 

.10505 

.9937 

.9853 

.9721 

.9559 

.6109 

35 

.14159 

.9899 

.9729 

.9500 

.9209 

.6981 

40 

.18275 

.9832 

.9552 

.9173 

.8699 

.7854 

45 

.22801 

.9737 

.9307 

.8724 

.8007 


.8727 

50 

.27681 

.9612 

.8980 

.8138 

.7123 

.9599 

55 

.32870 

.9444 

.8559 

.7404 

.6052 

1.0472 

60 

.38268 

.9239 

.8047 

.6533 

.4828 

1.1345 

65 

.43806 

.8989 

.7442 

.5539 

.3502 

1.2217 

70 

.49409 

.8694 

.6745 

.4449 

.2142 


1.3090 

75 

.54975 

.8354 

.5970 

.3304 

.0833 

1.3963 

80 

.60446 

.7966 

.5129 

.2146 

- .0342 

1.4835 

85 

.65711 

.7538 

.4243 

.1029 

- .1305 

1.5708 

90 

.70711 

.7071 

.3333 

.0000 

- .2000 

1.6581 

95 

.75379 

.6571 

.2423 

- .0897 

- .2397 


1.7453 

100 

.79664 

.6044 

.1539 

- .1628 

- .2497 

1.8326 

105 

.83533 

.5498 

.0697 

- .2174 

- .2331 

1.9199 

110 

.86941 

.4941 

- .0078 

- .2528 

- .1952 

2.0071 

115 

.89895 

.4381 

- .0774 

- .2699 

- .1427 

2.0944 

120 

.92388 

.3827 

- .1380 

- .2706 

- .0828 


2.1817 

125 

.94443 

.3287 

- .1893 

- .2577 

- .0219 

2.2689 

130 

.96092 

.2769 

- .2311 

- .2344 

.0348 

2.3562 

135 

.97366 

.2280 

- .2640 

- .2043 

.0839 

2.4435 

140 

.98316 

.1828 

- .2888 

- .1705 

.1234 

2.5307 

145 

.98993 

.1416 

- .3066 

- .1359 

.1532 


2.6180 

150 

.99447 

.1050 

- .3186 

- .1027 

.1739 

2.7053 

155 

.99729 

.0735 

- .3261 

- .0727 

.1871 

2.7925 

160 

.99888 

.0474 

- .3303 

- .0472 

.1946 

2.8798 

165 

.99964 

.0267 

- .3324 

- .0267 

.1983 

2.9671 

170 

.99993 

.0120 

- .3331 

- .0119 

.1997 


3.0543 

175 

1.00000 

.0059 

- .3333 

- .0030 

.2000 

3.1416 

180 

1.00000 

.0000 

- .3333 

.0000 

.2000 
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Table 3.2—contd. 


<£ N 


(rad) 

(deg) 

1 

2 

3 

4 

5 

0 

0 

0.00000 

1.0000 

1.0000 

1.0000 

1.0000 

0.0873 

5 

.00593 

1.0000 

1.0000 

1.0000 

1.0000 

.1745 

10 

.02391 

1.0000 

0.9968 

0.9967 

0.9962 

.2618 

15 

.05338 

1.0000 

.9984 

.9953 

.9906 

.3491 

20 

.09463 

0.9955 

.9875 

.9772 

.9641 


.4633 

25 

.14660 

.9892 

.9717 

.9469 

.9157 

.5236 

30 

.20877 

.9783 

.9423 

.8931 

.8321 

.6109 

35 

.28033 

.9597 

.8951 

.8089 

.7054 

.6981 

40 

.35935 

.9330 

.8277 

.6922 

.5369 

.7854 

45 

.44401 

.8960 

.7369 

.5427 

.3358 


.8727 

50 

.53214 

.8467 

.6224 

.3672 

.1240 

.9599 

55 

.62087 

.7839 

.4861 

.1796 

- .0332 

1.0472 

60 

.70711 

.7071 

.3333 

.0000 

- .2000 

1.1345 

65 

.78758 

.6162 

.1729 

- .1483 

- .2499 

1.2217 

70 

.85914 

.5117 

.0159 

- .2437 

- .2091 


1.3090 

75 

.91852 

.3954 

- .1248 

- .2718 

- .0971 

1.3963 

80 

.96302 

.2694 

- .2365 

- .2303 

.0427 

1.4835 

85 

.99065 

.1365 

- .3085 

- .1314 

.1564 

1.5708 

90 

1.00000 

.0000 

- .3333 

.0000 

.2000 

1.6581 

95 

0.99065 

- .1365 

- .3085 

.1314 

.1564 


1.7453 

100 

.96302 

- .2694 

- .2365 

.2303 

.0427 

1.8326 

105 

.91852 

- .3954 

- .1248 

.2718 

- .0971 

1.9199 

110 

.85914 

- .5117 

.0159 

.2437 

- .2091 

2.0071 

115 

.78758 

- .6162 

.1729 

.1483 

- .2499 

2.0944 

120 

.70711 

- .7071 

.3333 

.0000 

- .2000 


2.1817 

125 

.62087 

- .7839 

.4861 

- .1796 

- .0332 

2.2689 

130 

.53214 

- .8467 

.6224 

- .3672 

.1240 

2.3562 

135 

.44401 

- .8960 

.7369 

- .5427 

.3358 

2.4435 

140 

.35935 

- .9330 

.8277 

- .6922 

.5369 

2.5307 

145 

.28033 

- .9597 

.8951 

- .8089 

.7054 


2.6180 

150 

.20877 

- .9783 

.9423 

- .8931 

.8321 

2.7053 

155 

.14660 

- .9892 

.9717 

- .9469 

.9157 

2.7925 

160 

.09463 

- .9955 

.9875 

- .9772 

.9641 

2.8798 

165 

.05338 

- 1.0000 

.9984 

- .9953 

.9906 

2.9671 

170 

.02391 

- 1.0000 

.9968 

- .9967 

.9962 


3.0543 

175 

.00593 

- 1.0000 

1.0000 

- 1.0000 

1.0000 

3.1416 

180 

.00000 

- 1.0000 

1.0000 

- 1.0000 

1.0000 
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cos (90° cos 0) sin Nx _ 

Table 3.3. Values of a = - : — ; --- , with x = 180°«( 1 — sin 0). 

sin 0 N sin x 


n 


0 



N 



(rad) 

(deg) 

1 

2 

3 

4 

5 

1/4 

0 

0 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0873 

5 

.0680 

.0513 

.0289 

.0070 

- .0089 


.1745 

10 

.1377 

.1097 

.0706 

.0296 

- .0047 


.2618 

15 

.2069 

.1728 

.1235 

.0684 

.0172 


.3491 

20 

.2767 

.2406 

.1866 

.1231 

.0593 


.4633 

25 

.3469 

.3118 

.2582 

.1921 

.1215 

.5236 

30 

.4179 

.3860 

.3362 

.2730 

.2018 

.6109 

35 

.4887 

.4615 

.4183 

.3618 

.2958 

.6981 

40 

.5590 

.5373 

.5020 

.4549 

.3982 

.7854 

45 

.6279 

.6114 

.5844 

.5478 

.5028 


.8727 

50 

.6947 

.6830 

.6636 

.6372 

.6043 

.9599 

55 

.7579 

.7502 

.7374 

.7200 

.6980 

1.0472 

60 

.8165 

.8114 

.8045 

.7937 

.7805 

1.1345 

65 

.8690 

.8656 

.8620 

.8562 

.8496 

1.2217 

70 

.9143 

.9143 

.9127 

.9108 

.9074 


1.3090 

75 

.9509 

.9509 

.9509 

.9507 

.9507 

1.3963 

80 

.9779 

.9779 

.9779 

.9779 

.9779 

1.4835 

85 

.9944 

.9944 

.9944 

.9944 

.9944 

1.5708 

90 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 


1/4 

0 

0 

0.0000 

0.0000 

.0000 

0.0000 

-0.0873 

- 5 

-0.0447 

- .0165 

.0061 

.0163 


- .1745 

-10 

- .0832 

- .0212 

.0224 

.0344 


- .2618 

-15 

- .1138 

- .0144 

.0450 

.0482 


- .3491 

-20 

- .1367 

.0022 

.0699 

.0540 


- .4633 

-25 

- .1520 

.0269 

.0936 

-.0495 

- .5236 

-30 

- .1599 

.0577 

.1131 

.0346 

- .6109 

-35 

- .1607 

.0925 

.1259 

.1070 

- .6981 

-40 

- .1548 

.1292 

.1310 

- .0195 

- .7854 

-45 

- .1432 

.1658 

.1283 

- .0527 


- .8727 

-50 

- .1270 

.2006 

.1184 

- .0857 

- .9599 

-55 

- .1073 

.2324 

.0930 

- .1161 

-1.0472 

-60 

- .0857 

.2601 

.0839 

- .1420 

-1.1345 

-65 

- .0639 

.2834 

.0632 

- .1626 

-1.2217 

-70 

- .0433 

.3020 

.0432 

- .1779 

-1.3090 

-75 

- .0254 

.3161 

.0254 

- .1886 

-1.3963 

-80 

- .0117 

.3257 

.0116 

- .1953 

-1.4835 

-85 

- .0059 

.3314 

.0030 

- .1989 

-1.5708 

-90 

- .0000 

.3333 

.0000 

- .2000 
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Table 3.3—contd. 


n 

0 




N 



(rad) 

(deg) 

1 

2 

3 

4 

5 

1/2 

0 

0 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0873 

5 

.0680 

.0093 

- .0210 

- .0089 

.0106 


.1745 

10 

.1377 

.0370 

- .0326 

- .0317 

.0059 


.2618 

15 

.2069 

.0818 

- .0258 

- .0562 

- .0201 


.3491 

20 

.2767 

.1416 

.0044 

- .0674 

- .0579 


.4633 

25 

.3469 

.2138 

.0596 

- .0514 

- .0867 

.5236 

30 

.4179 

.2955 

.1393 

.0000 

- .0836 

.6109 

35 

.4887 

.3831 

.2376 

.0878 

- .0162 

.6981 

40 

.5590 

.4733 

.3479 

.2053 

.0693 

.7854 

45 

.6279 

.5626 

.4627 

.3408 

.2108 


.8727 

50 

.6947 

.6482 

.5750 

.4809 

.3730 

.9599 

55 

.7579 

.7274 

.6784 

.6131 

.5346 

1.0472 

60 

.8165 

.7988 

.7694 

.7292 

.6794 

1.1345 

65 

.8690 

.8596 

.8444 

.8229 

.7957 

1.2217 

70 

.9143 

.9102 

9029 

.8935 

.8815 


1.3090 

75 

.9509 

.9509 

.9494 

.9464 

.9420 

1.3963 

80 

.9779 

.9779 

.9748 

.9747 

.9742 

1.4835 

85 

.9944 

.9944 

.9944 

.9944 

.9944 

1.5708 

90 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 


1/2 

0 

0 

0.0000 

0.0000 

0.0000 

0.0000 

-0.0873 

- 5 

- .0093 

.0210 

.0089 

- .0106 


- .1745 

-10 

- .0370 

.0326 

.0317 

- .0059 


- .2618 

-15 

- .0818 

.0258 

.0562 

.0201 


- .3491 

-20 

- .1416 

- .0044 

.0674 

.0579 


- .4633 

-25 

- .2138 

- .0596 

.0514 

.0867 

- .5236 

-30 

- .2955 

- .1393 

.0000 

.0836 

- .6109 

-35 

- .3831 

- .2376 

- .0878 

.0162 

- .6981 

-40 

- .4733 

- .3479 

- .2053 

- .0693 

- .7854 

-45 

- .5626 

- .4627 

- .3408 

- .2108 


- .8727 

-50 

- .6482 

- .5750 

- .4809 

- .3730 

- .9599 

-55 

- .7274 

- .6784 

- .6131 

- .5346 

-1.0472 

-60 

- .7988 

- .7694 

- .7292 

- .6794 

-1.1345 

-65 

- .8596 

- .8444 

- .8229 

- .7957 

-1.2217 

-70 

- .9102 

- .9029 

- .8935 

- .8815 


-1.3090 

-75 

- .9509 

- .9494 

- .9464 

- .9420 

-1.3963 

-80 

- .9779 

- .9748 

- .9747 

- .9742 

-1.4835 

-85 

- .9944 

- .9944 

- .9944 

- .9944 

-1.5708 

-90 

- 1.0000 

- 1.0000 

- 1.0000 

- 1.0000 
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Table 3.4. Values of a = sin NxjN sin x = cos with x = 180°(f — n cos $); N = 2. 


4> t 


(rad) 

(deg) 

0 

1/4 

1/2 

3/4 

1 

0 

0 

0.7071 

1.0000 

0.7071 

0.0000 

-0.7071 

0.0873 

5 

.7092 

1.0000 

.7050 

- .0030 

- .7092 

.1745 

10 

.7155 

0.9999 

.6987 

- .0119 

- .7155 

.2618 

15 

.7257 

.9996 

.6880 

- .0267 

- .7257 

.3491 

20 

.7398 

.9989 

.6729 

- .0473 

- .7398 


.4633 

25 

.7572 

.9973 

.6532 

- .0736 

- .7572 

.5236 

30 

.7752 

.9960 

.6289 

- .1051 

- .7873 

.6109 

35 

.8001 

.9899 

.5999 

- .1416 

- .8001 

.6981 

40 

.8244 

.9832 

.5660 

- .1828 

- .8244 

.7854 

45 

.8497 

.9737 

.5273 

- .2280 

- .8497 


.8727 

50 

.8753 

.9609 

.5003 

- .2768 

- .8753 

.9599 

55 

.9002 

.9444 

.4354 

- .3287 

- .9002 

1.0472 

60 

.9239 

.9239 

.3827 

- .3827 

- .9239 

1.1345 

65 

.9454 

.8990 

.3259 

- .4381 

- .9454 

1.2217 

70 

.9641 

.8694 

.2654 

- .4941 

- .9641 

1.3090 

75 

.9794 

.8353 

.2019 

- .5498 

- .9794 

1.3963 

80 

.9907 

.7966 

.1359 

- .6045 

- .9907 

1.4835 

85 

.9977 

.7538 

.0684 

- .6571 

- .9977 

1.5708 

90 

1.0000 

.7071 

.0000 

- .7071 

-1.0000 

1.6581 

95 

.9977 

.6571 

- .0684 

- .7538 

-0.9977 


1.7453 

100 

.9907 

.6045 

- .1359 

- .7966 

- .9907 

1.8326 

105 

.9794 

.5498 

- .2019 

- .8353 

- .9794 

1.9199 

110 

.9641 

.4941 

- .2654 

- .8694 

- .9641 

2.0071 

115 

.9454 

.4381 

- .3259 

- .8990 

- .9454 

2.0944 

120 

.9239 

.3827 

- .3827 

- .9239 

- .9239 


2.1817 

125 

.9002 

.3287 

- .4354 

- .9444 

- .9002 

2.2689 

130 

.8753 

.2768 

- .5003 

- .9609 

- .8753 

2.3562 

135 

.8497 

.2280 

- .5273 

- .9737 

- .8497 

2.4435 

140 

.8244 

.1828 

- .5660 

- .9832 

- .8244 

2.5307 

145 

.8001 

.1416 

- .5999 

- .9899 

- .8001 


2.6180 

150 

.7752 

.1049 

- .6289 

- .9945 

- .7873 

2.7053 

155 

.7572 

.0736 

- .6532 

- .9973 

- .7572 

2.7925 

160 

.7398 

.0473 

- .6729 

- .9989 

- .7398 

2.8798 

165 

.7257 

.0267 

- .6880 

- .9996 

- .7257 

2.9671 

170 

.7155 

.0119 

- .6987 

- .9999 

- .7155 


3.0543 

175 

.7092 

.0030 

- .7050 

- 1.0000 

- .7092 

3.1416 

180 

.7071 

.0000 

- .7071 

- 1.0000 

- .7071 
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Table 3.4—contd. 


<P t 


(rad) 

(deg) 

0 

1/4 

1/2 

3/4 

1 

0 

0 

0.0000 

0.7071 

1.0000 

0.7071 

0.0000 

0.0873 

5 

.0059 

.7113 

1.0000 

.7029 

- .0059 

.1745 

10 

.0239 

.7238 

0.9997 

.6900 

- .0239 

.2618 

15 

.0536 

.7440 

.9986 

.6682 

- .0536 

.3491 

20 

.0946 

.7709 

.9955 

.6370 

- .0946 


.4633 

25 

.1466 

.8031 

.9892 

.5958 

- .1466 

.5236 

30 

.1781 

.8218 

.9779 

.5438 

- .2089 

.6109 

35 

.2089 

.8770 

.9599 

.4805 

- .2803 

.6981 

40 

.3594 

.9140 

.9332 

.4058 

- .3594 

.7854 

45 

.4440 

.9476 

.8960 

.3196 

- .4440 


.8727 

50 

.5321 

.9750 

.8467 

.2224 

- .5321 

.9599 

55 

.6209 

.9933 

.7839 

.1153 

- .6209 

1.0472 

60 

.7071 

1.0000 

.7071 

.0000 

- .7071 

1.1345 

65 

.7876 

0.9926 

.6162 

- .1212 

- .7876 

1.2217 

70 

.8591 

.9694 

.5117 

- .2457 

- .8591 


1.3090 

75 

.9185 

.9291 

.3954 

- .3699 

- .9185 

1.3963 

80 

.9630 

.8715 

.2694 

- .4905 

- .9630 

1.4835 

85 

.9907 

.7971 

.1364 

- .6039 

- .9907 

1.5708 

90 

1.0000 

.7071 

.0000 

- .7071 

- 1.0000 

1.6581 

95 

0.9907 

.6040 

- .1364 

- .7970 

-0.9907 


1.7453 

100 

.9630 

.4905 

- .2694 

- .8715 

- .9630 

1.8326 

105 

.9185 

.3699 

- .3954 

- .9291 

- .9185 

1.9199 

110 

.8591 

.2457 

- .5117 

- .9694 

- .8591 

2.0071 

115 

.7876 

.1212 

- .6162 

- .9926 

- .7876 

2.0944 

120 

.7071 

.0000 

- .7071 

-1.0000 

- .7071 


2.1817 

125 

.6209 

- .1153 

- .7839 

-0.9933 

- .6209 

2.2689 

130 

.5321 

- .2224 

- .8467 

- .9591 

- .5321 

2.3562 

135 

.4440 

- .3196 

- .8960 

- .9476 

- .4440 

2.4435 

140 

.3594 

- .4058 

- .9332 

- .9140 

- .3594 

2.5307 

145 

.2089 

- .4805 

- .9599 

- .8770 

- .2803 


2.6180 

150 

.1781 

- .5438 

- .9779 

- .8392 

- .2089 

2.7053 

155 

.1466 

- .5958 

- .9892 

- .8031 

- .1466 

2.7925 

160 

.0946 

- .6370 

- .9955 

- .7709 

- .0946 

2.8798 

165 

.0536 

- .6682 

- .9986 

- .7440 

- .0536 

2.9671 

170 

.0239 

- .6900 

- .9997 

- .7238 

- .0239 


3.0543 

175 

.0059 

- .7029 

- 1.0000 

- .7113 

- .0059 

3.1416 

180 

.0000 

- .7071 

- 1.0000 

- .7071 

.0000 
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Table 3.4—contd. 



(rad) 

(deg) 

0 

1/4 

1/2 

3/4 

1 

0 

0 

- 1.0000 

-0.7071 

0.0000 

0.7071 

1.0000 

0.0873 

5 

-0.9999 

- .6985 

.0120 

.7156 

0.9999 

.1745 

10 

- .9989 

- .6726 

.0476 

.7400 

.9989 

.2618 

15 

- .9943 

- .6276 

.1068 

.7786 

.9943 

.3491 

20 

- .9821 

- .5612 

.1884 

.8277 

.9821 


.4633 

25 

- .9570 

- .4716 

.2900 

.8818 

.9570 

.5236 

30 

- .9128 

- .3566 

.4085 

.9343 

.9128 

.6109 

35 

- .8429 

- .2156 

.5380 

.9765 

.8429 

.6981 

40 

- .7419 

- .0504 

.6706 

.9987 

.7419 

.7854 

45 

- .6057 

.1343 

.7957 

.9909 

.6057 


.8727 

50 

- .4337 

.3305 

.9011 

.9438 

.4337 

.9599 

55 

- .2290 

.5264 

.9734 

.8503 

.2290 

1.0472 

60 

.0000 

.7071 

1.0000 

.7071 

.0000 

1.1345 

65 

.2407 

.8565 

0.9706 

.5161 

- .2407 

1.2217 

70 

.4762 

.9585 

.8793 

.2850 

- .4762 


1.3090 

75 

.6872 

.9996 

.7265 

.0278 

- .6872 

1.3963 

80 

.8548 

.9714 

.5189 

- .2375 

- .8548 

1.4835 

85 

.9627 

.8720 

.2704 

- .4895 

- .9627 

1.5708 

90 

1.0000 

.7071 

.0000 

- .7071 

- 1.0000 

1.6581 

95 

0.9627 

.4897 

- .2704 

- .8720 

-0.9627 


1.7453 

100 

.8548 

.2375 

- .5189 

- .9714 

- .8548 

1.8326 

105 

.6872 

- .0278 

- .7265 

- .9996 

- .6872 

1.9199 

110 

.4762 

- .2850 

- 8793 

- .9585 

- .4762 

2.0071 

115 

.2407 

- .5161 

- .9706 

- .8565 

- .2407 

2.0944 

120 

.0000 

- .7071 

-1.0000 

- .7071 

.0000 


2.1817 

125 

- .2290 

- .8503 

-0.9734 

- .5264 

.2290 

2.2689 

130 

- .4337 

- .9438 

- .9011 

- .3305 

.4337 

2.3562 

135 

- .6057 

- .9909 

- .7957 

- .1343 

.6057 

2.4435 

140 

- .7419 

- .9987 

- .6706 

.0504 

.7419 

2.5307 

145 

- .8429 

- .9765 

- .5380 

.2156 

.8429 


2.6180 

150 

- .9128 

- .9343 

- .4085 

.3566 

.9128 

2.7053 

155 

- .9570 

- .8818 

- .2900 

.4716 

.9570 

2.7925 

160 

- .9821 

- .8277 

- .1884 

.5612 

.9821 

2.8798 

165 

- .9943 

- .7786 

- .1068 

.6276 

.9943 

2.9671 

170 

- .9989 

- .7400 

- .0476 

.6726 

.9989 


3.0543 

175 

- .9999 

- .7156 

- .0120 

.6985 

.9999 

3.1416 

180 

- 1.0000 

- .7071 

- .0000 

.7071 

1.0000 
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Table 3.4—contd. 


O t 


(rad) 

(deg) 

0 

1/4 

1/2 

3/4 

1 

0 

0 

0.0000 

-0.7071 

- 1.0000 

-0.7071 

0.0000 

0.0873 

5 

- .0180 

- .7197 

-0.9997 

- .6943 

.0180 

.1745 

10 

- .0715 

- .7559 

- .9974 

- .6547 

.0715 

.2618 

15 

- .1723 

- .8110 

- .9871 

- .5875 

.1599 

.3491 

20 

- .2803 

- .8770 

- .9599 

- .4805 

.2803 


.4633 

25 

- .4274 

- .9415 

- .9041 

- .3373 

.4272 

.5236 

30 

- .5902 

- .9882 

- .8073 

- .1535 

.5902 

.6109 

35 

- .7528 

- .9978 

- .6583 

.0668 

.7528 

.6981 

40 

- .8924 

- .9501 

- .4513 

.3118 

.8924 

.7854 

45 

- .9819 

- .8283 

- .1894 

.5604 

.9819 


.8727 

50 

- .9937 

- .6232 

.1123 

.7822 

.9937 

.9599 

55 

- .9054 

- .3399 

.4247 

.9405 

.9054 

1.0472 

60 

- .7071 

.0000 

.7071 

1.0000 

.7071 

1.1345 

65 

- .4085 

.3566 

.9128 

.9343 

.4085 

1.2217 

70 

- .0410 

.6775 

.9992 

.7355 

.0410 


1.3090 

75 

.3440 

.9072 

.9390 

.4207 

- .3440 

1.3963 

80 

.6834 

.9995 

.7300 

.0330 

- .6834 

1.4835 

85 

.9169 

.9306 

.3992 

- .3660 

- .9169 

1.5708 

90 

1.0000 

.7071 

.0000 

- .7071 

- 1.0000 

1.6581 

95 

0.9169 

.3660 

- .3992 

- .9306 

-0.9169 


1.7453 

100 

.6834 

- .0330 

- .7300 

- .9995 

- .6834 

1.8326 

105 

.3440 

- .4207 

- .9390 

- .9072 

- .3440 

1.9199 

110 

- .0410 

- .7355 

- .9992 

- .6775 

.0410 

2.0071 

115 

- .4085 

- .9343 

- .9128 

- .3566 

.4085 

2.0944 

120 

- .7071 

- 1.0000 

- .7071 

.0000 

.7071 


2.1817 

125 

- .9054 

-0.9405 

- .4247 

.3399 

.9054 

2.2689 

130 

- .9937 

- .7821 

- .1123 

.6232 

.9937 

2.3562 

135 

- .9819 

- .5604 

.1894 

.8283 

.9819 

2.4435 

140 

- .8924 

- .3118 

.4513 

.9501 

.8924 

2.5307 

145 

- .7528 

- .0668 

.6583 

.9978 

.7528 


2.6180 

150 

- .5902 

.1535 

.8073 

.9882 

.5902 

2.7053 

155 

- .4274 

.3371 

.9041 

.9415 

.4272 

2.7925 

160 

- .2803 

.4805 

.9599 

.8770 

.2803 

2.8798 

165 

- .1723 

.5850 

.9871 

.8111 

.1599 

2.9671 

170 

- .0715 

.6547 

.9974 

.7559 

.0715 


3.0543 

175 

- .0180 

.6943 

.9997 

.7197 

.0180 

3.1416 

180 

.0000 

.7071 

1.0000 

.7071 

.0000 
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The array factor per element of the broadside 
array in the equatorial plane, namely, 


a«(K ®; N b , n B , 0) 


sin N B im B cos 
N b sin 7i n B cos <X> ’ 

(53) 


is tabulated in Table 3.1 and represented 
graphically in Figs. 3.2 and 3.3. 

The array factor per element of the end-fire 
array in the equatorial plane, namely, 


<5; N E , n E , n E ) = 


sin N E nn E ( 1 — cos ®) 
N e sin nn E (\ — cos ®) ’ 


(54) 


is tabulated in Table 3.2 and represented 
graphically in Figs. 3.4 and 3.5. In the plane 
= 0 with J 0 h = 77/2, the array factor is 

F o ( 0 , £77) a E (0, 0 ; N e , n E , n E ) 

_ cos (^77 cos 0 ) sin N E Trn E ( I — sin 0 ) 
sin 0 N e sin 7771^(1 — sin 0 ) ‘ 

(55) 


This function is tabulated in Table 3.3 and 
represented graphically in Figs. 3.6 and 3.7. 

An important and simple parallel array 
consists of two units. With N v = 2, (39) gives 

a p (Q, 2, 71 „, t p ) 

— cos [ 77 ( 71 ,, sin 0 cos O — /„)]. (56) 

This factor is tabulated in Table 3.4 with 
0 = 77/2 and represented graphically in Figs. 
3.8 and 3.9 for 0 = 77/2 for a range of values 
of both 7i p and t„. 

An interesting and very useful array of 
arrays consists of two (V-element broadside 
arrays one behind the other so that each pair 
of antennas in depth is a two-element end- 
fire array. The purpose of the second row is 
to make the bidirectional broadside array 
essentially unidirectional. Evidently, the pro¬ 
duct of a broadside pattern such as N B = 4, 
n B — 1/4 in Fig. 3.3 with the end-fire pattern 
N e = 2, n E = 1/4 as in Fig. 3.5 must yield 


[ VIS] 


a pattern that has important ears only in 
one of the principal broadside directions. 

The general array factor for a combination 
broadside array with the appropriate end-fire 
array of Fig. 3.5, for which N e — 2, is 

a = a E a B , (57) 

where, 


a E = cos x E , x E = rtit E — n £ sin y> E ), 

n E =t E = 1/4, (58) 


a B 


sin NbX b 
N b sin x B ’ 


x B = n B n cos w 


(59) 


Graphs of the function a in (57) are shown in 
Fig. 3.10 and Fig. 3.11 for a range of values of 
N b and Tip. It is seen that highly directional 
arrays may be obtained, and that these are 
essentially unidirectional with a sharp beam 
when n B = \ and N B is large. 

The radiation function of the parallel array 
of N P half-wave dipoles with progressively 
increasing phase is 


A&0, ®) 


= 4 ' 


cos (£77 cos 0 ) sin N^x 


sin 0 


sm x 


with 


(60a) 


x — 77 ( 7 ip sin 0 cos O — /„) = K 1 cos <t> + K 2 . 

(60 b) 


The factors K x and K z are defined in (606). 

The radiation resistance referred to maxi¬ 
mum sinusoidal current is obtained from 
(1.10.6) as follows: 


= r f "l *1(0.®) sin 0 </©<», 

O’ 7 Jo Jo 


( 61 ) 


where X£(0, ®) is in (60a). Integration of 
(61) gives* 

^ = ( 0 . 945 )*^^ 

2^,-2 -| 

+ 4t7 2 (2Nj, — r ) cos (rTrt P )K{,r-nn p ) , 
7=2 J 

(62a) 


* Since O occurs in (61) only in the array factor A v , 
the integration with respect to <t> may be carried out 
by expanding the factor in a series of cosine terms and 
integrating term by term. This is possible because the 
series contains only a finite number of terms so that 
no difficulty arises in the term-by-term integration. 
Thus 


A*(Q, K) 


sin 2 NvX 


2.Vp—2 

= N p + 2 (2Af, — r) cos rx, 

7=2 

(61a) 


where r - 2,4, 6, • • • is an even integer. Integration 
of (61a) gives 


•2tt 

/l“( 0 ,<I>)<f<I> =2 wNp 


+ 2 < 2Ar » -0 • 2 - 7/0 W COS (rK 2 ) = H( 0), 

r — 2 

(61 b) 


sin 2 x 
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sin(nrn„) cos (iwi ) 

A( ™* ) - + w 

sin (rnn p ) 
{r-nn v f 


(62 6) 


This formula may be specialized for the 
bilateral end-fire, the unilateral end-fire, 
and the broadside arrays by appropriate 
choice of n v and t v . These numbers, together 
with the associated values of A (nrn p ) for the 
first six terms in the series, are given in 
Table 3.6. 


Table 3.6. The function A for arrays. 


tp 

n v 

A 

Nature of pattern 

1/2 

1/2 

A(*») 

Bilateral end-fire 

1/4 

1/4 

Mirn) 

Unilateral end-fire 

0 

1/2 

A(J nr) 

Broadside 


r 

A(Jnr) A(Jnr) 


2 

0.3786 

-0.1013 

4 

- .1013 

.02533 

6 

- .2026 

- .01126 

8 

.02533 

.006333 

10 

.1252 

- .004053 

12 

- .01126 

.002814 


Calculations of radiation resistance for 
these three types of arrays are given in Tables 
3.7, 3.8 and 3.9 as computed from the approxi¬ 
mate formula (62a). These values are used 
throughout in order to permit intercom¬ 
parison. Radiation resistances per element, 
namely, RmlN v , are also shown, designated 
by (approx) when evaluated (using 62), 
by BB when taken from the numerically 
integrated results of Bontsch-Bruewitsch, 5 
and by P when taken from results evaluated 
by Pistolkors. 37 In general, the numerical 
values obtained using the approximate formula 
(62a) are within a few percent of values 
obtained by the more laborious methods 
where these are available. 

The directivity of the broadside array is 
seen to be greater than for end-fire arrays 
with the same number of half-wave elements. 

The beam widths in the ®-plane of broad¬ 
side and end-fire arrays are obtained from 
(53) and (54). Thus, 


sin Nx 
N sin x ’ 


(63) 


Broadside array: 


x = x B = rm B cos 4>, (63a) 

End-fire array: 


x — x e = nnJJ — cos 4)). (636) 


where H(&) is a shorthand as defined in (616). In 
(616) use has been made of Hansen’s integral repre¬ 
sentation of a Bessel Function (see ref. 1.28), 

f2»r rlir 

J cos (rx) d<S> = I cos r(A\ cos <P + A/) d® 

- 2J„(rK^ cos (r/Tj). (61 c) 

With (616) substituted in (60a) and this in (61), the 
result is 

Ai = ("Va (0 . 1") ff(&) sin 0 d&. (61 d) 
2n JO 

The direct integration of (61 d) has not been 
accomplished. However, it was shown in Section 2 
that a good approximation of an integral of this type 
is obtained if use is made of F m (0, in) = 0.945 sin 0, 
with which (6Id) becomes 


The last integral in (61/) is equivalent to 


/ 0 (rATi) sin 3 0 d0 


fn/2 

= 2 I J 0 (rirn p sin 0) sin 3 0 d0. 
Jo 


(61g) 


By the substitution of sin 3 0=1— cos 3 0, (61g) is 
expanded into the difference of two integrals of which 
each is in Sonine form [see N. J. Sonine, Math. Ann. 
16, 1 (1880)]. The result is 


M 2 

Ji}(rnn v sin 0)(1 -cos 3 0) sin 0 d& 

10 

_ prq^rn^) 2 ^2 r(S)Jg(nm p ) 
Y2rnn v (rnn„) 3,3 


1- 


(616) 


= (0 ' 9 ^ 5)2; ° fV ( 0 ) sin 3 0 d0 (61e) 

2 ir Jo 

The integrand in (61 e) may be expanded into a finite 
series and integrated term by term as follows: 


r 

Jo 


H(Q) sin* 0 dQ 


fw 2 **~ 2 

2 nN p sin 3 0 d0 + 2* 2 (2 N v —r) 

JO r=2 

x cos (rK^) I J 0 (rK,) sin 3 0 d0. (61/) 

Jo 


Since this expression involves Bessel functions with 
fractional indices, which are not convenient for 
computation, it is advisable to transform them into 
circular functions, using 


JAr,n v ) - /? sinjrwip) 
1 V n mn p 


(61/) 


J,(r*n p ) 



sin ( mn „) 

(rurtp ) 3 ' 3 


cos (r*n p ) 



Substitution of (61/,/) in (616) and use of this and 
the values T(l) = ' / 1 t7 TQ) = ^ n/2 in (61e) gives 
(62a). 












THEORY OF LINEAR ANTENNAS 


615 



















616 



DEGREES S 

Fig. 3.8. End-fire array (2-unit), N = 2; rectangular graph of cos x; x = 180°(r — n cosY). 
































Fig. 3.11. Combination end-fire and broadside array with a = a E .a B ; polar graph; a E = cos x; x = 
180° (r — it sin 'F), n E = i, t E = i, N E = 2, a B = (sin Af*x)/lV a sin jc; jc = n a 180° cos'F; n B , N B , variables. 
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Table 3.7. Radiation resistance of bilateral end-fire array. 


N, 

/&(ohms) 

D 

D 

Gmax(db) 


Kn!N„ (ohms/unit) 


(approx) 

(approx) 

(approx) 

(approx) 

(approx) 

BB 

P 

1 

71.44 

1.68 

1.0 

2.20 

71.44 



2 

164.60 

2.92 

1.78 

4.65 

82.30 

88 

85.7 

3 

263.16 

4.10 

2.50 

6.13 

87.72 

95 

92.5 

4 

364.16 

5.27 

3.21 

7.22 

91.04 

100 

96.8 

5 

466.50 

6.43 

3.92 

8.08 

93.30 


99.8 

6 

569.70 

7.58 

4.62 

8.80 

94.95 


102.1 

7 

00 

673.54 

8.73 

5.32 

9.41 

96.22 

120 

103.9 


Table 3.8. Radiation resistance of unilateral end-fire array. 


N v 

Rm(ohms) 

(approx) 

D 

(approx) 

D r 

(approx) 

Gmax(db) 

(approx) 

RmlNv (ohms/unit) 

(approx) 

1 

71.44 

1.68 

1.0 

2.20 

71.44 

2 

142.88 

3.36 

2.0 

5.26 

71.44 

3 

236.04 

4.58 

2.73 

6.61 

78.68 

4 

329.20 

5.83 

3.47 

7.66 

82.30 

5 

427.75 

7.02 

4.18 

8.46 

85.55 

6 

526.32 

8.22 

4.90 

9.15 

87.72 

7 

627.34 

9.40 

5.60 

9.73 

89.62 


Table 3.9. Radiation resistance of broadside array. 


N, 

Rm(ohms) 

D 

D r 

Gmax(db) 

RmjN, (ohms/unit) 


(approx) 

(approx) 

(approx) 

(approx) 

(approx) 

BB 

P 

1 

71.44 

1.68 

1 

2.20 

71.44 



2 

121.16 

3.95 

2.35 

5.97 

60.58 


60.9 

3 

176.34 

6.12 

3.64 

7.87 

58.78 


59.5 

4 

229.08 

8.38 

4.98 

9.23 

57.27 


58.0 

5 

283.15 

10.6 

6.32 

10.25 

56.63 


57.4 

6 

336.42 

12.8 

7.63 

11.07 

56.07 


56.9 

7 

00 

390.25 

14.7 

8.76 

11.67 

55.75 

56 

56.5 
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The principal maximum in each case is deter¬ 
mined by 

Broadside array: 

X m 0, = *r/2» (64a) 

End-fire array: 

x m = 0, 4> m = 0. (646) 

The half-power points occur approximately 
at the following values (1.31): 


1.39 79 °.6 


N 


N ’ 


1.39 0.443 


so that 

Broadside array: 

cos <!>, = 

irn B N B n B N B 

End-fire array: 

. , 0.443 

w / N E 

The half-power beam width is 
H'i = 2|«> m -<I> 1 |, 
so that for 
Broadside array: 

0.443 




it — 2 cos -1 


n„N K 


End-fire array: 

W 1 = 2 cos - 1 


l n E N E ) 


(65) 

(бба) 

( ббб ) 

(67) 

( 68 a) 

( 686 ) 


In the usual broadside array, n B = for the 
bilateral end-fire array, n E = for the 
unilateral end-fire array n E = |. Thus, 

Broadside array: 


n B = h — 

End-fire array, bilateral: 


180° — 2 cos' 


0.886 


N„ 


•II 

II 

«! 

s: 

2 cos -1 | 

0.886 \ 
n e ) 

End-fire array, unilateral: 

( 

•II 

’-H' 

II 

s? 

2 cos -1 ^ 

1.772\ 

1 n e ) 

i 


(69 a) 


(696) 


(69c) 


Numerical values are in Tables 3.10-3.12. 

The corresponding null beam widths are 
obtained from (2.34). Thus, 

Broadside array: 

n a = h $<> = cos -1 (l/n B N B ) 

= cos -1 (2/Ay, (70 a) 


End-fire array, bilateral: 


= h = 0 , = cos -1 11 

1 ) 

n E N E J 

-i /. 2 ' 

V 

|, (706) 

End-fire array, unilateral: 


n E = b = 0 , <I>o = cos -1 (1 

-±). 




(70c) 


The values of the null beam width are: 
Broadside array: 

n B = i = 180° - 2 cos ” 1 (2/Ay, 

(71a) 

End-fire array, bilateral: 






End-fire array, unilateral: 


(716) 


«£ = J, ^0 = 


2 cos -1 ( 

4 \ 

1 — - 77 - I 

l 

n e ! 


(71c) 


The corresponding numerical values are given 
in Tables 3.10-3.12. 

Study of the results in Tables 3.10-3.12 
shows that the beam width of the broadside 
array is far narrower than that of the end-fire 
array, especially for large values of N. It 
follows that highly directional arrays should 
be broadside arrays. If a unidirectional array 
is required, a combination of one broadside 
row with a second broadside row A # /4 behind 
it is advantageous. Each pair of antennas in 
depth is a unilateral end-fire array. Since the 
beam width of a two-element unilateral 
end-fire array is very great, the beam width 
of the broadside-end-fire combination does 
not differ significantly from that of the single 
broadside row. 
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Table 3.10. Beam width (deg) of broadside array. 


Nb 

2 

3 

4 

5 

6 

8 

10 

12 

20 

50 

w. 

52.5 

34.3 

25.6 

20.4 

17.0 

12.7 

10.2 

8.5 

5.1 

2.0 

W 0 

180 

83.7 

60.0 

47.2 

38.9 

29.0 

23.1 

19.2 

11.5 

4.6 

Table 3.11. Beam width (deg) of bilateral end-fire array. 

N £ 

2 

3 

4 

5 

6 

8 

10 

12 

20 

50 

W, 

112.3 

90.3 

77.7 

68.0 

61.0 

54.5 

48.6 

44.4 

34.2 

21.6 

w„ 

180 

141.1 

120.0 

106.3 

96.3 

82.8 

73.7 

66.9 

51.7 

32.5 

Table 3.12. Beam width (deg) of unilateral end-fire array. 

Nb 

2 

3 

4 

5 

6 

8 

10 

12 

20 

50 

IV, 

166.9 

131.6 

112.3 

99.5 

90.3 

77.8 

69.2 

63.1 

48.7 

31.6 

W„ 

— 

— 

180 

156.9 

141.1 

120.0 

106.3 

96.3 

73.7 

46.1 


PARASITIC PARALLEL ARRAYS 

4. Field of Driven Antenna with Single 
Parasite—Approximate Second-Order Theory. 

In general, it is difficult to drive all elements 
in an array of many antennas in such a manner 
that specified currents are maintained, since 
the distributions of current and the impedances 
of identical antennas in different relative 
positions in an array are not the same. This 
is pointed out in Chapter III. Even if the 
elements are of half-length h = A 0 /4, so that 
zeroth-order distributions of current and 
self- and mutual impedances are fair approxi¬ 
mations, the design of the required networks 
of transmission-line feeders is a formidable 
one. This is true, in particular, if phase 
relations between the several currents other 
than in-phase or 180° out-of-phase are 
required. The unilateral end-fire condition 
of quarter-wavelength spacing and 90° phase 
difference is especially difficult, since matched 
lines terminated in their characteristic im¬ 
pedances are required. Moreover, for point- 
to-point transmission the unilateral end-fire 


beam or the combination array consisting 
of two broadside rows forming unilateral 
end-fire pairs is of great importance. 

An alternative to the unilateral end-fire 
pair is the driven antenna with a single 
parasite. This substitutes for the difficult 
problem of driving two antennas 90° out of 
phase from a single transmission line the 
problem of adjusting the relative magnitude 
and phase of the current in the parasite so 
that a unilateral field pattern is obtained. 
The disposable variables and parameters are 
(a) the distance b between the axes of the two 
antennas, (b) a tuning reactance X 2 at the 
center of the parasite, and (c) the half-length 
h 2 of the parasite. It was demonstrated in 
Sec. III.11 that the change in the self¬ 
impedance Z s2 of the parasite by an adjustment 
in its half-length may be approximated by 
keeping h 2 fixed and varying a tuning reactance 
X 2 provided h 2 is near A 0 /4. Since the usual 
arrangement is with h 1 — A 0 /4 and h 2 near 
A 0 /4, it is possible to determine the field 
characteristics of the most important com¬ 
binations by setting h 1 = h 2 = /.„/4 and 
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varying X 2 . This determines simultaneously 
the effect of varying X 2 with h 2 fixed and 
changing h 2 within reasonable limits with 
X 2 = 0. 

Consider, therefore, the problem of deter¬ 
mining the electromagnetic field of a center- 
driven antenna of half-length h and radius a 
at a distance b from an identical parasitic 
antenna, center-tuned by a reactance X 2 . 
For simplicity, let the separation at the center 
of each antenna be negligible, so that 6 = 0. 
The circuit is shown in Fig. 4.1. An appropriate 
expression is (3.29) with k m = 0, and m' — 1. 
With some changes in notation the result is 

E\, = F o (0, p 0 h)A(®, O), (1) 


where I lg is the current at the center (z = 0) 
of the driven antenna. No. 1 (not No. 0 as in 
Sec. 3), and A(0, <J>) is the array factor, 
given by 

A(0, <t>) = 1 + ic'e-W+P ^ sin 0 cos °>. (2) 

It follows from (III. 11.4) that 


k' = 



6' — d 22 — 0 21 , 


( 3 ) 


where Z 21 = Z 21 e i0 *i is the mutual impedance 
of antenna 2 in the presence of antenna 1; 
Z 22 — Z 22 ei°n = Z., 2 + Z 2 ; Z s2 is the self¬ 
impedance of antenna 2 in the presence of 
antenna 1; Z 2 == jX 2 is the tuning impedance 
at the center of antenna 2. 

The field pattern in the horizontal or 
O-plane is given by the magnitude of (2) with 
0 = -»r/2, that is, by 


A(jrr, <t>) 


1 _ ZH e -M n -O tl +fl a b cos <», 

z 22 


antenna is a function of the distance b between 
the antennas, the current varies with b. 
Therefore, the behavior of the array is best 
studied by requiring constant power input. 

Let the power P 1 to antenna 1, and hence 
to the array, be held constant at the value 

R i = \V\(s *io, (6) 


where R 10 is the input resistance and 7 10 the 
magnitude of the input current in the driven 
antenna in the presence of the parasite. 
Note that 7? l0 and 7 10 both vary with b. 
With (6) substituted in (1), the magnitude of 
the far-zone electric field of the array at 
constant power is 


U2£i 

*Uio 


1 


+ - 2 v 1 cos (022 

•^22 ^22 


— ^21 ± Ptfi) 


(7) 


The magnitude of the field of the driven 
antenna alone in the directions 0 — w/2, 
d> = 0,37, when supplied with the same power 
P x is 



where R 0 is the input resistance of the isolated 
driven antenna. Note that R 0 differs from 7f 10 . 

The ratio of the electric field of the array 
in the directions <J> = 0 and tt divided by the 
electric field of the driven antenna alone when 
supplied with the same power is obtained using 
(7) and (8). It is given by 

1 f-'elarray _ j Rp 

(.Eq)i unit 1*10 



(4) 

The field in the equatorial plane in the 
direction from the parasite to the driven 
unit is given by (1) and (4) with 0 = 0; the 
field in the direction from the driven unit 
to the parasite, by (1) and (4) with 0 = 33. 
The corresponding formulas are 



where the upper sign applies to the field away 
from the parasite, 0 = 0, and the lower sign 
to the field toward the parasite, O = n. 

Since the input impedance of the driven 


— 2 ^3 cos (0 22 — 0 21 ± P g b ] , 

(9) 

where the upper sign is for 0 = 0 , the lower 
sign for O = 33 . 

The ratios defined by (9) with its two signs 
have been computed under the following 
conditions: 

(a) Antenna 2 is geometrically identical with 
antenna 1 , that is, the half-lengths are the 
same, so that h 2 =h 1 = h\ and the radii 
are the same, so that, a 2 = a 1 — a. Values 
chosen for computation are h = A 0 /4; f2 = 
2 In (2h/a) = 10 and 20, so that hja = 75 
and 1.1 x 10 4 ; also Z s2 =Z sl . 
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( b ) Z 2 = jX 2 , R 2 = 0, so that Z 22 = Z s2 + 
j*t = + y'A'j. Values chosen for com¬ 

putation are X 22 = 20, 10, 0, —10, —20, and 
X s i, so that X 2 = 20 X si , 10 .T sl , N $2> 
— 10 — X sl , —20 — X sl , and 0. Note that 
in all cases except that for which X 2 = 0, the 
tuning reactance X 2 is continuously varied as 
the distance 6 between the antennas is changed. 

In Fig. 4.2 a are shown curves calculated 
from (9) for Cl = 10, X 22 = 20, 10, 0, -10, 
—20, in the range 0 05 ^ 6/A 0 s; 1; in Fig. 
4.26 is an enlargement of the range 0 Si 
6/A 0 sJO.l. Figures 4.3 a and 4.36 are like 
Figs. 4.2 a and 4.26 but for the thinner antenna 
with Q = 20. Fig. 4.4 is like Figs. 4.2 a and 
4.26 for the one case, X 22 = X s2 , X 2 = 0. 

In Figs. 4.5 and 4.6 are curves of the ratio 
of the field away from to the field toward 
the parasitic antenna (often called the front- 
to-back ratio) for A" 22 = 20, 10, 0, —10, —20 
in the range 0.01 gS 6/A 0 <i 1.0 for Cl = 10 
and 20. The curves in the inserts in Figs. 4.5 
and 4.6 might be extrapolated through the 
point 1 at 6/A 0 = 0. Note, however, that since 
6 must always exceed 2a, these curves would 
be meaningless for values of 6 equal to or 
smaller than 2a. For relatively thin antennas 
the value 6/A 0 = 2a/A 0 is very small. Specific¬ 
ally, for h = A 0 /4, Cl = 10, a/A 0 = a/46 = 
1/300, so that 6/A 0 ^ 0.0067; for Cl = 20, 
a/Ao = (1/4.4) x 10 4 , so that 6/A 0 £5 x 
10~ 5 . In computing the curves in the inserts in 
Figs. 4.5 and 4.6, points were evaluated at 
intervals of 0.01 on the 6/A 0 scale. Intermediate 
points were obtained by interpolation, which 
permitted accurate determination of the 
location of the sharp minima in Fig. 4.7 
but not of their magnitudes. The complete 
and accurate computation of these would 
require the evaluation of a large number of 
points to a very high degree of accuracy. The 
field ratio is given by (9) with the upper sign 
divided by (9) with the lower sign. This 
involves a denominator consisting of the 
small difference of two large numbers. The 
fact that this difference and, hence, the field 
ratio are extremely sensitive to small changes 
in Z l2 or Z 22 makes the accurate computation 
difficult. It is shown later in this section that 
this fact is also of importance in the correlation 
of theoretical with experimental results. 

Although numerical data for a driven 
antenna with a coupled parasite have been 
computed only for identical antennas with 
6 = A n /4, similar computations may be made 
for other values of 6 using the mutual- 
impedance data of Sec. III.8. However, the 
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requirement that the two antennas be of 
equal length must be maintained. A good 
estimate of the behavior of a driven antenna 
of half-length 6 = A 0 /4 with a coupled parasite 
that is somewhat shorter or longer than 
A 0 /4 may be obtained from Figs. 4.2, 4.3, 
4.5, 4.6, and 4.7. As discussed in Sec. III.6, 
the distributions of current in coupled an¬ 
tennas differ very little except in phase if the 
half-length of the parasite does not differ 
very much from A 0 /4. Therefore, the behavior 
of all parasites with a given value of X 22 — 
* s2 + X t is essentially the same for all half- 
lengths near 6 = A 0 /4. If X 22 is varied by 
changing X s2 with X 2 = 0, the effect is not 
greatly different from that obtained by varying 
X 22 by adjusting X 2 with a- s2 fixed. Hence, 
the curves of Figs. 4.2 through 4.7 apply 
approximately to parasites with X 2 = 0 
that have X s2 = X 22 at the specified values 
of 6/A 0 . The lengths h 2 corresponding to these 
X s2 may be obtained using the self-impedance 
data of Sec. III.8. 

The direct measurement of the field ratio 
of an antenna with a parasite is quite straight¬ 
forward. However, owing to the extreme 
sensitivity of the results to small changes in 
Z 12 and Z 22 , the accurate quantitative 
correlation of experimental results with 
theoretical predictions is very difficult. Not 
only must actual distances and dimensions 
be determined with precision, but careful 
attention must be given to each and every 
factor that may in any manner affect one or 
more of the impedances involved. These 
may include terminal-zone effects, the nature 
of the end surfaces of antennas, the degree 
of isolation, and the finite size of a ground 
screen if one is involved. 

Experimental measurements of the gain of 
a A 0 /2 antenna with a parallel parasite are 
reported by McPetrie and Saxton. 310 The half¬ 
wavelength antenna (A 0 = 1.05 m) was placed 
horizontally and center-loaded by a vertical 
length of about 1 m of twin flexible leads 
which were terminated in a field-strength 
measuring set. The parasite was constructed 
of telescoping brass tubing and supported 
at its center parallel to the main receiving 
antenna. The curves in broken line in Fig. 
4.8 “show the gain over a single half-wave¬ 
length aerial of the aerial system with parasitic 
aerial adjusted in length and spacing approxi¬ 
mately for the maximum positive and negative 
front-to-back ratios, respectively.” Since the 
parasite was tuned by changing its length, 
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corresponding theoretical curves are unavail¬ 
able. However, it is interesting to compare 
the experimental results in which N 2 2 — X s2 
was varied by changing h 2 near A 0 /4 with 
theoretical curves obtained by keeping h 2 = 
h x = A 0 /4 and varying X 22 = X sl + X 2 by 
changing X 2 . Since McPetrie and Saxton give 
no precise data on the length of the parasite 
and its distance from the receiving antenna, 
and since an “approximate adjustment” 
of h 2 and 6 to give maximum front-to-back 
ratio is very broad, only a qualitative com¬ 
parison is possible. Curves taken from Figs. 
4.2a and 4.26 with X 2 = —10 and —20 are 
shown in Fig. 4.8 in solid line. Although not 
strictly comparable, the general nature of 
theoretical and experimental curves is seen 
to be the same. 

More extensive data on the front-to-back 
ratio as a function of the distance b between 
a center-loaded receiving antenna and a 
parasite with the length of the parasite as 
parameter are given by McPetrie and Saxton 31a 
and by Starkey and Fitch. 48 A rather complete 
set of data for three values of the ratio hja 
due to the latter investigators is shown in Fig. 
4.9a; the results of McPetrie and Saxton are 
shown in Fig. 4.96. These curves correspond 
to the theoretical results in Fig. 4.7 in that 
6/A 0 is the variable and X 22 = X s2 + X 2 
the parameter. However, in Figs. 4.9a, 6, 
X 2 = 0 and X 22 = X s2 is varied by changing 
the length 2h 2 of the parasite, whereas in 
Fig. 4.7, X s2 — T sl is the fixed value for 
hi = h 2 = A 0 /4 and X 22 is varied by changing 
X 2 . Note that X s2 = X n is not constant 
but varies somewhat with 6/A 0 , so that a fixed 
value of X 22 implies a continuous readjustment 
of X 2 as 6/A 0 is varied. In general, the agree¬ 
ment between Figs. 4.9a, 6 and 4.7 is quite 
good. Note in particular that the location of 
the deepest minimum is very near 6/A 0 = 0.05 
and that it is shifted toward slightly higher 
values of 6/A 0 as the antenna is made thinner. 
The magnitudes of the minima in Figs. 4.9a 
and 4.96 differ by about 9 decibels. This 
rather large difference in experimental obser¬ 
vations is ascribed to an improved signal-to- 
noise ratio in the more recent work of Starkey 
and Fitch. 

Strictly, the only curves in Figs. 4.9a, 6 
that may be compared directly with theoretical 
ones in Fig. 4.7 are those with h x = h 2 — A 0 /4. 
These should correspond to the theoretical 
curves marked X 22 = X n in Fig. 4.7 except 
for differences in the thicknesses of the an¬ 
tennas. For more convenient comparison the 


several curves from Figs. 4.9a, 6 and 4.7 
for which h 1 and h 2 are both equal to A 0 /4 
are reproduced in Fig. 4.10. Since there was 
no curve in Fig. 4.96 with h 2 exactly equal 
to A 0 /4, a curve was constructed by inter¬ 
polating between the adjacent curves for 
h 2 very slightly above and slightly below this 
value. The two theoretical curves marked 
A = 10 and A = 20 indicate a higher maxi¬ 
mum for the thicker antenna and a consider¬ 
ably flatter curve for the thinner antenna. 
The behavior of the four experimental curves 
is peculiar and, on the whole, inconsistent. 
McPetrie and Saxton’s curve for A = 10.5 
is much higher than Starkey and Fitch’s for 
A = 10.7. Moreover, the three curves of 
Starkey and Fitch are not self-consistent 
in the sense that the curve for the thickest 
antenna (A = 9.3) is higher than the curve 
for the antenna of medium thickness (A = 
10.7), in general agreement with the sequence 
of the theoretical curves, whereas the curve 
for the thinnest antenna (A = 12.9) is well 
above both of the others for small values of 
6/A 0 , but below these for larger values. 
However, the curve for the thinnest antenna is 
flatter than for the thick ones, in agreement 
with the theoretical curves. Starkey and Fitch 
assumed that the failure of the theoretical 
curves to predict the peculiar and incon¬ 
sistent behavior of the experimental ones must 
be a fault of the theory. Therefore, they 
proceeded to develop a new theoretical for¬ 
mula using an “engineering” method that 
actually has little scientific basis. 

With due regard for the unexplained 
peculiarities in the experimental results, 
it would appear that the explanation for the 
disagreement between theoretical and experi¬ 
mental curves in Fig. 4.10 is not a fundamental 
inadequacy of the theory but, rather, a failure 
to coordinate correctly the quantities com¬ 
puted theoretically with the quantities 
measured experimentally. Did McPetrie and 
Saxton and Starkey and Fitch actually measure 
the front-to-back ratios for the simple struc¬ 
tures assumed in the theory? Were their 
experimental arrangements such that the 
necessary degree of isolation obtained? 
Were transmission-line end effects and coup¬ 
ling effects really negligible? Were the effects 
of the end surfaces and edges on the flat-ended 
cylinders and tubes sufficiently small to be 
ignored? In view of the great sensitivity of 
the front-to-back ratio to small changes in 
the self- and mutual reactances, it appears 
quite probable that some or all of these effects 
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Fig. 4.5. Ratio of field away from to field toward Fig. 4.6. Ratio of field away from to field toward 
parasite; Q = 10. parasite; Cl = 20. 
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Fig. 4.7. Ratio of field away from to field toward parasite in decibels. 
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Fig. 4.8. Gain of dipole (a) 
with reflector and ( b ) with 
director. Theoretical curves with 
T 22 = X tl + X z fixed and 
h t = hi. Experimental curves 
with X 2 = 0, h t adjusted for 
approximate maximum at opti¬ 
mum h/A„. (Experimental curves 
by McPetrie and Saxton.) 
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Fig. 4.96. Experimentally determined ratio of field 
in direction away from to field toward parasite 
(data of McPetrie and Saxton). 




Fig. 4.9a. Experimentally determined ratio of 
field in direction away from to field toward parasite 
(data of Starkey and Fitch). 


Fig. 4.10. Comparison of field ratios. 
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Fig. 4.11. Input resistance R w of antenna with parasite; (iji = n / 2 . 
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contribute to explain the peculiarities in the 
experimental data. Indeed, Starkey and 
Fitch remark on this sensitivity and note that 
“even the movements of leaves in a tree 
several wavelengths away could sometimes 
affect the front-to-back ratios.” Unfortunately, 
Starkey and Fitch do not describe the experi¬ 
mental conditions in detail, so that the 
distances from the antennas to the earth and 
to the measuring gear are not available. 
McPetrie and Saxton state that the field- 
strength meter was at a distance of only 
about 1 wavelength from the center of the 
main receiving antenna, but do not state 
whether the earth is also as near as this. 
Owing to the unusual sensitivity of the front- 
to-back ratio to small changes in reactance, 
it would appear that at least 5 wavelengths 
should be the minimum distance to the nearest 
object. Although it is not possible to make 
a quantitative estimate of the possible effect 
of inadequate isolation, the quantitative 
significance of other pertinent factors can 
be estimated. Starkey and Fitch used brass 
tubes for their antennas and apparently 
made no correction in length to take account 
of the chargeable surfaces in the interior of the 
hollow and open ends. These are equivalent 
to an increase in length of the order of magni¬ 
tude of the radius of the tube, so that the 
effective half-length of the antenna is not h 
but h + ka, where k is near unity. For very 
thin antennas this correction is negligible, 
but for n = 10 or less it certainly is not. 
Thus, instead of using Z 22 = Z s2 for fl 0 h 2 = 
ttJ2 = 1.571, the value to be used is Z 22 = Z s2 
for Pfh 2 + ka). For Q = 10 a satisfactory 
value is Z s2 for f> n (h 2 + ka) == 1.60. The 
theoretical curves in Fig. 4.7 and 4.10 are 
computed on the assumption that the spacing 
of the transmission lines is zero. In the 
experiments, the principal antenna was 
connected to a two-wire line with small but 
presumably not negligible spacing. As a 
result, a short section of current is absent 
at the center of the actual antenna precisely 
where the current in the theoretical antenna 
is greatest. In so far as the voltage induced in 
the parasite is concerned, the mutual imped¬ 
ance is not that of an antenna of electrical 
half-length ft 0 h l — w/2 but approximately 
that of an antenna with electrical half-length 
fi 0 (h — <5), where <5 is half the spacing of the 
transmission line. Since the actual numerical 
values are unavailable, it will serve to assume 
6 to be 0.5 cm in a wavelength of about 1 m. 
That is, the effective electrical half-length of 


antenna 1 for determining the mutual imped¬ 
ance is f! 0 (h — <5) == 1.54 instead of fl 0 h = w/2. 
If the theoretical curve marked Cl = 10 in 
Fig. 4.10 is recomputed using Z 22 = Z, 2 for an 
electrical half-length 1.60 and Z 12 for an 
electrical half-length 1.54 instead of w/2 
for both, the curve is seen to be in good 
agreement with and even lower than the 
experimental curve obtained from the data 
of McPetrie and Saxton. Something more 
than half of the downward shift is due to the 
correction for the missing length 2'5; the 
remainder is due to the correction for the 
end surfaces. Since this latter effect is negligible 
for Cl = 20, the curve Cl = 20 need be cor¬ 
rected only for the gap. This moves it down 
very near to the shifted £1 = 10 curve. 

No claim is made that the corrections 
suggested above are precisely the right ones 
or the only ones involved. What is claimed, 
however, is that the sensitivity of the front- 
to-back ratio to small changes in the imped¬ 
ances is so great that what might appear to be 
entirely minor details actually can account 
for all of the differences between theory 
and experiment and for the apparent incon¬ 
sistencies in the experimental data. If all 
of the conditions of an experiment are taken 
into account in the theoretical analysis, or 
if an experimental arrangement can be so 
simplified that the ideal assumptions of the 
theory are really good approximations, agree¬ 
ment between theory and experiment can be 
expected, but not otherwise. Any theory that 
agrees with experiment without having taken 
account of all significant factors is inadequate. 

The approximate second-order input resist¬ 
ance 7? 10 of an array consisting of a driven 
antenna in the presence of a coupled parasitic 
antenna is given in Sec. III. 11 with X 22 = X sl . 
For other values of X 22 the resistance R 10 
is readily determined using the self- and 
mutual-impedance data of Sec. III.8; R 10 
is shown in Fig. 4.11 with 6/A 0 as variable 
and -T 22 as parameter. With R 0 from Sec. 
11.30, R 10 from Fig. 4.11 and other figures 
of this section, the electromagnetic field of an 
antenna with parasite is determined readily 
under a variety of conditions, including 
especially the use of a parasitic antenna (1) 
as a reflector with maximum field in the 
direction away from the parasite, ® = 0, 
and a reduced or near minimum field in the 
direction $ = w; or (2) as a director with 
maximum field in the direction toward the 
parasite, = w, and a reduced or near 
minimum field in the direction = 0. 
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Fig. 4.13. Experimentally determined Fig. 4.14. Arrangement used to measure the field of antenna 
field of antenna with parasite (a) as with one parasite, 
director, ( b ) as reflector (McPetrie and 
Saxton). 



REACTANCE OF PARASITE X |( = X s| tX, IN OHMS 


Fig. 5.1. Power gain of antenna with one parasite. 



-80 -60 -40 -20 0 2 0 4 0 60 80 

REACTANCE OF PARASITE, X„ = X s , + X, IN OHMS 

Fig. 5.2. Reactance of parasite, A r 11 = X, t + X t in ohms. 
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The distances between antennas for maximum 
or minimum field in either direction are readily 
obtained or interpolated from Figs. 4.2a, b, 
4.3a, 6, or 4.4 for a range of values of total 
reactance X 22 of the parasitic antenna and 
its tuning circuit and different values of a/h. 
Similarly, from Figs. 4.5, 4.6, or 4.7 the 
spacing for maximum forward or backward 
field may be obtained. 

In Figs. 4.12a, b the magnitude iA(n, d>) 
from (4) is plotted as a function of the angle <I> 
for X 22 — 20, 10, 0, -10, -20 and with 
those values of 6/2 0 for which the ratio of the 
field in the direction O = 0 to the field in the 
direction ® = m is a minimum or a maximum. 
Experimental curves due to McPetrie and 
Saxton under similar conditions but with N 22 
adjusted by changing the length of the 
parasite are shown in Fig. 4.13. 

A direct experimental measurement of the 
radiation field in the directions away from 
and toward the parasite as a function of the 
distance b between the parasitic and the 
driven antennas was made using the arrange¬ 
ment illustrated in Fig. 4.14. The two antennas 
were identical and a quarter wavelength long. 
The movable piston in the tuning line of the 
parasite was adjusted to have a current maxi¬ 
mum at the conducting plane using a shielded- 
loop probe traveling in a slot along the 
inner conductor of the coaxial line. In this 
manner X 2 was made zero. The spacing b 
was varied in steps by inserting the parasite 
with its entire coaxial-line assembly into a 
series of holes that could be plugged to leave 
the surface of the large conducting plane 
smooth. The field at a distant point in both 
directions along a line through both antennas 
was measured and compared with the field 
with the parasite removed. The frequency 
was 600 Mhz. For the antennas ft = 7.34. 
The results obtained by W. E. Owen in a 
carefully performed laboratory experiment 
in a graduate course on antennas are included 
in Figs. 4.4 and 4.5. Since the effect of changes 
in ft on the quantities plotted is relatively 
small, a comparison between the theoretical 
curves for ft = 10 and the experimental ones 
for ft = 7.34 is possible. The agreement is 
seen to be quite good, with the ft = 7.34 
curve shifted in the proper direction from the 
ft = 10 curve. Note that no correction for 
terminal-zone effects is necessary, since the 
small negative capacitance required would 
be in parallel with the low impedance of a 
nearly resonant antenna, and the distance 
between the two antennas was always large 


compared with the diameter of the coaxial¬ 
line feeder. 

5. Field of Driven Antenna with Several 
Parasites — Zeroth-Order Solution; Arrays of 
Yagi-Uda Type 

The analysis of a linear array consisting 
of a single driven antenna with from one to 
four parasites has been carried out in consider¬ 
able detail by Walkinshaw 57 under the as¬ 
sumption that sinusoidal distributions of 
current and modified zeroth-order impedances 
are a satisfactory approximation. Since this 
is true only for elements with electrical 
half-lengths lift near m/2, attention is directed 
primarily to arrays with such elements. 

The circuit equations of an A-element 
array are given in (III.20.3). In order to be 
consistent with the figures* used in this section 
it is convenient to number the N antennas 
from 0 to N — 1 instead of from 1 to N. 
The driven antenna is number 0. The equation 
with the renumbered antennas are 

^0= ^ m> (1°) 

771 = 0 

N -1 

^ 2 im* 

771 = 0 

i = 1, 2, 3, • • •, N — 1. (1 b) 
The input impedance of the driven unit is 


ZuZi. 

' Z 1K 


^00^01 

Z 0 N 

^21^22 

■ Z 2N 


ZioZn 

■ Z IK 

ZyfZ s2 ' 

' Zyx 


ZygZyi ‘ 

• z nn 


( 2 ) 


The radiation field of an array of N units 
that are all near /? 0 /i = m/2 in electrical 
half-length and in which the currents are not 
necessarily equal but are all distributed 
sinusoidally along the axes may be expressed in 
the same form as for a uniform array. Thus,! 

Eq = '—^2? F o (0, ,y,)A(&, ©), (3) 

L-n k 0 


* Most curves in this section are taken from 
W. Walkinshaw, ref. 57. 

t Roman R is used for distances, italic R for 
resistances in this section. 
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where J 00 is the current at the center (z = 0) of 
the driven element number 0 when there are 
N units in the array arranged at equal distances 
between centers along the x-axis; R 0 is the 
distance from the origin of coordinates at the 
center of the driven element to the distant 
point P where the field is calculated; the angle 
between the z-axis along the axis of the driven 
unit and R 0 is 0; the angle O is measured from 
the positive x-axis to the projection of R 0 
onto the x, y-plane. For f3 0 ft = n/2. 


F 0 (Q, W 


COS (+• cos 0) 
sin 0 


(4) 


The array factor cannot be expressed in the 
simple compact form characteristic of uniform 
arrays because the several currents are not 
equal in magnitude or uniformly spaced in 
phase. The array factor is 

1 + 2 k m e-tfoS m + J fe m e^o s "-", 

m = 1 m=n + l 

(5) 

^ m Trial f (Mb (6) 

S m = mb sin 0 cos <D, (7) 

and b is the distance between centers of the 
equispaced elements. Of the total number N, 
elements 1 to n are along the negative, elements 
n + 1 to A' — I along the positive x-axis; 
n is arbitrary.* Note that the positive 
x-axis coincides with <E> = 0, the negative 
x-axis with ( l> = n. The actual distances from 
the point P to the centers of the elements are 


A (0,0) = 
where 


The electric field of the driven antenna when 
isolated is 


r'r _ JCoh 


Ro 


F 0 (&, P 0 h). 


(ID 


In comparing the electric field of linear 
arrays of parasitic elements with the field 
of a single driven antenna, Walkinshaw 
introduces the following quantities: (1) the 
power gain in the directions O = n and 0 = 0 
of the A'-element array over a half-wave 
dipole; note that the power gain in the 
direction of maximum field, that is, the relative 
directivity, D r , of the array, usually occurs in 
one of these directions; (2) the ratio of the 
magnitude of the electric field of the array to 
the field in the equatorial plane, 0 = w/2, 
of a half-wave dipole radiating the same 
power. 

These quantities are defined analytically 
as follows: 


"Mi- 


^1+2 k m e±^» 

^in m = l 

N-1 

+ 2 

m=n +1 


( 12 ) 


The upper sign is for the field in the direction 
0 = 7r, the lower sign for the field in the 
direction 0 = 0. 


m ^ n: R m = R„ + S m , (8a) 

m> n: R ra = R 0 - S m _ n . (86) 

In order to compare the field of an N- 
element array with that of the driven unit alone 
when isolated, it is advantageous to require 
constant power input to the driven unit. 

The power supplied to the array through 
the terminals of driven unit is 

Py = (9 a) 

where /? in is the real part of (2). The power 
supplied to the driven unit if isolated is 

P i = ItfRo, (96) 

where R 0 is the resistance of an isolated ant¬ 

enna. For constant power, P !f = P lt so that 

V4 o = ( RJR 0 ) m ■ (10) 


Field ratio = 


(£&) a 


(^0 = ir/2)l unit 

= F o (0, p 0 h)A(9, «D) 

( R 0 COS (|tt) cos 0 


= 1^.' 
V Rm 


sin 0 


1 + 2 k m e-rt° s m 

7/1 = 1 


+ 2 k m etfoSm-n 

771 = 71 + 1 


. (13) 


The linear arrays studied by Walkinshaw 
constitute a rather special case in the field 
of parasitic arrays. Nevertheless, they provide 
a valuable cross section of the general behavior 
of such arrays. The arrays consist of N equally 
spaced elements each of half-length h near 
7 0 /4. One element, numbered 0, is driven; 
all others are parasitic. Each parasitic antenna 
has a tuning reactance X m in series with 
its self-impedance, Z sm = R sm + jX sm , in 


Note that n is not n v =bp 0 - 
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the presence of the rest of the array. Since a 
change in X sm due to a small change in h is 
approximately equivalent to a change in X m 
with h and X sm fixed near h = A 0 /4, the 
analysis for antennas of fixed length h near 
2 0 /4 with variable tuning reactance X m may 
be applied to antennas with lengths that are 
variable within narrow limits of h near 
2 # /4. This is discussed in Sec. III.20. With 
either method of varying the total reactance 
of each parasite, the total impedance of the 
mth antenna is 

^mm Rmm 4" jX mm Z sm jX m 

= R sm +j(X sm + X m ). (14) 

The modified zeroth-order impedance of 
the nth parasite is 

%mm — 73 + jX, X = X mm = X sm + X m . 

(15) 

For the driven antenna, 

Z 00 = 73 + jX 00 . (16) 

In all cases except one, X 00 in (16) is assumed 
to be zero; in the one exception, X 00 = 42.5 
ohms. As pointed out in Sec. 11.28 in con¬ 
junction with Fig. 11.28. 1, the value of X 0 
for an infinitely thin antenna with fl 0 h = tt/2 
is arbitrary, since the reactance curve is a 
vertical line. For an extremely (but not 
infinitely) thin antenna, Z 0 = 73.13 + y'42.5 
for (l a h = tt/2. Since resonance (A" 0 = 0) 
occurs at a value of (l (t h only very slightly less 
than tt/2, and R 0 varies relatively slowly 
with flgh, it follows that at resonance Z 0 = 
R n == 73 ohms. Accordingly, the assumption 
X 00 = 42.5 ohms corresponds to a very thin 
driven antenna with pji — tt/2 and no series 
tuning reactance. On the other hand, = 0 
means either that fSJi = w/2 and a series 
reactance —42.5 ohms is connected in series 
with the driven antenna, or there is no tuning 
reactance and the antenna is shortened 
enough to make it resonant. 

The first case considered by Walkinshaw 
is the driven antenna with a single parasite 
already analyzed in the preceding Sec. 4. By 
comparing Walkinshaw’s zeroth-order sol¬ 
ution (A ->■ oo) with the approximate second- 
order solution (A = 10, 20) of Sec. 4, an 
estimate is obtained of its validity for the 
complicated arrays with more than one para¬ 
site for which second-order solutions have 
not been obtained. 

The power gain defined in (12) has been 
evaluated by Walkinshaw for the array with 


[VI.5] 

a single parasite using for self-impedance 
Z u = 73 + jX n , where X n = X al + X 1 is 
arbitrary, and for mutual-impedance values 
obtained from Fig. III.8.5 or Table III.8.1. 
The power-gain curves are shown in Fig. 5.1 
with b/).g as parameter and the total reactance 
of the parasitic radiator, namely, *u. as 
independent variable over a wide range. 
Also shown for b/2 0 = 0.1 and 0.2 are the 
corresponding curves over a more limited 
range for A = 10 and A = 20 as obtained 
from Sec. 4. It is seen that the principal 
effect of decreasing the ratio h/a in A = 
2 In (2 h/a) from oo to 20 or 10 with all else 
fixed is to shift the curves toward the left 
(more negative X n ). This indicates that the 
thicker antennas behave as if their reactances 
were more negative, even though the total 
reactance X n = X sl + X 1 is the same. An 
important reason for this is the variation with 
h/a of the mutual impedance. As a result, 
even with arbitrarily fixed, the relative 
phases and amplitudes of the currents in the 
two antennas are not quite the same for small 
as for large values of h/a. Since the correspond¬ 
ing currents can be made approximately the 
same in arrays that are identical except for 
h/a by adjusting X n or X 1 in X n = X sl + X lt 
it is clear that the field patterns computed 
for an infinitely thin antenna with *n 
assigned should be a moderately good approxi¬ 
mation for an antenna of finite thickness 
but with a value of augmented by a 
small positive reactance. 

The input resistance R m of the two-element 
array is shown in Fig. 5.2 for an infinitely 
thin antenna as computed by Walkinshaw, 
together with curves obtained from Fig. 
III. 11.2 for the appropriate values of *n = 
*« for antennas of finite thickness. A reactive 
shift similar to that described in conjunction 
with Fig. 5.1 is observed for the same reason. 

The field patterns defined by (13) are 
advantageously represented graphically in 
the two principal planes; (1) in the equatorial 
plane, © = tt/2, perpendicular to all antennas 
at their centers as a function of G>; (2) in the 
plane of the antennas with ® = v, 0 and © 
as variable. Such patterns for a single parasite 
with N = 2 and n = 1 are shown in Fig. 5.3. 
The curve for the O-plane is a continuous 
line; the curve for the ©-plane is drawn in 
broken line; *u and bj).g are the parameters. 
With each pattern is a small polar diagram 
to show the relative magnitudes and phases 
of currents. The scale in each diagram is 
arbitrary. 
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In addition to the array with a single 
parasite, Walkinshaw has investigated five 
other linear arrays using a modified zeroth- 
order theory. The five arrays in question are 
shown in Fig. 5.4. The quantities evaluated 
and plotted for each array are the power 
gain defined in (12), the input resistance of 
the driven unit in the presence of the array 
given by the real part of (2), and the field 
ratio defined in (13). In the curves for power 
gain and input resistance, the independent 
variable is the total reactance or reactances 
of the parasitic antennas. These, together with 
the resistances are indicated in Fig. 5.4. The 
following remarks may be made about the 
individual arrays. 

(a) One driven element, two equal parasites. 
The two parasites are assumed to have equal 
self-reactances, X u = X 22 = X, and to be 
spaced equally along the negative x-axis, 
so that N = 3, n = 2. The power gain of the 
array over a half-wave dipole is shown in 
Fig. 5.5 as a function of X and with i/A 0 as 
parameter. Fig. 5.6 shows the variation of the 
input resistance, R[ n , as a function of X with 
6/A 0 as parameter and the impedance of the 
driven antenna assumed to be Z 00 = 73 -1- /0. 
In Fig. 5.7 are rectangular graphs of the field 
patterns of the array in the principal planes. 
In continuous lines are shown the patterns 
in the horizontal or <I>-plane defined by 
0 = 7 t/ 2 with <I> as variable in degrees. In 
broken lines are the patterns in the vertical 
or 0-plane containing the antennas, that is, 
<[> = 7 t and <P = 0. The independent variable 
goes from 0° to 90° on the left half of each 
curve corresponding to the field in the 
quadrant plane bounded by <l> = 0 and the 
z-axis, and from 90° back to 0° on the right 
half corresponding to the field in the quadrant 
plane bounded by 4> = -n and the z-axis. 
The parameters for the field patterns are X 
and 6/A„. 

An Argand polar diagram of the relative 
magnitudes and phases of the currents in the 
several units is included with each pair of 
patterns. The scale in each diagram is arbitrary. 

( b) One driven element, three equal parasites. 
The essential data for this array (Fig. 5.46) 
are like those for the array with two parasites. 
The corresponding curves are shown in Figs. 
5.8, 5.9, and 5.10a, b. 

( c ) One driven element, four equal parasites. 
The four parasites (Fig. 5.4c) are identical 
and equally spaced along the negative x-axis, 
so that N = 5, n = 4. The power gain of the 
array as a function of the common reactances 


is shown in Fig. 5.11, and the input resistance 
of the driven element in Fig. 5.12. (Note that 
Zoo = 73 + y'42.5 in this case, instead of 
73 + j 0.) The field patterns and polar 
diagrams of the currents are shown in Fig. 
5.13. 

A study of the power-gain curves shows 
that there is little advantage in using more 
than two identical, equally spaced parasitic 
antennas adjusted to act as reflectors (X 
positive) with maximum field in the direction 
4> = 0 away from the parasites. Even with 
two parasitic reflectors, the current in the 
antenna farthest from the driven element is 
very small. The largest power gain over a 
single dipole supplied with the same power 
is near three. 

The situation is different and more com¬ 
plicated if the parasites are adjusted to act as 
directors to produce a maximum field in the 
direction 4> = n toward the parasites. It is seen 
from Figs. 5.1, 5.5, and 5.8 that for 6/A 0 = 0.1 
there is a power-gain maximum at ^ = —10 
with one parasite, at X = 12 with two para¬ 
sites, and at X = 20 with three parasites. It 
appears as though a particular maximum is 
moved from left to right in these figures as the 
number of directors is increased. There is a 
second maximum at X — —70 with two 
directors which appears to shift to the right to 
X = — 5 with three directors. Evidently, as the 
number of directors is increased new maxima 
appear to come from the left, reach a maximum 
as they move to the right, and decrease again. 
For maximum power gain a different maximum 
may be required for different numbers of 
parasites, rather than a particular one that 
moves to the right as n increases but eventually 
decreases in magnitude. For example, for 
n = 1, 6/A 0 = 0.1 is a suitable spacing; for 
n = 2, bfl-o = 0.2; but for n = 3, 6/A 0 = 0.15 
instead of a value for a maximum at 6/A 0 
greater than 0.2. 

A study of the input-resistance curves of 
Figs. 5.2, 5.6, 5.9, and 5.12 shows that for 
arrays with one, two, three, or four parasites 
adjusted for maximum power gain the input 
resistance invariably is very low. This is incon¬ 
venient if the array is to be matched to a trans¬ 
mission line. However, the input resistance can 
be increased without altering the field patterns 
if a folded dipole —which has about four times 
the self-resistance of a simple dipole—is used 
as the driven element. 

(d) One driven element with two unequal 
parasites. The array in Fig. 5 Ad includes two 
parasites equally spaced at 6/A 0 = 0.15 along 
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Fig. 5.11. Power gain of antenna with four equal 
parasites; Z x — 73 + y'42.5 (Walkinshaw). 
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Fig. 5.13. Field ratio of antenna with four equal 
parasites (Walkinshaw). 


Fig. 5.12. Resistance of antenna with four equal 
parasites; Z x — 73 4-y42.5 (Walkinshaw). 
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(a) LOOKING TOWARD PARASITES (*=Tf) 
*22 
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(b) LOOKING AWAY FROM PARASITES (I ■ 0) 

Fig. 5.14. Contours of equal power gain 
for antenna with unequal parasites 
(Walkinshaw). 
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Fig. 5.15. Contours of equal input 
resistance of antenna with two unequal 
parasites (Walkinshaw). 
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Fig. 5.16. Field ratio of antenna with two unequal parasites (Walkinshaw). 
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Fig. 5.17. Contours of equal power gain 
for antenna with director and reflector; 
direction <& = 0 toward director (Walkin- 
shaw). 
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Fig. 5.18. Contours of equal input resistance 
in ohms for antenna with director and 
reflector; direction $ = 0 toward director 
(Walkinshaw). 
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© Fig. 6.2. Polar diagram of 30-director Yagi-Uda array 

in plane of directors: director length, 0.408A„; director 
U spacing, 0.342„; reflector length, O.5A 0 ; reflector spacing, 

Fig. 6.1. Four-director Yagi-Uda arrays. exciter center-fed dipole cut for resonance 

° (Fishenden and Wiblin). 
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the negative x-axis but with reactances 
Xjj — 4" X 2 , N 22 = Y s2 4 Y 2 that are 

required to be equal. The difference may be due 
to different tuning reactances X l and X 2 with 
otherwise identical antennas, or to different 
values of X sl and X s2 as a result of adjustments 
in the lengths of the two parasites with 

X 1= x 2 = o. 

Contour maps of the power gain as a func¬ 
tion of the two reactances X ll and X 22 are 
shown in Figs. 5.14a (field in direction ® = n) 
and Fig. 5.146 (field in direction <I> = 0). The 
maximum possible power gain of about 4.5 
is seen to occur when the parasites are acting 
as directors (field maximum in direction ®=7r); 
when the parasites are acting as reflectors, a 
maximum power gain of 3.75 is possible with 
X 22 considerably more positive than * 11 . 

A contour map of the input resistance is 
shown in Fig. 5.15. Field patterns in the princi¬ 
pal planes are given in Fig. 5.16 together with 
polar diagrams of currents. 

(e) One driven element with one director and 
one reflector. The combination of a driven 
antenna with one parasite on each side as 
shown in Fig. 5.4e is of considerable import¬ 
ance in practice. The array investigated has 
6/2 0 =0.15 for both parasites, but permits 
*11 and X 22 to be different. 

The power gain in the direction (<1> = 0) 
toward the director (parasite No. 1) is repre¬ 
sented in the contour map of Fig. 5.17. (As a 
result of symmetry, the power gain in the 
direction 4> = n is obtained by interchanging 
*11 and ^22') The maximum possible power 
gain occurs with X u — 7, X 22 — 35, so that if 
the variation in *11 is obtained by changing 
the length of the parasite rather than by tuning 
it at the center, unit No. 1 is longer than the 
self-resonant length. This adjustment, while 
giving the maximum power gain in the direc¬ 
tion 0 = 0, permits an appreciable field in the 
opposite direction O = n. This can be reduced 
by decreasing * 11 , but this involves a decrease 
in power gain. 

The input resistance is shown in the contour 
diagram of Fig. 5.18. It is seen that with the 
adjustment for maximum power gain in the 
direction 0 = 0, /?j n is so low that it may be 
impractical for matching even if a folded 
dipole is used as driven element. 

The field patterns of the array with one 
director and one reflector are shown in Fig. 5.19 
together with the polar diagrams of the currents 
in the director (No. 1) and the reflector (No. 2). 

The analysis of multielement parasitic arrays 
in this section is limited by the fact that all 


elements are equally spaced. In practice, it is 
often advantageous to space directors 
differently from reflectors. 

6. Yagi-Uda Arrays—Experimental Investiga¬ 
tion 

Typical Yagi-Uda arrays 61 ' 62 ’ 63 consist of a 
single driven antenna with one parasitic 
reflector and from 4 to 42 parasitic directors. 
A four-director Yagi-Uda array is shown in 
Fig. 6.1. The arrays discussed in Sec. 5 are 
elementary forms of the Yagi-Uda array. 

The theoretical problem of designing an 
(N — 2)-director array (N is the total number 
of antennas) for maximum directivity and 
minimum side lobes is intricate even for 
N — 2 as small as four and using a modified 
zeroth-order solution. This is due to the large 
number of variables and the complexity of 
their interdependence through the formulas 
for mutual impedance. (The self-impedances 
are constant and equal in the modified zeroth- 
order approximation.) Therefore, with N — 2 
large, it is necessary to have recourse to system¬ 
atic experimental studies of the behavior of 
Yagi-Uda arrays as a function of adjustments 
of the several variables in order to discover the 
conditions for optimum directivity, small side 
lobes, and satisfactory input impedance. 
Since for a given array the number of variables 
is no smaller for the experimentalist than for 
the theoretical investigator, it is often con¬ 
venient to make all directors identical and 
equally spaced and thereby to sacrifice some 
improvement in directivity obtainable by 
individually adjusting each length and spacing. 
With this simplification it is found that a 
desirable distance between directors is about 
A 0 /3, with each director considerably shorter 
than 2 0 /2. The optimum length for identical 
directors with 3 spacing decreases with an 
increase in their number and also with a de¬ 
creasing ratio of length to diameter. Values 
obtained by Fishenden and Wiblin 15 for 
identical directors of diameter 0.006A 0 and 
with Q = 2 In 2hja =11.4 are in Table 6.1. 
These are designed to give first side-lobe 
amplitudes of not over 30 percent of the main 
lobe. Approximate correction for different 
dimensions is obtained by increasing the 
director length 2 percent for each 50-percent 
decrease in the diameter. 

The single reflector normally is 2 in 
length and spaced at A 0 /4 from the driven 
antenna. However, this spacing is not critical 
in its effect on the field characteristics of the 
array and may be reduced to A 0 /8 with little 
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Table 6.1. Variation of optimum director length 
with number of directors. 


Number of directors 

Director length 

Wo) 

5 

0.434 

7 

.423 


.42 

13 

.414 

20 

.407 

30 

.40 

42 

.385 


Table 6.3. Directivity and beam width of a Yagi- 
Uda array with one reflector. 


Number of 
directors 

Beam 

width (deg) 

Relative 

directivity 

Gain per 
element 

4 

46 

8 

1.33 

9 

37 

13 

1.18 

13 

31 

15 

1.0 


26 

21 

0.95 

30 

22 

— 

— 


effect except on the input impedance, which 
decreases as indicated in Table 6.2 as deter¬ 
mined by Fishenden and Wiblin 15 for a 
typical array. 


Table 6.2. Input resistance of 13-director 
Yagi-Uda array; reflector length, 0.5A 0 ; 
director spacing, 0.34Ao- 


Reflector 

Spacing 

(Ao) 

R in (ohms) 

Director 
length 0.4067„ 

Director 
length 0.42A 0 

0.25 

62 

50 

.18 

50 

43 

.15 

32 

27 

.13 

22 

— 

.10 

12 

— 


Since the input resistance of the Yagi array 
is quite low for convenient matching to a 
balanced transmission-line, it is often 
advantageous to use a folded dipole, as 
explained in Sec. 5. 

Typical field patterns of Yagi arrays as 
obtained by Fishenden and Wiblin are shown 
in Figs. 6.2, 6.3, and 6.4. These are in the 
0-plane (that is, the plane of the antennas). 
Field patterns in the O-plane (equatorial 
plane perpendicular to the antennas) differ 
negligibly from those in the 0-plane except in 
the details of the minor-lobe structure. The 
beam width is defined as the full width of the 
principal ear at one-half (not 0.707) the field 
strength of the maximum (—6 db). Its depen¬ 
dence on the number of directors is shown in 
Table 6.3, where the relative directivity D r 
(power gain over A 0 /2 dipole) is also given. 

Experimental data on Yagi-Uda arrays of 
slightly different construction have been 
obtained by Alfred. 1 His array had eight 
directors and a cylindrical semicircular sheet 
reflector 0.9 A„ long and of radius 0.38 A 0 


centered at the driven antenna. The directors 
were 0.40A # in length and were spaced at 
0.368/ 0 except the first one, which was 0.28A 0 
from the driver. The change in the spacing of 
this last was found desirable when the sheet 
reflector was substituted for a conventional 
rod reflector. Field patterns of this array in 
the plane of polarization and perpendicular 
to this are in Fig. 6.5. The indicated beam 
widths are between points of one-half the 
maximum field. 

Additional directivity is obtained by using 
two or more Yagi-Uda arrays side by side with 
the individual antennas either coplanar and 
collinear as in Fig. 6.6a or in parallel planes 
as in Fig. 6.6 b. The increase in directivity as 
obtained by Fishenden and Wiblin is shown in 
Fig. 6.4 for a pair of four-director arrays 
arranged as in Fig. 6.6a and separated by a 
distance of 1.3A 0 between parallel lines of 
centers. Data for a similar pair of 13-director 
arrays are given in Table 6.4. The beam width 
decreases and the side lobes increase with 
increasing separation of the arrays. 

With two arrays of the type used to obtain 
Fig. 6.5, the beam width as obtained by Alfred 
is 30° instead of 39° for one array alone. For 
three arrays the beam width was 18°. In obtain¬ 
ing these data the arrays were coplanar with 
separation 0.9A 0 . This was regarded as the 
best compromise between beam width and 
side radiation. 

7. Broadside Array with Parasitic Curtain 

Since the unilateral end-fire array has a 
rather broad field pattern of relatively low 
directivity even for a large number of units, it 
is not particularly well suited to sharply 
unidirectional arrays. As pointed out in Sec. 3 
in conjunction with (3.57), a much more highly 
directive array of arrays consists of two broad¬ 
side arrays, one behind the other, so phased 
that each pair of antennas in depth is a two- 
element, unilateral end-fire array. The principal 







648 THEORY OF LINEAR ANTENNAS [VI.7] 

Table 6.4. Array of two coplanar 13-director Yagi-Uda arrays. 


Spacing of 
arrays 

U„) 

Director 

length 

(A 0 ) 

Beam width 
(deg) 

Intensity ratio (percent of main lobe) 

First side lobe 

Second side lobe 

Back lobe 

2.7 

0.41 

14 

28 

25 

— 

2.5 

.42 

13.5 

38 

19 

30 


.43 

13.5 

40 

40 

19 

2.2 

.41 

16 

30 

18 

13 

2.0 

.41 

17.5 

27 

23 

11 


difficulty with this combination A^-element- 
broadside, N E — 2-element-end-fire array of 
arrays is the complicated feeding network. 

As shown in Sec. 4, an array consisting of a 
single driven antenna with a properly spaced 
and tuned parasitic element acting as reflector 
may have a field that is practically as uni¬ 
directional as a two-element end-fire array. It 
follows that an A^-element broadside array 
with a parallel row of parasitic reflectors that 
are properly spaced and tuned should compare 
favorably in directivity with the broadside-end- 
fire combination. The analysis of an N- 
element array of this type is extremely com¬ 
plicated in general. A satisfactory approximate 
solution is possible only if all elements have 
electrical half-lengths fi 0 h near »/2, when a 
modified zeroth-order solution is available that 
is reasonably accurate for sufficiently thin 
antennas. The typical and relatively simple 
case of two driven antennas in broadside with 
two parasites has been studied in detail by 
Walkinshaw. 57 The arrangement of the four 
elements is shown in Fig. 7.1. Note that the 
two driven units are numbered 0 and 2, the 
parasites 1 and 3. In the four-element array 
(unlike arrays with a larger number of units) 
the pairs 0,1 and 2,3 may be made identical in 
order to have equal currents, respectively, in 
the driven elements and in the parasites. 

The general circuit equations are 

V 0 = /flZoo + A-Zoi ! I>Yq 2 + ^3^03> 

0 = 7 0 Z 10 + 7jZ n + 7 2 Z 12 + I 3 Zj 3 , ^ 
V 2 = 7 0 Z 20 + I 1 Z 21 + / 2 Z 22 + 7 3 Z 23 , 

0 = 7 0 Z 30 + 7jZ 31 + 7 2 Z 32 -f- 7 3 Z 33 , 


where the currents are defined at the centers of 
each unit at z = 0. It follows from the 
reciprocal theorem that 


z a = z a> Uj = 0 , 1 , 2 , 3 . 


If the two driven units with their tuning 
impedances are made identical, and the two 
parasites likewise, it follows that 

Z 22 =Z 0 o, Z 33 =Z 11 , Z 03 =Z 21 . (3) 

Hence, for equal driving voltages, symmetry 

requires the currents to be equal in pairs: 

F 2 =K 0 , 7 2 =7 0 , 7 3 =7j. (4) 

With (2)-(4), the four equations in (1) reduce 
to the following two: 

^o = 4(2 00 +2 02 ) + 7 i(Z 01 +Z 03 ), 

0 = 7„(Z 01 -1-Z 03 ) + 7j(Z u -f Z 13 ). 

If it is assumed, further, that the parasitic 
antennas are geometrically identical with the 
driven antennas, it follows that 

Z 13 = Z 02 . (6) 

For antennas of electrical half-length [igh near 
jt/ 2, (6) is approximately correct even if the 
two units are not identical. 

Let it be assumed that the self-impedances 
of the driven units and of the parasites are 
given by 

Z 22 =Z 00 =73 + jO, Z 33 =Z 11 =73 + jX n , (7) 

where *n = -X n + Yj is variable. The 
zeroth-order mutual impedances are given by 
Fig. III.8.5 or Table III. 8.1. Since the broad¬ 
side spacing b is A 0 /2, 

Z 13 = Z 02 = -12.5 -;29.9; (8) 

Z 0 i and Z 03 vary with the depth spacing d. 

The currents in the antennas are obtained 
by solving (5). They are 
h= I o 

_ _ Vp(Z ii + z 02 ) _ 

(Z 00 + Zo 2 )(Zn + Z 02 ) — (Z 01 + Z 03 ) 2 , 


h = h 


■ V 0 (Z al + Z 03 ) 


(Z 00 + Z 02 ) (Zj! + Z 02 ) — (Z 01 


(9a) 


Z 03 ) 2 . 


m 


( 2 ) 
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The far-zone electric field of the array is 
given by 

Vr 0«' iw # a 

^0 — " 2 ^ ^ Po") 

<&*), 

where for fi^t = n/ 2 , 

COS Qn COS 0) 


F 0 (&, in) = 


sin 0 


( 10 ) 

(ID 


For the two-element broadside array, (3.46) 
gives 


Ajp, ®; 2 , h 0 ) 


sin ( n sin 0 cos O fi ) 
sin (in sin 0 cos 0 5 ) 


= 2 cos (in sin 0 cos ® B ) 

= 2 cos On sin 0 sin ®), ( 12 ) 

where 

<D s <D £ = 4^ - Jtt. (13) 


The array factor for a driven antenna with 
parasite is (4.2) except that the positions of 
parasite and driven unit are interchanged. 
This is equivalent to increasing 0 by n, so 
that with <I> = <5> E , 

A P (Q, <I>) = 1 + ke-M-W 8in 0 “ 8 ®), (14) 
where 


ke i 6 — lx/1 0 — —(Z 01 +Z 03 )/(Z 11 +Z 02 ). 

(15) 

The total power supplied to the array is 
twice the power supplied to each driven 
antenna. That is, 

Pt = tfPin, (16) 


supplied with the power Pi is ( 10 ) with the 
^-factors replaced by unity. 

The power gain in the direction of its maxi¬ 
mum, that is, the relative directivity D r , and 
the gain in the opposite direction, are defined 
as follows: 


Power gain = 


(EL)l 


0' array 


( £ e)l unit 

£ 4 - 0 ) 


0 = ^,4» = 



= IT 5 | 1 + te-) (, TW|l (19) 

*nn 


The power gain is shown in Fig. 7.2 as calcul¬ 
ated by Walkinshaw as a function of the total 
reactance *33 = *11 = *,1 + X x of the para¬ 
sites with 6 /A 0 as parameter. Note that the 
direction of maximum power gain for the 
array is away from the parasite, 4> = n, with a 
magnitude near 6 . 

The modified zeroth-order input resistance 
of the array due to Walkinshaw is shown in 
Fig. 7.3. 

The ratio of the field of the array to the 
field in the equatorial plane of a single antenna 
radiating the same power is 


Field ratio = 


(E r @ ), 


array 


(Eg = i")l unit 



X F 0 ( 0, (0.®; 2, i o )A P (0, ®) 


/ R 0 

COS (in COS 0) 

J2R in 

sin 0 


x 2 cos (\n sin 0 sin 4>) 


where 7? ln is the input resistance of each driven 
antenna when it is a part of the array. R ia is the 
real part of the input impedance, 


Z in 


2j> _ 7 , 7 _ (Zqi + Z 03 ) 2 

/„ 00 + (Z n + Z 02 ) • 

(17) 


The solution of (15) for I 0 and substitution in 
( 10 ) (with phase referred to current so that the 
complex current /„ is replaced by the real 
value /„) gives Eg in terms of the power 
supplied to the array. 

The power to a single dipole is 

Pi = |/o 2 «o- 08) 


where R 0 is the input resistance of an isolated 
dipole. The field of the single dipole when 


x 


1 - 


Zqi Zq 3 8 j n g c09 (j, 

Zu+Z 02 


( 20 ) 


Walkinshaw’s curves for the field ratio or 
normalized field are shown in Fig. 7.4. 

In so far as the available data are con¬ 
clusive, the relative directivity or maximum 
power gain of the array is in the direction 
away from the parasites with 6 /A 0 = 0.1 and 
*» == 33 ohms. Its magnitude is slightly under 
6 , which is greater than for a four-element 
broadside array or end-fire array. The input 
resistance is about 25 ohms. Although closer 
spacing than 0 . 1 A 0 may be expected to improve 
the gain slightly, the input resistance probably 
is too low for convenient matching. The 
maximum front-to-back ratio with 6 /A 0 = 0.1 
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( 0 ) 

DRIVEN ELEMENT /gv 
?oo = 73 + j° 

$ = $ e " -*— 

(2) 

DRIVEN ELEMENT /gv 


= f + -f - = ir 


T 

b=X 0 /2 

1 


t,'*. 


d 



= O 


(I ) 

^ PARASITE 

V*3*jX„ 


- 

(3) 

_ PARASITE 
* 2 S1 = Z „ 


Fig. 7.1. Two-element broadside array with 
reflecting curtain. 




Fig. 7.3. Input resistance of two-element broad¬ 
side array (Walkinshaw). 


b/\ 0 * O.l 0.15 0.2 



Fig. 7.4. Field ratio of two-element broadside 
array with reflecting curtain (Walkinshaw). 


(c) 

Fig. 7.2. Power gain of two-element broadside 
array with reflecting curtain (Walkinshaw). 
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is with X n = 43 ohms. It is seen from Fig. 
7.4 that with this value of X u the field is very 
small in all directions except near $ = tt, the 
direction of maximum. Moreover, this maxi¬ 
mum differs but little from the optimum 
forward field with X lr = 33 ohms, and the 
input resistance is higher—near 32 ohms. 

It may be concluded that the four-element 
combination broadside array with parasitic 
curtain is a highly directive unilateral array. 
The same general conclusion evidently must 
apply to an Nj 2-element broadside array with 
an iV/2-element parasitic array, but the tuning 
reactances X m in X mm = X sm + X m cannot 
all be the same in the parasites if equal 
currents are desired, since their relative 
positions and mutual impedances differ. 

The analysis of other directional arrays 
with parasitic elements may be carried out 
in a similar manner. Significant types include 
a driven antenna with a parasitic array in the 
form of a plane, a parabolic cylinder, or a 
corner reflector as shown in Fig. III.20.1. 

NONUNIFORM PARALLEL ARRAYS 
8 . Complex Array Polynomials 

The most general array to which the 
diffraction formula derived in Sec. 1 may be 
applied is the uniform array consisting of N 
identical, equispaced, parallel elements with 
currents that are equal in magnitude and that 
vary progressively and uniformly in phase 
from each unit to the adjacent one in a 
specified direction. Although numerous arrays 
with a great variety of possible field patterns 
may be constructed that satisfy these con¬ 
ditions, they are all limited by the important 
condition that while the main beam width 
may be reduced indefinitely by increasing the 
number N of the units, the relative magnitudes 
of the side lobes cannot be diminished below 
definite fractions of the principal lobe. While 
a main lobe with small beam width usually 
is of major concern in the design of an array, 
the reduction in the relative sizes of the minor 
lobes often is no less important. Indeed, some 
sacrifice in beam width is at times to be 
preferred to relatively large side lobes. 

It is possible to reduce the side lobes 
below the minimum level possible in a uniform 
array by introducing the magnitudes and 
phases of the currents as additional variables 
and assigning appropriate values. Since the 
analysis of Sec. 3 is general for parallel, 
identical, equispaced elements until the 
restrictive conditions (3.34) characteristic of 


uniform arrays are imposed, the study of 
nonuniform arrays may begin with the 
formulas (3.30) and (3.32) for the array 
factors. For convenience, let the representation 
of the elements of the nonuniform array 
be referred to the representation of a uniform 
array in which there is a progressive phase 
delay 6 between successive elements from left 
to right. That is, the uniform arrays are 
represented as follows: 

^*(0, <D) = A(z) = 1 + | (z m + z~ m ), 

m — 1 

for N = N v = 2n + 1, (la) 


AfQ, ®) = A(z) = \ \z*' 2 + z-‘ 72 ) 

i = l,3,5, 

_ ^ (z m ~l + Z _m+ I), 
m = 1 

N = N v = 2 n, (1 b) 

where 

Z = ei't, xfi ss fifb sin 0 cos <£ — <5. (lc) 

In the notation of (1.24) and with 0 = w/,2, 

V = 2 x = 2 tt(« j) cos <I> — tf), (1 d) 

rip = jS 0 6/2iT = 6/2 0 , t p = <5/2tt. (lc) 

The symbols n and n v are not related. 

The normalized array factor is defined by 

a(z) = A{z)IA{z = 1) = A(z)jN. (2) 

By factoring out z~ n in (la) and z~ n+ l in (16) 
it follows that: 

N-i 

A(z) = z~ n 2 

m = 0 

= z— n (l + z + z 2 -\ -b z*- 1 ), 

N = 2n + 1, odd, (3a) 

N -1 

A(z) = 2 z ”* 

m =0 

= z~"+Hl + z + z 2 + ■ • ■ + z N ~ 1 ), 
N = 2 n, even. (3b) 


Since z = always has an imaginary 
exponent, z = | z | — 1. Hence, 


A(z)= | A(z) | = 


N -1 

2 z m 

m = 0 


= |l+z + z 2 + -- - + z^- 1 1 , 

N even or odd. (4) 
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By introducing the following amplitude and 
relative phase factors, 

C m = k c m *-M.-n>, C; = 

N=2n+ l, (5a) 


C, = kte-Mi-iW, C\ = k-e-m+WV 

N = 2 n, (5b) 

in the general formulas (3.30) and (3.32) 
together with ( 2 ), the following formulas are 
obtained for the nonuniform array: 


A P (Q, <5) = A(z) = 1 + f(C m z m + C;r m ), 

in— 1 

N=2n + \, odd, ( 6 a) 

A p (Q, ®) = A(z) =2(0^ + C'iZ-^) 

/"* 1 . 3.5 

= 2(C m z"*- l '* + c;z-”>w*), 

m — l 

N = 2n, even. ( 66 ) 


By factoring out C’ n z~ n and C' n z n +l in ( 6 a). 
and ( 66 ), the following expression is obtained: 


N-l 

A(z) = | A(z)\ = 2 c m z ' n I = I c n + c,z 

m = 0 

+ c 2 z 2 +-1- Cy_ 2 z*- 2 + z*- 1 1. (7) 


where the c’s in (7) are new complex amplitude 
factors defined in terms of the C’s in ( 6 ). 
Their magnitudes give the relative amplitudes 
of the currents in the several units referred to 
the current in the TVth element at the extreme 
right along the positive x-axis; their phase 
angles give the phase deviations from a 
progressive phase delay 6 . The form (7) is that 
derived by Schelkunoff . 44 It is seen to reduce 
to the form (4) for the uniform array when all 
c’s are equal to one, i.e. when all currents 
have equal magnitudes and zero deviations 
from the progressive phase delay. Since the 
c’s are arbitrary, some may be zero. This 
means that particular elements with zero 
currents are missing. In this case N is not the 
actual number of elements but is called the 
apparent number. For the same reason 6 
is called the apparent distance between 
elements, including those that are missing. 

The significant contribution of Schelkunoff 
is the identification of the array factor of 
every linear array of identical parallel elements 
with commensurable separations with a poly¬ 
nomial of the form (7) and, conversely, the 
interpretation of every polynomial as the array 
factor of a possible linear array. The impor¬ 
tant bearing of this discovery on the beam 


width and on the reduction in the relative 
size of minor lobes follows directly. Since 
A(z) is the determining factor in the relative 
sizes of lobes in the equatorial plane (0 = w/ 2 ), 
it is clear that if the array factor is squared or 
raised to still higher powers m, not only is 
the beam width of the main lobe reduced but 
the relative magnitudes of all minor lobes 
are decreased simultaneously. If the number 
of antennas in a given uniform array is N, 
the number N m required for an array with 
array factor given by that of the uniform 
array raised to the mth power is 

N m = m(N — 1) + 1. (8) 

Since the directivity of a uniform array in¬ 
creases with the number of antennas, it is 
not particularly noteworthy that the direc¬ 
tivity of a derived nonuniform array of N m 
antennas exceeds that of a uniform array of 
N < N m antennas. What is significant is the 
fact that the level of the minor lobes can be 
decreased indefinitely by increasing N m 
in the nonuniform array, whereas this level 
reaches an asymptotic minimum for the 
uniform array as N is increased without limit. 

9. Binomial End-Fire Arrays 

The ultimate reduction in the level of minor 
lobes is to have none at all. Directive parallel, 
arrays with no minor lobes may be constructed 
by beginning with the simple two-element end- 
fire array for which the normalized array 
factor in the equatorial plane (0 = rr/2) 
is shown in Figs. 3.4 and 3.5 with N — 2 and 
n v = £. This so-called “unidirectional” coup¬ 
let consists of two antennas separated by a 
quarter wavelength and driven in phase quad¬ 
rature. That is, P 0 b = 7 t/ 2 , 6 = tt/ 2. Since the 
magnitude of the array factor of this - couplet 
decreases continuously from its maximum 
with <3> = 0 , it is obvious that no minor 
lobes can be introduced by raising the array 
factor to an arbitrary power m. However, the 
resulting array factor applies to a new and 
nonuniform array with more than two 
antennas and with a sharper beam. 

In the notation of Sec. 3, the normalized 
array factor in the equatorial plane (0 = -nj 2 ) 
of the two-element uniform end-fire array is 
given by a = sin Nx/N sin x with x = y>/2 
given by (1.24) with n v = t v = 1/4. Thus, 

a(\TT, = cos [Jtt (1 - cos ®)]. 

(l«) 

In the form (8.7) with added subscript N, 

a 2 (z) = A 2 (z)/2 = i| 1 + z |. (16) 
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This factor is shown graphically in Figs. 3.4 
and 3.5; it is reproduced in Fig. 9.1. 

If (la) and (16) are raised to the mth power 
the results are 


aj%) = [a 2 (z)] m = cos m [Jtt( 1 - cos <!>)], 


ajz) = [a 2 (z)] m = i | 1 + * |» = L 

W ' 1 H> 


w = 2 m , (2a) 

1 + mz 


m(m — 1) „ m(m — l)(m — 2) 


2 ! 


3! 


(m — r)!r! 


, (26) 


where w — 2 m is the number of equal current 
elements in the N m antennas. Specifically, 

m = 2, N m = 3: 

a 4 (z) = [a 2 (z)] 2 = cos 2 [|tt( 1 — cos O)] 

(3a) 

= 11 1 + 2z + z 2 | (36) 


The polynomial in (36) and the equivalent 
trigonometric expression in (3a) are the 
normalized array factor of a nonuniform 
three-antenna array with four identical current 
elements. It is like a uniform three-element 
end-fire array except that the central antenna 
has twice the current. The normalized array 
factor defined by (3a, 6) is plotted in Fig. 
9.1. It is seen that the beam width is decreased 
compared with the two-element array. 

Higher powers of m give, for example, 

m = 4, N m = 5: 

a 16 (z) = | a 2 (z) | 4 = cos 4 J^(l - cos <P)j 

(4a) 

r v | 1 + 4Z + 6z 2 
+ 4Z 3 + z 4 |, (46) 

cos 8 (1 — cos *)] 
(5a) 

= trie I 1 + 2 I 8 = I 1 + 8z + 28z 2 
+ 56z 3 + 70z 4 + 56z 5 + 28z 6 

+ 8z 7 + z 8 1. (56) 

The array factors are shown in Fig. 9.1. It is 
seen that by increasing the number of units 
and adjusting the current amplitudes according 
to the coefficients of the individual terms in 


m = 8, N m = 9: 

a 256( Z ) = I a i( Z ) | * 


the polynomials the beam width may be 
reduced indefinitely without introducing any 
minor lobes. However, from the practical 
point of view a really narrow beam width 
is difficult to achieve since the number of 
antennas required is very great and since the 
large range of current amplitudes with a 
progressive phase difference 6 = p 0 b is incon¬ 
venient in practice. Since the relative ampli¬ 
tudes of the currents represented by the co¬ 
efficients in the general formula (26) are those 
of the binomial expansion, nonuniform arrays 
represented by (26) are called binomial 
end-fire arrays.* 

10. Directive End-Fire Arrays with Assigned 
Nulls 

It is possible to construct nonuniform end- 
fire arrays that both are more directive than 
the same arrays with binomial distributions 
of current and have a level of minor lobes well 
below that of the same arrays with uniform 
currents. The principle for modifying the 
magnitudes and phases of the currents in a 
given A'-antenna uniform end-fire array in 
order to reduce both the beam width and the 
level of minor lobes is due to Schelkunoff . 44 
It consists essentially in modifying the currents 
in such a manner that all of the theoretically 
available zeros of the normalized array factor, 

a(%ir, ®; N, n v , t P ) = > 0 «) 

where 

x = y >/2 = n(n„ cos ® - /„), 

n v = 6 /A 0 , t v = d/ 2 n (16) 

are within the range of the physically sig¬ 
nificant angle-variable ®. As <I> increases from 
zero to it, x varies from -n(n v — t v ) to 
— 7 r(// p + t p ). The attainable range of >/> is 

0 go g 7 T'. 

2 n(n P - t v ) S y> S — 2 tt(h p + t v ). ( 2 a) 

For the uniform end-fire array, t P = n P ~ n E 
so that 

t E = n E : 0 g ® g7r, 

0 Si tp > —477/J e 35 — y, (26) 

where y> is the magnitude of the extreme range 
of v>. Thus, if n E = 1/2, as in the bilateral 
end-fire array, the entire range of y from 0 


* The binomial distribution was introduced first 
by John Stone Stone, U.S. Pat. Nos. 1,643,323 and 
1,715,433. 
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to —2 -n is attainable when ® varies over its 
full range. (Note that the range of <I> from it 
to 2 it duplicates the range from it to 0 since 
the array factors of all parallel arrays are 
symmetric with respect to the plane of the 
array.) If n E is less than 1/2, the range of y 
that is attainable by varying <t> is less than 2 n. 
In particular, with n E = 1 /4, as for the uni¬ 
lateral end-fire array, y is limited to the range 
from 0 to —tt; with n K = 1/8, y can vary from 
0 to — n/2. Evidently, the number of nulls 
available by varying <I> over its entire range 
with n E < 1/4, y < 2ir, is always less than the 
theoretical number, N — 1, in the range of x 
from zero to —n or y from 0 to — 2n. This 
is clear from Fig. 3.5 in which the total number 
of nulls in the range 0 g <I> SS 2n is 2(N — 1) 
for n E = 1/2 but only one half this number 
for n E = 1 /4. 

SchelkunofT’s method of adjusting the N 
currents in such a way that all of the theoretic¬ 
ally available nulls of the array factor are 
within the range of | 1> follows directly from a 
consideration of the normalized array factor 
in polynomial form. In general this is (8.7), 
namely, 


a(z) = 


A(z) 
A(z = 1) 



+ c x z 


+ c 2 z 2 + ••• + c jr _ 1 z*-i|, 

z = eiv, (3) 


where y is defined in (16). For the uniform 
array c 0 = c x = c 2 = • ■ • =c w _ l = 1. Let the 
N — 1 zeros of the equation 

a(z) = 0, (4a) 


where a(z) is given by (2), be denoted by 
z x , z 2 ,..., z. p ,.. .,z y _ 1 In terms of these 
zeros (3) may be expressed as follows: 


a(z) = 


A(z) 

A{z = 1) 


(z-Z!)(z-z 2 ) • • • (z-z„) • • • (z-z A ,_ 1 ) 
(l-z 1 )(l-z 2 )---(l-z J ,)---(l-z. v _ 1 ) ' 

(46) 


For the uniform array the roots may be 
evaluated directly by summing the geometric 
series given by (3) with all c’s replaced by 
unity. Thus, 


a(z) 


1 

N 


1 + z + z 2 + • ■ • + z"- 1 


N 


z v - 1 
z - 1 


(5) 


The N — 1 zeros are given by 

z s - 1 = 0, z * 1. (6) 

The principal maximum is given by 

z=L (7) 


Note that (6) corresponds to sin Nx = 0, 
sin x ¥= 0, and (7) to sin x = 0 as given and 
evaluated in Sec. 1. The roots of (5) are 


z = Z v = e'v’p, y p = — 2np/N , 

p= 1,2,3, 1. (8) 

With (16) it follows from (7) that, 
ai^TT, <t >; N, n E , t E ) = 0 when 


cos d> = cos <t> p 


S 

Jb 


2irp 

N^b 


= (>e - plN)ln E = 1 - p/Nn E . (9) 

This corresponds to (3.45) for the range 
OitS —tt or 0 ^ y S —2 tt, that is, 

y> — 2tt , 

The location of the zeros of the array factor 
a(z) may be shown graphically by noting that 
z = ew is a complex number that may be 
represented as a pointer drawn from the 
origin of the real and imaginary axes in the 
complex plane in a direction that makes an 
angle y with the positive real axis. This is 
shown in Fig. 10.1 for N = 6, n E = 1/2. 
Note that since Z = has a magnitude of 
unity, the end of the pointer traces the unit 
circle as y rotates from 0 to 2ir in a clockwise 
direction. The principal maximum is indicated 
by the large dot at z = 1. The zeros defined 
by (8) are uniformly spaced around the entire 
circle; they are denoted by small circles in 
Fig. 10.1. It is shown in Sec. 1 that minor 
maxima are nearly halfway between the zeros. 
They are shown in Fig. 10.1 by smaller dots. 
The uniformity of spacing of the nulls around 
the unit circle is with respect to and not 
with respect to ®. Unit circles for uniform 
and nonuniform end-fire arrays are shown in 
Figs. 10.2-10.5 with nulls and principal 
maxima indicated. 

Schelkunoff’s method of decreasing the 
beam width and the relative amplitudes of 
minor lobes is ingenious. It involves shifting 
the theoretical nulls of the array factor of the 
uniform array in such a way that they are 
uniformly spaced in that part of the unit circle 
that is within the range of 4>, j y | ^ y instead 
of around the entire unit circle. Thus, for 
n E = 1/4, N — 1 nulls must be spaced 
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uniformly in the lower semicircle since 
y> — -n. For n E = 1/8, the N — 1 nulls must 
be in the fourth quadrant of the unit circle 
since Ip = jt / 2 . 

The normalized array factor corresponding 
to N — 1 roots distributed uniformly in a 
restricted range of | y> | SS y> is constructed 
readily. Instead of the roots defined in (6) 
the following values must apply: 

n E = J: z = z p — = —7 rpl(N - 1), 

p= 1,2,3, ■■■,N~ 1, (10a) 

n e = z — z p = eNp, y> P = -npjKN - 1), 


In order to determine the relative amplitudes 
and phases of the currents in the antennas of 
the array with the desired array factor 
(11 a, 6, d), it is necessary to determine the 
coefficients of the successive powers of z 
in the geometric progression (3). Since only 
relative currents are involved it is sufficient 
to transform the numerator of (11a) into a 
geometric series like (3). This is an algebraic 
transformation involving the relations be¬ 
tween coefficients and roots. It was carried 
out by Schelkunoff who obtained the equiva¬ 
lent of the following ratios for the magnitudes 
of the currents: 


p= 1,2,3, -,Af- 1. (106) 

The corresponding expressions for the normal¬ 
ized array factors are obtained by substituting 
the values of z = z x , z 2 , ■ • •, z N _ t defined 
in (10a) or (106) in 


a(z) = 


A(z) 

A(z = 1) 


(2 - 2 X )(2 - Zjj) • • • (2 - Z„) 
_ ■••(Z-Zjv-l) 

(1 - 2 X X1 — Z 2 ) • • (1 — *,) 

• • • (1 - *»_l) 


(11a) 


This may be expressed in trigonometric form 
by noting that 

z - Zy |/| 1 - 2! | = | e™ - ein |/| 1 - eM | 


so that 


= sin - v>i)/sin 


a(z) = 

sin \(y - Vi) sin £(y - Wi) ’ ' sin Kv - V») 

_ • • • sin j(y - ^,0 _ 

sin ivj sin •' sin • • • sin 

( 116 ) 

If the nulls are uniformly spaced with respect 
to tf in the range jvl ^ y>, (116) may be 
expressed conveniently in terms of x = tp /2 
with 

= v-i/2 = -y!2(N - 1). (11c) 

Thus, 
a(z) = 

sin (jc — jty) sin (x — 2 xj) sin (x — 3x x ) • • • 
sin (jc — [TV — 1] xy) 
sin x x sin 2x x sin 3x t • • • sin {N — l)x x 

(11<0 


1 sin (N — l)xi[ sin (N — ljx., sin (N — 2)x x 
sin x x ' sin x x sin 2 x x 

sin (N — l)x x sin (N — 2)x x sin ( N — 3)x x 
sin x x sin 2 x x sin 3xj 

:• • ■ : 1. (12a) 

The phases of the currents vary progressively 
by an angle 6 ' differing from the angle 6 = 2 irt 
of the uniform array. The phase delay from 
unit to adjacent unit is 

S' = 6 + n + Nx v (126) 


In order to illustrate the construction of 
nonuniform end-fire arrays the following 
examples selected by Schelkunoff are con¬ 
venient. 

Three-antenna end-fire array: N = 3; n E = 
t t = 1/4. The normalized array factor of the 
uniform array is 


a(z) = || 1 + z + 2 2 1 = 


sin 3y/2 
3 sin y/2 ’ 


W — -j (cos ® — 1), y = 4 nn E = tt. (13) 


A graph of this function is shown in curve A 
of Fig. 10.2. The zeros of (13) are given by (8) 
with N = 3. They are 

Wm = — 2tt/3, Z 1u = eMu ; 

V> 2 u = —' 4n/3, z 2u = emu. (14) 

The subscript u is added to designate the 
values for the uniform array. The pointers 
z lu and z 2u are indicated in the unit circle A 
in Fig. 10.2. Note that corresponding to 
Vi u = — 2 tt/3 there is a zero in the field 
pattern given by O = —109.3° as obtained 
using (13). There is no zero corresponding 
to Vzu — —4rr/3 since this lies outside the 
range tj>= n. 
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'2 I 


Fig. 10.1. Unit circle for six-antenna uniform 
array. 


ABC 



0" 20" 30" 40" 50"^ 60" 70" 80* 90" 100" 

Fig. 10.2. Normalized array factor of three three- 
element end-fire arrays (Schelkunoff). 


a B 



0° 40" 80® 12 0° 160" 

Fig. 10.3. Normalized array factor of two six- 
antenna end-fire arrays (Schelkunoff). 



Fig. 10.4. Normalized array factor of two three- 
antenna end-fire arrays (Schelkunoff). 


A B 



Fig. 10.5. Normalized array factor of two six- 
antenna end-fire arrays (Schelkunoff). 



0" 40" 80" 120" 160" 

Fig. 10.6. Normalized array factor of three arrays 
with the same length and properly spaced nulls 
(Schelkunoff). 
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A nonuniform array with the zeros shifted 
to the lower half of the unit circle as shown 
in curve C of Fig. 10.2 is obtained using (10) 
with N = 3 to locate the new zeros. They are 
given by 

Vl = - \-n , z 4 = eM = _ j; 

z 2 = e iv> a=_l. (15) 

Hence, with (15) substituted in (1 la) and (\\d), 

(z +j)(z +_1) 

V J (1 + j) ■ 2 

sin |(v» + \n) sin + n) 
sin \n sin 

The relative magnitudes and phases of the 
currents in the three units when the array has 
the normalized array factor (15) are obtained 
by expanding (16) in a polynomial in z and 
noting the coefficients of the successive powers 
of z. In this simple case this may be done 
directly instead of using (12). Thus, 

a(z) ~ | j + (1 + j)z + z 2 1 

= 11 + V2e-)*l*z + e-MW \. (17) 

This corresponds to an array with current 
amplitudes in the ratios l : V2 : \ and with a 
progressive phase lag of 6' = <5 + «■/4, where 
with t E = 1/4, <5 = 7t/ 2. Hence, the total pro¬ 
gressive phase lag is 8' = 3tt/ 4. The same 
results are, of course, obtained from (12a, b). 
The normalized array factor (16) is shown in 
Fig. 10.2, curve C. It is seen that corresponding 
to theoretical nulls with y> = —90° and —180° 
the actual zeros in the field pattern occur when 
$ = 90° and 180° as obtained from (13). 
Compared with the uniform array, the number 
of zeros has been increased, but the band width 
of the principal maximum and the magnitudes 
of minor extreme values have been decreased. 

Instead of having the nulls uniformly spaced 
with respect to y> in the range attainable by 
<I>, namely, the lower half of the unit circle, 
other distributions are possible, but (1 Id) and 
(12a, b) then do not apply. For example, the 
location of the first root may be left as in the 
uniform array and only the second null 
moved within the range of ® to tp = —n as 
shown in circle B of Fig. 10.2. Specifically, let 

Vi = Win = -2tt/3, z 1 = e-M; 

V 2 =-7T, z 2 = cM=- 1. (18) 



In this case 

(z-e -f 2 W3)(z + i) 

(1 _ e -j2W3) • 2 
sin ($y> + jir) sin (£y> + jn) 
sin gw sin £tt 
and 

a(z) — | z 2 + z(l — e"j2"/ 3 ) — e -j2*l3 | 
= | 1 + cos iw e " /6 z + <?-j'"/3 2 2 |. 

(196) 



This corresponds to currents with magnitudes 
in the ratios 1 : V' 3 ; l and with a progressive 
phase delay of 8" — (<5 + n/6) = (w/2 + w/6) 
= 2 tt/ 3. The array factor (19a) is also shown in 
Fig. 10.2, curve B. It has a narrower principal 
maximum and a very much reduced minor- 
lobe structure. 

Six-antenna end-fire array : N = 6;n, = t f: 
= 1/4. The normalized array factor for the 
uniform array is 

a(z) = £ | 1 + z + z 2 + z 3 + z 4 + z 5 1 


sin 6v»/2 
6 sin v>/2 ’ 


= hr (cos d> — 1); 


yj — 7T. 


( 20 ) 


This function is plotted in Fig. 10.3, curve A. 
The zeros of (20) are given by (8) with N = 6. 
They are uniformly distributed around the 
entire unit circle A in Fig. 10.3. It is seen that 
two are outside the attainable range, \p = n. 
The zeros may be distributed uniformly in the 
range %p = w by setting 

Vi=—W5, y> 2 =2y> 1 , z 2 =zf; 

V , 3 = 2 v , i> z 3 =z i; V , 4 = 4v , i> z 4 =zj; 

V’5=5Vi=-* r , z 5 = —1 , (21) 


and constructing an appropriate nonuniform 
array. The normalized array factor obtained 
by substituting (21) in (11) is 

a(z) 

(z — e — f"/ 5 )(z — j2w/5)(z _ e -j3w /5) 

_ x (z — e~i in l & )(z + 1) 

(1 — e ~ 37t ' ;j )( 1 — e~ f 2,, / 5 )(l — g—f3"/5) 
x (1 - e-iW) ■ 2 

(22 a) 

sin \0p + tt/ 5) sin + 2 tt/ 5) 
x sin £(y + 3 tt/ 5) sin |(v + 4n/5) 

= _ x sin |(y> + tt) ( 22 b) 

sin (-7J-/10) sin (2 tt/ 10) sin (3 tt/10) 

x sin (4 tt/ 10) sin (5 tt/10) 
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The relative magnitudes and phases of the 
currents in the six antennas when driven to 
have the array factor (22a, b) may be deter¬ 
mined from (12a, b). Since jcj = —77/ 10 and 
<5 = jt/ 2 they are 

sin (0.5 tt) sin (0.5w) sin (0.4 t7) 

' sin (O.lff) ’ sin (O.lw) sin (0.277-) 

sin (0.577-) sin (0.477-) sin (0.577-) 
sin (O.Itt) sin (0.27?) ‘ sin (O.I 77 ) 

= 1 : 3.24 : 5.24 : 5.24 : 3.24 : 1. (22c) 

The progressive phase delay from antenna to 
antenna is 

S ' = 7 t /2 + 77 — 677/10 = 0.977. ( 22 d ) 

The graph of (22a) is given in Fig. 10.3 together 
with the unit circle showing the location of the 
zeros and the principal maximum. It is seen 
that compared with the 6-antenna uniform 
end-fire array the directivity is increased 
greatly; the number of minor lobes is doubled 
but their amplitudes very much reduced. 

Three-antenna array: N = 3, n E = t E = 1/8. 
The normalized array factor for the uniform 
array is (12) with yi -- |t7(cos 4> — 1). It 
is plotted in curve A of Fig. 10.4. The two 
theoretical nulls defined by (13) apply, 
but as seen from the unit circle A neither of 
them is within the restricted range y> = 77/2. 
Hence the uniform array has no zeros. If the 
two theoretical nulls of the array factor are 
moved so that they are uniformly distributed 
in the range 0 =2 y 2 : —77/2, it follows that 

V»i = - *i = e-i" 11 = (1 —j)lV2 ; 

Vs = — |. z a = e~^ 2 = -j. (23) 

With (23) the normalized array factor becomes 

, , (z - e-M*Xz +j) 
a{ ’ (1 -e~M*Xl +j) 

= sin j(y + 77/4) sin j ( y > + 77/2) 
sin (77/8) sin 77/4 

The polynomial for the numerator is 
a(z) ~ | z 2 — z(e~M* + c-f”/ 2 ) + e -4 ’ 3 "/ 4 1 
= | 1 + 2 cos 5 c _j5,t / 8 z -(- g-j'5W4z 2 1. (25) 

O 

Thus, the currents have magnitudes in the 
ratio 1 : 1.85 : 1, with a progressive phase 
delay S' = S 4- 577/8 = 77/4 + 577/8 = 777/8. 


The same values also may be obtained from 
(12a, b) using x x = — 77 / 8 . Corresponding to 
the nulls for y> defined in (23), the zeros for® 
are obtained using y> = Jtt(cos (£> — 1 ). Thus, 
the array factor vanishes when ® = 90° 
and 180°. A graph of (24) is shown in curve B 
of Fig. 10.4. Compared with the pattern of 
the uniform array, that of the nonuniform 
array is much more highly directive. 

Six-antenna array. N= 6, n E =t E = 1 /8. The 
normalized array factor for the uniform array 
is like (20) but with y = ^(cos <J> — 1). It is 
shown in curve A of Fig. 10.5. Of the five 
theoretically available nulls in the array 
factor only one is within the range 0 ia y> Si — 77/2 
= — yi as seen from unit circle A in Fig. 10.5. 
If the five nulls are all moved within this 
restricted range of | y | < y ~ Tr/2 by setting 

vh = -Jq, Z x = e-t'WiO; y, 2 = 2v> x , z 2 = zf; 

y >3 = 3v»i, z 3 = z?; v> 4 = 4v» x , z 4 = zj; 

V S = 5v»i = - ^ , z 5 = e~i^ 2 = -j, (26) 

the normalized array factor becomes 

a(z) = 

(z — e -iW10)(z _ (? -;>/5)(z _ e -;3>r/10j 
x (Z — e-;2"/5)(z + j) 

(1 _ e -;Wi0)(i _ e-?v/5)(i _ 

X (1 - e-7'2"/5)(l _|_ j) 

(27a) 


sin |(v' + 77/IO) sin l(y + 77 / 5 ) 
x sin + 377-/10) sin |(y» + 2 t7/5) 

= x sin + 77 / 2 ) 

sin ( 77 / 2 O) sin (77/ 10) sin (377/20) 

x sin (77/5) sin (77/4) 
(27b) 

The corresponding relative currents may be 
determined from (12a, b ). Since x r = — 77/20 
and <5 = 77 / 4 , it follows from (12a) that the 
ratios of current magnitudes are 

j sin 0.2577 sin 0.2577 sin O. 2 O 77 
’ sin 0.0577 ’ sin 0.0577 sin 0.1 077 
sin 0.25 t 7 sin 0.20 t7 sin 0.2577 
’ sin 0.0577 sin 0.1 077 sin 0.0577 ' 

= 1 : 4.5 : 8.6 : 8.6 : 4.5 : 1. (27c) 
The progressive phase delay is 



1977 
20 ’ 


(27 d) 
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A graph of (27) is given in curve B of Fig. 10.5. 
It is seen to represent a highly directive array 
with minor lobes of very small amplitude. 

The four examples of nonuniform end-fire 
arrays indicate that highly directive arrays 
with narrow band width between nulls and a 
very low level of minor lobes can be con¬ 
structed using closely spaced antennas with 
currents adjusted to have the nulls of the 
array factor all in the restricted range y which 
is attainable by varying the angle <D. By 
increasing the number of antennas and de¬ 
creasing the spacing between them, the direc¬ 
tivity increases if the nulls of the array factor 
are always kept uniformly spaced in the 
range y. Use may be made of this fact in 
circumstances where for physical reasons the 
over-all length of an array is limited so that a 
closely spaced array of parallel antennas must 
be used. Evidently, it is possible to achieve 
high directivity by increasing the number N 
of the parallel antennas while the distance 
b = « £ A 0 between adjacent units is reduced so 
that Nb remains constant, provided the N — 1 
nulls are properly spaced in the range of y 
attainable by <T>. This is illustrated in Fig. 10.6, 
where the normalized array factors of three 
arrays with Nb = A 0 /4 or Nn E = 1/4 are 
shown. The arrays have N — 2, t E = n E = 1/4; 
A=3, t E =n E = 1/8; N= 5, t E =n E =\l\6. In 
each case the nulls are uniformly spaced in the 
appropriate ranges of y = —4 tm e . 

11. Nonuniform Broadside Arrays Derived from 
Uniform arrays 

The array factor of the two-antenna 
uniform end-fire array was used in Sec. 
9 as prototype in deriving multiantenna 
nonuniform end-fire arrays specifically 
because array factors with completely 
suppressed minor lobes were desired. The fact 
that these array factors are relatively not very 
directive for the number of antennas involved 
is the result of the smoothly decreasing but 
very broad lobe of the two-element end-fire 
array. This is ideal for suppressing minor lobes 
but not for extreme directivity. If high direc¬ 
tivity with a reduction but not necessarily 
complete elimination of side lobes is desired, 
one course is that described in Sec. 10 in which 
the relatively low directivity of uniform end- 
fire arrays is improved greatly by appropriate 
changes in the currents. An alternative pro¬ 
cedure is to begin with the uniform broadside 
array, which has a much narrower beam width 
than the uniform end-fire array with the same 


number of antennas. Evidently, binomial 
broadside arrays may be derived from the two- 
element uniform broadside array in a manner 
analogous to that followed in deriving the 
binomial end-fire arrays from the “unidirec¬ 
tional” couplet in Sec. 9. However, since the 
directivity of the two-element broadside array 
itself is not great, and since it has no minor 
lobes, the effect of raising its array factor to 
integral powers is not essentially different from 
that using the two-element end-fire array as 
prototype except that there are two identical 
major lobes instead of one. A more interesting 
and significant investigation is the determina¬ 
tion and intercomparison of the array factors 
of nonuniform broadside arrays all of which 
have the same number of antennas as a given 
broadside array. It follows from (8.8) that the 
number of antennas A in a uniform array is 
related to the number N m in the derived 
nonuniform array by 

N=-(N m - 1)+1. (1) 

m 

In order to have a wide selection of arrays for 
intercomparison, N m must be chosen so that 
( N m — 1> is divisible by as many integral 
values of m as possible. A very convenient and 
instructive choice is that made by Schelkunoff, 
namely, N m = 7. With this value, 

A=- + 1. (2) 

m 

Evidently there are four integral values of m 
including that for the uniform array, and, 
correspondingly, there are four numbers N. 
These are m = 1, 2, 3, 6; N = 7, 5, 3, 2. The 
normalized array factors for the four seven- 
antenna arrays are: 

m = 1 (uniform array): 

a 7 (z) = -i [l + z+z 2 +z 3 + z 4 +z 5 +z 6 ] (3a) 


= a(in , <5; 7,1,0) 



The other nonuniform seven-antenna arrays 
are obtained by raising to the power m the 
array factors of those uniform arrays that have 
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N antennas as given by (2). Note that the sub¬ 
script w on a w (z) is the number of equal current 
elements in the N m = 7 antennas. Thus, 

m — 2: 


*ie(z) = M*)] 2 = tV [1+22+32 

+ 4z 3 +3z 4 +2z 5 +z 8 ] 

= [a(K4>;4, i,0)] 2 

[ sin (2 ttcos <J>) 1 2 
(4 sin in cos <I>)J 


(4a) 

(46) 


m = 3: 


a 21 (z) = ^(z)] 3 = *VU + 3z+6z 3 

+ 7z 3 +6z 4 +3z 5 +z 8 ] (5a) 

= [a(K®;3,i,0)] 3 

_ [ sin (Ittcos $) l 3 
[3 sin (jn cos <D)J ’ 


««(*) = la 2 (z)f = 5 j[l + 6z+ 15z 2 
+ 20z 3 +15z 4 +6z 5 +z 8 ] (6a) 
= [a (irr, O; 2, 0)]« 


sin (n cos ®) * 
2 sin in cos <P 


cos 8 (£7t cos O). 


( 66 ) 


The normalized array factors of the seven- 
element broadside array are shown in Fig. 11.1 
for the uniform array and for the three non- 
uniform arrays derived, respectively, from 
N — 4-, 3-, and 2-element uniform broadside 
arrays by raising the array factors to the powers 
m = 2, 3, 6. The relative amplitudes of the 
currents in these arrays are given by the 
coefficients in (3a), (4a), (5a), and (6a). The 
distribution in (4a) is triangular; that in (6a) 
is binomial. It is seen from Fig. 11.1 that the 
uniform array has the narrowest beam width 
but the highest level and greatest number of 
minor lobes. As the number N of antennas in 
the prototype uniform array decreases and the 
power m to which its array factor is raised in 
constructing the N m = 7-element nonuniform 
array is increased, the level of the minor lobes 
decreases but the beam width increases. 


12. Real Polynomials for Symmetric Non- 
uniform Broadside Arrays 

It is shown in Sec. 11 that the inescapable 
limitation on uniform arrays, that the level of 
side lobes cannot be decreased below a fixed 
limit by increasing the number of antennas, 
does not exist for nonuniform arrays con¬ 
structed by raising to an arbitrary power the 
array factor of the uniform array. However, it 
is also shown that for a given number of 
antennas the beam width between nulls is in¬ 
creased above that of the uniform array as the 
level of minor lobes is reduced. For broadside 
arrays in which the distance 6 between 
antennas is less than A 0 /2 (n B < £) both the 
beam width and the level of minor lobes can 
be decreased by properly spacing the nulls in 
the array factor in the manner described for 
end-fire arrays in Sec. 10. However, if the 
distance between elements equals or exceeds 
A 0 /2 (n B > f) this method is not available. 
Evidently, what is required is a new method 
that permits the determination of an optimum 
distribution of currents in the several units of 
a parallel, uniformly spaced array of identical 
driven antennas. By optimum is meant a 
distribution such that if (a) the minor-lobe 
level is assigned, the beam width is a minimum, 
or if (6) the beam width, that is, the location of 
the first null, is specified, the magnitude of the 
minor lobes is minimized. These specifications 
are ambiguous in the sense that it is not clear 
precisely what is meant by a minimum of the 
level of minor lobes. If there is only one side 
lobe the statement is clear; but when there are 
many it is not. In all of the patterns obtained 
in preceding sections, including those of 
uniform arrays and nonuniform arrays derived 
from them, the magnitude of the minor lobes 
decreases continuously in both directions from 
each principal maximum. This means that the 
largest minor lobe is always adjacent to the 
principal maximum. In most applications this 
is not desirable, since a low level of the side 
lobe nearest the principal one often is just as 
or even more important than a low level in 
lobes that are further removed. This means 
that the array factor of the uniform array 
could be improved if the level of minor lobes 
at wide angles from the principal maximum 
were increased and those at small angles 
decreased so that in the final result all minor 
lobes are equal in magnitude and at a specified 
low level. Evidently, if all minor lobes are 
equal, the ambiguity in requiring their level to 
be a minimum is removed. 
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A method for deriving and designing non- 
uniform broadside arrays that have an opti¬ 
mum distribution of currents in the sense 
defined above is due to Dolph. 12 > 39 It consists 
first in showing that the array factor of a 
broadside array is a polynomial of real terms 
and then identifying the optimum polynomials 
with those of TchebyschefF. 116 These are 
characterized by a minimum departure from 
zero in a range that may be chosen to coincide 
with the range of minor lobes in an array 
factor. The sequence of steps in deriving 
TchebyschefF array factors is carried out 
systematically in order to clarify both the 
procedure in constructing the array factors and 
the properties of the TchebyschefF poly¬ 
nomials. 

The array factor of a general array of N 
antennas is given by (3.30) for N = In + 1 
and by (3.32) for N = 2 n, with n an integer. 
These factors may be specialized to apply to a 
symmetric broadside array by setting equal to 
zero the progressive phase factors, <5^,=<5 m =0, 
so that all currents are in phase, and setting 
k' m = k m so that the current r units to the 
right of the center of the array is equal to the 
current r units to the left of the center, but the 
currents are otherwise arbitrary. The resulting 
factors are 

(N — 1)12 

^odd(®, <t») = 1 + 2 2 k rn COS fS 0 S m 

171 = 1 

= 2 2 k m cosp 0 S m , AT =2/1+1, (la) 

m ---- 0 

N -1 

^even(®> = 2 ^ 

m = 1 , 3.5 

N—2n y (1 b) 

where in (la) k 0 = £ and where 
P 0 S m = mft n b sin 0 cos + 

= 2mtm a sin 0 cos ®, 


n B = 6/A 0 . (lc) 

Since principal interest is in the equatorial 

plane, let 0 = 7//2. Also, in the notation of 

Sec. 1, let » ... 

x = n B 77 cos ®. (2) 


In the array factors as given in (la, b) it is 
implied that the reference current is that in the 
central antenna for N odd and in the two 
innermost antennas for N even. That is. 


^0 — h 

ki = Ijll 0 for N = 2n + 1, 



i = 1, 2 ,•••,«, 

(3a) 

II 

k( = I^1 j for N = 2/i, 



/' = 1, 2, • • • , n. 

(36) 


This choice of reference current is not neces¬ 
sarily convenient in the study of nonuniform 


arrays, since in special cases these currents 
may be zero. For this reason it is assumed in 
the following that any convenient antenna 
number q may be selected as the one with the 
reference current by setting k Q = 1 and defining 
the ki's as follows: 

kq 1, k ^ - - /, / 1q , k q / 0 /2/ 9 , i 1, 2, ***,//. 

(3c) 

This implies, of course, that / 09 appears in the 
general expression (3.29) for the electric field 
instead of / 00 . With this understanding, 
setting © = 7//2, and using (2) in (la, b), these 
may be expressed as follows: 

n 

A odd d”, ®) = A odd (x) = 2 2 ki COS 2 ix; 

»=o 

n — (N — l)/2. (4a) 

For example, 

■4odd (*) = 2 (k 0 + k 1 cos 2x), 

N = 3, (46) 

n 

^even (h™* “ ^even (-*) ” 22 k I COS (2/ 1)jC, 

i = l 

n = N/2. (4c) 

For example, 

A even (x) = 2(k, cos x + k 2 cos 3x), 

N = 4. (4 d) 

The right-hand sides of the equations (4a, c) 
may be expanded into polynomials in powers 
of the variable 

u = cos x (5) 

in the interval — 1 ^ u ^ 1. The polynomials 
may be obtained using Demoivre’s formula, 

e j 2 ix = ( cos 2 ix + j sin 2 ix) 

= (cos x + / sin x) 2i . (6) 

In (6) the right side of the formula may be 
expanded using the binomial theorem and its 
real part equated to the real part of the center. 
With (5), and noting that sin 2 * = 1 — w 2 , 
the real part of (6) leads to the well-known 
series 



+ (-i) r u 2i ~ 2r (i - u 2 y 

+ •••+ (-!)•(! -U 2 Y, 


( 7 ) 
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where by definition 

C)-<T^kr 

( 8 a) 

The terms in ( 6 ) may be arranged in descend¬ 
ing powers of x using 


Similarly, corresponding to (7), 
as ( 2/—1 )jc = a 2i_1 — ^ 2 ) 

+ « 2,_5 (l-tt 2 ) 2 


3 (1 -H 2 ) 


(1 _ „2 y = i 


• + (-d j ’ Q « 2p 


+ ••• + (-1)'’ 

\p 

+ ••• + (-! )V r . 


The result is: 


cos 2ix = « 2m 1 + ^ 2 ) + ( 4 j + • • • 


- u 2i “ 2 

[0-C 

0+*G 

)H 

+ u 2i ~ l 

:oc 


)+■■•] 



— • 

• •. (9a) 


For example, 


cos 2x = a 2 I I + 


= 2 « 2 - 1. (96) 

The rather complicated series (9a) may be 
expanded into the following compact form: 

cos 2 ix = 2 ( 10 a) 

m = 0 


r 2i _ (_ 
c 2 m v 


D 1 '-” 1 i ( p )P). 

P=i-m\p-i+mj \2p) 


For example, 

cos 2x = CgU° + c |« 2 = ( — l ) 1 


—[QQ- (!)©]“■ 

= -1 + 2 « 2 . ( 10 c) 

It is clear that cos 2 ix is a polynomial of 
degree 2/ in u or of degree i in a 2 . That is, 

cos 2 ix — P t (u 2 ), (11) 

where P t is a polynomial of degree i. 


For example, 

cos 3 x = iP — ^ j a(l — a 2 ) 

= a 3 - — a(l - a 2 ) = 4a 3 - 3 u. (126) 
1.2 

With (86) this becomes 

cos (2/ — 1 )jc = u 2m_1 1 + ^ ^ ) + • • • j 

( 2 T‘) 

+ • • • . (13a) 

For example, 

cos 3* = u 3 1 + (j)] -«Q 

, r, , 3 . 2 ] 3.2 

= a 3 ^1 + — j 

= 4a 3 - 3 u. (136) 

In compact form, 

cos (2/ - l)x = 2 4m-i « 2m_1 

m = l 

= U 2 4m-i « 2(m_1) , (14a) 

m~ 1 

where 

c Sr-i = (-D i_m i ( p )( 2 ' 2 -1 )- 

p=i-m\p-‘+m/ \ 2/7 / 


For example, 

cos 3x = c\u + clu 3 = ( —l) 1 ^ j u 

—[Q (0) - (I) Q]- 

= —3 u + 4a 3 . (14 
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Since u is a common factor in (14a), and the In order to illustrate the essential steps 
remaining sum is a polynomial of degree 2i in the general method without the algebraic 

in u or of degree i in u 2 , it follows that difficulties encountered when N is large a 

cos (2/ - 1)« = uQAu*), (15) simple example introduced by Dolph is 

convenient. This is for N = 4, n = Nj2 =2. 
where Q t is a polynomial of degree The array factor is given in (Ad), namely, 

If (10a) is substituted in (4a), and (14a) in 

(4c), the array factors have the form: A even (pr, <J>) = 2[k x cos x — k 2 cos 3x], 

N =4, (18) 

Since from (12) or (13) 

N = 2n + l, (16a) cos 3x = 4 cos 3 x — 3 cos x, (19) 

^even (K ®) = A eveD (u) it follows that 


^odd(K4>)=^odd(«)=2 5 kj 2 c*«*”) 

i=0 \m = 0 / 



i kJ i ciiri ^ 2 ”*- 1 

=1 \m = l 


Ae\en(.i n > 4>) — 2\(k j — 3 k%) COS X 

+ 4k 2 cos 3 x]. (20) 


N = 2 n. (16 6) 

It is readily verified that the finite sums in 
(16a) and (166) are equivalent to the following 
polynomials: 

Ao dd(“) = 22 2 kici l u u 2 \ 

= 0 i = q 

N = In + 1, (17a) 

AevenM = 22 2 k i C^jZ\u 2q ~ 1 , 

$-=1 t=« 

N=2n. (17 6) 

Note that /f, K i d (a) for N = 2n + 1 units is a 
polynomial of degree 2n or N — 1, N odd; 
similarly, A even (u) for N = 2n units is of 
degree 2« — 1 or N — 1, N even. Thus, the 
array factor for N units is always a polynomial 
of degree N — 1 for N odd or even. This may 
be expressed in the notation 

-4odd(“) = Cjv-i (“) = G 2n (u), 

N — 2n + (17 c) 

Aeven( u ) = f'.Y — l(a) = G 2 n—\(M), 

N = 2 n, (17 d) 

where the subscript on the G’s specifies the 
degree of the polynomial. These are the final 
general expressions equivalent to those ob¬ 
tained by Dolph for the array factors of any 
symmetric broadside array with relative 

current amplitudes given by k ( . By equating 
these array factors to zero, the nulls of the 
pattern may be obtained; by equating to 
zero their derivatives with respect to x, the 
minor extremes of the pattern may be deter¬ 
mined. For N a large number, this process 
obviously is tedious. 


Although the general formula (176) is not 
required in so simple a case, let (18) be 
reevaluated from it just to illustrate its use. 
Thus, 

A e ve n(«) = 22 2 k l C^Z\u 2<l ~ 1 

8 = 1 i=q 

= 2 2 (k'CftzW*-' 

0 = 1 

+ k t+1 c%±\u 2 *-') 

= 2 2 u 2 « \c*>z\k q + (%±\k q+1 ) 

8 = 1 

= 2[u(c\k 1 + c\k£ + a-Vjj&J 

= 2[(Ar x - 3/c> + 4k 2 it\ (21) 
since with (146) 


p= o \PIV-P 




= -3, (226) 




= 1 + 3 = 4. (22c) 


With u = cos x the result in (21) is seen to 
agree with (20). 

Since the range of u is from —1 to +1, 
the nulls obtained by equating (20) to zero are 

u = cos x = cos (n B v cos 4> 0 ) 
A ev en( u ) = 0: =0, (23a) 

.« = }V3 - k 1 jk i . (236) 
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The positions of the extreme values of the 
array factor (including principal and minor 
lobes) are determined from the equation 

dA even (u) dA even (u) du 
—j = i(24) 
dx du dx 

With (21) and u = cos x, this becomes 

[(£ x — 3 k 2 ) + 12 k 2 cos 2 x] sin x — 0. 

(25 a) 

The principal extremes are located by 

sin x = sin (n s 7T cos ®) = 0, 

® = n/2, 3i7-/2. (256) 

The locations of minor extremes are defined 

by u m , where 

u m = cos x m = cos (n B 7T cos <t> m ) 

= ± yEMi. (2M 

Substitution of (256) in (20) gives the following 
extreme values for the minor lobes: 



2 V 3 


^even(i 77- * ^m) 

9~ 

k 2 i 3 - kjk 2 r 2 


(26) 

Since the beam width is determined by the 
location of the first null, it follows from 
(23a, 6) and (26) that the beam width between 
nulls and the location and magnitude of 
minor lobes all depend on the same quantity, 
namely, (3 — kjk 2 ). For a uniform array 
k 2 = k 1 = 1, for the binomial array (in which 
there are no minor lobes) the amplitudes are 
in the ratios 1 : 3 : 3 : 1, so that k x = 1, 
k 2 = 1/3. As the ratio k 2 /k x = Iff decreases 
from 1 for the uniform array to 1/3 for the 
binomial array, the first null as defined by 
(236) moves toward u = cos (n B ir cos <J> 0 ) = 0, 
which means that for rt B = 1/2, <f> 0 moves 
toward zero and hence away from the principal 
maximum at O = 7r/2. Thus, the main beam 
width continually increases as Iff = kfk 1 
approaches 1/3, the value for the binomial 
distribution. On the other hand, it is clear from 
(26) that the magnitude of the minor lobes 
continually decreases to zero as k 2 lk 1 ap¬ 
proaches 1/3. Precisely this same effect was 
verified in Sec. 9 for the end-fire array. 

If kfk 1 is made greater than unity (the 
value for the uniform array) so that the 
currents in the outer units exceed those in 
the inner ones, it follows from (236) that the 
first null moves toward the principal maximum 


to decrease the null beam width, but at the 
same time (26) shows that the level of the 
minor lobes increases. 

Although the application of the same 
general procedure carried out so readily for 
N = 4 is analytically difficult for very large 
values of TV, it is clear that the array factor 
of the general symmetric broadside array 
of TV elements can be represented by a real 
polynomial in u = cos (n B n cos 4>), and that 
by adjusting the ratios of the currents in 
the TV antennas a wide variation in beam width 
and minor lobe level can be achieved. What 
remains to be done is to determine the 
optimum values of k ( in the sense defined at 
the beginning of this section, that is, to 
minimize the minor-lobe level for a given beam 
width or to minimize the beam width for a 
given minor-lobe level. 

13. Optimum Currents for Symmetric Broad¬ 
side Arrays; Tchebyscheff Polynomials 

A theoretically ideal array factor for a 
broadside beam may be represented graphically 
by a curve that has equal, sharp, and high 
extreme values at u = cos x = cos (n B n cos 4>) 
= ±1, n B ^ £ and is so small for all inter¬ 
mediate values that the beam width and 
the minor-lobe level are both very nearly zero. 
The extreme at u — 1 is always positive; 
that at u = — 1 may be positive or negative 
depending upon whether the number TV of 
units is odd or even. A pattern of this ideal 
type is shown in Fig. 13.1. Clearly, it is an 
abstraction that is difficult to realize in 
practice. 

The degree in which the ideal pattern is 
approximated by a uniform broadside array 
of eight elements also is shown in Fig. 13.1. 
There are large extremes at u = ±1 and a 
relatively small level is maintained between 
them. However, as has been pointed out, the 
relative magnitudes of the minor lobes referred 
to the two principal ones cannot be reduced 
below a fixed, rather high value by increasing 
the number of antennas. It is clear from Fig. 
1.1 that as the number TV is made greater and 
greater, the null beam width decreases 
indefinitely, but the relative level of the 
adjacent minor lobes is virtually unchanged. 

It is shown in the preceding section that a 
tapered instead of a uniform distribution of 
current amplitudes in the several antennas 
of a symmetric broadside array decreases the 
relative minor lobe level but increases the 
main beam width if the current amplitude 
decreases outward from the center of the 
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Fig. 13.2. Nonnormalized Tchebyscheff poly¬ 
nomials. 
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array. Reciprocally, the side lobes are in¬ 
creased and the beam width is decreased 
if the current amplitudes become greater from 
the center of the array outward. 

It is the purpose of this section to investigate 
the means of achieving the optimum distri¬ 
bution defined in Sec. 12 in which the ideal 
array factor is approximated best, in the 
sense that for a given number N of units 
the beam width is a minimum for a specified 
minor-lobe level or the minor-lobe level is a 
minimum with the beam width specified. 
It is assumed that all minor lobes constitute 
an oscillation of equal amplitude about the 
zero line. Since the array factor of an N- 
element symmetric broadside array is a 
polynomial of degree N — 1, the method to be 
followed is to discover the relative magnitudes 
k ( of the N currents that will yield a poly¬ 
nomial with the desired optimum property. 

Fortunately, a set of orthogonal poly¬ 
nomials T m (z) of degree M = N — 1 that have 
the desired optimum property is well known. 
They are the so-called Tchebyscheff poly¬ 
nomials, 53 which are characterized by the 
important property that the magnitude of the 
polynomial in the range — 1 St S 1 is the 
smallest possible for any Mth degree poly¬ 
nomial with real coefficients of which the 
greatest is unity. Clearly, this is the desired 
optimum property for the array factor 
provided the range of minor lobes can be 
made to coincide with the minimized range 
of the polynomial. The Mth-degree 
Tchebyscheff polynomials T„(z) are defined 
both in a normalized and in a nonnormalized 
form. The latter are preferred here. They are 
defined as follows: * 

T n (z) = 1, T m (z) = cos MO = cos (A/cos" 1 z), 

M ^ 1, (-ISzS 1), (la) 

T„(z) = cosh MO = cosh ( M cosh -1 z), 

M 2s 1, | z | ^ 1. (16) 

(The form (16) is obtained by noting in (la) 
that for | z | > 1, 0 must be imaginary. 
Hence, (16) is obtained from (la) by replacing 
6 by jd.) It is evident that these are polynomials 
of degree M since they are given directly by 


* Courant-Hilbert, ref. 1.16. In this reference the 
normalized Tchebyscheff polynomials are defined. 
They differ from the non-normalized ones defined 
in (1) by a normalizing factor 1/2". Nonnormalized 
polynomials are discussed by Van der Pol and 
Wayers. 58 


(12.10a) for M = In even and by (12.14a) 
with M = 2n — 1 odd. Thus with 

z = cos 6, (2) 

T 2n (z) = cos (2 nO) = 2 c|Jz 2 '', 

M = 2n , even, (—00 ^ z ^ 00) (3a) 
T 2n - i(z) = cos {In - 1)6 = 2 4q-lz 2Q -\ 

i =t 

M = 2n — 1, odd, ( — 00 gj z ^ 00) 

(36) 

where ci£ and c 2 ?-1 are given, respectively, 
by (12.106) and (12.146) with n substituted 
for i and q for m. A few of the nonnormalized 
Tchebyscheff polynomials are: 

T 0 (z) = 1, 

^(z) = z, 

r 2 (z) = 2z 2 - 1 , 

r 3 (z) = z(4z 2 - 3), 

r 4 (z) = 8z 4 - 8z 2 + 1, 

r 5 (z) = z(16z 4 - 20z 2 + 5), 

r 6 (z) = 32z 6 - 48z 4 + 18z 2 - 1, 

r 7 (z) = z(64z 6 - 112z 4 + 56z 2 - 7). (4) 

Most of these functions are plotted in Fig. 
13.2. A more extensive list of the odd poly¬ 
nomials is given in Table 13.1. 

As defined in (1), the maximum range of 
the argument z is, as indicated in (1), —1 SS 
z S 1. It is in this range that the polynomials 
have the optimum property. It is seen in 
Fig. 13.2 that all functions except- r 0 (z) 
oscillate about zero with the same amplitude, 
unity. Once the polynomials are expanded 
as in (3) or (4), they exist for all values of z, 
- 00 g z g 00, as indicated in (3a, 6). For 
z > 1, T M (z) increases monotonically; for 
z < 1, T M (z) increases monotonically if M 
is even, decreases monotonically if M is odd. 
Hence, all zeros of T M (z) and of its derivatives 
are in the range — 1 S z £= 1. Therefore, 
all maxima and minima are in this range. 
Note that the large positive or negative 
values approached monotonically at z = ±z 0 
in any restricted range — z 0 SJ z S z 0 , where 
z 0 = 1, are not maxima or minima in the 
sense of vanishing slope. The zeros occur 
when 

T m (z) = cos MO = 0, 6 = cos -1 z. (5a) 
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T l (z) = cos 0 = z 

T,(z) = cos 30 = z(4z 2 - 3) 

r 5 (z) = cos 50 = z(16z 4 - 20z 2 + 5) 

T 7 (z) = cos 70 = z(64z 6 — 112z 4 + 56z 2 — 7) 

r 9 (z) = cos 90 = z(256z 8 - 576z 8 + 432z 4 - 120z 2 + 9) 

T u (z) = cos 110 = z(1024z 10 - 2816z 8 + 2816z 8 - 1232z 4 + 220z 2 - 11) 

TJz) = cos 130 = z(4096z 12 - 13,312z 10 + 16,640z 8 - 9984z 6 + 2912z 4 - 364z 2 + 13) 

T 15 (z) = cos 150 = z(16,384z 14 - 61,440z 12 + 92,160z 10 - 70,400z 8 + 28,800z 9 - 6048z 4 + 560z 2 - 15) 
T 17 (z) = cos 170 = z(65,536z 18 -278,528z 14 +487,424z 12 -452,608z 10 + 239,360z 8 -71,808z‘+ 11.424z 4 

- 816z 2 + 17) 

T xi (z) = cos 190 = z(262,144z 18 — l,245,184z 16 + 2,490,368z 14 - 2,723,840z l2 + l,770,496z 10 - 695,552z 8 
+ 160,512z 8 — 20,064z 4 + 1140z 2 - 19) 

T 21 (z) = cos 210 = z(l,048,576z 20 - 5,505,024z 18 + 12,386,304z 16 - 15,597,568z 14 + 12,042,240z 12 

- 5,870,592z 10 + 1,793,792z 8 - 329,472z e + 33,264z 4 - 1540z 2 + 21) 

T 23 (z) = cos 230 = z(4,194,304z 22 - 24,117,248z 20 + 60,293,120z 18 - 85,917,696z 18 + 76,873,728z 14 

- 44,843,008z 12 + 17,145,856z 10 - 4,209,920z 8 + 631,488z 8 - 52,624z 4 + 2024z 2 
-23) 


The values of 0 = cos -1 z at which nulls occur 
are 

0 O! = (2 i - l),r/2 M, i = 1, 2, • • •, M. 

m 

The extreme values occur when 

= -M sin MO = 0. (6a) 

a0 

The extremizing values of 0 are 

0 ei = ni/M, i = 1, 2, • • •, M. (6b) 

The extreme values are obtained by sub¬ 
stituting 8 ei for 0 in T„(z). They are 

T M (z ei ) = cos M6 ei = ±1. (7) 

Thus in the range — 1 g: g 1 in which all 
maxima and minima occur, the function T„(z) 
oscillates between 1 and — 1, as is clear from 
Fig. 13.2. 

A useful alternative expression for the 
Tchebyscheff function as defined in (la, b) 
is derived as follows with z = cos 0: 

T m (z) = cos MO = + e ~i M0 ) 

= £[(cos 0 + jV 1 — cos 2 0)" 

+ (cos 0 -jVl - cos 2 0) w ] (8) 

= itt z + Vz 2 - 1)* + (z - - l)*]. 

(—oo s; z <; oo). 


If the function T„(z) as defined in (3a, b ) 
is limited by an appropriately chosen value 
z = ±z 0 such that the variable u occurring 
in the general polynomial forms (12.17a, b) 
of the array factors of symmetric broadside 
arrays is given by 

u = z/z 0 , (9) 

it follows that (3a) and (36) become 

T 2n (z u u) = 2 cl n q z^u 2 \ (10a) 

q =o 

T 2 n-i(z 0 u) = 2 cf l q z\zl q - 1 u 2 ’ 1 ~ 1 . (106) 

For example, with z = z 0 u and M = In — 1 
= 7, n = 4, (46) gives 

T 7 (z 0 u) = z 0 u(64zqU 6 — 112zq« 4 

+ 56zq« 2 — 7). (11) 

In order to make use of the Tchebyscheff 
optimum properties in the design of non- 
uniform arrays it is merely necessary to note 
that (10a) and (106) are the same in form as the 
array factors (12.17a) and (12.17c/), namely, 

Aom(u) = G 2n (u) = 22 2 £<4j“ 2a > 

G=0 i=q 

N = 2n + 1, (12a) 

^even(«) = G 2n _i(«) = 2 2 2 

4 = 1 r = 4 

N = 2n. (126) 
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Specifically, with N = 8, n = 4, the form 
(12.4c) gives, with u = cos x, 

Aeve n(“) = 2[Ay cos x + k 2 cos 3x 

+ k 3 cos 5x + k, cos 7 jc], (13a) 

which, from (12 b) or simply by expanding 
the cosines in (13a) in powers of a — cos x, 
is equivalent to 

AevenM = G 7 (u) = 2[k,u + k 2 u(4u 2 - 3) 

+ k 3 u(\6iA - 20a 2 + 5) 

+ Ar 4 a(64a 6 - 112a 4 + 56u 2 - 7)] 

(136) 

= 2a[64& 4 u fl + (16 At 3 — 112£ 4 )a 4 
+ (4 k 2 — 20 k 3 + 56 k,)u 2 
+ (k, - 3k 2 + Sk 3 - 7/t 4 )]. 

(13c) 

It is now possible to determine the relative 
current amplitudes k { in a manner such that 
the array factors in (12a, b ) and (13c) become 
Tchebyscheff polynomials. For this it is 
necessary merely to solve the following 
equations obtained, respectively, using (10a) 
and (12a), (106) and (126), (11) and (13c): 

^odd(") = G 2n (u) = 2T 2n (z 0 u), 

N=2n+l, (14a) 

Aeven( u ) £ - G 2n _i(u) = 2T 2n _ 1 (z 0 u), 

N =2/i, (146) 

2a[64fc 4 a 6 + (16 k 3 — 112/c 4 )u 4 
+ (4k 2 - 20k 3 + 56k,)u 2 
+ (k l - 3k 2 + 5k 3 - 7k,)\ 

= 2z 0 a[64zJ}u 8 — 112zjja 4 + 56zjju 2 — 7], 

N=8. (15) 

The factor 2 in (14a, 6) and (15) arises from 
the fact that A(u) was defined originally 
in (12.4a) and (12.4c) with this factor. The 
following sets of equations are equivalent to 
(14a, 6): 

{ 2 k i c % = c l? z o ? . ?= 1.2, •••,«, 

N = 2n + \, (16a) 

« 

2 Ic .f ^ l i 7 2q l — 1 . . • h 

K i c 2q-1 ~~ c 2q-l z 0 9 v — 

N=2n, (166) 
64k, = 64z®, \ 

16k 3 - 112^ 4 = -112z 4 ,l ^ =g 

4k 2 - 20k 3 + 56 k, = 56z 4 , /’ 

k j — 3k 2 + 5 k 3 — Ik, = —7, J 

( 17 ) 


In order to solve for each k Q , the sets of 
equations in (16a, 6) may be expressed in the 
following equivalent forms: 


k Q c%, + 2 k i c % = c lpo q > 

i=q +1 

N — 2n + l, (18a) 


k r 2?_1 
K Q c 2q-1 


2 ^< c 24 -l c 2q-l z 6 


3.n-\ 7 2q-\ 


=? + l 


N=2n. (186) 


Solving for k q gives the formulas for the cur¬ 
rent amplitudes as obtained by Dolph 12 


k — — f> 2n 7 2 « 
K q .2? • 2<; z o 

c 2 q 


2 kicl$, 

=«+1 

Af = 2« + 1, (19a) 


L ( r 2n — l r 2q—l _ V L. 

—1 \ c 2q — l z 0 * Z* 1 '» 


i=q +1 

N = 2n. (196) 


By beginning with q — n, and proceeding in 
succession to q = /i — 1, n — 2, • • •, (19a) 
and (196) may be solved for all of the relative 
currents /t*. In the special case with N = 8 , 
a = 4, 

^4 = ( c 7 z o) — zj, ( 20 a) 

C 7 

£3 = ^ (Cs z 0 - V?) = 7/c 4 - 7zq 

= 7zq(zq — 1 ), (206) 

k 2 — -3 (cjjzjj k,c 3 k 3 c 3 ) 

£3 

= 5At 3 - 15/t 4 + 14zg 
= 7zg(3z 4 - 5z 2 + 2), (20c) 

&i = — 4 (cJzq & 4 c| ^ 3C1 k 2 C]) 

c i 

= 3 /: 2 — 5k 3 + Ik, — 7z 0 

= 7z 0 (5z 0 8 - 10z 4 + 6 z 0 2 - 1). (20rf) 

For any value of z 0 > 1 the currents in the 
symmetric, A-antenna broadside array are 
specified by (19a, 6 ) or, for N = 8, by (20a) 
to ( 20 tf) in a manner to make the array factors 
(12a, 6 ) and (13a) Tchebyscheff polynomials 
that have the desired optimum properties 
in the range —1 Si z sS 1 or —(l/z 0 ) < u < 
(l/z 0 ). However, as discussed in Sec. 14, the 
array factor / 1 ( 0 , ®) so determined has 
optimum properties as a function of ® only 
if the distance between adjacent antennas 
equals or exceeds A 0 / 2 , that is, only for 
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n B s V Thus, in general, when n B ^ £ 
the array factors (12a) and (126) can be 
specialized to be Tchebyscheff polynomials by 
specifying the currents as in (19a) and (196), 
respectively. Note that this is true for any 
value of the arbitrary parameter z 0 . 

Since the numerical evaluation of the 
current amplitudes from (19a, 6) is very long 
and tedious for an array with a large number 
of elements, alternative, more convenient 
formulas have been derived first by Barbiere 3 
and later by Stegen 50 . Stegen’s formulas for 
N = In + 1 are 

k 0 = N _1 {r + 2 V 7J,_i[z 0 cos (-rrs/N)]} 

8 = 1 

(20c) 

k m = 2N~\r + 2 V 7>_ 1 [z 0 cos (ns/N) 

8=1 

X cos (2irmslN)]}, 
m = 1, 3, • • •, n. (20 f) 

For N = 2n 

k m = 2A'~ 1 {r +22 Ty-i[z 0 cos (yrs/N)] 

8 = 1 

X cos [(2m + 1 )irs/N]}, 

m = 0 , 1 , 2, •••,«- 1 . ( 20 ^) 

What determines the value to be assigned 
to the arbitrary scale factor z 0 ? The answer 
to this question follows directly from a study 
of the effect of increasing z 0 from unity to 
infinity, which obviously are the limiting 
cases of the optimum or Tchebyscheff distri¬ 
bution. Of the two quantities of particular 
interest, the first is the ratio of the magnitude 
of the principal lobe at u — ± 1 to the minor- 
lobe level of unity, that is, 

r=\T M (z^\ll = | 7jv_i(z 0 )|/1. (21) 

Note that the limiting ratio of principal lobe 
to the first and greatest minor lobe in a 
uniform array as N is increased indefinitely 
as given in Sec. 1 is 

'•uniform = 1/0.21 = 4.76. (22) 

The second quantity of interest is the null 
beam width of the principal lobe.* The 
location of the first null for the Tchebyscheff 
array is given by (56) with M = N — 1, i = 1, 
and z = z 0 « = z g cos x (where x = n B v cos $.) 

* Formulas and graphs for the half-power beam 
width are in the literature 50 . 


The corresponding value of x is obtained at 
once to be 

1 7T 

u = cos x 0 = - cos 2(N- 1)’ 

*»-" s ‘‘[r D c “2<F=T)]' < 23 > 

The first null of a uniform array is given by 
(1.23). It is 

C*o)untform = ^/N. (24) 

When z 0 is chosen to be unity it follows from 
(3a, 6) or (4a, 6), and from (23), that for the 
Tchebyscheff array 

z 0 =l: r=T„( 1) = 1, * 0 = 2 W^T) ' 

(25) 

Comparison with (22) and (24) shows that for 
the uniform array r is greater and jc 0 is greater. 
Thus, the uniform array has a lower minor- 
lobe level and a greater null beam width 
than a Tchebyscheff array in the extreme 
case z 0 = 1. The nature of such a Tchebyscheff 
array in the special case N — 8 follows from 
(20a) to (20 d) with z 0 = 1. Thus, 

z 0 = 1: k 3 — k 3 — k 3 = 0, k x = 1. 

(26) 

Evidently, only the outermost two antennas 
have nonzero currents. The array factor is 
given by (13a): 

z 0 = 1: A even (u) = 2A 4 cos lx. (27) 

The behavior of a Tchebyscheff array as z 0 
becomes infinite may be determined from (2a) 
to (20 d) if these equations are divided by * 4 , 
so that the relative currents remain finite. The 
resulting relative currents are 

z 0 oo: kjk t = 1, * s /*4 = 7, 

* a /* 4 = 21, kfk 4 = 35; (28) 

that is, the currents in the eight antennas are in 
the ratios 1 :7 :21 :35 : 35 :21 :7 :1. This is 
recognized to be a symmetric binomial 
distribution, the array factor of which has no 
side lobes. On the other hand, the first null 
occurs at x — w/2. Thus, the Tchebyscheff 
array becomes a binomial broadside array 
with 

z 0 -*• oo : r -*■ oo, jc 0 -+W2. (29) 
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It is clear from these extreme cases that a 
wide choice in either minor-lobe level or beam 
width is available in the Tchebyscheff arrays. 
It is known that, whichever is assigned, the 
other has an optimum value for the given 
number of antennas if the distance between 
adjacent antennas equals or exceeds A 0 /2 or 
n B S: A. In general, as z 0 is increased the 
minor-lobe level is decreased, the beam width 
increased. 

If the minor-lobe level 1 jr is preassigned, it 
is necessary to determine z 0 by solving (14a, 6) 
with A(u) = 2 r. This is conveniently done 
using (16). Thus 

z 0 = cosh (A/ -1 cosh -1 r) (30) 

An alternative form is obtained using (8). The 
equation to be solved for z 0 in this case is 


If z„ is determined either from (33), if the 
minor-lobe level is given, or from (35), if the 
location of the first null is assigned, the entire 
array factor is specified completely by deter¬ 
mining the currents given in (19a) or (196) and 
using these in (12a) or (126). The resulting 
Tchebyscheff pattern has the following opti¬ 
mum property for each value of TV: (1) if the 
side-lobe level is assigned, the null beam width 
is a minimum; (2) if the first null is assigned, 
the minor-lobe level is minimized. 

A complete pattern for TV = 8 has been 
calculated by Dolph by assigning arbitrarily 
a minor-lobe level of 25.8 decibels, which 
corresponds to z 0 = 1.14. The appropriate 
relative currents in the four pairs of antennas 
are obtained from (20a) to (20 d) to be: 

TV= 8: * 4 = 2.502, k 3 = 4.029, 


(*o + Vzl+ir + (z 0 - V z 2+l)v = 2 r. 

(31 a) 


If (31a) is multiplied through by the first term 
and then by the second term the following 
equations are obtained, in which the upper 
signs go together and the lower signs go 
together: 

Cz 0 ± V'^+T) 2 * - 2r(z 0 ± VzJ+lHl - 0. 

(316) 

These may be solved directly for (z ± Vzjj +1)" 
and then the A/th root extracted on each side. 


This gives 


1 

*o + ^o+1 = (r ± Vr z +1 )", 

(32a) 

1 

z 0 - Vzjj+1 =(rT Vr*+1)". 

(326) 

By adding (32a) and (326) the following final 
result is obtained: 

1 1 

Z 0 = jKr+VTZ+l)* + (r—vWlA 


M= TV- 1. 

(33) 


If r is specified, z 0 is readily determined from 
(30) or (33). 

If the location of the first null is specified as 
® 01 , it is necessary first to compute 

m« i = cos jc 01 = cos (n B TT cos G> 01 ) (34) 

and then determine z 0 from (23) as follows: 


*0 


1 IT 

COS _ . 77 • 

u oi 2(AT — 1) 


(35) 


k 2 = 5.901, k 7 = 7.042. (36a) 

Referred to antenna No. 1, nearest the center 
of the array, 

* 4 =0.356, *3= 0.574, * 2 =0.840, k^l.0. 

(366) 

Since the bracket in the array factor (13a) with 
currents as specified in (36a) or (366) is equal 
to (11), it is clear that the array factor is 
proportional to T 7 (z„u) = r,(1.14«). Thus, 
with u = cos x = cos {tig-n cos <I>), the array 
factor may be expressed as follows: 

N— 8: A even (I 77 , O) ' T 7 (z a u) 

= r 7 (z 0 cos x) 

= r 7 [z 0 cos (n B w cos <&)]. (37) 

In evaluating this function numerically for 
graphical representation with z 0 = 1.14, it is 
necessary to do little more than locate the 
zeros and the minor extremes. The values of 
d oi =cos -1 z 0 « 0 i for the nulls and 0 O(! =cos -1 
for the minor extremes are listed in Table 13.2. 
The corresponding values of u and a graph of 
T 7 (z 0 u) as a function of u are shown in 
Fig. 13.3. A graph of the magnitude of the 
same function | r 7 (z 0 cos x) \ as a function of x 
is shown in Fig. 13.4 together with values of x 
giving nulls and minor extremes. In this same 
figure is shown the normalized array factor of 
the corresponding 8-element uniform array 
multiplied by the factor 19.45 so that the princi¬ 
pal extremes of the uniform and Tchebyscheff 
arrays coincide. Note that the null beam width 
of the Tchebyscheff array is considerably 
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Table 13.2. Nulls and extremes for T,(z„u) with z 0 = 1.14. 


/ 

6 0i (nulls) 

0 Oe (minor extremes) 


Radians 

Degrees 

z 0 Uoi = cos 6 0i 

Radians 

Degrees 

Z 0 U 0e — COS 

1 

77*/14 

12.85° 

0.9750 


25.7° 


2 

3tt/14 

38.6 

0.7815 

fili&iSl 

51.5 


3 

5tt/14 

64.3 

0.4337 


77.2 


4 

7TT-/14 

90.0 

0.0 

4,7/7 

102.8 

-0.2215 

5 

9ir/14 

115.7 

-0.4337 

5,7/7 

128.5 

-0.6225 

6 

1177-/14 

141.4 

-0.7815 

6tt/7 

154.3 

-0.9011 

7 

1377/14 

167.15 

-0.9750 





Table 13.3. Array factor for 24-antenna Tchebyscheff array. 


K V en(“)==“ft 1 94,304*„«“ 

+ (-24,117,248* la + l,048,576*„)u !0 

+ (60,293,120*, a - 5,505,024 k n + 262,144*, 0 )u 18 

+ (- 85,917,696*, a +12,386,304*:,, -1,245,184*,„+ 65,536*>‘* 

+ (76,873,728*, a -15,597,568*„+2,490,368* 10 -278,528*,+16,384*: ,)u li 
+ (-44,843,008*, a +12,042,240*„-2,723,840*,„+487,424*,-61,440* 8 + 4096*,)« 12 
+ (17,145,856*, a -5,870,592*„+1,770,496*, 0 -452,608*,+ 92,160* 8 -13,312*,+1024* 6 )« 10 
+(—4,209,920* ia +1,793,792*„-695,552* 1() +239,360*,-70,400*„+16,640*, —2816A 6 +256A 6 )r/« 
+ (631,488*, a -329,472*,,+160,512*,„-71,808*,+28,800* 8 -9984*,+2816* a -576* 5 +64* 4 )« 8 
+(-52,624*, a +33,264*„-20,064*, 0 +ll,424*,-6048* 8 +2912*,-1232* 8 +432* 5 -112* 4 +16* a )« 4 
+ (2024*, a -1540*,,+1140*, 0 - 816*.+560* 8 -364*,+ 220*, -120* s + 56* 4 -20* s + 4* a )u a 
+ (—23*, a +21*„ —19*, 0 +17*,—15* 8 +13*, — 11*«+ 9* 5 —7* 4 + 5* s —3* a + *,)]. 


greater, the half-power beam width slightly 
greater, and the minor-lobe level much smaller 
than for the uniform array. The actual 
Tchebyscheff array factor T 7 (z 0 cos [n B n cos $]) 
as a function of the equatorial angle $ is shown 
in Fig. 13.5 for half-wave spacing ( n B = 172) 
and full-wave spacing ( n B = 1). These curves 
may be compared with the patterns for the 
corresponding 8-element uniform broadside 
array in Fig. 3.2. Note that whereas the general 
shape is similar, the uniform arrays have 
narrower beams but much higher side-lobe 
levels. 

In addition to the 8-antenna array already 
discussed, Dolph has analyzed 12-, 16-, 20-, 
and 24-element Tchebyscheff broadside arrays. 
This involves the odd nonnormalized 
Tchebyscheff polynomials up to 7’ 23 (z) as 
defined in (36). These are given in Table 13.1. 


The array factor for the 24-element Tchebyscheff 
array as defined in (126) is given in Table 13.3. 
Note that this reduces to the array factor for 
TV = 20 if * 12 and *,, are set equal to zero, 
for TV = 16 if * 12 , *,„ * 1# , and * 9 are set 
equal to zero, for TV= 12 if * 12 to and 
including * 7 are made zero, and so on. The 
current factors k„ as defined in (196) and as 
given in (20a) to ( 20d ) are listed in Table 13.4 for 
TV = 12,16,20, and 24. In Fig. 13.6 are curves 
relating the minor-lobe level to the arbitrary 
scale factor z 0 ; in Fig. 13.7 are curves giving the 
relative currents in the individual antennas as 
functions of the minor-lobe level. The quan¬ 
tities plotted are denoted by /,-,/= 1,2, ■ • •, n 
= TV/2. In order to obtain the true relative 
currents for use in the array factor, a reference 
antenna for current must be chosen, for 
instance, antenna 1. Then *, = !,*,- = /,//,. 
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Fig. 13.5. Tchebyscheff array factor of eight-element array 
as a function of O. 
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Fig. 13.6. Minor lobe level for IV-antenna Tchebyscheff array (Dolph). 



24 2 6 28 50 32 34 36 38 40 

MINOR-LOBE LEVEL IN DECIBELS 



Fig. 13.7. Current for /V-antenna Tchebyscheff array (Dolph). 
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Table 13.4. Current factors for TchebyschefT arrays of N antennas. 


N= 12: 1, = z” 

l s = 11(1,-zj) 

Li = 9k, — 44 1, + 44zJ 

1 3 = lk t - 21k, + 771 „ - 77zjj 

1, = 5 k 3 - 14 k 3 + 301 5 - 55k, + 55zJ 

1, = 3 k 3 — 5k 3 + Ik, — 9k, + \\k, — llz 0 

N = 16: k, = zj 5 

1, = 151, - 15zJ 3 

k, = 131, - 901, + 90z” 

k, = \ \k, - 651, + 215k, - 275zJ 

k, = 9k, - 44 k, + 1561c, - 4501: 8 + 450z’ 

k 3 = Ik, - 21k, + Ilk, - 1821:, + 3781, - 378z 3 

k, = 5k, - 14 k, + 30 k, - 55k, + 91 1, - 140 k, + 140z 3 

l, - 3 k, - 5k, + Ik, - 9k, + 11 k, - 13 k, + 151, - 15z„ 

At =20: k ia = zl> 

k, = 19 k l0 - 19zJ 7 

k, = Ilk, - 152 1, 0 + 152 zj 5 

l, = 15 At 8 - 119 k, + 6651,„ - 665z*» 

1, = 13*, - 901: 8 + 4421:, - 17291 10 + 1729zJ* 

k, = Ilk, - 65k, + 2751:, - 9351:, + 2717* 10 - 2717z? 

k, = 9k, - 44 k, + 156*, - 4501, + 1121 k, - 25081 10 + 2508zJ 

k, = Ik, - 21k, + Ilk, - 1821, + 3781, - 7141, + 12541 10 - 1254zJ 

l, = 51, - 141, + 301 5 - 551, + 911, - 1401, + 2041, - 2851 10 + 285zjJ 

1, = 31, - 51 3 + Ik, - 9k, + 111, - 131, + 151, - 171, + 191, 0 - 19z„ 

AT =24: 1„ = zj 3 

In = 231,, - 23 zl' 

1 10 = 211,, - 2301,, + 230zJ 9 

1, = 191,0 - 1891,, + 13111,, - 131 lz” 

1, = 171, - 1521,0 + 9521,, - 46921,, + 4692zJ 4 

1, = 151, _ H91, + 6651,„ - 29401,, + 10,9481,, - I0,948zJ 3 

k, = 131, - 901 8 + 4421, - 17291„ + 57331,, - 16,7441,, + 16,744z” 

k, = 111, - 651, + 2751 8 - 9351, + 27171,„ - 70071,, + 16,4451,, - 16,445zS 

k, = 91, - 441 6 + 1561, - 4501 8 + 11221, - 25081,, + 51481,, - 98671,, + 9867zJ 

k, = Ik,- 271 5 + 771«-1821,+3781, -7141,+12541, 0 - 20791,,+ 32891,, - 3289z 0 5 

l, = 51 3 - 141, + 301 5 - 551 e + 911, - 1401, + 2041, - 2851,, + 3851,, - 5061,, + 506zJ 

1, = 31, - 51 3 + 71« -91 5 + Ill, - 131,+ 151, - 171,+ 191,, - 211„ + 231„ - 23z„ 
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Dolph reports satisfactory agreement 
between theory and experimental measure¬ 
ments on 12- and 24-element Tchebyscheff 
arrays. 

14. Closely Spaced Tchebyscheff Arrays 

When the distance between the elements of a 
broadside array is less than one-half wave¬ 
length, the Tchebyscheff distribution of 
currents as obtained in Sec. 13 for a symmetric 
broadside array does not provide the optimum 
array factor A(%n, 0) in the sense of narrow 
beam width and low minor-lobe level. As 
pointed out by Riblet,* if the distance between 
elements is less than A 0 /2, that is, n„ < £, it 
is possible to derive array factors that have 
narrower beam widths and a smaller side-lobe 
level by an ingenious modification of the 
method of Dolph described in Sec. 13. The 
reason for the failure of the unmodified Dolph 
method when n B < £ is understood readily 
once it is recognized that when n B < £ the 
entire range of 0, 0 Si 0 Si tt/ 2, required to 
determine the array factor A(in, 0) is included 
in a range of u that is more limited than 
0 SS u sS 1. That is, only a part of A(u) con¬ 
tributes to AQrr, 0). Since u = cos (n B n cos 0), 
it is clear that the significant attainable range 
of u is 

OS0S tt/2: cos n s TT g 1. (1) 

Since the method of Sec. 13 restricts A(u ) to a 
magnitude not to exceed unity in the range 
—(l/z„) < u ^ (l/z 0 ), it is clear that when 
n B < A(u) is unnecessarily restricted in 
the range 0 Ss w < cos n B ir, where A(u) 
may be left completely unrestricted since it 
contributes nothing to the actual array 
factor A(ln, 0). Clearly, by restricting A(u) 
only in the range where this is required, 
A(\tt, 0) may have a smaller minor-lobe 
level and a narrower beam width. 

It was shown in Sec. 10 in analyzing end- 
fire arrays (for which n E < £ is a necessary 
condition) that narrower beam widths and 
lower side lobes could be obtained by choosing 
the currents in the elements so as to include all 
of the zeros in the complex polynomial A(z) in 
the attainable range of 0 so that A(^n, 0) has 
as many zeros as A(z). It is to be expected that 
a similar result may be achieved with the 
broadside array. For example, the seven- 
element uniform broadside array is represented 
by A(x) = sin 7*/sin x, where x = n B ir cos 0 . 


* This section is based on the work of Riblet, 
ref. 39. 


If n B — the attainable range of x by 0 as 
it varies over the range 0 g0 S tt /2 is 
OSrg 71-/3. As seen in Fig. 14.1, this range 
includes only two of the available three zeros 
in the range 0 g; x s; tt/ 2. Evidently, the zero 
near 76° in Fig. 14.1 should be moved to the 
left of 60° by an appropriate change in the 
current distribution. 

The regular Tchebyscheff pattern as defined 
in Sec. 13 corresponding to the uniform pattern 
of Fig. 14.1 is T 6 (z), where 

r 6 (z) = r 8 (z 0 «) = r 6 (z 0 cos x) 

= T e [z 0 cos (n B 77 cos 0)]. (2) 

This function is plotted in Fig. 14.2 for the 
arbitrary condition T(z 0 ) = 9 or z 0 = 1.12. 
For n B = J, the attainable range of u is 

OS0 g 77 / 2 : 0.5 g 1. (3) 

Just as for the uniform patterns, only two of 
the available three nulls in T s (z), 02SzS»l are 
available in r 6 [z 0 cos (577 cos 0 )]. 

In a method proposed by Riblet for obtain¬ 
ing an optimum factor A(in, 0 ) in the sense 
of Sec. 13, A(u ) is represented by a suitable 
Tchebyscheff polynomial T M (y) which has an 
appropriate argument y that locates all nulls 
and minor lobes that occur for 0 g u g 1 in 
the range 0.5 £= u ^ 1. Since A(u) is un¬ 
restricted for 0 ^ u < 0.5, it may assume large 
values in this range. Moreover, since no zeros 
are included, the function T,,(y) that is to 
represent A(u) necessarily increases mono- 
tonically in magnitude as u decreases from 0.5 
to 0. This means that the array factor must have 
an extreme value at 0 = 0 or x = cos 0 = 
377 , a condition that can obtain only when N is 
odd. Hence, the method to be described for 
obtaining a distribution of currents that 
produces an optimum pattern in the sense of 
Sec. 13 is restricted to arrays with an odd 
number of elements. 

The proposed array factor A(u) for N = 7, 
namely, T 6 (z) = T B (z 0 u), is to be like Fig. 14.2 
with the two zeros nearest the center moved 
outward beyond u = ±0.5. Such a pattern 
may be represented by T 3 (y) if y is an even 
function of u and has its origin roughly 
midway between u = 0.5 and u = 1. That such 
a representation is possible is seen directly from 
the following mathematical manipulation of 
the general array factor: 

n 

^odd = -4oddW = 2 2 ki cos 2 ix, 

7 = 0 

n=(N- l)/2, (4) 
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where x = n B n cos <t> and where k 0 = IJ2I r , 
k { = /,-//„ / = 1,2, • • ■, n, and I r is the 
reference current. If I r = as assumed in 
Sec. 3, k 0 = Specifically, for N = 1, 
n = 3, 

A 0 dd(x) = 2[k a + k l cos 2x + k 2 cos 4x 

+ k 3 cos 6 jc], (5) 

Instead of representing (4) as an M = N — 1 
degree polynomial or (5) as a sixth-degree 
polynomial in u = cos x, they may be re¬ 
presented respectively as (N — l)/2 or as a 
third-degree polynomial in 

v = cos 2x = 2 u 2 — 1. (6) 

Thus, for (5), 

A 0 dd(v)=2[k a +k l v+k 2 ( 2v 2 — 1)+ k 3 ( 4v 3 — 3v)] 

(Id) 

=2[(/c 0 — k 2 )+(k x — 3k 3 )v + 2k 2 v 2 

+4k 3 v 3 ]. Ob) 

By proper choice of the relative currents, that 
is, of the kf's, (7) may be specialized to be a 
Tchebyscheff polynomial of degree 3. That is, 

T 3 (y)=(k 0 -k 2 )+(k 1 -3k 3 )y+2k 2 y 2 +4 k 3 y 3 . 

( 8 ) 

Note that T 3 (z) is shown in Fig. 13.2. It is now 
necessary to choose the argument y in such a 
manner that the range — 1 ^ y sS 1 in which 
| T 3 (y) | Ss 1 extends from u = 0.5 toward 
u = 1, and that T 3 (y 0 ), y 0 > 1 specifies the 
desired ratio of principal to minor lobes. Thus, 
let 

y = a(2u 2 - 1) + 6, (9) 

with a and b determined from the conditions 

u = 0.5, y= — 1, (10a) 


« = if y = y o- (i<>6) 


Substitution of (10a) and (106) in (9) gives 

— 1 — a(—|) + 6, 

(11a) 

y 0 = a + b, 

(116) 

so that 


o = f(yo + i)> 

(He) 

6 = i(y 0 - 2). 

(11<0 


Hence, the required Tchebyscheff polynomial 
is 


A oii (u) = 2r 3 [f(y 0 +l)(2« 2 -l)+i(yo-2)] 

= 27’3[|(y 0 +l)« 2 -Ky 0 +4)] (12) 


instead of A 0lili (u) = 2 T e (z 0 u) as obtained 
using the formulation of Sec. 13. Note that 
A 0 dd (d) is symmetric in u so that it is sufficient 
to consider u 5: 0. As a specific example, 
let the ratio of principal to minor lobes be 
fixed at 9. Then T 3 (y Q ) = 9, which occurs 
wheny 0 = 1.5. With this value in (11c, d), 

a =5/3, b — —1/6, (13a) 

so that 

y-|(2a 2 —1) — i = V , tt 2 — V = 3.33a 2 —1.83. 

(136) 

Hence, the appropriate array factor is 

A 0 dd(u) = 2T a (3.33u 2 - 1.83). (14) 

This polynomial is shown in Fig. 14.3 plotted 
as a function of u in the range 0 g u sS 1. 
This corresponds to a range of y given by 
— 1.83 S y Ss 1.5. All zeros and minor lobes 
are in the range — 1 iky 5S 1 and are restricted 
in amplitude to unity. Except for the dis¬ 
torted scale of y, the curve in Fig. 14.3 is seen 
to be the same as T 3 (z) in Fig. 13.2. The large 
lobe at u = 0 or y = —1.83 is of no signifi¬ 
cance, since the range of A(u) attainable in 
Ad*, <£) is 0.5 g u g 1. Comparison of 
Fig. 14.3 with the right-hand half (0 g « g 1) 
of Fig. 14.2 shows that the modified representa¬ 
tion in Fig. 14.3 has shifted the minor lobes 
and nulls into the attainable range. 

A graph of | T 3 (3.33u 2 — 1.83) | as a func¬ 
tion of x = cos -1 u is shown in Fig. 14.4 
together with the corresponding graph for a 
seven-element uniform array with amplitude 
adjusted to make the principal maximum also 
9 as in the Tchebyscheff array. It is seen that 
in the attainable range 0 gr g 60°, the 
Tchebyscheff pattern has a slightly greater 
beam width but a much smaller minor-lobe 
level. This is better seen in Fig. 14.5, where the 
two patterns are shown as functions of the 
actual angle 3> in the range Ogili g tt/ 2. The 
other quadrants are obtained by symmetry. As 
a consequence of the optimum property of the 
Tchebyscheff polynomial, the Tchebyscheff 
array factor in Fig. 14.5 has the minimum 
possible beam width for the specified minor- 
lobe level of 1/9. Note that while the beam 
width of the uniform array is slightly less than 
that of the Tchebyscheff pattern, this does not 
apply to the specified minor-lobe level of 1/9. 
The minor-lobe level for the uniform array is 
more than double this specified value. 

With the optimum array factor determined, 
it remains to specify the relative currents that 
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are required to maintain a field characterized 
by this array factor. These are readily deter¬ 
mined by expanding 

T 3 [ f(2« 2 - 1) - *] = r 3 (ft) - i) 

= r 3 [1.67(y - 0.1)] 

as a function of v, comparing coefficients, and 
solving for k 0 to k t . Thus 

r 3 [1.67(y—0.1)] = 4(1.67) 3 (u 3 —0.3u 2 +0.03t> 
-0.001)-3 xl.67(o-0.1) 
(15a) 

= 18.5t> 3 — 5.55o 2 — 4.46t> + 0.482. 

(156) 

By equating coefficients of v in (156) to the 
coefficients of v in the square bracket in (76), 
the following relative currents referred to an 
arbitrary reference current I T are obtained : 

Ar 3 =4.62, k 2 — —2.78, ^=9.40, A: 0 =-2.3O. 

(16) 

Since k 0 = IJ2I T , the ratio IJI r is determined 
at once from (16) to be 

7 0 // r = 2 k 0 = -4.60. (17) 

Dividing (16) by this value, the following 
relative currents are obtained referred to / 0 : 

y 3 = — 1.00, = 0.60, y 1 = -2.04, (18) 

'o '0 '0 

Thus, the currents in the seven elements in 
sequence have the approximate ratios 

-1 : 0.6 : —2 : 1 : —2 : 0.6 : -1. (19) 

Note that these currents are not all in phase as 
assumed for the conventional broadside array, 
but involve 180° phase shifts from one element 
to its adjacent one. This alternation in the 
directions is characteristic of highly directive 
arrays. 

A seven-element array with units spaced 
A 0 /3 and with the relative currents given in (19) 
has the optimum array factor shown in 
Fig. 14.5. 

Although in the interest of clarity the 
detailed analysis in this section is carried out 
specifically for a seven-element array with 
antennas spaced one-third wavelength and a 
minor-lobe level of 1/9, it is evident that the 
same sequence of steps may be applied to any 
array with an odd number of antennas 
spaced less than A 0 /2. 


ARRAYS WITH OMNIDIRECTIONAL 
PROPERTIES 

15. Circular Array* 

For some purposes, as in broadcasting, an 
electromagnetic field with rotational symmetry 
about a vertical z-axis is required; that is, the 
radiation field must be independent of the 
azimuthal angle 4>. The desired nature of the 
vertical field pattern as a function of the angle 
© measured from the z-axis depends upon the 
particular application. For many broadcast 
transmitters a field that is intense only near the 
equatorial plane 0 = */2 is required. Such a 
field is provided by linear radiators with 
h S A 0 /2 (Chapter V) and especially by 
collinear arrays (Sec. 2). If the principal lobe 
in the field pattern is to be directed upward at 
an angle © between 0 and w/2, as for short¬ 
wave transmission using so-called reflection 
from the ionosphere, linear radiators of 
greater length may be used. As shown in 
Chapter V, the principal ear in the field pattern 
moves from 0 = w/2 toward 0 = 0 as the 
length of the antenna is increased. For both 
linear radiator and collinear array the electric 
field is vertically polarized, that is, perpen¬ 
dicular to the equatorial plane. 

An interesting array that may be designed to 
have either omnidirectional or directional 
properties with vertical polarization is the 
circular array consisting of N identical parallel 
radiators uniformly spaced around the circum¬ 
ference of a circle. The impedance properties 
of such an array are determined in Sec. III. 14 
for the general case of N arbitrary driving 
voltages. The array factor for so general an 
array consists of a sum of A terms that cannot 
be combined into a compact form without 
introducing restrictions on the relative magni¬ 
tudes and phases of the currents. Since a small 
number of units is readily handled as a discrete 
sum, it is important to obtain an expression 
that permits the study of circular arrays with a 
large number of units. Such an expression may 
be obtained if conditions are imposed that 
permit the combination of terms in pairs so 
that use may be made of the array factor of a 
two-element array. Evidently, a first condition 
is that all currents must be equal in magnitude, 
and a second that N must be even. If these are 
satisfied there are two methods of pairing the 
antennas, as shown in Fig. 15.1. They are: 
(a) diametral pairing where the distance d 


* This section is based in part on the work of 
Briickmann, ref. 1.14, pp. 113-123. 
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between the units of each two-element array 
is the diameter of the circle; ( b ) parallel-chord 
pairing where the lines joining the two antennas 
of the Nj2 pairs are all parallel but not of equal 
length. Simplification may be achieved in the 
two cases with somewhat different phase 
sequences for the currents. 

The radiation-zone electric field of a pair of 
identical parallel antennas with half-length h, 
separated by a distance d = n p X Q , and with 
currents given by 

I = I 0 e-W 2, r = I 0 eW 2, (5 = 2rrt p , (1) 

is given by (3.52) with (3.56): 

i* Y T p « 0 

E' q = -7T- F 0 (Q, P 0 h)A(®, <h; 2,n p ,t„), 

Ztt Kq 

( 2 ) 

where 

-4(0, O; 2, n p , t p ) 

= 2 cos t r(n„ sin 0 cos <£ — t P ). (3) 

It is assumed that the unprimed antenna is at 
a distance dj2 along the positive x-axis, which 
is the zero line for the azimuthal coordinate <I>. 
The vertical z-axis is parallel to the two 
antennas and its positive half is the zero line 
for the coordinate 0. The current /„ is a 
convenient reference current. 

(a) Diametral pairing. With N antennas 
uniformly spaced around the circumference of 
a circle of radius d\ 2, the angular separation of 
adjacent units is 2 w/N. If the diametrically 
opposite units form a pair and the pair at 
<5 = 0 is number 1 (Fig. 15.1a), the array 
factor of the ;'th pair is 

^(0,® - 2, n p , t Pi ) 

= 2 cos t r[n p sin 0 cos (<J> — OJ — t Pi ], (4) 

where 

= % O' ~ 1), (5) 

and where t Pi is the phase difference between 
the currents as a fraction of a period. 
Evidently, the normalized array factor of the 
Nj2 pairs is 


If N is not too small this gives an approxi¬ 
mately omnidirectional pattern with respect to 
$ when all currents are in phase so that /„,=(). 
In this case ( 6 ) reduces to 

2 JV/2 

a( 0 ,O) = ^ 2 cos {”p w sin 0 
-** i=l 

x cos [® - (2irjN)(i -1)]}. (7) 

If the diameter of the circle is very small com¬ 
pared with the wavelength, ( n P n ) 2 < 1 , the 
leading term is simply 

a(©,<F)=l. ( 8 ) 

This is the normalized array factor of the 
Af-element cage antenna, which is seen to be 
the same as that of a single antenna. Note that 
the complete vertical-field factor is F o (0,j5 o /i) 
y4(0,«I>), where F 0 (&,p 0 h) is the vertical-field 
factor of a single isolated antenna as defined 
in Chapter V. For very short antennas 
($jA 2 < 1 ) and approximately for antennas 
with fl 0 h si 2 (see Sec. V.13), F o (0,j5 o A) is 
proportional to sin 0 so that the complete 
vertical-field factor is proportional to 
A(&, ®) sin 0. In order to compare the field 
factor of an A'-element circular array with a 
single antenna radiating the same power, the 
driving-point resistance of each antenna must 
be known. Since all units are identical, with 
equal currents 

Win = (*!)in = Rsi + f Ru- (9«) 

In order to radiate the same total power as a 
given isolated, single antenna, the following 
equation must be satisfied: 

/ 0 2 /? 0 = NUKRM, (9b) 

where / 0 is the magnitude of the driving-point 
current in the isolated antenna and I x is the 
magnitude of the driving-point current in any 
one of the N identical antennas. 

The normalized array factor (7) of a six- 
element circular array is 

—- = a(&, O) = ^{cos [n P TT sin © cos 

+ cos [rtpTr sin 0 cos (<I> + J 77 )] 


a(0, 4>) 


A(Q, ®) 
N 


2 A72 

= — 2, cos Tr[n P sin 0 cos (<I> 

™ i = 1 




[VI. 15] 


THEORY OF LINEAR ANTENNAS 


681 


A graph of the vertical-field pattern K(0) 
defined by A(&, ®) sin © with ,4(0, ®) given 
by (10) with n p = § is shown in Fig. 15.2. For 
comparison, the corresponding pattern defined 
by K(0) = 2.1 sin 0 of a single antenna that 
is supplied approximately equal power also is 
shown. 

In order to show the degree of rotational 
symmetry, curves are shown both for <5 = 0 
and for 0 = 77 / 6 , that is, on a radial line through 
an antenna and midway between two adjacent 
antennas. The difference in the curves is seen 
to be so small that even for TV = 6 the pattern 
is essentially rotationally symmetric. The 
significant fact about Fig. 15.2 is that by 
changing the diameter of the circle from very 
small to 2A 0 /3 the vertical characteristic is 
changed greatly, the direction of maximum 
far-zone field being shifted from the equatorial 
plane 0 = n/2 to 0 = 38°. Thus, with a 
circular array of even very short antennas with 
h <: A 0 , it is possible to approximate the field 
pattern of a single linear radiator of length 
h near 3A 0 /4. 

Since the horizontal pattern for N = 6 is 
so nearly a circle, which is attained ideally only 
for N infinite, it appears reasonable to assume 
that the normalized array factor for all even 
values of N greater than four must be approxi¬ 
mated well by the normalized array factor with 
N infinite. By defining 


77 (/ -i)- 0 > 

(I la) 

2tt 

N ’ 

(116) 


and substituting these in (7), the result is 

1 NJ2 

a(0, O) - 2 cos («„77 sin 0 cos ®,')A® ; . 

77 i=i 

( 12 ) 

In the limit as N approaches infinity, the 
limits for ® t - in the sum approach — ® and 
77 — ®, and the sum becomes the following 
well-known special form of the general 
Sommerfeld integral* 

1 f'~® 

a( 0 , ®) = - cos (n P 77 sin 0 cos ®') c/®' 
77 J-® 

= J 0 (n p iT sin 0). (13a) 

A graph of K(0) = ,/ 0 (§77 sin 0) sin ®IJ 0 ($n), 
corresponding to N = co, d = 2A 0 /3, is 
also shown in Fig. 15.2. Note that this 

* See, for example, Jahnke-Emde, ref. 1.28. 


pattern is normalized to unity at 0 = n/2 
and not adjusted for the same power since 
(RJ is not available. It is seen that the 
shapes of the vertical pattern for N = 6 
and N = co are essentially the same. 

In Fig. 15.3 are shown polar graphs of the 
vertical-field factor 

K(0) = J 0 (n p Tr sin 0) sin 0 (136) 

for a range of values of n P from 0 to 2.23. 
The particular values chosen are critical in 
the sense that they correspond to transitions 
at which a particular ear vanishes or reaches 
a maximum. 

A combination of the circular array with 
all currents equal and in phase with a single 
antenna at the center of the circle provides 
omnidirectional patterns, which may be 
flattened considerably by having the current 
in the central unit greater than the sum of the 
currents in the outer units arranged in a 
circle of appropriate diameter. 

The circular array with diametral pairing of 
elements may be made essentially unidirec¬ 
tional instead of omnidirectional by proper 
adjustment of the relative phases. Evidently 
the array factor (6) has an absolute maximum 
of unity if the arguments of all the cosines 
in the sum vanish. Let the angles 0 and ® 
for which this occurs be denoted by 0 m and 
® m . The condition for such a maximum is 

tpi = n v sin 0 m cos (® m - ®<), (14) 

so that 

2 NJ2 

a(0, ®) = — 2 cos WjMsin 0 cos (® — ®,) 
N i = i 

- sin 0 m cos (® m - ®,-)]. (15) 

It is shown in the literature that multi¬ 
directional and essentially unidirectional 
beams are defined by (15) with appropriate 
choices of n p . 

(6) Parallel-chord pairing and progressive 
phase. If an even number of antennas in a 
circular array are paired as in Fig. 15.16, a 
relatively simple array factor may be derived 
for discrete values of ® = O k in the rather 
general case of currents that are equal in 
amplitude but change progressively and 
uniformly in phase around the circle. The 
discrete directions ® fc in which the array 
factor can be expressed simply are radial 
vertical planes that pass through an antenna 
if N/2 is odd and that pass midway between 
adjacent antennas if N/2 is even. This is no 
serious restriction if N is reasonably large 
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and the phases of the currents do not vary 
too rapidly from unit to unit, since the field 
in the equatorial plane is nearly circular with 
only small variations in magnitude as the 
radial plane O = constant is turned from a 
plane through an antenna to a plane passing 
midway between adjacent antennas. Evidently, 
if the field fluctuates considerably between 
these two values of 4>, as when the phase 
change from unit to unit is *, additional 
points must be determined in order to plot 
the field pattern. 

Referring to Fig. 15.16, the array factor 
of each of the N/2 = 4 pairs of antennas 
IT, 22', 33', and 44' in the direction R g 
parallel to the line joining each pair is given 
by (3) with 0 = 0. Thus 

A(&, 0; 2, n p{ , t pi ) = 2 cos n(n pi sin 0 - t pi ). 

(16) 

If the angle O has its zero value in the vertical 
radial plane through antenna 1, it follows 
from Fig. 15.16 that the distance between 
paired elements as a fraction of wavelength is 

n vi = "do cos (O - O,.), n v = dl* 0 , (17) 

where O,- = (2n/N)(i — 1) as in (5). If the 
phase of the currents is referred to antenna 1, 
then, for a progressive phase increase 

df = mO t . 

= "»( 0 * + *12) + m(4>i - O k - n/2), 

(18 a) 

6'i = W(20* + * - O,) 

= m(4> k + *12) - w(Oj - <V k - n/2), 

(186) 

where m is an integer. Since by definition 
2t rt Pi is the phase difference between the two 
antennas in each pair, 

2 *t pi = S ( —8 ■= 2m(4>i — — *12). 

(19) 

Hence, the array factor with currents referred 
to antenna 1 is obtained by substituting (17) 
and (19) in (16). The result is 

N/2 

A(&, O,.) = 2 2 cos *(n p0 sin 0 sin — m£ { ), 

i = 1 

(20) 

where 

= O t . — Oj,. — *\2 

= (2 *iN)(i - 1) - <X>* - 7t/2. (21) 


Since the general formula (2) for the electric 
field refers the phase of the currents to the 
mean value between the antennas in each 
pair, the normalized complex array factor 
of the entire array for use in a formula like 
(2) is 

2 

0(0, 4>j) = _ K t + W2) 

N/2 

x 2 cos *(n p sin 0 sin ?,• — mf ,•). (22) 

i =1 

As A increases without limit, Af = 2 n/N -*■ d£, 
and the sum becomes the following integral 

o(0, <b k ) -> e -im(a>*+W 2 ) 

j 

x - cos -An . sin 0 sin f — m$) dS. 

* J - Q > k —*/2 

(23) 

The integral in (23) is recognized to be the 
integral representation of the wth-order Bessel 
function,* so that 

o(0, ® k ) = i”)J m (n p TT sin 0). 

(24) 

When all currents are in phase, m = 0, and 
(24) coincides with (13). Since (24) applies 
only to the discrete directions = <t> k 
through an antenna when N/2 is odd, or 
midway between two adjacent antennas when 
N/2 is even, o(0, <l> k ) == a(Q, <I>) only when 
N is sufficiently large and m sufficiently small 
compared with N/2, so that o(0, <I>) is essen¬ 
tially independent of <I>. Polar graphs of 

^(®) _ Jm(n P * sin 0) sin 0 
V(i*) J m (n p *) ( ) 

are shown in Fig. 15.4 for n P = 0, m = 0; 
n v = 0.5, m = 1.2; n v = 1.7, m = 1; and 
rt v ~ 2.15, m = 2. 

Note that if the circular array with pro¬ 
gressive phase change is combined with a 
single antenna at the center of the circle the 
resulting array factor is not rotationally 
symmetric except for m = 0 owing to the 
exponential factor in (24). 

Ring Quasi Arrays. Instead of arranging 
a ring of antennas equidistantly around a circle 
with all axes perpendicular to the plane of the 
circle, they may have their axes in the plane 
of the circle oriented in tangential or radial 
directions. If the currents all have equal 
amplitudes and vary progressively in phase 

* See for example, Jahnke-Emde, ref. 1.28. 
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Fig. 14.5. Tchebyscheff array factor T 3 (y) as a 
function of ® in solid line, uniform array factor 
in broken line. 



( 0 ) 


Fig. 15.4. The function [J m (rm sin 6) sin 0)jj m (mr). 


4 ' / 



/ t t>) 


Fig. 15.1. Circular arrays of eight elements: 
(a) diametral pairing; (fc) parallel-chord pairing. 
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around the circle, horizontally polarized, es¬ 
sentially omnidirectional field is maintained 
in the plane of the circle. The properties of 
ring quasi arrays of this type have been studied 
especially by Knudsen. They are reported in 
the literature/- 32,28 ’ 280 

16. Mutually Perpendicular Antennas and 
Turnstile Array 

The radiation field of a pair of mutually 
perpendicular antennas as shown in Fig. 16.1 
and analyzed in Sec. III.21 is determined 
easily if the identical antennas have a half- 
length h sufficiently short so that the field 
function F o (0, fi 0 h) defined in Sec. V.5 is well 
approximated by the leading term in a Fourier 
expansion. As shown in Sec. V.13, this is true 
when fi 0 h = 2nh/2 0 sS 2, in which case 

F o (0, /VO = p„h t sin 0, (1) 

where p 0 h t is defined by (V.13, 22). Usually, 
crossed antennas have electrical half-lengths 
P a h = w/2, for which (V.13, 25) gives 

= 0.954. (2) 


where 0 and O are polar coordinates shown 
in Fig. 16.1. Let the currents be related as 
follows: 

hv = ke~i% x . (7) 

Then, 

A t q — GI 0x cos ©(cos O + ke~i 6 sin <X>), (8a) 
A\ = GI 0x (ke ~i 6 cos 1* - sin O). (86) 

Expressed in polar form the components of 
the vector potential are 

A r @ = N r Q e~iv> &t A\ = (9) 

where 

N r & = GI 0x ( cos 2 O + 2A: cos <5 sin O cos O 
+ k 2 sin 2 0)1 cos 0, (10a) 

k sin S sin O \ 
cos O + k cos 6 sin O/ ’ 

(106) 

N = GI 0x (k 2 cos 2 0 — 2 k cos 6 sin O cos O 
+ sin 2 0)1, (11a) 



The radiation-zone vector potential due to 
an antenna extending along the z-axis from 
z — — 6 to z = 6 is given by (V.4, 24). For an 
antenna extending along the x-axis, as in 
Fig. 16.1, 

Ar hrl 0 e-Wo F 0 (9 X , pj) 

x 2rrw R 0 sin Q x 

. ^oxCoPo^i e H>A T 

= ~i^r ~R^ = hxG ’ (3) 

0 X is measured from the positive x-axis, and 


G = 

2ttk> R tt 


( 4 ) 


Similarly, the vector potential due to the 
current in the antenna extending from 
y — —h to y = h as in Fig. 16.1 is 


jtr Ah/fo e F O (0 V , W) . T ^ 

A v ~ 2^7 “in © v - (5) 


, ( k cos O sin 6 

y© == tan 1 - - ---—r 

\k cos d cos O — sin Oy 


The far-zone electric field is given by (1.9.7), 
namely, 

e q = K = (12) 

With (9)—(11) the complete formulas are 


Er e 


-jC q/qx e-3V Qfio+V’0 ) 
2i T F 0 


PohtM & (1>) cos 0, 
(13a) 




-JXqIqx e-MyRy + vq, ) 
2n R 0 


Po 


where 


(136) 


A/ 0 (O) =s (cos 2 0 + 2 k cos <5 sin O cos O 

+ k 2 sin 2 0)1, (14a) 


The resultant polar components A r @ and A^ 
due to the currents in the mutually perpen¬ 
dicular antennas shown in Fig. 16.1 may 
be obtained directly from (3), (5) and 

A r e = — A z sin 0 + A x cos 0 cos O 

+ A y sin O sin 0, (6a) 

A'q = A v cos O — A x sin O, (66) 


M©(O) = ( k 2 cos 2 0—2 k cos <5 sin O cos O 

+ sin 2 0)1. (146) 

Note that E© is independent of 0; also, that 
M©(0) differs from Mq( O) only by a 90° 
shift in O. A linear receiving antenna that is 
kept oriented perpendicular to O responds 
only to E r & , which lies in planes perpendicular 
to the equatorial plane; alternatively, if the 
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receiving antenna is kept perpendicular to 0 
it responds only to Eq, which is always 
parallel to the equatorial plane. The properties 
of the components £ 0 and E# may be deter¬ 
mined from the vertical-plane field factor 
A/ 0 (®) cos 0 and the horizontal-plane field 
factor by varying successively the 

relative phases and magnitudes of the currents. 
Since Mq (® + in) = M e (Q), only A/ 0 (®) need 
be investigated. 

(a) With currents equal in magnitude but 
variable in phase 


k = 1 : 

A/ 0 (®) = Vl + cos 6 sin 2 ®. 

(15) 

Particular values of <5 lead to the following: 

*-0 

: M 0 (®) = Vl ± sin 2 ®, (16a) 

-V 

Af e (®) = 1. (166) 


Graphs of M 0 (®) as given in (16) are shown 
in Fig. 16.2a; ATj,(®) is obtained by rotating 
the origin of ® through 90° as shown. It is 
seen that by shifting the relative phase of the 
currents the horizontal-field pattern may be 
changed from a figure eight along either 45° 
line to a circle. 

(b) When the currents are in phase but 
variable in magnitude, 

<5 = 0: M e (®) = | cos ® + k sin ® [. (17) 

A graph of this function is shown in Fig. 
16.26. It is seen to resemble Fig. 16.2a except 
that the figure-of-eight pattern has its nulls 
when ® = 7 r /2 instead of when ® = w/4. 

It is clear that an omnidirectional pattern 
is obtained from two mutually perpendicular 
antennas when the currents are equal and in 
phase quadrature. As a consequence of the 
factor cos 0, E r Q is zero in the equatorial plane, 
so that for short-wave broadcast purposes 
in this plane the component E must be used 
with horizontal receiving antennas. 

Since each of the two crossed antennas is in 
the neutral plane of the other, there is no 
coupling between them and the impedance 
behavior of each is the same as when isolated. 
This is considered in Sec. III.21. 

The horizontal electric field Eq of a pair 
of identical antennas along the x- and y-axes 
is independent of the angle 0 measured from 
the vertical z-axis. Hence the field at high 
angles, that is, 0 < 45°, is equal to the field 
in the equatorial plane. If it is required, as 


in broadcast transmission, to confine the field 
largely within a flat cone near © = 90° it is 
possible to stack a number of pairs of mutually 
perpendicular antennas, treating each crossed 
pair just like a dipole in the collinear antenna 
discussed in Sec. 2. The array factor for a 
stacked or turnstile array of N identical units 
(perpendicular pairs) separated by a distance 
s when the currents in each pair are equal and 
in phase with those in the units above and 
below it is given by (2.25) to be 


A(@) = 


sin (Nnn sin 0) 
sin ( 777 ! sin 0 ) ’ 


n = j/A 0 . 


08) 


For k = 1, <5 = 77 /2, the far-zone electric 
field is 




E r — 


-/Vox g -j<P<A, +t -t>) 
2tt R 0 


P 0 h t Af*mA(Q), 
(19 a) 


-jXqIqx e-Mo R o+ v <s>) 

277 R 0 


X /J O 6,M 0 (®)/1(0) cos 0. (196) 


The vertical array factors A(&) and A(Q) cos 0 
are shown in Fig. 16.3 for a stacked array of 
six pairs of crossed antennas. It is seen that the 
horizontally polarized component EJJ, has a 
large principal lobe in the equatorial plane 
and only small amplitudes in other directions. 
The vertically polarized component E 0 is 
small in all directions. The patterns are 
rotationally symmetric if the currents are 
equal and in phase quadrature in each crossed 
pair while each parallel array formed by one 
antenna in each pair has all currents in phase 
so that it is equivalent to a broadside array. 

A simple and ingenious construction for a 
stacked turnstile array consists of a single 
vertical mast that may be made of metal into 
which are screwed the individual horizontal 
half-antennas in proper relative positions. If 
the antennas are near A 0 /4 in half-length and 
are stacked at distances near A 0 / 2 , they may 
be driven from two open-wire transmission 
lines with spacings somewhat greater than the 
radius of the mast. The two lines are driven in 
phase quadrature for a rotationally symmetric 
pattern, in phase for a figure-of-eight horizon¬ 
tal pattern. Each line drives one of the two 
mutually perpendicular broadside arrays by 
connecting to the antennas at short distances 
from the mast and spiraling around this 
one-half turn between elements in order to 
connect to the next antenna in the proper 
phase. The problem of obtaining equal 



Fig. 16.1. Mutually perpendicular antennas 


$ FOR 


( b) 

Fig. 16.2. Horizontal field 
patterns of a mutually perpen¬ 
dicular pair of antennas. 



Fig. 16.3. Vertical field factors of a six- 
element stacked turnstile array. 
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currents in phase in a broadside array driven 
from an open-wire line is discussed in Sec. 
III. 19. Note that the two mutually perpen¬ 
dicular broadside arrays forming the stacked 
turnstile are electrically independent. 

17. Resonant V- Antenna 

The apex-driven resonant V-antenna has 
important omnidirectional properties when 
used in the horizontal position with an 
appropriate leg length h and enclosed angle 
y. 58 These may be deduced from the general 
expressions for the far-zone field with arbi¬ 
trary leg length and enclosed angle. 8 

Consider the field of the V-antenna 
shown in Fig. 17.1. The antenna has its apex 
at the origin of a system of polar coordinates 
R 0 , Q 0 = in — <5, ®, with 0 O the colatitude 
measured from the positive z-axis perpen¬ 
dicular to and <5 the latitude measured from 
the plane of the V, and with $ the longitude 
measured from the x, z-plane passing midway 
between its legs. One leg is in the direction x a , 
the other in the direction x b . The field is to be 
determined at a distant point P under the 
assumption that the currents in the two iden¬ 
tical legs a and b are equal in magnitude and 
directed radially in opposite directions. For 
determining the field in the far zone it is a 
satisfactory approximation to assume the 
currents distributed sinusoidally even when 
the legs of the antenna are moderately thick. 
This approximation is best when fSJi is near njl. 

The far-zone electric field of an antenna 
extending from x = 0 to x = h is given by 

/'ey e ^''o « 0 

E' = A --— I&te CO80 sin 0 dx', 

4nVg Kg J 0 

( 1 ) 

where 0 is the colatitude measured from the 
positive jc-axis. With 

j* = Jm sin P 0 (h - *') (2) 

the integral becomes 

I m f sin fig(h — x')e^« x ' coa@ sin 0 dx'. (3) 

Jo 

By using well-known integrals, (3) may be 
evaluated directly. The result, when com¬ 
bined with (1), is the same as that obtained in 
Sec. V.18. It is 

Er & =^ e -^HF m ( ®^gh) 

+ WUQ>,p 0 KfteM-W, ( 4 ) 


where, as in Sec. V.18, 

cos Iflgh cos 0) — cos flgh 


F m (®,pgh) = 


sin 0 


(5a) 


fV m (&,flgh) 


sin (Pgh cos 0) — cos 0 sin [igh 
sin 0 


(5b) 


6 = tan- 1 [ W m (®, flgh)IF m (®, fiji)]- (5c) 
Formula (4) with (5a, b) may be applied to 
each half of the V-antenna by adding sub¬ 
scripts a and b and using a negative sign with 
I m for half b. Thus, 


Ee 0 = e-d>oHFJQ a , fij,) 

+ jWJ& a , Pgh)] 

+ »£(««, (6a) 


e~WoHF m (%, M) 

+ wi(%, pgWem-w m 


In any spherical triangle such as Q a PQ 
in Fig. 17.1 the following relations apply to the 
arcs 0 O , \y, and 0 which form the sides of the 
triangle.* 

cos 0 O = cos 0 cos 

— sin 0 sin iw cosy. (7a) 

Similarly, 

cos 0;, = cos 0 cos 

+ sin 0 sin Jy cos y. (7b) 


These formulas may be modified with the 
following relations, which are readily verified 
with the aid of Fig. 17.1: 

cos 0 = cos 8 cos <t>, (8a) 

sin 0 = V 1 — cos 2 <5 cos 2 <£>, (8b) 

cos <5 sin $ = sin 0 cos y. (8c) 


The results are 


cos 0 O = cos <5[cos 9 cos 

— sin <t> sin Jy] 

= cos <5 cos (<E> + |y), (9a) 


* See, for example, Peirce, ref. 1.39, formula 625. 
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cos Q b = cos <5[cos O cos by 

4- sin O sin bv>] 

= cos <5 cos (O — ly>). (9 6) 

With (9a, 6), (5a, b, c ) assume the following 
form: 


F m (®, P a h) 

_ cos [fS 0 h cos <5 cos (O ± bw)] — cos ft 0 h 


Vl — cos 2 6 cos 2 (O ± bv>) 


(10a) 


wj&, W 

sin [flji cos <5 cos (O ± £y)] 

— cos 8 cos (O -h bv) sin ft n h 


Vl — cos 2 8 cos 2 (O ± by) 


(106) 


6 = tan- 1 [ W m (®, (l 0 h)IFJQ, fl a h)]- 00c) 

With the upper sign in (10a, b), the subscript 
a should be attached to 0; with the lower 
sign, the subscript b applies. 

The electric vectors E r a and E T b at any point 
P are perpendicular to the radius vector R 0 
and tangent to great circles in the directions 
0 a and O b respectively. The resultant electric 
vector is obtained by vector addition: 
E r = El + E r b . In general, the expression 
for E r is quite complicated. It reduces to 
much simpler form in the two practically 
important planes, (1) the horizontal plane 
containing the V-antenna defined by <5 = 0, 
and (2) the plane perpendicular to the plane 
of the V and bisecting the included angle 
defined by O = 0. These two cases are con¬ 
sidered separately in succession. 

(1) The field in the plane of the V is simple 
because E r a and E r b are parallel in space and 
may be combined directly. Thus, 

% = K + El = + E' &b 

= jW Sa e j9 ‘ ~ El h ei%)e -%«». ( 11 ) 

The resultant field given by (11) is readily 
expressed in polar form. Its magnitude is 


E e = V(E^) 2 +(E^) 2 -2E^E^cos (8 a -8 b ), 

( 12 ) 


and (106) with <5 = 0, and where 8 a and 8 b are 
given by (10c) with <5 = 0. These are: 


EJ®J 0 h) = 


cos [fiji cos (O ± £v0]—cos /3 0 6 


sin (O ±£v0 


(13a) 


W m(0, fij,) 

_ sin \J} 0 h cos (O ± £y)] — cos O sin fi 0 h 
sin (O ± W) 

(136) 


8 = tan" 1 [ W m (Q, /i o 6)/F m (0, fi 0 h)], (13c) 


where, as before, the upper sign applies to 0 O> 
the lower sign to ©,,. 

These expressions may be simplified further 
in the important special case ft 0 h = v, when 


E m (®, W ■ 


W m (Q,f) 0 h) = 


2 cos 2 [(w/2) cos (O ± Jv)] 
sin (<t> ± bv>) 

(14a) 

2 sin [(tt/ 2) cos (O ± by)] 
x cos [(w/2) cos (O ± by)] 


sin (<I> ± by) 


(146) 


8 = ( tt / 2 ) cos (O ± by), (14c) 

E r = £oAn ( cos [( tt / 2 ) cos (O ± £yQ] 

0 2 t rR 0 \ sin (<I> ± by) 

(15) 

As before, the upper sign implies a subscript a 
on 0, the lower sign a subscript 6. 

Numerical values of the resultant magnitude 
of the electric field in the plane of a right- 
angled V-antenna have been computed by 
Wells. 58 When y = -n/2 the V-antenna is known 
as a quadrant antenna. Polar graphs for 
Poh = 77 / 4 , 77 / 2 , 77 , 477 / 3 , 377/2 and 277 are shown 
in Fig. 17.2. Numerical values for /? 0 6= 577/4 
with the radiation field normalized to R 0 = 
1 km and I m = 1 amp are in Table 17.1. It is 
seen that an essentially omnidirectional hori¬ 
zontal pattern is obtained when varies over 
a considerable range above and below 77 . For 
a fixed value of 6, this implies a wide range of 
frequency in /?„ = 2 tt fjv 0 , so that the omni¬ 
directional property of a quadrant antenna is 
relatively broad band. 

(2) The field perpendicular to the plane of 
the V-antenna and bisecting the included 
angle is defined by 0 = 0 in the general 
expression. It is characterized by 


where an< 3 E r &<> are the magnitudes of 
and E r &b as given by (6a) and (66) using (10a) 


Y = \’ Ya= ~Yb, ®a = ®b, 6 = 0. (16) 
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Table 17.1. Horizontal electric field of quadrant antenna with PJi = 577/4. 


<t> (deg) 

Ee a 

(v/m) 

(v/m) 

e a 

(deg) 

(deg) 

e a ~e b 

(deg) 

E T e 

(v/m) 

0 

37.5 

37.5 

75.3 

-104.8 

180.1 

75.0 

10 

30.8 

43.5 

60.3 

-86.3 

146.6 

71.7 

20 

29.2 

47.4 

48.7 

-64.4 

113.3 

61.5 

30 

15.2 

50.1 

41.3 

-40.0 

81.3 

50.1 

40 

5.3 

51.0 

36.4 

-13.5 

49.9 

47.9 

50 

5.3 

51.0 

-146.6 

13.5 

-157.1 

56.1 

60 

15.2 

50.1 

-138.7 

40.0 

-178.7 

65.7 

70 

29.2 

47.4 

-131.3 

64.4 

-195.7 

69.3 

80 

30.8 

43.5 

-119.7 

86.3 

-206.0 

72.6 

90 

37.5 

37.5 

-104.8 

104.8 

-209.6 

72.6 


Evidently E 7 and EJ are equal and their 
resultant is obtained directly from Fig. 17.1 to 
be simply 

E r = 2 E© a sin £/>. (17) 

It is directed perpendicular to the vertical 
plane bisecting the V and is parallel to the 
horizontal plane of the V. Using a familiar 
formula for spherical triangles* and (9 a) 

with d = ©, <D = 0 , 

sin iy> sin 

Sin bp = - = • r-r^ z, . 

sin 2 0 „ Vl — cos 2 0 cos 2 iw 

(18) 

With (18) and ( 6 a), the resultant field is 


E r 


= eM __ 

2ttR 0 1 — cos 2 0 cos 2 

x {[cos (Poh cos 0 cos iw) — cos PqH] 

+ y'[sin (flft cos 0 cos £yj) 

— cos 0 cos sin flfi]}. (19) 


When pfh = tt, the magnitude of the field 
reduces to 


E r _ Wm sin iw COS ({tt COS 0 COS jtp) 

7 i R 0 1 — cos 2 0 cos 2 ky> 

For the quadrant antenna with y> = n/2, (20) 
becomes simply 

E r = y>n COS (^77^2 COS 0) ^ 

77 Rq V2(l — \ cos 2 0) 

Calculations made by Wells from (21) 
indicate that the vertical-field pattern of the 
isolated, horizontal quadrant antenna with 


* For example, Peirce, ref. 1.39, formula 629. 


fl a h — tt differs negligibly from a circle in the 
plane bisecting the angle y> — n /2 of the V. 
That is, the vertical pattern of the isolated 
quadrant antenna in the plane bisecting the V 
is essentially the same as that of an isolated 
horizontal dipole in its equatorial plane. It 
may be inferred that the vertical pattern of a 
horizontal quadrant antenna over a perfectly 
or imperfectly conducting earth also is like 
that of a horizontal dipole over the same earth. 


THE RECIPROCAL THEOREM AND THE 
PROPERTIES OF ARRAYS 

18. Transmitting Arrays with Elements of 
Finite Cross Section 

In the general analysis of arrays carried 
out in this chapter the field factor of each 
element has been assumed to be 


F o (0, fij) = 


cos (£ 9/7 cos 0 ) — cos /V' 
sin 80 h s ' n ® 


( 1 ) 


as derived from an assumed sinusoidal 
distribution of current. Although this distri¬ 
bution is a satisfactory approximation for 
antennas of finite cross section when their 
electrical half-length is 77/2 or less, this is 
not true for other values of fSJt, especially 
for those near 77. Since it has been shown in 
Sec. V.14 by application of the reciprocal 
theorem that, in general, 

Ff®, W) = /?A(0), (2) 

where F 0 (®, p 0 h) is the complex field factor 
of an antenna of nonvanishing radius a when 
used for transmission and h e (@) is the complex 
effective half-length of the antenna when used 
for reception, it is a simple matter to sub¬ 
stitute ( 2 ) for ( 1 ) as a factor in the formulas 
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for the fields of arrays of N identical elements. 
In effect, this assumes that the distribution 
of current in each element in an array is the 
same as in the same element when isolated. As 
shown in Chapter III, this is quite a good 
approximation even for closely spaced parallel 
antennas near antiresonance. For purposes of 
determining far-zone electromagnetic fields 
in a manner that takes account of the non- 
sinusoidal distribution of current in the 
individual elements it is entirely adequate. 
Accordingly, in the complete field factor of an 
array, (2) may be substituted for (1) if a 
sinusoidal distribution of current is not a 
sufficiently good approximation in special 
cases requiring a more precise knowledge of 
the minor-lobe level and the behavior at 
minima, as distinct from the nulls obtained 
with the sinusoidal assumption. 


19. Receiving Arrays 

The study of the receiving antenna in 
Chapter IV is restricted to the analysis of a 
single antenna that is center-loaded by an 
arbitrary impedance Z L and immersed in a 
plane-polarized electric field E (Fig. 19.1a). 
It is shown that the current I L — /„ entering 
the load and leaving the antenna is given by 


h= l o = 


(E cos xp)2h e (<-)) 
Z„ + Z, 


( 1 ) 


where 2 h e (Q) is the complex effective length 
of the antenna as defined in Chapter IV, and y> 
is the angle between the electric vector and the 
plane containing the axis of the antenna and 
the line joining its center to the distant 
transmitter. If the load impedance Z L is 
the input impedance Z oin = Z L of a trans¬ 
mission line of length s (Fig. 19.16), character¬ 
istic impedance Z c , and propagation constant 
Y = a. + jfi that is terminated in the impedance 
Z s of the receiver, it follows from trans¬ 
mission-line theory that the current I s 
entering Z, is given by 


where 


and 


= «, 

sinh 0 S 

sinh (yi + 8 S ) 


= Ps + j®s = coth 1 (ZJZ C ) 


( 2 ) 

(за) 

( зб ) 


With (1), the current in the load Z s terminating 
the transmission line from the receiving 
antenna is 


-(E cos y>)2h e (&)k 


In practice it is often advantageous to use 
receiving antennas that have directional 
properties or impedances that are different 
from those of a simple, center-loaded antenna. 
In particular, directional arrays consisting 
of a number of elements appropriately 
spaced and interconnected by transmission 
lines may be used. Indeed, any transmitting 
array including uniform and nonuniform, 
broadside, end-fire, collinear, or parasitic 
arrays that are driven from a single generator 
may be converted into a receiving array 
merely by replacing the generator with a 
receiver. Alternatively, the impedance of a 
receiving antenna or array may be modified 
without changing its directional properties, 
for example, by substituting a folded dipole 
for the straight wire antenna analyzed in 
Chapter IV. Since all such arrays or antennas 
are fed from a transmission line that is driven 
by a generator, the conversion to a receiving 
system by replacing the generator by the load 
impedance Z s is simple. The application of 
Thevenin’s theorem at the terminals of Z s 
at once establishes the following formula 
for the current J s entering the load: 


F S (Z S = co) 

s z s + z sin 


(5) 


where Z sia is the input impedance looking 
back into the transmission line from the 
antenna or array when E = 0, and 
F S (Z S = oo) is the open-circuit voltage 
across the output end of the line when Z s 
is made infinite, Fig. 19.2. Since Z„ is assumed 
known and Z sin is readily evaluated using 
Chapter III, the problem is to determine the 
open-circuit voltage. 

An accurate analysis of a receiving array 
using the method of Chapter IV necessarily 
leads to simultaneous integral equations for 
which solutions are unavailable in general. 
Fortunately, the application of the reciprocal 
theorem (ref. 1.31, Chap. IV) leads to a simple 
solution in terms of quantities already eval¬ 
uated for transmitting arrays. 

Consider a single linear radiator (designated 
as antenna 1) of half-length h x and radius a x 
that is center-driven by a voltage Fj in series 
with an impedance z a . (For simplicity, 
terminal-zone effects are assumed to be 
negligible.) If the impedance of the antenna is 
Z 01 , the current I[ entering antenna 1 is 

V' 

r = 1 

1 z n + z L1 ■ 


Z 0 + Z 0in 


(4) 


( 6 ) 
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Fig. 17.2. Horizontal field patterns of a 90° horizontal V-antenna (Wells). 



I Fig. 19.1. Receiving antennas (a) with lumped load, ( b ) with 

transmission-line load. 

(a) (b) 


W 2 sin WHEN E = 0 


V = V. (Z. = oo) WHEN E * 0 
~AB " 5 5 


Fig. 19.2. Impedance Z sin and open-circuit voltage 
V,(Z, = oo) for use in series with Z, using Thevenin’s 
theorem. 
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The far-zone field at an electrical distance 
PoRo ^ 1 is 


E' = 


(*W' 


Mo e-^c R o 

2n R 0 


F 01 (& 1 , PA), 


(7) 


where the field factor F O1 (0 1; Ptfli) is given in 
Sec. V.5 for a sinusoidally distributed current. 
For an antenna of finite cross section and in 
general, as shown in Sec. V.14, 

F 0l(®l> /V'l) — /io^ti(®i)> ($) 

where /i el (0 x ) is the complex effective half- 
length (Chapter IV) of the symmetric antenna 
when center-loaded and used for reception. 

Let a receiving antenna or array (designated 
as array 2) consisting of N parallel, collinear, 
or staggered elements (with at least one 
connected by a transmission line to the load 
Z s2 ) be located in the far-zone field £' given 
in (7) as maintained by the distant transmitting 
antenna 1. The impedance looking back into 
the line toward the array is (Z 2 ) in . The 
current entering the load Z s2 is I 2S . It is this 
current that must be determined. 

Now let the transmitting and receiving 
functions of antenna 1 and array 2 be inter¬ 
changed by setting V[ in antenna 1 equal to 
zero and connecting a driving voltage V 2 
in series with Z s2 and Z 2in in array 2. The 
impedance Z sl at one end of the transmission 
line connected to antenna 1 is now the im¬ 
pedance of the receiver, whereas Z s2 is simply 
an impedance in series with the generator 
driving the line which is loaded by array 2. 
Note that the prime refers to currents and 
voltages existing when antenna 1 is the trans¬ 
mitter and array 2 the receiver, the double 
prime to currents and voltages when array 2 
is the transmitter and antenna 1 the receiver. 

The current entering the transmission line 
feeding array 2 is J 2in . The current leaving the 
other end of this line may divide to enter 
various matching and phasing networks 
leading to some or all of the N antennas 
in the array. Let the current into a suitable 
reference antenna in array 2 be 

^2 = ^ 2 ^ 2 \D< (9) 


where k 2 is a complex factor relating the 
current in the reference antenna to the current 
leaving the generator. It may be determined 
from the characteristics of the transducing 
network. For example, if only one of the 
N antennas is driven, so that a line of length s 
extends from the generator directly to the 
single driven antenna, k 2 is given by (3a) for 
the obvious choice of the reference antenna. 


The far-zone field at antenna 1 (now a 
center-loaded single-antenna receiver) due to 
the currents in array 2 is 

E" - (E[ 2& X 



e — 

“kT 


f 02 (®2, /V> 2 )^(®2, ® 2 )> 
( 10 ) 


where F 02 (© 2 , fi 0 h 2 ) is the field factor of the 
current in the reference antenna alone, 
and A(© 2 , fl> 2 ) is the array factor by which 
the field of the reference antenna must be 
multiplied in order to obtain the field of the 
entire array 2. Note that A(0 2 , <I> 2 ) may itself 
be the product of several array factors, for 
example, collinear and broadside factors. 
Such array factors for uniform and non- 
uniform arrays are determined earlier in this 
chapter. In every case, the array factor is 
constructed with respect to a particular 
reference current in a specified element. 
This current, J 2 , may be expressed in terms of 
the voltage driving the main transmission 
line as follows: 


12 k 2 I 2 \ n 


k 2 v; 


%S 2 + Z 2 , 


(ID 


The current entering the transmission-line 
load Z L1 = Z oin of the receiving antenna 1 is 


-(£" cos w)2h el {Cd 1 ) 
Zoi + Z oiu 


( 12 ) 


This follows from the results of Chapter IV 
as summarized in conjunction with (1). 
The current entering the impedance Z sl of 
the receiver which terminates the line from 
antenna 1 is given by an expression like (4). 
Thus, 

T „ _ ~(E" cos y’)2h el (Q 1 )k 1 ,, ^ 

I s 7 _i_ 7 • 

■^01 T -^oin 


According to the reciprocal theorem (ref. 
1.31, chap. IV), a certain relation applies to 
any two sets of currents and voltages associated 
with a given pair of terminals. As applied to 
antenna 1 and array 2 this is: 

Situation prime: A voltage V[ applied in 
series with the impedances Z 01 and Zq[u 
in the circuit of antenna 1 maintains a current 
I 2S in the load Z s2 of array 2. 

Situation double prime: A voltage V\ 
applied in series with the impedances Zs.2 
and Z 2in in array 2 maintains a current 
in the impedance Z 01 of antenna 1. 

Reciprocal theorem: 

F; m v; = r 28 v;. (i4) 
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It follows from (14) that the unknown cur¬ 
rent l' ls in the load Z s2 of array 2 when used for 
reception is 

i'u = KinV'Jv;. 05 ) 

If equal voltages are applied to antenna 1 

and array 2 , that is, 

v[ = v;, (i6) 

it follows that 

4 = n to . a?) 

Alternatively, if equal powers are supplied 
to the two antennas a more complicated 
situation arises which is analyzed later in 
this section. Consider first the simpler case 
of equal voltages and equal currents as given 
in (16) and (17). 

Reciprocity with equal and constant voltages. 
With (17), (12), and ( 8 ), the current in the 
load of the receiving array 2 is 
v _ j„ _ —(£"cos v>) 2 /t el ( 0 j) 

*2s •‘lin y i 7 

^01 » ^Oin 


~(E" cos v)2F 01 (©i, pfif) 


(18) 


0„(4i + Z oin ) 

The substitution of (10) in (18) after use has 
been made of ( 11 ) gives 

= r -jk 2 v;t o e-»o*o 

28 \_2rr(Z s2 + Z 2in ) R a 

2F ol (0i, P a hf) cos vj 


(19) 


+ Z oin ) 

The following rearrangement can be made, 
using (16): 


^28 


-jV'xl 0 


-iP u-R 0 


L2w(Z 0 


Zoin) R<) 


4 l(©l, Po h i) cos 


’] 




|[^e2 + 4in] 1 
( 20 ) 

With ( 6 ) and (7) the first bracket in (20) is 
identified as —E' cos y>. Hence, ( 20 ) has the 
same form as (4), namely, 

7 / -(£'cos v) 2 /t c 2 ( 0 2 , <I > 2 )* 2 ,., 1X 

-7 1 7 > 

^s2 1 ^2in 

where a generalized effective electrical length 
of the entire array 2 is denoted by 

/1o42(©2, - 4,2(02, MJ^(02, ®2>- (22) 


Comparison with (2) shows that the effective 
length of an array, corresponding to that of a 
single antenna, is the complete field factor. 


The complex factor k 2 occurs in (21) just 
as in (4), since in general the current in the 
load is not the same as the current in the 
reference antenna. When the currents are 
equal, k 2 = 1 . 

Note that since the electric field of a linear 
radiator at a distant point P is always in the 
plane defined by the axis of the antenna and 
the line R 0 from its center to P, it follows 
that y> is the angle between two planes that 
have the line R 0 from the center of antenna 1 
to the center of the reference antenna in array 
2 in common, and that contain the axis of 
antenna 1 on the one hand, and the axis of the 
‘reference antenna 2 on the other hand. (All 
antennas in array 2 are assumed to be parallel 
to the reference antenna; they may be dis¬ 
placed laterally, collinearly, or both.) Thus, 
y> is the same angle for antenna 1 when array 
2 is driven as for array 2 when antenna 1 is 
driven. 

The current in the load of a receiving 
array in a linearly polarized electric field is 
determined readily from (21). Note that this 
involves only characteristics of the array 
when used for transmission, namely, the 
series impedance Z s2 + Z 2in seen by the 
generator, the complete field factor of the 
transmitting array referred to the current 
entering a specified reference antenna, and 
the complex ratio of the current entering the 
reference antenna to the current entering the 
line feeding the array. 

The far-zone electric field (10) of the array 
2 when used for transmitting may be expressed 
as follows, using ( 11 ) and omitting the 
subscript 2 and all primes: 

£r jV Q le-iW»Ff®,p 0 h)A(.®,<l>)k 

6 2 it R 0 Z s + Z in 

(23) 

The current in the load of the same array 
when used for reception is given by ( 21 ) with 
(22). Thus, 

_ -(£ cos v)2F 0 (Q, p 0 h)A(@, <I>)fc 

Po(Z s + Z iu ) 

(24) 

It is clear that so long as V and R 0 in (23) and 
E cos v in (24) are kept constant, E^ always 
is proportional to Z, at a fixed frequency. 
Evidently, all the directional properties of 
the array may be investigated when it is used 
for reception or transmission if V, R 0 , and 
E cos y are kept constant, provided the 
impedance Z s in series with the generator and 
the receiver impedance are equal or provided 
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that Z s + Zin is constant. If the desired 
field properties involve only the rotation of 
the array as a unit, Z ln is constant and I s is 
proportional to Eq even if Z s in series with 
the generator in (23) differs from Z s of the 
receiver in (24), but each remains constant. 
On the other hand, if the field properties 
under study involve variations in the 
separation, length, or orientation of the 
elements, Z in of the array changes. In this 
case Z, in (23) must be equal to Z s in (24) if 
I s and Eg are to be proportional to each other. 


Reciprocity with equal and constant powers * 
If the power supplied to antenna 1 is to equal 
that to array 2 when each is used for trans¬ 
mission, the conditions are 


/>=||/;| 2 Roi = i|/2' in | 2 R 2i „. (25) 

It is assumed that the transmission lines are 
lossless. In terms of the driving voltages and 
impedances (25) becomes 


P=\ 


so that 


V[ 


^01 ■^'Oin 
= * 


Rn 


Z s 2 + Z, 


2in 


R 


2int 


(26) 


^ | ,I=^,Z M + Z.,, (27 a) 

^-1^1= Ji L \ Z s 2 + Z 2in \. (276) 
'y K 2 in 


With the reciprocal theorem in the form (15), 
it follows that 




/ R2in 

Vi 

J 2 P 

Z,2 + Z 2 in 


The use of (12) with (8) in (28) leads to 


(28) 


Vi 

I R2in 

E"cos y> ■ 2 F O1 (0 1; 

Z.12 + Z 2in 

V 2 P 

Po(Z n + Z oin ) 


(29) 


With (10) and (11), the following expression 
is obtained after rearrangement: 

4 

= V&o ^oi(Qi> /Vi) COS V 

2*(Z 0l + ^oin) *0 

x 2^2^2m^02 (0 2 , p 0 h 2 )A(& 2y <D 2 ) I / R 2in 
/i 0 (Z s2 + Z 2in ) V IP ’ 

(30) 

* In this section resistances are in Roman type (R), 
distances in italic type (R). 


The first magnitude factor in (30) is readily 
identified as | £' cos y> |. With (25), / 2ln = 
V 27 > /R 2in , so that (30) reduces to 


4 = | E' cos y> | 


lk 2 F 02 (Q 2 ,p 0 h 2 )A(Q 2 , Oa) 

P 0 Z s2 + ^2in 


( 31 ) 


This is the magnitude of the current in the 
load of array 2 when used for reception. 

The magnitude of the far-zone field of the 
same array when driven at constant power 
is obtained from (10) with (25). Thus 


pr — 



Jo_ 

2ttR 0 


\F 02 (,% P,A)M& 2 , o 2 )|. 


(32) 


If the field properties under study involve 
only rotation of the array as a whole with 
Z 2in constant, (31) is proportional to (32). 
Clearly I 23 is not proportional to E T & when 
adjustments are made in the array which 
change the impedance Z 2in . However, if the 
load Z s2 is kept conjugate matched as adjust¬ 
ments in the array are made, so that 

%s 2 + -^2in = ■Z*in + ^2in = 2R 2 i n , (33) 


the power to the load is given by 

2Po 

x I ^02(©2> /l(/ , 2)-'^(®2> ®2) | 2 

Rain 


(34) 


The square of the electric field in (32) is 

(pr \2 = 2P1 I F 0*( & » PA)M%, 1> 2 ) I 2 
e) 4 «*Rl R 2ln 

(35) 


Comparison of (34) and (35) shows that if P 
and R 0 are kept constant in transmission and 
| E cos v | in reception at a fixed frequency, 
the power P 3 to the conjugate matched load is 
always proportional to the square of the 
field maintained by the same array used for 
transmission. 

It is seen that the characteristics of the 
square of the electric field of a transmitting 
array operated at constant power may be 
determined in general from the power to the 
load of the same array used for reception 
only if the load is kept conjugate matched or 
if the impedance of the array is kept constant. 
This is important, for example, in determining 
the field properties of an antenna with a 
tuned parasite at constant power (Sec. 4). 



CHAPTER VII 


ANTENNAS OVER A CONDUCTING REGION 


In practice many antennas are sufficiently 
far from the surface of the earth to make them 
approximately equivalent to isolated antennas 
in so far as impedances and distributions of 
current and charge are concerned. Other an¬ 
tennas, particularly broadcast antennas, are 
erected on the earth, or so near to its surface 
that the interaction between currents in the 
antenna and in the earth is great enough to 
affect significantly the distribution of the 
current in the antenna and with it the driving- 
point impedance. Whether the distribution of 
current in a transmitting antenna is affected 
by the forces due to currents in the earth or 
not, the far-zone electromagnetic field of 
practically all antennas is due not only to the 
currents in the antenna but also to currents 
(in the sense of actual motions or oscillations 
of electric charge) in the earth and in the 
tropospheric and ionospheric media surround¬ 
ing it. Thus, in order to determine the electro¬ 
magnetic field that governs the response of a 
receiving antenna, it is necessary to solve the 
problem of an antenna above a conducting 
earth—-actually a spherical earth which itself 
maintains a strong magnetic field. This 
boundary-value problem is so complex and 
involves so many variables and parameters 
that a complete and rigorous solution of the 
entire problem is extremely difficult. In order 
to simplify the analysis it is necessary to 
subdivide the problem into components that 
are approximately independent and individ¬ 
ually solvable. This is accomplished by 
investigating separately the contributions 
to the far-zone electric field by the currents 
in the earth on the one hand, and the oscil¬ 
lating concentrations of charge in the iono¬ 
sphere on the other hand. These contributions 
are largely independent in the sense that the 
currents in the earth are not significantly 
altered by the relatively removed oscillations 
in the ionosphere. Therefore, the primary 
electromagnetic field due to the currents in 
the antenna proper and due to the currents 
excited by those in the earth may be deter¬ 
mined as if there were no ionosphere. This 


primary field then may be regarded as the 
exciting field for the ionosphere or tropo¬ 
sphere. From the motions of charge so 
excited in the ionosphere or troposphere, 
the secondary or “reflected” field may be deter¬ 
mined and then combined with the primary 
field to give the complete field. 

The primary electromagnetic field due to 
currents in the antenna and in the earth is 
called the ground wave. The secondary field 
due to oscillating concentrations of charge 
in the ionosphere is called the sky wave. 
This chapter is devoted to a study of the 
ground wave. The effect of the ionosphere 
strictly is not a part of the antenna problem 
and is, therefore, beyond the scope of this 
book. 

The analysis of the electromagnetic field 
of an antenna over a spherical earth is far 
from simple even without the complication of 
the ionosphere. Recently, much progress 
has been made, notably by Van der Pol and 
Bremmer, 61 ’ 62 ’ 63 ' 112 Eckersley and Milling¬ 
ton, 14-16 Gray, 18 Norton, 44 ’ 45 and Banos 
and Wesley 3 in calculating the ground-wave 
field. Since the analysis of an antenna over a 
spherical earth is intricate and not actually 
a part of the problem of the linear radiator, 
it is not carried out here. However, the simpler 
problem of an antenna over a plane earth is 
analyzed. This provides an introduction to 
the more important phases of ground-wave 
propagation and serves as a foundation for 
more advanced work in the field. In addition, 
it permits a discussion of plane-wave theory 
not as an abstract and isolated topic, but as an 
essential part of an important problem. 

The boundary-value problem of a Hertzian 
dipole—electric or magnetic—over an infinite 
conducting half-space is an old classic. The 
original solution is due to Sommerfeld 54 in 
1909. Since then the problem has been studied 
by numerous investigators, among them 
Weyl, 72 Van der Pol and Niessen, 65 Strutt, 57 
Wise, 73 Noether (in reference 1.44), and 
others, including Sommerfeld. 118,151 In the 
following analysis the straightforward method 
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of Weyl 72 of proceeding from a bundle of 
plane waves is followed as expanded by 
Noether. 1,44 The general integral so obtained 
is then evaluated asymptotically by the 
“saddle-point” method in order to derive the 
approximate expressions used, for example, by 
Strutt 57 in calculating tables and curves for 
the far-zone electromagnetic field in space over 
a conducting earth. Finally, the field along 
the surface of the earth is derived from the 
general integrals in the form used by 
Sommerfeld, following the simpler method of 
Van der Pol. 60,59 The general solution is 
evaluated using approximations introduced by 
Van der Pol and by Norton. 46,44,45 The discus¬ 
sion is limited to short antennas or infinite¬ 
simal electric dipoles, except that the 
asymptotic solution for points in space is 
generalized to include linear radiators with 
a sinusoidal distribution of current. 

Although this volume is concerned primarily 
with linear radiators, the small loop antenna 
or infinitesimal magnetic dipole is discussed 
along with the short antenna or electric 
dipole. Since the impedance properties of a 
small loop are analyzed in reference 1.31, 
Chap. VI and summarized in Sec. 1.13, and 
since its field properties parallel and supple¬ 
ment those of the electric dipole, it is 
appropriate that the electric and magnetic 
dipoles are analyzed together. 

1. Hertzian Potentials 

The electromagnetic field in simple media 
and in empty space is derived conveniently 
from the electric Hertzian potential or polariza¬ 
tion potential Tl e and the magnetic Hertzian 
potential or magnetization potential II m . 
These potentials satisfy the general vector 
wave equation as follows: 

v 2 n e +p 2 n e =-p «/5, (la) 
v 2 n m + p 2 n m = -M e /v, (i b) 

where 

B 2 = a» 2 5/v = a» 2 ?(i (2a) 

and 

5 = € -pico = € e -jojto. ( 2 b) 

Alternatively, 

? = e e (l -jh e ), h e = oJa)€ e . (2c) 

Note that 

V 2 n = grad div II — curl curl n. (2d) 

In (1), P e and M® are, respectively, the complex 
amplitudes of impressed, that is, externally 
maintained, periodically varying, volume 
densities of polarization and magnetization or 


their mathematical equivalents in distribu¬ 
tions of current. They are assumed to exist in 
localized regions such as a dipole or antenna, 
or the cross-sectional area of a current- 
carrying loop as explained in reference 1.31, 
chap. I. They are in addition to and inde¬ 
pendent of the volume densities P and M that 
exist in the simple medium in which the dipoles 
are immersed and that satisfy the relations 

P = c 0 (e r - 1)E = (e - e 0 )E, (2c) 

-M = v 0 (v r - 1)B = (v - v 0 )B. (2f) 

The electromagnetic field is derived from 
the Hertzian potentials according to the 

following formulas: 

E = grad div n e + p 2 n c — jco curl n m , (3a) 
B 2 

B = j~ curl n e + grad div n m + p 2 n m . 

(3 b) 

It is to be noted that the exponential depend¬ 
ence upon the time, c 3 “ ( , is used throughout. 
Sommerfeld and many others, including 

Norton, use the time dependence e~ lmt in their 
work. For convenient reference, the conven¬ 
tion 

j = ~i ( 4 ) 

is used, so that no confusion can arise and the 
advantages of both notations may be utilized 
as required. Note that the convention e imt 
leads to forms like in which the phase 

increases with positive values of the time, 
negative values of the distance, whereas the 
convention e~' mt leads toe *<?•«-“*) in which the 
phase increases with positive values of the 
distance R, negative values of the time. When 
primary interest is in time-phase relations, 
as in electric-network analysis, the convention 
e jwt j s often preferred; when primary interest 
is in the space-phase relations of wave pro¬ 
pagation, the convention e~' wt has advantages. 
Nevertheless, for consistency and greater 
general simplicity, the time convention e imt is 
retained in this analysis. 

The boundary conditions for Tl e and n m at 
a plane boundary between two semi-infinite 
media are derived from those for E and B. 
For simple media [Secs. 1.3, 4, 11 or ref. 1.31, 


Eq.(III.14.20)], 

£ I n I , E 1 + c 2 i 2 , E 2 = —>)!,-%, (5a) 

nj x Ej + n 2 x E 2 = 0, (5b) 

Viih x Bj T Vgiig x Bg — l\f 1%/, (5c) 

n x Bj + n 2 • B 2 = 0. (5 d) 
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Since the media are both imperfectly con¬ 
ducting, a surface density of moving free 
charge is not required. This is equivalent to 
omitting / in (5c) and writing zero. 

If the Hertzian potential is expressed in 
Cartesian coordinates, so that 

II = xllj. + yn v + zll z , (6a) 

each of the complicated vector wave equations 
(1) reduces to three scalar wave equations. 
Thus it is shown in Appendix I of ref. 1.31 that, 
for example, x • V 2 A = v 2 A X , where V 2 
= div grad is the Laplacian operator. It follows 
that with (6) equations (la) and (16) reduce to: 


z = —d, it is convenient to use only z-com- 
ponents of both potentials, since this reduces 
the vector wave equations to scalar wave 
equations. 

n e = zn„, n m = m mz . (8) 

With this restriction (3a) and (36) reduce to 

E = grad | + zp 2 II ez -;co curl (zll mz ), 

(9a) 

a 2 /an \ 

B =y ^j cur| (2 n e*) + grad I + zp 2 n mz . 

(96) 


V 2 n z( ,+p 2 n z(1 = -PJ/5, q = x,y, z, (66) 

V 2 n, M +p 2 n m9 = -Af£/v, q = x, y, z. (6c) 

At all points where the impressed densities 
P e and M e are zero, that is, outside the small 
volumes occupied by the source dipoles or 
antennas that are assumed to excite the field, a 
typical equation is 

V 2 n z + p 2 n z = 0. (6 d) 


In cylindrical coordinates (r, 6, z), this is 


l — 

r dr 



1 —* 

2 ae 2 


a 2 n z 

IP" 


+ p 2 n z = o. 


(6e) 


Particular solutions of this equation may 
be obtained by the usual method of separation 
of variables. This is carried out, for example, 
in reference 1.31, chap. V. The particular 
solutions of (6c) that are of interest in this 
chapter are constructed of combinations of 
the eigenfunctions* 

e-i lz cos n<)J.„CKr) or e±i ,z cos nQH}} '(Xr), 

(7 a) 


where n and / are separation constants. As 
indicated, l is in general complex and n is 
an integer if there are no discontinuities or 
boundaries that depend on 0. The eigenvalue 
X is defined by 

X 2 = p 2 + l 2 . (76) 


As explained in Sec. 2, the problem of a 
vertical dipole over a horizontal earth may 
be solved more simply by requiring the 
Hertzian potentials to be in a specified 
direction. For a plane earth defined by 


* See, for example, Stratton, ref. 1.52, p. 356. 


The components of E and B tangent to the 
boundary and hence normal to the coordinate 
z are obtained by setting nj = — n 2 = —z. 
They are 

iii x Ej — n 2 x E 2 or z x E^ — £ x E 2 , 

U°«) 

~ v i"i x B x = v 2 n 2 x B 2 or 

Vjz x Bj = v 2 z x B 2 . (106) 

Since n e and n m are independent, they may 
satisfy independently the boundary conditions 
obtained by substituting (9a, 6) in (10a, 6). 
Thus, since z x z = 0, 

ixg rad (!^)] i= [zxg rad (^)] 2 , 

(llfl) 

VjP 2 [z x curl (in ez )]j = v 2 P 2 [z x curl (zn,. z )] 2 , 

(116) 


[z x curl (zn mz )]j = [z x curl (zll mz )] 2 , 


z x grad 


CM 

z x grad 


(^•) 


(11c) 


. (11 d) 


These equations are satisfied if the following 
conditions are imposed; note that vp 2 = 

o> 2 5: 


(tH.-OH- (,2o) 

^l^ezl == 


^mzl Hmz2> 


(126) 

(13a) 


<iw 
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These are the boundary conditions that are 
to be imposed on the Hertzian potentials at a 
plane boundary between two simple media 
in the case of vertical dipoles. 

The problem of horizontal dipoles over a 
horizontal conducting plane requires two 
components of the appropriate Hertzian 
potential. Thus, for the boundary defined 
in (6), 

n e - xn {1 + zll^, (14<z) 

n m = X n „ + zll m2 . (146) 
In this case the components of the field are 

^div n e + p 2 n ei ->» ^, 

(15a) 


Thus, there are two conditions each on II a and 


With vp 2 = a>% these are: 



(20a) 


(206) 

C“r), - (^). 

(20c) 


(20 d) 


Once H ex and Tl mx are known, n„ and n m2 
can be determined from the following con¬ 
ditions : 




dy 


div n„ 



(21a) 


(156) 


— — div n e + p 2 n c2 + jai ■ s ™ x , 

(15c) 

B ^^ 2 ^ + 4 divn - + p2n - 

(15 d) 

p 2 / 3n ex 3n«\ a 
By== J m &T / + d n ”' 

05c) 

Bz = + Tz div n ™ + p2n ™- 

(15 f) 


5l^ezl — ?2^ez2> (216) 

^■mz 1 = n m22 , (21c) 

„ / 3n mx an mi \ /*>n sn mz 

dx + dz / 2 \ Bx + dz 

(2 Id) 

VERTICAL DIPOLES OVER CONDUCTING 
EARTH; GENERAL FORMULATION 

2. The Polarization Potential of a Vertical 
Electric Dipole or of an Element of a Vertical 
Antenna 



With n e and U m independent, the boundary 
conditions (10a, 6) for (15a-/) are satisfied 
if the following conditions are imposed; 
these are more restrictive than required to 
satisfy (5a, 6, c, d), but are sufficiently 
general for the problems to be investigated: 

(div n e \ = (div n e ) 2 , (16a) 

^mzl = ^roz2> (166) 


The complex amplitude of the total current 
traversing a cross section of a dipole or an 
element of an antenna of length dz is I z [as 
defined in ref. 1.31, Eq.(IV.7.166)]. If the 
moving free charges contributing to I z are 
replaced by equivalent bound charges with an 
electric moment oscillating with angular 
velocity to = 2nf the correlating equation is 
[ref. 1.31, Eq.(1.26.7)]: 


Pfnezi — PliT e;c2 , 



/9n m ,\ 

l & /1 

l & / 


V lPl n„, v 2Pl^ez2» 
v j(div njj = v 2 (div n m ) 2 , 


^2P2^mx2* 


(17a) 

(176) 

(18a) 

(186) 

(19a) 

(196) 


2 hl z = j<»Pz, (1) 

where 26 is the length of the element. If this 
element is an element of a linear radiator, 
26 = dz. The impressed polarization p z of a 
volume t referred to its center may be expressed 
in terms of the impressed volume density of 
polarization P e z as follows: 
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where the primed coordinates locate the ele¬ 
ment of integration dr. No superscript is used 
on p 2 , since there is no occasion to introduce 
an electric moment except the impressed 
moment. 

The Helmholtz integral for the polarization 
potential that satisfies (1.1) is given by 


The part of the solution with a negative real 
part is the first term on the right. Hence, the 
solution that does not become infinite at 
infinity is 

n„_ Cl 5£<^. m 


(3) 

However, since in the case at hand all charges 
oscillate parallel to the z-axis in the dipole, 

P e = iP% (4) 

and, therefore, 

n, = m ez . (5) 

Moreover, no magnetization potential is 
required and the entire field can be derived 
from n,. The polarization potential due to a 
dipole of very short length 2 h (compared with 
the wavelength and all distances involved), or 
a section of antenna of length dz and very 
small cross-sectional area, is given by (5) with 

p z exp (—/PR) 

** 4n% R • W 

where p 2 as given in (2) is the polarization of 
the dipole or of the length dz of the antenna. 
Note that the exponent in (6) has a nonpositive 
real part, so that H ez vanishes at infinity. This 
follows since from (1.11.9) 


If Cj is identified withp 2 /477^ and C 2 is required 
to vanish, (8c) coincides with (6). So-called 
empty space is treated as a dissipative medium 
in the limit as the dissipation vanishes. 
This is equivalent to imposing a radiation 
condition. 

If it is recalled that in simple media the 
vector potential A is related to the polariza¬ 
tion potential n e by a relation like (1.8.20) 
with p substituted for /(„ and n m = 0, that is 


A = 




(9) 


the solution (6) is seen to agree with Eq. 
(IV. 12.13), reference 1.31 when applied to 
empty space with e 0 substituted for 
The electromagnetic field of the electric 
dipole is obtained by direct differentiation from 
(6), using 

E = grad (^ j + zp 2 n„, (10a) 

,p2 

B = '•—curl (iU ez ). (106) 

CO 


-P = p 0 N = P 0 (N S -jX s ) = p s -ja s , (7) 

where N is the generalized index of refraction 
of the simple medium referred to air, N s is the 
real index of refraction referred to air, X s is the 
extinction coefficient, /3, is the real propagation 
constant, a, is the real attenuation constant. 

It is readily verified that (6) is a particular 
solution of (1.1) in the special case of complete 
spherical symmetry so that n„ is a function of 
the polar variable R alone. In this case, 


The result is the same as in Eqs.(IV. 12.17, 18), 
reference 1.31 when expressed in vector form, 
except that the dipole now under considera¬ 
tion is in a simple medium with complex 
parameters 5. v, and p instead of in empty 
space with real parameters e 0 , v 0 , and /9 0 . The 
electric and magnetic fields are 


exp (—yp Jg) | p 


4*5 \ 


^Rx(Rxp) 


which is equivalent to 

^(Rn„) + p 2 Rn ez = 0. (86) 


+ ^ [3R(R • p) - p] 

+ 1 [3R(R • p) - p] j , (11) 


This equation has the general solution 

RU ez = C l exp (-/PR) + C 2 exp (+/PR). 

(8c) 


B = 


-jm exp (-/PR) 

47TV 


Rxp 



( 12 ) 
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where p = zp z . In polar coordinates the 
components of the electromagnetic field are 

„ p z sin0 / p 2 /'P 1 \ 

E& = -&C eX P ( "- / P J?) ( - R + j? + R 2 )’ 


Eq = 0, 

E «= £ ^ ex p ( -^ ) (l?+^)' 

B 0 = 0, i 


b«=o. 


In Cartesian coordinates the components of 
E and B are 

E * = £| ex P ( -^ } (^ 2 + 7 -| + i ) 

(15a) 

£ v = £| ex P ( -7P*) (la + ^ + ^-a)^ 


[F//.2] 

In spherical coordinates the radiation field is 

rr _ —P 2 P* sin 0 exp(—y'PR) 

® 4^ R ’ 

E^ = 0, E^ = 0, (18a) 

_ -cupps sin 0exp(-yPR) 


Evidently, 


8^=0, B r 0 = O. (186) 


£ r 0 = 


V = V v/?. 


E z = ^exp(-ypR) 


P 2 (R 2 - z 2 

. B* 


/P(3z 2 - R 2 ) (3z 2 - R 2 )] 




^ = -£r ex P ( -^ /?) (i 2 + i) 


B z = 0. (16c) 

The radiation-zone or far-zone field consists 
of the 1 jR terms only. It is 


—P 4 exp(—y'PB) 
477? R 


R x (R x p), (17a) 


fir= cug ex P (-/Pff ft 
4 t7V R 


Comparison of (18a, b) with (6) shows 
that the radiation field is given by 

E 1 ' = ©££>, E e = P 2 n e0 = -p 2 n« sin 0, 


B' = B^ = ^ n e0 = n c , sin 0. 

CO CO 


In Cartesian coordinates the far-zone field is 

E ~P 2 P* xz ex p(—y’PB) 

477? R 2 R ’ 
v -P 2 p z jzexp(-yPR) 

£v 477? R 2 R ’ (216) 

p P 2 Pz (R 2 — z 2 ) exp (—/PR) 

2 477? R 2 R 

p 2 p z (x 2 + /) exp (-/pR) 

477 ? R 2 R 1 ' 

qgg.j>exp(-ypR) 

4t7V R R 

= —ojfipz x exp ( —/PR) 

4t7V R R 

B z = 0. (22c) 

For a dipole in empty space the substi¬ 
tutions e 0 for ?, v 0 for v, and p 0 for p must 

be used. 

If desired, the substitution 

2l z h = jwp z (23) 

may be made, where h is the half-length of the 
infinitesimal dipole. 
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If an oscillating dipole is at a distance d 
above the plane boundary between two simple 
media 1 and 2, the fields above and below 
the boundary are not the same. Moreover, 
the field above the boundary differs from what 
it would be if there were no boundary and 
region 2 were like region 1. The field above 
the boundary in region 1 is conveniently 
considered in two parts: the so-called direct 
field, which is the field that would obtain if 
there were no boundary and region 2 were the 
same as region 1, and the rest of the field, 
called the reflected field, which takes account 
of the effect of the boundary and of the electric 
properties of region 2 in so far as they differ 
from those of region 1. If region 1 is empty 
space, the direct field is that due only to the 
oscillating charges of the dipole, and the 
reflected field is that due to all of the moving 
charges in region 2. If region 1 is a simple 
medium, the contribution of the moving 
charges in the medium is also involved, but 
account may be taken of this by using the 
appropriate dielectric factor 5 and reluctivity 
v. The field below the boundary in region 2 
is called the refracted or transmitted field. 
It is due to the moving charges in the dipole 
itself and in the two simple media. 

Since the charges in the dielectric media 
move so that they have components of velocity 
in both the z- and the /--directions, it would 
appear that both z- and /--components or the 
polarization potential must be used. This is 
true necessarily if the simple physical model is 
preserved that oscillating dipoles or their 
equivalents maintain components of polar¬ 
ization potential parallel to the axes of the 
dipoles. This is a generally useful picture 
that leads to correct results. In some instances, 
however, a mathematically simpler represent¬ 
ation is possible if the direct correspondence 
between oscillating dipoles and polarization 
potential is abandoned. Thus, in the case at 
hand, the magnetic field of all the moving 
charges is in the ©-direction, so that B = 0B 0 . 
This magnetic field may be derived from a 
polarization potential that has both axial and 
radial components so defined that its r- 
component is determined by radial com¬ 
ponents, its z-component by axial components 
of oscillating dipoles. That is, H er is defined 
in terms of P r , Tl ez in terms of P z + P% 
where Pf is defined only in the driven dipole. 
However, exactly the same magnetic field may 
be derived from a different polarization 
potential that has only an axial component. 


or from yet another polarization potential 
that has only a radial component. Since it is 
only necessary to satisfy the boundary con¬ 
ditions for the electric and the magnetic fields, 
and since the fields are obtained from the 
potential by differentiation, the particular 
choice of polarization potential is arbitrary 
from the mathematical point of view. When the 
axis of the driven source dipole is parallel to 
the z-axis, it is analytically simpler to derive 
the field due to all moving charges from TI ez 
alone. This choice is suggested also by applic¬ 
ation of the theorem for simple media (ref. 
1.31, p. 206) which states that the potentials 
may be evaluated as in empty space if approp¬ 
riate changes are made from the parameters 
f o> v o» /®o t0 S> v > and P- Since the potential 
due to an isolated dipole of moment p lz 
in empty space involves only the component 
n e2 , it follows that n e2 must be adequate 
in the more complicated problem involving 
imperfect dielectric media provided the 
boundary conditions can be satisfied. This is 
true even though the directions of motion 
of charges in the simple media are not 
restricted to be parallel to the z-axis. Thus, 
in region 1, 

= (n c2 ) w + (II e2 ) lr . (24) 

In region 2 the potential is (n„ 2 ) 2 . The 
boundary conditions are 



(Sn ez)l = an ez ) 2 . (25 b) 

3. The Magnetization Potential of a Vertical 
Magnetic Dipole or of an Element of a 
Horizontal Loop Antenna 

Let I 0 be the complex amplitude of the 
current traversing a cross-section of a circular 
loop of wire enclosing a mean area S. If the 
moving free charges contributing to I e are 
replaced by charges that are parts of micro¬ 
scopic circulations or current whirls with a 
magnetic moment tn z that changes its polarity 
with angular velocity to = 2 irf the correlating 
equation is [Eq. (1.26.6), ref. 1.31] 

I 0 = mJS. (1) 

The magnetization potential n m due to the 
elementary magnet (magnetic dipole) of 
moment m z is obtained as was the polarization 
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potential of an electric dipole in the preceding 
section. By analogy with (2.6), 

m z exp (—/ft/?) 

mz “ 4 t7v r ' {) 

Note that m z is the moment of a periodically 
reversing elementary magnet or of a loop of 
infinitesimal dimension with periodically 
reversing current around its periphery. It is 
related to a fictitious impressed volume 
density of magnetization M e z in the volume 
enclosed by the loop and planes tangent to 
its top and bottom by the relation 


m , sin 0 


ex P (-yp*)(nr+l* + i.), 


ijw'dr'. 


Since the polarization potential II e is not 
involved, the electromagnetic field may be 
derived entirely from n m , using 

E = —jco curl n,„ = —jui curl (zll m2 ), (4a) 

B = grad div II m + 0 2 n m 


= grad 


(%) 


zp 2 n m2 . (4b) 


o, (76) 

_ m, cos 0 , ( 2/p 2 \ . 

B * = -4^—exp(-;p/?) ^ (7c) 

In Cartesian coordinates the components of 
E and B are 

E '- ' 5 c,p ‘ !<**’(£-Ip ) f - <*“> 

E 2 = 0, (8c) 

B * = S £X P ( -J m XZ ’ 

(9a) 

B * = £ cx p { ^ m (^ + 7 f + f) y z > 


These formulas are obtained from (1.1) and 
(1.2) with n e = 0 and with n m = zll m2 . 

Except for multiplicative constants, (4a, b) 
are like (2.10a, b) with electric and magnetic 
fields interchanged. It follows directly by 
comparison with (2.11) that the electric 
and magnetic fields are 

< 5 “> 

_ exp (— jPR) f— P 2 ^ ~ . 

B = v \ R x (R x m) 

4t7V [ R v 

+ ^ [3R (R m) - m] + ^ [3R(R • m) - m]|, 


where m = im z . 

In spherical coordinates the components of 
the electromagnetic field are 

E& = 0, (6a) 

— ja>m. sin 0 , _ _ //p 1 \ 

= —4^-exp(-yPR) + T2 ), 


D pvn , [P 2 (7? 2 - Z 2 ) 

B ‘ = 4^ ex P ( -J m [—F 


yP(3z 2 - R 2 ) (3z 2 - i? 2 )1 


The radiation-zone or far-zone field con¬ 
sists of the l/R terms only. It is 


-p 2 exp (-jm 
4v v R 


R x (R x m). (11) 


In spherical coordinates the far-zone field is 

rr -u>pm z sin 0 exp (~jPR) 

E ®-4ttv R - * 

E r R = 0, E E 0 = 0, (12a) 

Dr _ “P 2 " 1 * sin 0 exp (~j£R) 

U& 47TV R ’ 


Alternatively, 


B r Q = 0, B r „ = 0. (126) 


E R = 0, 


= —a>pn mz sin 0, (13a) 

B% = -p 2 n ra2 sin 0. (136) 
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In Cartesian coordinates the far-zone field 
is 


E x = 

-w£m z y exp(-jPB) 

R R 

(14a) 


oj£m z x exp (-jPB) 

4t t% R R 

(146) 


0, 

(14c) 


—P 2 m z xz exp (—jPB) 

05a) 

4ttv B 2 B 

By- 

yz exp(-yPB) 

4ttv B 2 B 

056) 


R (B 2 -~z 2 )exp(-y(3B) 

2 4 itv R- R 

_ p 2 m lz (x 2 +y 2 )exp(-ypB) 

4ttv B 2 R ( ’ 

For an elementary magnet or loop in empty 
space the substitutions <■„ for 5, v 0 for v, and 
)3 0 for v must be made. 


4. Representation of Spherical Waves as a 
Bundle of Plane Waves 

The spherically symmetric Hertzian poten¬ 
tials characteristic of the direct fields of 
potential of elementary electric and magnetic 
dipoles of moments p z and m z in a simple 
medium have the form 


expC-yPB) 


n = k 


jPR 


(0 


The electric and magnetic problems are dis¬ 
tinguished by identifying subscripts e and m 
on II 2 and K. Also 


K e = 


-y'PPz 

477? 


477V 


( 2 ) 


The Hertzian potential of the direct field of an 
elementary dipole in the form (1) is readily 
interpreted in terms of spherical surfaces of 
constant phase expanding radially outward 
with the dipole at the center. Multiplication 
of (1) by the time factor e itot gives the complex 
instantaneous value: 

( n *)inst = n z e jat = — l^exp [y'(co/-fSB)]. 

(3) 

By setting (Kj-jfi) = (KIP)e i0 = (Jt/jS)<r-X<> 
and letting t' — t — t 0 , (3) may be expressed 
as follows: 

( n *)inst = jj exp [ j (wt' - PB)], (4) 

where the amplitude is now real. The real 


instantaneous value may be chosen to be the 
real part of (4). Thus, with p = P s — y'a s , 

( n z)in9t = Jr e~ a ’ R cos (ojt' - P S R). (5) 

Except for the added attenuating factor 
e~ a > R , (5) is in the same form as Eq. (IV. 5, 9) 
in reference 1.31. It may be discussed in the 
same manner in terms of expanding waves of 
potential traveling with the radial phase 
velocity v s = ojjji s . The amplitude of the wave 
decreases at a rate in excess of 1 jR owing to 
the exponential attenuation e~ x > R resulting 
from the non-zero conductivity of the medium. 
For a dipole in empty space, a s = 0, f) s = fi 0 , 
v s = V„. 

The potential at any point in region 1 
containing the dipole above the infinite plane 
boundary of medium 2 includes not only the 
direct field but also contributions from the 
charges set in motion in the two media. If 
the two dielectric media are identical and coa¬ 
lesce into a single, infinite medium, account of 
the contributions from all charges in this 
medium is taken by the complex parameters 5, 
v, so that (5) gives the complete field. If the two 
media differ, as here assumed, the fields of 
potential in the two media must be made to 
satisfy the boundary conditions at the infinite 
plane boundary. In order to accomplish this it 
is convenient to decompose the solution (3), 
which is interpreted in terms of spherical 
waves, into an equivalent sum of linear sol¬ 
utions that may be interpreted individually 
as plane waves. It is reasonable that a solution 
involving only plane waves is well suited to 
satisfy boundary conditions at a plane 
boundary. It is clear physically (Fig. 4.1) that 
a train of spherical surfaces of constant phase 
striking a plane boundary may be treated as a 
plane wave at each point on that boundary 
over a sufficiently small area near that point. 
Note that the direction of arrival and the 
instantaneous phases are different at different 
points. 

The immediate problem is to represent the 
train of spherical waves of potential as a 
bundle of generalized plane waves of potential. 
The name generalized plane waves refers to the 
fact that the quantities which are real angles 
in perfect dielectrics are complex in conducting 
media and are called complex angles. 

Consider a plane wave of unit amplitude 
traveling in a medium with complex propaga¬ 
tion constant p in a direction specified by the 
unit vector k. It may be represented by 
ex P (-#*)> 


( 6 ) 
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where s is the distance measured from an 
arbitrary origin in the direction of k. The 
traveling or running wave may be referred to 
an arbitrary position vector R drawn from the 
origin in a direction specified by the spherical 
coordinates 0, 4> by noting that 

s = k • R = R cos ©', (7) 

where 0' is the angle between R and the direc¬ 
tion of propagation k (see Figs. 4.2 and 4.3). 
The complex vector k is defined by 

k = pk. (8) 

Then the expression (6) becomes, 

exp (—jk ■ R) = exp (—ypk • R) 

= exp (—j$R cos 0'). (9) 

Note that the vector equation 

k ■ R = const. (10) 

defines plane surfaces of constant phase; they 

are perpendicular to k (Fig. 4.1). 

If desired, the vectors k and R may be 
expressed in terms of their Cartesian com¬ 
ponents. Thus, 

pk-R = Ckk x + yk y + zk~) ■ (xx + yy + zz) 
= xk x + yk y + zk z . (11) 

In spherical coordinates the rectangular com¬ 
ponents of k and R are 

k x = p sin 0 cos 4>, x — R sin 0 R cos <$„, 

(12a) 

k y = p sin 0 sin 4>, y — R sin ® B sin <£„, 

(12 6) 

k z = p cos 0, z = R cos 0*, (12c) 

so that 

pk • R = p[(x cos ® +y sin ®) sin 0 + z cos 0] 

= pf?[cos (<I> — Ojj) sin 0 sin 0* 

+ cos 0 cos © J 

= pf?[cos <j> sin 0 sin ©*+ cos © cos 0 a ], 

(13a) 


where <j> — 4> — It follows that alternative 
expressions for a plane wave traveling in a 
direction specified by the angles © and <t> and 
referred to a vector R that has the direction 
given by 0* and 4)^ are 

exp ( —jPj) = exp { — /p[(x cos 4> +y sin <I>) sin © 

+ zcos©]} (136) 

= exp { —ypH[cos ^ s i n ® s ' n 

+ cos © cos © fl ]}. (13c) 

For structures with rotational symmetry about 
the x-axis it is convenient to express R in the 
cylindrical coordinates r, 0, z. Thus, let 

R = r + z, (14a) 

so that 

pk • R = pk • r + pk • z, (146) 
where, in spherical coordinates R, 0, 4>, 

k • r = (x cos C> + y sin 4>) sin 0 (14c) 

and 

k • z = zcos 0. (14 d) 

Using 

r = Vx 2 + y 2 = R sin 0, 

x = r cos 9 = r cos 

y = r sin Q = r sin 4>^, 

R= Vr 2 + z 2 , (15a) 

where 6 in cylindrical coordinates equals O* 
in spherical coordinates, the result is 

k • r = r(cos 9 cos <E> + sin d sin 4>) sin 0 
= r cos (<t> — 6 ) sin 0. (156) 

Since the angles 4> and 8 = <P R are measured 
around the z-axis with the x-axis as arbitrary 
origin, it is convenient to use a symbol for the 
difference. As introduced in (13), let 

<£ = (!> — 0 = a>-<r> fl . (16) 

Since 

k • z = z cos 0, (17) 

it follows that 

exp(— j$s)= exp[—yp(rcos^sin0 + zcos©)]. 

(18) 
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In summary, the following equivalent 
expressions may be used to represent a plane 
wave of unit amplitude: 


where r\ is complex. Note that the integrand 
vanishes at the lower limit both when (3 is 
real and when it is complex. In (23) let 


exp (—y(3k • R) = exp (—jflR cos 0') (19a) 
= exp { — j (3[(* cos O + y sin ®) sin 0 

+ zcos0]} (196) 


— exp [—/(3(r cos <f> sin 0 + z cos 0)]. 

(19c) 


These several forms are useful for different 
purposes. 

In order to express the general form for 
spherical waves, namely, 


exp (-7 (3/?) 

-jPR 


( 20 ) 


in terms of a plane-wave solution of the form 
given in (19), use is made of the spherical 
Hankel function of the first kind and zeroth 
order. This is defined by 


h£)®R) m J—H^fiR), (21 a) 


where the Hankel function of half order may 
be expressed as follows:* 

x = -i exp (/*). (/ = -j). 

% ~ (216) 

Setting * = (3R and substituting in (21a), 
the result is 


h(fX$R) = ^ exp (/(JR) = 


ex P i-jPR ) 
-j£R 


(21 c) 


Thus, the Hertzian potentials defined by (1) 
with (2) may be expressed by the spherical 
Hankel function as follows: 


then 


1 ) = cos 0', 
dr\ = —sin O' dO'. 


(24) 

(25) 


The limits for the complex variable O' are 
obtained as follows: 


0' = ©; + j% (26 a) 

»1 = COS 0' = cosh 0; COS &' r 

— j sinh 0j- sin ©'. (266) 

*1 = 1: ©;=©• = 0, (27) 

n =-jn: ©; = n/2, ©;=co. (28) 

Hence, 


Clearly, 


ft 7T+J ® 

h ( 0 r:i (^R) — J exp ( —j$R cos 0') sin 0' dO'. 

r2 ir 

I dW = 2t r, 


Since 


(29) 

(30) 


it follows that 

J rhn+jc o 

4i,,w = s / 0 i 

exp (— yp/fcos 0') sin Q'dO'd®', (31) 


if O' is chosen to be an equatorial angle 
about the axis 2 ' oriented in the direction 
specified by R. Note that if 0' were real, 
sin 0' dO'd O' would be an element on the 
surface of a sphere of unit radius with axis z'. 
Substitution of (31) in (22) gives 


n. 


= K 


exp (-/PR) 

-j£R 



n 2 = K e - xp - ( .^ - } = KhgHfiK). (22) 

—jpR 

It has been shown) that the spherical 
Hankel function is given by the following 
integral representation: 

tiJHm = f exp (-fiRiddn, (23) 

J -j w 


* Jahnke-Emde, ref. 1.28, p. 136. 
t Stratton, ref. 1.52, p. 410. 


exp (—y(3R cos 0') sin 0' dO' d ( h', (32) 

where the integrand is a generalized plane 
wave of the form (19). This is the integral 
formulation of Pearson. With given R, the 
integration is equivalent to a summation 
over all directions 0' of the complex pro¬ 
pagation vector or wave normal k of the 
generalized plane wave in the integrand. 
Since the value of the integral is independent 
of the orientation of the reference axis, 
the axis z (parallel to the axis of the dipole) 
may be chosen instead of z' along R. The 
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Fig. 4.1. Spherical wave at a plane boundary. 




ky = ($ sin 0 sin<J> 
kj = (3 cos® 


Fig. 4.3. Vector diagram of plane wave referred 
to an arbitrary direction. 




Fig. 5.2. Components of distance OR for incident 
wave. 



(•-~rcos<f> - 

Fig. 5.3. Reflected wave. 



Fig. 5.4. Refracted or transmitted wave. 


Fig. 5.1. Refracted wave. 
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element sin ©' dQ' dG>' may, therefore, be 
replaced by sin 0 dQ d<t>. Thus,* 


g exp(-yp*) 
2 -ifiR 


(33 a) 


1*217 00 

exp (—y'PRcos 0')sin 0 dQ d<j>, 
(33 6) 

where, with (19), 


2” Jo Jo 


R cos 0' = (x cos <I> + y sin <D) sin 0 

+ z cos 0 

= r cos <f> sin 0 + z cos 0. (34) 


Equation (336) is the desired formula for 
expressing the spherical waves represented 
by the simple exponential formula given 
by (33a) in terms of a sum of generalized 
plane waves that are represented individually 
by the integrand. The variation in 0' referred 
to R in (32) is replaced by an equivalent 
variation in 0 referred to the z-axis through 
the dipole. 

5. Boundary Conditions for Vertical Dipoles; 
Incident, Reflected, and Refracted Waves 
In order to satisfy the boundary conditions t 
(1.12a, 6) and (1.13a, 6) 



the Hertzian potential, 

n z = K™ 

2 -JM 

with 

n 2 = n e2 and K = K e = 


(la) 

(16) 

(2a) 

(26) 


(3) 

(3a) 


n 2 = n m 2 and 


K=K m 


4ttv ’ 


(36) 


is transformed conveniently into 
K r 2 ” 




exp (—y'Pk ■ R )dSi, 
(4a) 


where 


dSl = sin 0 dQ d<j>. 


(46) 


The actual procedure is to construct a solution 
of the form. 

n z = n 2l = (n 2l ) d + (n 2l ) r in region 1, 

(5a) 

n 2 = n 22 in region 2, (56) 


using (4). Specifically, 

J*2ir l'in+j oo 

(n 21 ) d 


K a r r 

2 ” Jo Jo 

-■-m 


exp ( —jfik d ■ R) dSl, 

(ба) 

2 IT CO ^ 

/ r exp(-yPk r R) dSl, 

( бб ) 

2 n (*bn+j oo ^ 

ft exp (—ypk, -R) dSl, 
(6c) 


where the unit vectors k d , k r , and k ( are, 
respectively, the propagation vectors of 
elementary, generalized plane waves in each of 
three groups or bundles called the direct, 
the reflected, and the transmitted (or refracted) 
waves. The subscripts d, r, and t are used to 
distinguish between quantities referring to 
them individually. The amplitude factor K x 
is defined as in (36) with appropriate sub¬ 
scripts e or m. Thus, 

n 2l =n m : K, = K el = (7a) 


^ 2 1 ^Tn 2 l* 


Fy — K ml — 


-;Pi"» 2 i 

4-ttVj 


(76) 


The functions f r and f t , with subscript 
e or m, are to be determined by requiring 
the functions given by (6a, 6, c) to satisfy 
the boundary conditions (1) and (2). Although 


* The method here outlined follows Stratton, 
ref. 1.52, p. 578. A more detailed discussion by 
Noether is in Rothe, Ollendorf, and Pohlhausen, 
ref. 1.44, pp. 170-174. 

t For some purposes, particularly in introducing 
impedance concepts, it is convenient to use the 
modified Hertzian potentials defined by 


u z =jo>% n,„ v t =>n m2 . 


The boundary conditions then become 

u zl — U z 2 t V zi — V 


( 



1( 


= L( 

' sf 2 ) 

A . 

K sA 

, 3z JJ 

M-i 

, 3z A 

Hi \ 

, Hz ) 
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the factor K 2 might be defined by analogy 
with Kj, this is neither necessary nor, in 
fact, convenient. The obvious alternative is 
to set K 2 equal to K 1 so that f t is a measure 
of the ratio of TL Z in region 2 to its value in 
region 1 at points just across the boundary 
from one another. However, since the bound¬ 
ary conditions (1) and (2) for n„ 2 and n,„ 2 
are different, much more symmetric equations 
and formulas are obtained if the ratios of 
the products %K ez are used instead of the 
ratios of n ez alone. Actually, this choice is 
consistent with the formulation of the wave¬ 
guide problem in a manner that parallels 
conventional transmission-line theory by using 
the functions U z = yeo^II^ and V z =ja> TL mz 
instead of n,,, and TI mz . Since U z is in amperes 
and V z is in volts, ratios of U z are analogous 
to ratios of current and ratios of V z are 
analogous to ratios of voltage on a trans¬ 
mission line. Clearly, therefore, the following 
choice of K el and K mz is suggested both in 
the interest of simplicity and symmetry and 
in order to parallel transmission-line theory: 


n 22 — 


K 2 = K e2 = 

— K 

- ^*1 




= 

“7 Pi Pzl 
4*5* ’ 

(7c) 

n *2 = 

n m22 : 

^2 = ^m2 





= • 

-yPi m zi 

47TVJ 

(7rf) 

Note that p zl and m zl are 

the electric and 


magnetic moments of dipoles in region 1. 

The integrals (6a, b, c) can be made to 
satisfy the boundary conditions (1) and (2) 
at all points on the boundary plane by re¬ 
quiring their integrands to satisfy these con¬ 
ditions. This may be accomplished in three 
steps, (a) Since the boundary conditions 
must be satisfied for all values of r when 
z = — d regardless of the particular value of 
d, it follows that the parts of the exponents 
which have r as a factor must be equal. This 
is equivalent to requiring a plane wave front, 
traveling in the two media with different 
velocities and at different angles to the normal, 
to remain in contact along the two sides of 
the boundary (Fig. 5.1). (b) The exponential 
factors must be so constructed that after 
condition (a) has been imposed the exponents 
with z = —d are independent of d. ( c ) With 
the exponential factor correctly chosen, the 
boundary conditions may be applied directly 
to determine f r and f t . 


Let the origin of coordinates be at the center 
of the dipole in region 1 at a distance d above 
the boundary plane z = — d. The position 
vector R is drawn from the origin to any 
desired point. When drawn from the origin to 
any point on the boundary plane, R = R fj . 
The equation for this boundary plane in 
vector form is 

n 2 • R 6 = -d, (8) 

where n 2 = z is a unit external normal to 
region 2. Since 

R 6 = r — ii 2 d = r - zd, (9) 

where r is a radial position vector in the plane 
z = —d, it follows that an elementary general¬ 
ized incident plane wave at the boundary 
is given by 

exp (-yPjk, • R„) 

= exp(-y'Pjk* • r + y'Pjc/k 2 • z); (10a) 

an elementary generalized reflected plane 
wave by 

fr exp (-y'P,k r ■ R (j ) = f r exp ( -j^K ■ r 

+ j^dkr ■ 4); (106) 

and an elementary generalized transmitted or 
refracted wave by 

ft exp (-;P 2 k, • R„) = /, exp (-;P 2 k, • r 

+ y'Pjrf k ( • 2). (10c) 

If these are used in the boundary condition 
(4a), it is evident, since the resulting equation 
must be satisfied for all values of r on the 
boundary plane, that the exponents containing 
r must be equal. That is, 

P]k> • r = p x k r • r = p 2 k t • r. (11) 

The vector r may be expanded using the 
vector identity 

n 2 x(n 2 x r) = n 2 (n 2 • r) - r(n 2 • ii 2 ) (12) 
and the relations 

n 2 • n 2 = 1, n 2 • r = 0. (13) 

The result is 

r = —n 2 x (ii 2 x r). (14) 

Substitution of (14) in (11) gives 
(Pjk.) • [n 2 x (n 2 x r)] 

= (Pik r ) • [n 2 x (n 2 x r)] 

= (P 2 k t ) • [n 2 x (n 2 x r)]. (15) 
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With the double-product identity, 

A'Bx C — C ■ A x B, (16) 

(15) may be transformed into the following 
equations: 

Pi(" 2 x r) • (k,- x n 2 ) = p^ x r) • (k r x n 2 ) 

= P 2 (n 2 x r) • (k ( x n 2 ). (17) 

These equations are satisfied for all r if 
and only if 

Pik, x n 2 = P x k r x n 2 = p 2 k, x n 2 . 

(18) 

The complex angle between k* and n 2 is 
©!, and it — 0j = 0j is the angle of incidence ; 
the plane containing k, and n 2 is the plane 

of incidence. The complex angle between k r 
and n 2 is 0 r ; it is the angle of reflection. The 
plane containing k r and n 2 is the plane of 
reflection. The complex angle between k t and 
n 2 is 0 2 and -n — 0 2 = © ( is the angle of 
transmission or refraction ; the plane containing 
k t and n 2 is the plane of transmission or 
refraction. 

The following general conclusions may be 
derived from the general vector relations (18): 

(a) From the properties of the vector pro¬ 
duct the unit vectors k i5 k r , k„ and n 2 are all 
in the same plane. Therefore, the planes of 
incidence, reflection, and refraction coincide. 

( b) From the first equation in (18) it follows 
that 

sin 0 r = sin Oj = sin (tt — ©,•) = sin ©,, 

(19) 

so that 

0 r = 0 1? or © r = tt — 0 t = 0,-. (20a) 

The first solution, 0 r = 0 lt is not in general 
a possible solution since it requires the 
reflected wave to be directed into region 2, 
which violates the requirement that its 
propagation constant be p v The general case is 

0 r = 0 t = tt - 0 : = e d , (20 b ) 

where the several angles are shown in Fig. 5.1. 
That is, the angle of reflection is equal to the 
angle of incidence. This is the well-known law 
of reflection, here generalized to apply to 
complex angles and generalized plane waves. 
Evidently, corresponding to (20 b), 

cos 0 r = cos 0j = —cos ©!. (21) 


(c) From the second equation in (18) it 
follows that 


P 2 sin 0 2 = Pi sin ©j, 

(22) 

or, since 


©i = TT ~ ®1. 

(23a) 

© 

1 

© 

to 

(236) 

an equivalent form of (22) is 


P 2 sin © ( = p x sin ©,-. 

(24) 

Alternatively, 


sin ©i p 2 1 

sin © ( p 2 " 21 N lt ’ 

(25) 


where N 21 is the generalized complex index 
of refraction of medium 2 referred to medium 
1 and N 12 is the generalized complex index 
of medium 2 referred to medium 1. Evidently 
(25) is the law of refraction for generalized 
plane waves. 

It is clear from (a), ( b ), ( c ) that each 
elementary, generalized plane wave in the 
bundle contributing to the field of the dipole 
in the two media satisfies Snell’s laws of 
reflection and refraction at a plane boundary 
in a generalized form involving complex 
angles. If the source is sufficiently far away, 
the potential is given by the integrand in (4.33) 
with a real angle 0', and the results in (a), 
(b), and (c) coincide with those of ordinary 
plane-wave theory. 

It is now a simple matter to construct 
explicit expressions for the direct, reflected, 
and refracted potentials that satisfy the 
boundary condition (11). The integrand in the 
direct potential is simply 

exp [-;P jk d ■ R] = exp [--jP fr cos <f> sin & d 
+ z cos 0 d )]. (26) 

For the direct wave incident upon the plane 
boundary at z — —d from the direction of the 
origin and reflected according to Snell’s law 
at an angle © r , the incident wave is given by 

exp [-jPik< • R] 

= exp{ — y’PJr cos <b sin (tt — & d ) 

+ zcos(7T-0 d )]} (27) 

= exp [—y(Jj(r cos <f> sin & d — z cos Q d )]. 

(28) 

Note that the factor in parentheses in the 
exponent in (28) is the complex “distance” 
corresponding to OR in Fig. 5.2. The two 
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terms contributing to it are the projections 
of — z and r cos <f> onto OS. 

If the complex propagation constant Pj 
is expressed in the form 

Pi = — , (29) 

Vpl 

v vl is a complex “phase velocity of pro¬ 
pagation” of the generalized surfaces of 
constant phase forming the plane wave in 
region 1. The complex “distance” corre¬ 
sponding to OR, divided by v vl , gives the 
time required for an equiphase surface to 
travel from O to R. 

The expression for a generalized plane 
reflected wave is readily obtained by deter¬ 
mining OR in Fig. 5.3. The part OS is obtained 
directly from (28) by setting z = —d and 
r = a. It is 

OS = a cos <f> sin 0 f + d cos 0,-. (30a) 

The part SR of the path is 

SR = 6 cos <f> sin 0 r + (z + d) cos 0 r . 

(306) 

Hence, since 0 r = 0 f = 0 by the law of 
reflection, the expression for the reflected 
plane wave in region 1 for use as the integrand 
in (66) is 

fr exp [—yP,k r • R] 

= f r exp { —y'Pi[r cos <f> sin 0 

+ (z + 2d) cos 0]}. (31) 

The expression for the refracted wave is 
obtained in a similar manner using the law 
of refraction (25) in Fig. 5.4. Evidently OS 
is the same as given in (30a). The part SR 
is like (306) with 0 ( replacing 0 r , and with 
—(z + d) substituted for z + d. Thus, from 
Fig. 5.4, 

SR = 6 cos <j> sin 0 ( — (z + d) cos 0 ( . (32) 

It is now only necessary to multiply the 
right-hand member of (30a) by p x and that 
of (32) by P 2 and add. Thus, 

Prta cos 4> sin 0 4 + d cos 0,-] 

+ p 2 [6 cos 4> sin 0 t — (z + d) cos OJ. (33a) 

Since 6 = r — a, this may be arranged as 
follows: 

P 2 [r cos <f> sin 0 ( — (z + d) cos 0 ( ] 

+ a cos ^[Pi sin 0* - P 2 sin 0 ( ] 

+ p x d cos 0<. (336) 


Application of the law of refraction shows 
that the bracket multiplying (a cos <£) is zero. 
Hence, the expression for the refracted plane 
wave is 

ft exp [—jP 2 k( • R] 

= f t exp { —y'P 2 [r cos i> sin 0 ( 

— (z + d) cos 0J —yPi d cos 0}. (34) 

Substitution of (26), (31), and (34) for 
direct, reflected, and transmitted waves in 
(6a, 6, c) using (5a) gives the following ex¬ 
pressions for the polarization potential in 
regions 1 and 2 due to a dipole in region 1: 


g ('in+jco 

n 2l = — 1 1 {exp [ —y Pi(r cos <j> sin 0 

+ z cos 0)] + f r exp [—y'Pj(r cos <f> sin 0 
+ z cos 0 + 2 d cos 0]} dSl, (z S 0) 


(35a) 

n 2l = — 3 ■ j {exp [ -y'Px(r cos 4> sin 0 

— z cos 0)] + f r exp [—y'Pj(r cos <f> sin 0 
+ z cos 0 + 2 d cos 0]} dSl, 


HgzgO) (356) 


22 ~ 2* Jo Jo 


2 it f*j7r-fjc© 


ft exp {—y‘P 2 [r cos <f> sin 0, 

— (z + d) cos 0,] — y'Pjrfcos 0} dSl. 


(z ^ —d) (36) 


These potentials have been constructed so 
that they satisfy the differential equations 
(6a, 6) for II Z and the general phase conditions 
(II). It remains to show that they can be made 
to satisfy the boundary conditions (1) and (2) 
at z = — d by assigning appropriate values 
to the coefficients of amplitude f T and f t . 

On the plane at z = — d the functions given 
by (356) and (36) become 

|*2ir |*Jir+J0O 

n 2l = — 1 1 exp [—y'P x (r cos <f> sin 0 

+ d cos 0)](1 + fr) dSl, 

(37) 

If l*2ir Cin+jx 

ft exp [—y'p 2 r cos <f> sin 0, —j^ 1 d cos &\dSl. 

(38a) 
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With the law of refraction, P 2 sin0 t = 
p x sin 0,, 0 f = 0, it follows that (38a) is 
equivalent to 



ft exp [—y'Pi(r cos <f> sin 0 + d cos 0)] dSl. 

(38b) 


As required by (11), the exponents in (37) 
and (386) are seen to be the same. 

The boundary conditions (1) and (2) now 
may be imposed on the integrands in (37) 
and (386), and the coefficients f T and f t 
evaluated. Since the electric and magnetic 
cases are different, they must be evaluated 
separately. Note that 

K e2 = 2 , K m2 — K ml . (39) 


The characteristic admittance q = 1/? has 

been defined in (44). Accordingly, (41 cr, 6) 

and (43a, 6) may be rearranged as follows: 

/«•— /«<=-!, (46a) 

fer% 1 COS 0 + f e & 2 COS 0, = ?j COS 0, 

(466) 

fmr fm t = 1» (46c) 

SmA li COS 0 + f mt r\ 2 cos 0, = T)! COS 0. 

(46 d) 


Solutions of these equations are obtained 
directly. They are 


, %i cos 0 — ? 2 cos 0, 
Jer _ ?! cos 0 + ? 2 COS 0, ’ 


(47a) 


The results of imposing the boundary 
conditions 


?l^ezl — ?2^ez2» 

(40a) 

^mzl = ^mz2 

(406) 

are as follows: 


1 “1” fer — fety 

(41a) 

l + fmr = fmt• 

(416) 


Differentiation of the integrands in (356) 
and (36) and setting z = —d in the d 
to satisfy the conditions 


gives directly, 

(Pl/5l)(l fer) COS 0 = (Pz/iy/efCOS 0 ( , 

(43a) 

Pl v lO - fmr) COS 0 = P 2 V 2 / m ,COS 0,. 

(436) 

The following notation is convenient. Since 
by definition 

p - ? - 1 /V& m 1/rj, (44) 

it follows that 

P/5 = «>?, Pv = co/S = cor). (45) 


t _ 'll COS 0 - T)2 cos 0, 

Jmr ”_ n “_ o » (47/7) 


fet 

fmt 


t)j cos 0 + t) 2 cos 0, ’ 
2?j cos 0 

?! COS © + ?2 cos 0, ’ 
2r)! cos 0 

T)! COS 0 + r) 2 COS 0( ' 


(48a) 

(486) 


Let “field impedances” and “field admitt¬ 
ances” be defined as follows: 



%el = 5l COS 0 i 

- i/r.i, 

(49a) 

(42a) 

^ml = 9x COS 0 

- i/z ml , 

(496) 


Z e 2 = ? 2 COS 0 t 

= l/Y e2 , 

(50a) 

(426) 

Y m2 = T) 2 COS 0, 

- i/z m2 . 

(506) 


Substitution of (49) and (50) in (47) and (48) 
gives the following simple expressions for the 
reflection and transmission coefficients: 


f = _£l_ ±11 - ill _ ill 

J er 7 , 7 V _L V * V J1 “/ 

"el i "e 2 1 e 2 ' 1 el 


/, 

fet = 
fmt 


V — V 7—7 
x ml x m 2 _ "m 2 "ml ( 5 J 


ml i x m 2 "m 2 ' "ml 


2Z, 


2Y„ 


Zti + Y e2 Y e , 

2 Y ml 


V ’ 

1 el 


2Z m2 


(52a) 

. ( 526 ) 


m 2 "m 2 
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The formulas (51) and (52) are analogous 
to the expressions for reflection and trans¬ 
mission factors for the impedance or admitt¬ 
ance of one infinite or matched transmission 
line terminating a second line of different 
characteristic impedance. Suppose trans¬ 
mission line 1 has a characteristic impedance 
Z cl = l/y cl and is terminated in a second 
infinitely long line that has a characteristic 
impedance Z c2 = 1 / Y c% . The voltage and 
current reflection coefficients 1% and r' are 
defined by 

I-. _ Z s — Z C1 _ Y cl — Y s __ 
s - Z s + Z cl Y el +Y S - " 

(53) 


where Z s —\jY s is the load impedance. 
With Z s = Z c2 , 


r: 


Y — Y 

1 cl 1 C2 


-‘cl 


-'cl 


s Y C1 + Y ci Z c2 + Z cl 

The transmission coefficients are 


(54a) 

(546) 


fet — 

fmt = 


2v 2 p 2 cos 0 


V 2 P 2 COS 0 + VjPj cos 0 ( 
2vjPj cos 0 

v^cos 0 + v 2 p 2 cos 0 ( 


, (57a) 

. (576) 


In the important special case in which the 
angles are real and 


= v 2 , (58) 

the expressions (56) and (57) are the well- 
known Fresnel coefficients of reflection for 
plane waves (see, for example, Stratton, 
ref. 1.52, pp. 493, 494). 

The expressions for f T and /, may be given 
entirely in terms of the angle of incidence 
©i = 0 if use is made of the law of refraction 
to eliminate 0 t . Thus, 

p x sin 0 = p 2 sin 0 ( , (59) 


cos0(= Vl — sin 2 0 ( 


t; = l + r; 


t 3 = i + r s = 


2Z. 


2Y r 


+ Zc2 Y el -f Y c2 ’ 

(55 a) 

2Y C1 2 Z c2 

Y el + Y c 2 Z C1 + Z c2 

(556) 


Comparison of (54) and (55) with (51) and 
(52) shows that the plane-wave reflection and 
transmission coefficients f er and f et of the 
field of the vertical electric dipole are 
analogous to the current reflection and 
transmission coefficients r' and T' of a 
transmission line, whereas the plane-wave 
coefficients f mr and f mt of the field of a 
vertical magnetic dipole are analogous to the 
voltage reflection and transmission coefficients 
T s and T, of a transmission line. Note that the 
characteristic impedances and admittances of 
the equivalent line are functions of the angle 0. 

Alternative expressions for the coefficients 
are in terms of the propagation constants 
p t and P 2 . With (45), Eqs. (47) and (48) may 
be expressed as follows: 

f = V 2 P 2 COS 0 - VtPtCOS e t 
Jer V 2 p 2 COS 0 + VjPj cos 0 ( ’ 1 ’ 

f = v iPiCQS Q - v 2 p 2 cos Q t 
JmT v lPl COS 0 + V 202 COS © ( ’ 


\ 

P 2 


-Vpl-p^sin 2 ©. ( 60 ) 


Substitution of (59) in (56) and (57) with the 
generalized complex index of refraction 


^21 — P2/Pl 

gives the following formulas: 


(61) 


fer = 


v 2 N|i cos 0 — VjV N|j — sin 2 0 
v 2 N|i cos 0 + VjVN|, — sin 2 © 


( 62 a) 


fmr 


fet 


v x cos 0 — v 2 V — sin 2 0 
Vj cos 0 + v 2 VA(|j — sin 2 O 

(626) 

2v 2 N|j cos 0 

V 2 -W|i cos 0 + VjVNIj — sin 2 O 


(63a) 


2vj cos 0 


Vj cos 0 + v 2 VAf|, — sin 2 0 


( 566 ) 


( 636 ) 
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These formulas usually are given for v t = v 2 , 
so that N 2l is the only material parameter. 

At normal incidence 0, = 0 = 0, 0 ( = 0, 
so that (54) and (55), (56) and (57), and (62) 
and (63) give 

x _ %1 ~ %2 _ V 2^2 ~ V lPl _ v 2^21 ~ V 1 
eT + ?2 V 2?2 + V lPl V 2^21 + V l’ 

(64a) 


B r e = B T e<s> = - n e2 sin 0, (66c) 

E m = E rn<i = - 0 >pn mz sin 0. (66 d) 

Note that E T e and B r m are parallel to the plane 
of incidence, B r e and E r m are perpendicular 
to the plane of incidence. Accordingly, the 
following notation is common: 


f = hi - h 2 = VlPl - V 2 P 2 = V t - V 2 jV 21 
mr hi + h 2 v lPl + V 2^2 V 1 + V 2^21 ’ 

(646) 

f — jjn _ 7 v 2 P 2 _ 2v 2 N 21 

61 Si + S 2 V 2?2 + v lPl V 2^21 + V 1 ’ 

(64c) 


K - E \u 

(67 a) 

05 

III 

05 

(676) 

B r e = B r v 

(67c) 

E m - E r 

(67 d) 



In order to relate the electromagnetic field 
associated with each elementary plane wave 
at each point on the boundary to the reflection 
coefficients f ei and f mt , let the far zone be 
chosen where 


E r e = E r ee = -P 2 n„ sin 0, (66a) 

B r m =B' m& = -p 2 n mj sin 0 , (666) 


The symbols li and 1 refer to the plane of 
incidence , not to the boundary plane. 

The following ratios are of interest as 
applied to incident plane waves which are 
represented by the integrands in the expressions 
for n 2 . For plane waves 


? ft 

to 

ft. 

11 

Pln eJ2 sin 0 ( 

Pi( n «i)d © 

v i Pi s 
V 2 p2 /e ‘ 

, (68a) 

B e 2 

Pl n «2sin0 ( 

- 1 /, 

(686) 

(.B e i)d 

Pi( n «u)n sin 0 

v/“* 


B m 2 
(B m i)d 

Pln mz2 sin0, 
Pl( n m*l)d sin 0 

P2^m*2 

Pl^mzl 

_ P 2 * 

q Jmtt 

Pi 




(68c) 

E m2 

p2^mz2 Sin _ 

^mz2 _ 

f 

( E ml)d 

Pi( n m*i)dSin0 

^■mzl 

J mt* 


( 68 </) 


It follows that 


v 2^e2 _ 

v l(®el)tf (^el)d 


(69a) 



E m2 
( E ml )d 


(696) 


Evidently, the coefficients f er and f ei are of 
current type, f mr and f mt of voltage type on 
equivalent transmission lines. 

With f T and f t evaluated, the Hertzian 
potentials due to a dipole at z = 0 above a 
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plane boundary at z = — d are given by the 
following formulas: 

/* 2 ir rin+jco 

n zl = —■ I exp { -y'Pxfr cos <f> sin 0 

+ (z + d) cos 0]} [exp (y'Pj d cos 0) 

4- f r exp (—y'P x d cos 0)] sin 0 d& d<f>, 

(0 ^ z) (70) 




exp [—yPj(r cos <j> sin 0 


+ d cos 0)] {exp [y'Pi(z + d) cos 0] 

4- f r exp [—y'Pj(z + d) cos 0]} sin 0 d& d<j>, 
(-d ^z£0) (71) 

/*2»r rbir+j GO 

n 22 = 2 ^J o / 1 exp { —yP 2 [rcossin 0 ( 

— (z 4- d) cos 0 ( ] — y'Pj dcos 0} 

X sin © d& d<f>. (z ^ -d) (72) 

In the special case when the dipole is on the 
boundary plane, that is, d — 0, (70) and (72) 
reduce to 


-&ff 


exp [—yPj(r cos <f> sin 0 


4- z cos 0)](1 4- f T ) sin 0 d& d<j>. 


n .£.rr 

22 2w Jo Jo 


(2^0) (73) 

X) 

exp [—y'P 2 (r cos <f> sin & t 


— z cos 0<)]/ ( sin © dQ d<j>, (z ^ 0) 


K i = K u = , for n 2 = n ez (75a) 

tfi = K lw = ~ ; 4 ^ zl , for n z = n mz (756) 


to the integral from this imaginary part are 
identically zero. Thus, a typical integral in 
(70) to (72) is 

/•2jt 

I = I F(0) exp (—yPjr cos <f> sin 0) 

Jo Jo 

x sin 0 dQ d<f>. (77) 
This may be transformed into 
/*ii r+jta r / 

I = I F(0) sin 0 I ( 

Jo L\Jjjr— ;oo 

p/2^-jco\ -I 

4- I exp ( —y'Pjr cos 4> sin 0)rf<J> I dQ, 

Jiir+jcc / J 


where 4> is the generalized complex function. 
Use has been made of Cauchy’s integral 
theorem, which states that the integral of a 
single-valued analytic function is independent 
of the path of integration. Contributions to the 
integral by the imaginary part of4> obviously 
are zero, since the initial and final limits are 
the same for this part. 

According to Jahnke and Emde (ref. 1.28, 
pp. 148, 149), the Hankel functions of order 
zero are given by 

#o 1) (P 1 r sin ©) 

I ru+jco 

= - exp (—y’Pif cos<J> sin 0) d< J>, 

77 J —in—j 00 

(79 a) 

HP®* sin©) 

j -j<*> 

= - exp (—y Pjf cos 4> sin 0) <7<t>. 

77 J±ir+j co 

(79 6) 

With (79 a, 6), (78) becomes 


j 

77 Jo 


[^o 1) (Pi r sin 0) 


4- Hf($ x r sin 0)]F(0) sin 0 dQ. (80) 

However, the Hankel functions satisfy the 
following relation: 


s- js y'PiPu 

rv 2 — A 2e -——— 


, for n z = n„ (76a) 




K 2 = K 2m = K lm for n z = n mz . (766) 

The double integrals in (70) to (72) may be 
changed to obtain infinite limits throughout. 
To do this, let <f> be made complex by adding 
an imaginary part and then let the limits of 
integration be chosen so that the contributions 


Hence, 


, rtir+jo) 

/ = - HpK Pi/- sin 0)F(0) sin 0 dQ 


H^X- Pjrsin 0)F(0) sin 0(70. 
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In the second integral in (82) let FAR-ZONE FIELDS OF VERTICAL 

DIPOLES OVER A CONDUCTING 


0' = —0, sin 0' = —sin 0, 

cos 0' = cos 0, d&' = —d&. (83) 

Since F(0) is a function of 0 only through 
cos 0, it follows that 

F(0') = F(0). (84) 

With (83) and (84), 

l /’Iir+jco 

I = - HjP (P lf sin 0)F(0) sin 0 dO 

77 Jo 

I 00 

-ffo 1) (P 1 r sin 0')F(0') sin 0' d&'. 
* Jo 

(85) 


EARTH 

6. Asymptotic Integration of the Hertzian 
Field of a Dipole; Field Patterns 

In order to integrate (5.87) let the cylindrical 
coordinates r and z be replaced by spherical 
coordinates R 0 and 0 O1 (Fig. 6.1) with 
their origin at r = 0, z = — d, that is, at the 
point on the boundary directly below the 
dipole at r — 0, z = 0. Specifically, let 

z + d = R 0 cos 0 O1 , r = R 0 sin © 01 . (1) 

Clearly, 

R 0 = V(z + d) 2 + r 2 . (2) 


Since the second integral has the same 
integrand as the first, it may be combined with 
it. Thus, 


= - I 77o 1) (P 1 / ' sin 0)F(0) si 

77 J —\lT—j CO 


sin 0 d&. 


It follows that equivalent forms of tfiie 
general integrals (70) to (72) are 

/*J»r+JCO 

n 2l = -1 I G sin 0 d& d$ 

J ^ 77 J — jco J — J 77 — j CO 

G = exp {—y'Pjfr cos<J> sin 0 

+ (z + d) cos 0]}[exp (y'P, d cos 0) 

+ / r exp (-/Pj d cos 0)], (0 S z) (87) 

rs pIir+^CD pJir+,7® 

n 21 = — 1 G' sin © dO d$ 

^' 7T J — In—j co J — Jjr —j co 
G' = exp [ —yp x (r cos <|> sin © 

+ d cos 0)] {exp [yPj(z + d) cos 0] 

. + fr exp [-;Pi(z + d) cos ©]}, 

(-d^z^O) (88) 

„ f* i r+jcc pitr+j® 

^*2 = 2w G" sin 0 d& d<$> 

J — in—j co J — \n—j co 

G" s/, exp { —yp 2 [r cos 4> sin 0 ( 

— (z + d) cos 0 ( ] — yPj d cos 0}. 

(z=S-rf) (89) 


With this notation the first exponent in (5.87) 
becomes 

-yPi[r sin 0 cos <j> + (z + d) cos 0] 

= —yPiF 0 (sin 0 O1 sin 0 cos<}> 

+ cos © 01 cos 0). (3) 

From trigonometry, 

cos <J> = 1 — 2 sin 2 £<j>, (4a) 

sin 0 sin © 01 + cos 0 cos 0 O1 


Hence, 


= cos (0 — 0„i). (46) 


r sin 0 cos «(> + (z + d) cos 0 
= R 0 [—2 sin 2 £<j> sin 0 sin 0 O1 

+ cos (0 - 0 O1 )] (5a) 
= F 0 {l — 2[sin 2 -|<t> sin 0 sin 0 O1 

+ sin 2 1(0 — ©oi)]} - (5 b) 


Accordingly, (5.70) becomes 


/*Jir+jco /*Jw+jco 

n *i = y i exp(-yp 1 F 0 ) 

Z7r s J—in—jco J—in—jco 

exp {y^PjFotsin 0 sin 0 O1 sin 2 1<J> 
+ sin 2 1(0 - 0 O i)]}[exp (yPj d cos 0) 

+ f r exp (—y’Pi d cos 0)] sin 0 dQ d( j>. (6) 


Similar changes in limits may be made in (73) This integral is in a form that permits 
and (74). application of the saddle-point method or 

The above solutions for II 2l and II 22 method of steepest descents in order to obtain 
satisfy the general wave equation and the an asymptotic solution valid for large values 
boundary conditions. It remains to carry out of R 0 and, hence, yielding a far-zone formula 
the integration. for n n . 
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The saddle-point method of integration 
applies particularly to the evaluation of 
complex transcendental integrals of the form* 

I = j F(w)e R °H w '> dw (7) 

over an infinite path of integration. It is 
assumed that R 0 is large, real, and positive 
and that f(w) is analytic. Let the real and 
imaginary parts of f(w) be separated as 
follows: 

f(.w)=g+jh. (8) 


Clearly the integrand in (7) will be large where 
g is large and positive. The fundamental 
principle of the method is to move the path 
of integration in the complex plane until 
that particular path is found by way of which 
the large values of g are concentrated in the 
shortest possible interval. This means that 
the path is chosen along which e 1 reaches as 
small a maximum as possible and drops off 
on both sides over the steepest slopes. 
Evidently this is equivalent to finding and 
integrating along the path on which g itself 
experiences the most rapid ascent and descent. 
The type of maximum involved is not an 
absolute maximum—which g can never have— 
but a stationary point or saddle point defined 
by 

df(w) 


dw 


0 . 


(9) 


Let dn be in the direction of the most rapid 
change in g at any point in the complex plane, 
and hence in the direction of integration. Let 
ds be normal to dn. Then, since dn is in the 
direction of the gradient, ds must be in a 
direction in which g experiences no change, 
so that 

f = 0. (10) 

ds 

Since it has been assumed that f(w) is analytic, 
it must satisfy the CaucJjy-Riemann differ¬ 
ential equations. Thus, if 

w = u + jv, 

these equations are 

dg 5h dh dg 

du dv du do' 


( 11 ) 

( 12 ) 


* Courantand Hilbert, ref. 1.16, vol. I, pp. 455-460; 
Frank and von Mises, ref. 1.18, vol. II, p. 834; 
Jeffreys and Jeffreys, ref. 1.29, pp. 472-474; Ott, 
ref. 47. 


If the direction of du is chosen along ds, and 
that of dv along dn, then (10) and (12) give 


dh dg 

— = - 2 . = o. 

dn ds 


(13) 


Accordingly, the path of integration in the 
complex plane along which f(w) has its 
steepest slope is defined by 

h — h 0 — const., (14) 

where h 0 is the value at the saddle point defined 
by (9). 

In the specific integral under consideration, 
/ is a function of two variables,<J> and 0. Thus 

/(M'l, w 2 ) = /(©,<$>) 

= y'2(J[sin 0 sin 0 O1 sin 2 + sin 2 1(0 — © 0 i)]. 

05) 

Using (9) successively with <|> and 0 as 
variables to locate the saddle point for each 
integration, the following equations are 
obtained: 


3/(0 <1>) 

0 = -——— = /p sin 0 sin 0 O1 sin <J>, (16a) 

C7<J> 

0 = Oor <(> = 0, (166) 

_ 3/(0,») 

30 

= /P (2cos 0sin0 ol sin 2 ^«J> +sin(0—0 O1 )] 
= y'Ptsin 0 cos 0 O1 — cos 0 sin 0 O1 cos <J>]. 

(17a) 

This yields 

tan 0 = tan 0 #1 cos <|>, 
or 

0 = tan _1 (tan 0 O1 cos <(>). (176) 

If the saddle-point value of <(> = 0 is chosen, 
the saddle-point value of 0 is 

0 = 0 O1 . (17c) 

If R 0 is sufficiently large and if the respective 
paths of integration for <J> and 0 are chosen 
through these saddle points along paths for 
which the imaginary part of the integrand 
is constant and equal to its value at <f> = 0, 
0 = 0 O1 , the exponential 

exp {y'2p i R 0 [sin 0 sin 0 O1 sin 2 ^<t> 

+ sin 2 i(Q - 0 O1 )]} 

will rise and fall rapidly near the saddle 
points, so that the principal contribution to 
the integral is with values of <J> and 0 near 
those at the saddle points. At these saddle 
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points this exponential is equal to unity. 
Obviously, since R 0 is assumed large, the 
complex exponential will drop to small 
values as <f> and © are varied from their saddle 
points. On the other hand, near these saddle- 
point values the other exponential terms, 
exp (±jPi d cos ©), that do not have the large 
factor R 0 ^> d in the exponents are slowly 
varying in 0, as are the amplitude factors 
f r and sin 0. The approximation to be made, 
therefore, is to insert in these slowly varying 
factors the saddle-point values of 4> and 0 
and so make them constants in the integration 
of the rapidly varying exponential term. 

In order to carry out the integration, let 
the variables be changed as follows: 

u — V2j$ 1 R 0 sin © sin 0 O1 sin |4>, (18) 

v = V2jP 1 R 0 sin £(0 - Q 01 ), (19) 

so that 

u 2 -f v 2 = 2jP 1 V? 0 [sin 0 sin 0 O1 sin 2 |4> 

+ sin 2 K© - ®oi)]- (20) 

Note that u = 0 when 4> = 0, v = 0 when 
0 = 0 O1 . Evidently, 

sin |4> = u/V 2jP 1 7? 0 sin 0 sin 0 O1 (21) 

Differentiation gives 

\ cos d<$> = du/V2jfi 1 R 0 sin 0 sin 0 O1 , 

( 22 ) 

so that 

d( t> = 2dujcos ^4>v / 2y'P 1 7? 0 sin 0 sin 0 O1 . 

(23) 

Similarly, 

sin £(© - 0 O1 ) = v/V2jp 1 R 0 , (24) 
I cos |(0 - 0 O1 ) dO = dv/V2jP 1 R 0 , (25) 

d& = 2dvjcos |(0 - 0 O i)V / 2jP 1 ^ o . (26) 

In order to investigate the limits and the 
paths of integration in the complex 4> and 
0 planes, it is convenient to examine the 
exponential function in its original form, 
namely, 

exp {7?t— 7 P 1 + /(©, 4>)1} 

= exp {—yP^rsin 0 cos 4> + (z + d )cos 0]}, 

(27a) 

where 

/(0,4>) = —y‘Pj(sin 0 O1 sin 0 cos 4> 

+ cos © 01 cos 0) + j Pj. (276) 


At the saddle points, 

/(©or. 0) = 0. (28) 

The paths of steepest descent are character¬ 
ized by a constant value of the imaginary part 
h of /(0,4>). That is, the paths of integration 
must be such that 

6 = 0. (29) 

In the vicinity of the saddle points <}> and 
0 — © 01 are small, so that 

/(©,4>) = yPitK© - ©oi) 2 - W sin 2 ©oJ. 

(30) 

In order to determine the angles made by the 
paths of integration in the complex planes, let 

0 — © 01 = ae^ 6 , <J> sin © 01 = 6e Jc . (31) 

With (31) and (30), the following result is 
obtained: 

/(0,4>) = (“u + j^MaHcos 28 + j sin 28) 
— j6 2 (cos 2e + j sin 2b)]. (32) 

Selecting the imaginary part and equating it 
to zero gives 

h = jS ls (|a 2 cos 28 — \b 2 cos 2e) 

+ a is( 2 fl2 sin 26 + |6 2 sin 2e) — 0, 

(33a) 

or 

a 2 (Pu cos 28 + a ls sin 26) 

+ 6 2 (/9is cos 2e + “is sin 2e) = 0. (336) 

Since 0 and <j> are independent, this equation 
must be satisfied independently by each of the 
bracketed expressions. That is, 

tan 26 = tan 2e = — ^ ls /“i s - (33c) 

It follows that 

6 = e = -£ tan- 1 0? ls /a ls ). (33 d) 

These are the angles made by the paths of 
integration with the positive real axis in the 
complex 0 and4> planes as they cross the real 
axis at the saddle points. If region 1 is dissi¬ 
pationless, the angles are 6 = e = — -njA. 

Near the saddle points the variables u and 
v defined in (18) and (19) are as follows: 

u ~ v 2 j() i ls -~j*is)Ro sin ©oi • \beP, 

(34 a) 

v = V2j(P lt — jcc ls )R 0 • \aei 6 . (346) 
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With (33 d) these reduce to 

U=u = ^ V2 R 0 (pf s + a 2 ,) sin 0 O1 , (34c) 

« = = | V2R 0 (^„ + «* f ). (34 d) 


That is, both u and v are approximately real 
near the saddle points along the path of 
integration. With (18) to (34), (6) becomes 

_ jKj exp(-yp 1 /? 0 ) 

zl (V R 0 

x fexp (yp x d cos 0) + f r exp(—yP x d cos 0)] 

Vsin 0 1 

- — — du dv, 

cos J<}> cos £(0 — 0 O1 ) v sin 0 O1 J 

(35) 

where / r is given by (5.62) as a function of 
0 alone. The path of integration is along the 
real axis between the infinite limits — oo and 
+ oo. Note that the real parts of the exponents 
vary rapidly. 

The principle of the saddle-point method of 
integration now may be applied to (35) in 
order to obtain the desired asymptotic 
solution that is valid for large values of R 0 . 
In (35) R 0 is involved only in the exponential 
factor All other exponentials are 

slowly varying, as are all of the amplitude 
factors. The procedure, as outlined above, 
is to insert the saddle-point values 0 = ®oi> 
<J> = 0 in the slowly varying functions, which 
thus become constants in the integration, 
and carry out the integration for the remaining 
rapidly varying exponential functions. That is, 
the integration that must be performed is 





g — (u a + i> 2 ) 



-(u 2 + e a ) 


(36 a) 


with the path along the real axis. Using well- 
known formulas* the result is 



(366) 


On substituting (366) in (35) after setting 
<J> = 0, © = 0 O1 , the following formula 
results: 


* See Peirce, ref. 1.39, formula 492. 


n *l C —[exp (/Pi d COS © 01 ) 

Pi ^0 

+ f; exp (-y'Pj d cos 0 O1 )], (37) 

where 

R 0 = V(z + d) 2 + x 2 + y 2 = V(z + d) 2 + r 2 

(38) 

and where for II 2l = n m , f r = / er (@ 01 ), 
jKy _ Pz i 

Pi “ 4n?j ’ 

xr _ V 2 jv li cos ®oi ~ * 1 ^ N h ~ sin 2 Qqi 
v,N& cos © 01 + VjViVf x - sin 2 0 O1 

(39 a) 

and for H*i = Tl mz ^, $ r _/ m) -(©oi)» 
jK 1 m zl 

Pi 4*V 

j T = Vi cos 0 O1 - v 2 V Nil - sin 2 0 O1 
cos 0 O1 + v 2 VNf x - sin 2 0 O1 

(396) 

The superscript r on f T r indicates the radiation- 
zone or far-zone value of the reflection co¬ 
efficient in which the angle (Fig. 6.1) 

©oi = tan- 1 ( £L ^) (40) 

replaces 0 in the generalized plane-wave 
formulas of Sec. 5. The particular forms 
(39a, 6) of the reflection coefficient are chosen 
merely because they are expressed entirely 
in terms of one angle. Note that (39a, 6) are 
the same as (5.63a, 6) with the real angle of 
incidence © 01 replacing the generalized com¬ 
plex angle 0. This means that the far-zone 
reflection coefficient f r r is the same as the 
plane-wave coefficient that is given by 
(5.63a, 6) with 0 real. 

The asymptotic formula (37) was derived 
from (5.87), which is valid only for 0 ^ z in 
region 1. It is readily verified that the same 
formula is obtained from (5.88) for — d Ik 
z ^0 in region 1. Thus, (5.88) may be ex¬ 
pressed as follows: 

n 2l =— 1 G'sin 0 d& d<i> 

Lit J — ^tt —j co J — Jw — j oo 

G' 5= exp [—yPi(r cos <}> sin 0 
— z cos 0 — d cos 0)]{[exp (—_/p x d cos 0) 
+ f r exp [—y'Pi(r cos <}> sin 0 + z cos © 

+ d cos 0)]} exp (—y’Pj d cos 0) (41) 
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The exponential following f r in (41) is the 
same as that already integrated in (5.87). 
The first exponential differs only in having 
negative signs in front of z cos 0 and d cos 0 . 
From 

(z + d) = -R 0 cos (n - 0 O1 ), 

r= R 0 sin (tt — 0 O1 ), (42) 

as shown in Fig. 6.2, it follows that 

r cos <f> sin 0 — (z + d) cos 0 

= 7? 0 [sin (tt — 0 O1 ) sin 0 cos tf> 

+ cos (tt — 0 O1 ) cos 0], (43) 


By symmetry, the expressions for the 
potentials in region 2 (z sS —d) are as follows: 

_ Pz 2 exp (-jfi 2 R a ) 

R 0 

y _ 2 v 1^12 COS 0 O2 _ 

cos 0 O2 + v 2 VN 2 2 - sin 2 0 O2 ’ 
(47a) 

„ m z 2 exp (-j& 2 R 0 ) 
m22 4*v 2 R 0 

v _ 2 v 2 cos 0 O2 _ 

v 2 cos © 02 + VjV N 2 2 — sin 2 0 O2 

(476) 


This is like (3) with 0 O1 replaced by (tt — 0 ol ). 

It follows that the entire previous analysis 
applies to the first exponential if (tt — 0 O1 ) is 
substituted for 0 O1 . Accordingly, the express¬ 
ion corresponding to (37) is 

jK 1 exp (-/Mo ) 

Z1 Pi Ro 

X {exp [—yPi rfcos (n - 0 O1 )] 

+ fr exp (—y Pi d cos 0 O1 )}, (44) 

where f r T is as in (39). Since cos (n — 0 O1 ) = 
—cos 0 O1 , (44) is exactly the same as (37). 
Therefore, (37) is the general asymptotic 
formula for II 2l for all values of z in region 1, 
that is, for z S — d. 

If the dipole is directly on the boundary, 
the following simpler expressions are obtained 
from (37) by setting d = 0: 




4 ttK, 


R« 


(45a) 


tt m u exp(—y'Pj^o) /1 , fr , 

“mU /l _.. g v 1 “T Jmr>T 


4t rv 

where 

1 + fir = fit 


2v 9 Nl cos 0 n 


(456) 


v 2 N| x cos 0 O1 + VjV Nh - sin 2 0 O1 ’ 


1 + fmr — fl 


(46 a) 


mt 


2v x cos 0 O1 


cos 0 O1 + v 2 V Nfi — sin 2 © ( 


01 


( 466 ) 


The angle © 02 (Fig. 6.3) is measured from the 
negative z-axis, so that 


© 02 = tan 1 


~(z + d) 
r 2 


R 0 = V (z + df + r\. (48) 


Note that p zl and m 2l are dipoles at the 
boundary just inside region 1, whereas the 
dipoles p z2 and m 22 are at the boundary just 
inside region 2. The effectiveness of a given 
dipole in maintaining a potential II 2 depends 
upon the medium in which it is placed owing 
to the induced volume density of polarization 
or magnetization. The normal component 
of this induced density at the boundary of the 
dipole cancels a part of the impressed polar¬ 
ization or magnetization of the dipole. This is 
clear from the fact that the forcing terms 
in the nonhomogeneous wave equations for 
the potentials (1.1) are, respectively, —P e !% 
and —M c /v. It follows that the quantities 
pj% and m 2 /v in the general expressions (2.6) 
and (3.2) for Tl ez and Jl mz are the effective 
exciting amplitudes of the sources. Hence, 
in order to express n z2 in (47) in terms 
of p n and m 2l at d = 0 in region 1 instead 
of in terms of p z2 and m z2 at d = 0 in region 
2, it is necessary to evaluate p l2 and m z2 from 


That is, 


Pzll% 1 ~ Pzifeiy 

m il/ v l = WziK- 


(49 a) 
(496) 


?2 P2V1 

p !^ = p ! l^ = P»l'ol^ = P>l•; 


5i 


P?v 2 


(49c) 


Since n mz2 is expressed in terms of Vj instead 
of v 2 as explained in conjunction with (5.1 d), 
it is not necessary to obtain an expression 
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for m z2 similar to (49c) for p z2 . With (496) 
and (49c), (47a, 6) may be expressed as 
follows: 


is calculated be very far from the boundary 
compared with the height d of the dipole above 
it. That is, let 


n„ 


Pzi exp (-/Pggp) 

4tt5 2 *0 


2v, cos 0 n 


VjiVf 2 cos 0 O2 + v 2 V Nf 2 - sin 2 0 O2 ’ 

(50a) 

„ _ m zi exp (— /p 2 /f 0 ) 

m ’ 2 4-n-Vj R 0 

2v„ cos 0 ao 


v 2 cos 0 O2 + VjV Nj 2 2 — sin 2 0 O2 
Alternatively, using 


v _ yPiPzi I- v 

**e2 -» A w 2 — A ml 

4ttS2 


and defining 

/<?(© os ) 


(506) 

4^ ’ 

(50c) 


2viN 2 2 cos 0 O2 


VjNf* cos 0 O2 + v 2 V Nf 2 - sin 2 0 O2 ’ 

(51a) 

fr (Q ) m _ 2v i cos 0 O2 

02 v 2 cos 0 O2 + V N 2 2 - sin 2 0 O2 ’ 

(516) 

it follows that 


_ jK e2 exp (-yp 2 i? 0 ) 

Pi Pq 



(51c) 


n 


mz2 


7^ m2 exp^/PaPo) . 

Pi y ? 0 02) ' 


(51 d) 


Note that /^(0 O2 ) and /^(0 O 2 ) are defined in 
(51a, 6) to have the same form as /J ( = /^(0 O i) 
and = /^(0 O i) in (46a, 6) with subscripts 
1 and 2 interchanged. Significantly, the factor 
v 2 /viN 2 2 occurs in II e22 with no corresponding 
factor in n mz2 . 

The Hertzian potentials in region 2 in the 
general case when the dipole is not necessarily 
on the boundary must be obtained by integrat¬ 
ing (5.89). An approximate asymptotic 
integration of (5.89) may be obtained by the 
same method used for n zl under two quite 
different sets of circumstances, depending 
upon whether the principal distance is in 
region 1 or in region 2. Consider the latter 
case first. Let the point where the potential 


R 0 = V(z + d ) 2 + r 2 , R 0 > d, 

(z + d ) 2 > r 2 , (52) 


where R 0 is measured into region 2 from the 
point on the boundary directly below the 
dipole. Rearrangement of (5.89) to separate 
the rapidly varying exponential that involves 
R 0 from the more slowly varying exponentials 
and amplitude factors gives 

l'i’r+}°° fln+joo 

n * 2 = T- 2 G"sin 0rf0rf<J> 

^■ 7T J — ^TT—j 00 J — — j 00 

G" exp {-y'P 2 [r cos <J> sin O, 

— (z + d) cos 0 ,]} exp (—y'Pj d cos 0 ). 

(53) 


Note that with subscript e or m on n z2 the 
constants K 2 and /, have the following forms: 


- 7 P 1 P 

4n% 


K 


m2 


4^ ’ 


(54) 


f - 2v, cos O 

J et v 2 cos 0 + VjNja cos 0 ( ’ 


/ 


mt 


2vjN 12 cos 0 
Vj N 12 cos 0 + v 2 cos 0 ( ’ 


where 

N 12 = Pj/P 2 . 


(556) 

(56) 


In order to evaluate (53) let the variable 
of integration be changed from 0 to 0 ( 
using the law of refraction and its differential, 
namely, 

P x sin 0 = P 2 sin 0 ( , (57a) 

Pj cos © dO = P 2 cos O t dQ t . (576) 

Clearly, 

sin OdO = • (^-^Asin O t dQ t . (58) 

1V 2 2 \cos 0/ 

The limits are unchanged if N 12 is real. 
If N 12 is complex, let 


N 12 = N 12 ■ je-i* = iV 12 (sin 8 +j cos 6); (59) 

then the limits for 0 ( corresponding to 
±(£ w + j cc) for 0 are ±(<5 + yco). This 
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Fig. 6.1. Points P t and P 2 in far zone of source Fig. 6.2. Point P 2 near boundary in far zone of 
at O. source at O. 


0 / ^ 

r° t * 

d 


- - D cin DCr.lAM I 



source at O. source at O. 
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may be shown as follows. Let M be real and 
very large. Then 

±N 12 sin (£ff + jM) = ±<V 12 (sin 8 + j cos 8) 
x (sin iff cosh M + j cos iff sinh M) 

— ±M (sin 8 + j cos 5). (60) 
±sin (<5 + jM) = ±(sin 8 cosh M 

+ j sinh M cos 6) 
= ±Af(sin <5+y cos <5). (61) 
With the substitution 

— (z + d) = R 0 cos 0 O2 , (62 a) 

r = R 0 sin 0 O 2 , (62 b) 

where 0 O2 is measured from the negative 
z-axis as shown in Fig. 6.3, the first expon¬ 
ential in (53) has the exponent 

— j$ 2 R 0 (sin 0 O2 sin 9 ( cos<}> + cos 0 O2 cos 0 ( ). 

(63) 

This is the same in form as (3) but with 0 O2 
substituted for 0 O1 , (3 2 for Pi. an d for 0. 
It follows that the same transformations may 
be made to give 


n = & e xp(-7P 2 7?o) 
Pa 71, 


-(u»+« s ) 


. rr 

[&SS exp WPa rfv/?V ' 2 “ sin2e<) ] 

Vsin 0 ( "1 

in 0 O2 J 


I 


COS i 4 > cos i( 0 - 0 O 2 )Vsin< 


dudv. 


(64) 


(54), the polarization potential and magneti¬ 
zation potential at distant points in region 2 are 


n„ 


= Pzi exp [~jP 2 (R 0 + dVNf 2 - sin 2 0 O2 ) 1 
4^2 Ro 

2 v a cos 0 O 2 

x ___ _ — 

cos 0 O 2 + v 2 V N* t - sin 2 0 O2 ’ 

( 66 a) 


= m^i exp [-7P 2 (7?q + dV N 2 2 - sin 2 0 O2 )] 
4ffV t R 0 

v 2Vj cos 0 O2 

v 2 cos © 02 + VjV Nf 2 — sin 2 0 O2 ’ 

(66 b) 

When d = 0 these formulas agree with (50a, b), 
obtained by symmetry for the dipole on the 
boundary. Alternatively, with (51a, b), 

n„ r . 


pzi exp [-yp 2 (j?o + dV Nf 2 - sin 2 © 02 )] 

4 ff ?2 Ro 


(vj) N*/ et(&02) ’ 


(67 a) 


x mz 2 


m zl exp[--jP 2 (R„ + dVN * 2 - sin 2 0 O2 )] 


4ffv 2 


R n 


x/ m( (© 02 ). (67 b) 


The appearance of 8 in place of w/2 in the 
limits for 9 ( does not affect the limits of u 
and v, since the real axis is chosen as the path 
of integration. 

Since the rapidly varying part of the 
integrand in (64) is as before and all other 
terms are slowly varying, the same method of 
integration previously used may be applied. 
This involves substituting the saddle-point 
values <j> = 0 , 0 ( = © 02 in the slowly varying 
factors and integrating the remaining rapidly 
varying functions. The result is 

n _ j K 2 exp(- 7 'P 2 7 ?o) / f t cos 9 ( \ 

" 2 P 2 Ro \ N h cos© /e ( =e M 
x exp(—jP 2 dV N 2 2 - sin 2 0 O2 ) (65) 

Using the values of K e2 and K m2 given in 


Note that in (67a) PzNihi^li — Pit, whereas 
in (67 b) m zl lv 1 = m z2 /v 2 . 

The approximate far-zone formulas (67a, b ) 
for the Hertzian potentials are for use when the 
line joining the transmitting dipole with the 
point of calculation is predominantly in region 
2. This is true primarily of points that are deep 
in region 2 compared with the elevation d of 
the dipole. Except for the relatively unimport¬ 
ant part of the exponential that has d as a 
factor, the potentials (67a, b) due to an 
elevated dipole are the same as when the 
dipole is at the surface. This is to be expected 
under the assumed conditions which imply 
that it is the part of the path in region 2 
which is primarily responsible for the cal¬ 
culated potential. Since (3 2 = fist — y’ a S 2 » it 
follows that the magnitudes of (67a, b ) 
decrease as Since R 0 necessarily is 

large at points in the far zone, it is evident 
that the magnitude of n z2 in (67a, b) is 
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insignificant unless a s2 is quite small. There¬ 
fore, for practical purposes, the far-zone 
field deep in region 2 differs appreciably 
from zero only when region 2 is at least a 
moderately good dielectric. If a e2 is not 
small, a s2 = Va>cr e2 /2v 2 = 1 jd s (d s is the skin 
depth) is sufficiently large to make e~ a >t R o 
vanishingly small even for R 0 much less 
than required to reach the far zone. For a 
perfect conductor, a s2 is infinite and the field 
in region 2 is zero. For salt water, with 
a e2 = 4 mhos/m, a s2 == 1.59 x 10 _3 Vto 
nepers/m. With co = 10®, a s2 = 1.59 nepers/m; 
with co = 10 10 , a s2 = 1.59 x 10 2 nepers/m. 
Clearly, with so large an attenuation constant, 
the factor e~ a ‘t R o is minute even for quite 
small values of R 0 . In moderately dry earth, 
a = 4 x 10~ 4 mhos/m, a s2 = 1.59 x 10 -5 Vco 
nepers/m. With co = 10®, a s2 = 1.59 x 10 -2 
nepers/m; with co = 10 10 , a s2 =1.59 nepers/m. 
For very dry earth and rock, a — 10~ 5 mho/m, 
a s2 = 2.9 x 10~ 6 Vco, so that with co = 10 6 , 
a s2 = 2.9 x 10 -3 nepers/m. Thus, if the 
frequency is not too high, it is possible to 
transmit a signal with considerable amplitude 
to an appreciable depth into moderately dry 
earth. This indicates the possibility of geo¬ 
physical exploration into the earth using 
fairly long electromagnetic waves. 

When region 1 is air and region 2 the 
conducting earth, interest is primarily in the 
field above the earth and at short distances 
into the earth. For such purposes an alter¬ 
native far-zone formula for II^ may be 
derived by assuming the distance between the 
dipole and the point of observation in region 
2 to be primarily in region 1. Specifically, let 

Ri = I (Me | > | P 2 ( z + d) I 

(68a) 

where R, is the distance from the dipole at 0 
to the boundary surface at S along the wave 
normal of a plane wave, as shown in Fig. 6.4. 
Let the point of observation be P 2 (r, z). Then 

r = r t — (z + d) tan 0,, z -f- d sj —d 

(68 6 ) 

so that with (3 2 sin0< = Pj sin 0, (53) may 
be rearranged as follows: 

If /Hir+JCO I'l’T+j'X’ 

n 22 = — 2 I sin 0 dO d<t> 

^ 77 " J — Jrr —j co J — £tt— jao 

I^ft exp [—y'PiO - , cos <J> sin 0 + d cos 0)] 
exp [/p 2 (z + d )(cos <f> tan 0, sin 0 ( 

+ cos 0,)] (69) 


Since the point P 2 (r, z) is assumed to be quite 
near the surface, its depth, —(z + d), in region 
2 is small. Therefore, the rapidly varying part 
of the integrand is the first exponential which 
involves the path length in region 1. With the 
angle of incidence 0 O1 in region 1 defined by 

d = R i cos 0 O1 , r { = R f sin 0 O1 , (70a) 
it follows that 
r t cos <(> sin 0 + d cos 0 

= 7? f (sin 0 O1 cos <(> sin 0 + cos 0 O1 cos 0). 

(706) 

Note that (706) is exactly like (3) with z = 0. 
Therefore, the same asymptotic integration 
previously carried out may be applied to the 
rapidly varying exponential in II 22 as was 
done for the corresponding exponential in 
(5.87) and the asymptotic values 0 = 0 O i, 
<> = 0 may be substituted in the remainder 
of the integrand. The result corresponding 
to (37) is: 

_ /Jg 2 exp(-/PiJ?,-) 

22 p 2 R,- 

x {/T(0) exp ty'P 2 (z + d )(cos c(> tan 0 ( sin 9 t 
+ cos 0 t )]} e=0oi;<t>=o . (71a) 

After using the law of refraction to express 
0, in terms of 0, the indicated substitutions 
are made, leaving 

„ jK 2 exp (—yPjf?,) x 

1Az2 - a - d v'- 01^ 

Pi ^i 

x exp [yp 2 (z + d)/V 1 - N 2 2 sin 2 0 O1 ], 

(716) 

where for the electric dipole K 2 = K e2 
— —y'Pipji/477-^2 and for the magnetic dipole 
K 2 — K m2 = —/Pi m 2l /4rrv 1 . For convenience, 
let a complex angle of refraction 0 (2 be 
defined as for plane-wave reflection as follows: 

sin 0 (2 = N 12 sin 0 O1 . (72a) 

With (72a), the exponentials in (716) may be 
expressed in terms of the properties of region 
2. Thus with r ( — r + (z + d) tan 0 (2 , 

Pi^i - P 2 ( z + d)jcos 0( 2 
= Pifi/ cos 0 O1 + r { sin 0 O1 ) 

- p 2 (z + d)jcos 0( 2 

= P 2 [</cot 0 O1 sin 0, 2 + r sin 0, 2 

- (z + d)/cos 0, 2 ] = p 2 Jt e , (726) 
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where R e is defined in (726). Since for points 
in the far zone —(z + d) is small compared 
with other distances, p x /?,- = (3 2 R e in the 
amplitude factor. It follows that (71 6) is 
approximately equivalent to 

<73) 

Note that, from the point of view of an 
observer at P 2 (r, z) in region 2, (73) may be 
interpreted as a wave originating at 0, in 
Fig. 6.5 with all space filled with the material 
of region 2. 

The propagation in region 2 is studied 
conveniently in the form: 

nj n ~d ) = ex P^ (z + d) l cos 6 J 

= exp (-;P 2 JR t ) = exp { -;P 2 [ -(z + d) cos 0 ( 

+ (r - n) sin 0J.} (z sj -d) (74) 

This is carried out in the next section. 

The potentials in region 1 may be expressed 
as follows: 


= _p£i ex P ( -jPi R A 
4*l- x R d 


+ fir 


Pzx exp ( yp,/? r ) 


4*?! 


Rr 


(75 a) 


= ex P (~jPi R d ) 
47rt»i R d 


where 


m zl exp (- yPi^r) 
JmT 4rtv 1 R r 


(756) 


R d — Ro ~ d cos ®or. 7? r — 7? 0 + d cos 0 O1 . 

(76) 

Evidently, (75) may be interpreted as the sum 
of the potentials due to the actual dipole of 
moment p z or m z at z = 0 and a fictitious 
image dipole of moment flp zl or at 

z = — 2d. Therefore, the actual distributions 
of currents and charges along the boundary 
are electrically equivalent for z > — d to a 
fictitious dipole on the axis at z = -24 in a 
homogeneous single medium. 

Alternatively, (75) may be expressed as 
follows: 


= Pzg f exp(-p 1 R d ) exp(-;p 1 j? r ) „ r l 
4>r§i L Rr y 

(77a) 


n 


mzl 

m zl 

4ttv 


i [ exp(-/PA) _ exp(—y’P] R r ) Hr ' 

il Rd Rr r 


where 

V T - (fir + 1) 


exp (-;p x /? r ) 


Rr 


= fl 


exp(-yP 1 /? r ) 


« r - (fmi 


1) 


Rr 

exp(-yPi-R r ) 

Rr 

fr exp(-yp 1 /? r ) 
J mt 


(776) 


(78a) 


(786) 


With (39), (78) becomes 

V , = ex P(~/Pl^r ) 

Rr 


2v»JV, 2 . cos 0 n 


(v 2 N| x 


cos 0 O1 + v x VNI j — sin 2 0, 


;)■ 


H< 


r _ exp(-;p 1 /? r ) 


(79a) 


Rr 


( _ 2v x cos 0 O1 _^ 

\v x cos 0 O1 + v 2 V Nf x - sin 2 0 O J 


(796) 


For later use, these expressions may be 
rearranged as follows: 


V = 2 


exp(-jP 1 R r ) 

Rr 


\ - (l + V 2 N ll C0S 0 O1 \ r 

\ V i' v/N fi - sin 2 ©01/ . 


W 


, exp (-j'Pi/tr) 

7?. 


(80a) 


"l - [i vicos © 01 \- r 

\ ^Wf x - sin 2 0 O1 / 


(806) 


The symbols V and H are conventional 
notation in the literature. The superscript r 
denotes a radiation-zone field. 

The forms (75) represent the potentials 
as due to two dipoles with different moments: 
the actual one with moment p zl or m zl , and 
a fictitious one with moment fl r p zx or 
fm r m zl . On the other hand, (77a, 6) represent 
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the potentials as due to two dipoles of 
equal and opposite moments, p zl or m zl and 
—p z j or — m tl , and a correction term V r 
or H r . In both representations the fictitious 
second dipole is at z = —2d on the axis. 
The advantage of the second forms, (77 a, 6), 
is that the contributions by the two equal 
and opposite dipoles cancel on the plane 
boundary. In so far as the present asymptotic 
or far-zone solution is concerned, there is no 
advantage in (11a, b) over (15a, b) ; (15a, b) are 
to be preferred. Later, when an improved 
solution is obtained which includes the leading 
term along the boundary plane, the forms (77) 
are more advantageous. This improved 
solution necessarily must reduce to (77) for 
large values of R 0 , and it is for purposes of 
later comparison that the forms (77) are 
introduced here. 

The radiation-zone or far-zone electro¬ 

magnetic fields of electric and magnetic types 
due, respectively, to vertical electric and 

magnetic dipoles over a conducting horizontal 
plane are determined directly from the follow¬ 
ing simple formulas: 

B? = BE' e , Bl = £fl e V (81a) 

B r m = (m 

In region 1, 

E lm = — Pfn e21 sin 0 O1 , (82a) 

Bci»i = ~~ ^ezi s > n ®oi> (826) 
i = PiB m21 sin 0 O1 , (82c) 

E m<S>\ = -«°Pi n m*i sin ® 01 - ( S2d ) 

Specifically, 


E. 


— — B r 

eQl ~ u eO! 


A.s0W [npWto8 „, 

+ /Ir(®oi) exp (-y'Pi d cos 0 O1 )] sin 0 O1 , 

(83a) 


R r 

D m@l 




-pfm zl exp(-;p 1 7? 0 ) 

Ro 


[exp(Jp 1 dcos 0 O1 ) 


+ frn r(®oi) exp (-y'Pi d cos 0 O1 )] sin 0 O1 . 

(836) 


These may be expressed in terms of array 
factors A e (0 fll ), A m (0 ol ) given by the brackets 
in (83a, 6) and the vertical field factor F(0 O1 ) 


= sin 0 O1 . The coefficients of reflection are 
the same as the plane-wave coefficients in Sec. 
5 and may be expressed in any of the several 
forms there given. In particular, 

/eWer(© Ol) _ 

= v 2 Nfi cos 0 O1 —VjV .- sin 2 0 O1 
cos 0 qi + V N 2 2 ! — sin 2 0 O1 ’ 
(84a) 

fmr = /mr(® Ol) 

= Vi cos 0 O1 — v 2 VN It — sin 2 © 01 
Vj cos 0 O1 + v 2 V N 2 2 ! — sin 2 0 O1 

(846) 

Alternatively, in terms of the characteristic 
impedances and admittances ? and q, 

fT _ Si cos 0 O1 - ? 2 cos 0, 2 

JeT cos © 01 + ?2 COS 0 (2 ’ K ’ 

fr _ *)l COS © 01 - *] 2 COS 0 (2 
JmT T)! COS © 01 + »] 2 COS 0, 2 ‘ V ^ 

The corresponding formulas for the fields in 
region 2 near the boundary are: 

E e@2 ~ E eo2 = ~ Pi^ez2 ®’ n ®(2 

x exp [—/P 2 (z + d)lcos 0, 2 ] sin 0, 2 , 

(85a) 

E mQ2 = ~ E m<t >2 = ^2^mz2 Sin ®(2 


_ -g |"hi exp ( -yP,ft,) , 

4ttv! R( ^ 0l) 

x exp [-;'P 2 (z + cO/cos 0, 2 ] sin 0, 2 , 

(856) 

where the radiation-zone coefficients of 
refraction or transmission are 


fit —/«((®0l) 


2v 2 N|, cos 0 n 


v 2 cos ®oi + v i xN h - sin 2 ©ox ’ 

(86a) 

flu “/ m x(©oi) 

_ 2v x cos 0 O1 

Vj cos 0 ot + v 2 V N& - sin 2 © 01 


( 866 ) 
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Alternatively, 


lit 

2?! cos 0 O 1 

(86c) 

?! COS 0 O1 + ? 2 COS 0,2 ’ 

flu 

2r) x cos 0 O1 

(S6d) 

7]! COS 0 O1 + 7)2 COS © (2 ‘ 


This completes the general determination 
of the far-zone fields of vertical electric and 
magnetic dipoles immersed in region 1 at a 
height d over a plane boundary with region 2. 
The two regions are assumed to be simple 
media but not otherwise restricted in their 
dielectric and conducting properties. In the 
following sections a more detailed study is 
made of the field, especially in region 1, in 
the important practical case when this region 
is empty space and region 2 is a nonmagnetic 
but otherwise quite arbitrary simple medium. 

7. Dipoles in Air over Dielectrics and 
Conductors 

In the preceding section the electromagnetic 
fields of electric and magnetic dipoles are 
derived for dipoles immersed in region 1 
perpendicular to and at an arbitrary distance 
d from the plane boundary of region 2. Aside 
from the requirement that they be homo¬ 
geneous and simply polarizing, magnetizing, 
and conducting, both regions are unrestricted 
in their properties. In this section these 
general formulas are specialized and applied 
specifically to the important practical problem 
of determining the field of dipoles in empty 
space (region 1) perpendicular to and at a 
distance d from a conducting earth (region 2) 
which is characterized by arbitrary conductiv¬ 
ity and dielectric constant. Since interest 
is primarily in the field in air above a con¬ 
ducting earth, this is discussed first and in 
detail. The section is concluded with a brief 
consideration of the field in the earth near the 
boundary. 

Let the following conditions be imposed 
to characterize the properties of air and a 
conducting earth: 

Region 1 (empty space): 

?!=*!= e 0 , Vj = v 0 , <7! = 0, (la) 

Pi = h = a>lv 0, v 0 = Vv 0 /e 0 , 

£i = £o = l/V^o = l/»7o; (1A) 


P 2 = (o/v 2 , v 2 = Vv 0 /? 2 , 

Ci-l/V^-1 hr (2*) 

Hence, 

^21 = P2/P1 = &2IP0 ~ ^§2/ f 0 = 1 /^ 12 > 

(3a) 

N 21 = e e2r ~ Peil^O = e e2rU ~ Aa) 

== ^e2 t JN e 2 , (36) 

where e e2r = t B2 /e 0 is the real effective 
relative dielectric constant of region 2 and 
h e2 is a convenient shorthand symbol defined 
by 

h e2 = <W“ e «2- (3c) 

The field impedances and admittances are: 

Z el = Rel = £0 COS 0 O1 , (4a) 

Ymi = G ml = T] 0 cos 0 O1 , (46) 

Z e2 = R e2 + jX e2 = ? 2 cos ©, 2 , (5a) 

Y m2 = Gm2 + j B m2 = ha COS ©, 2 . (56) 
With the law of refraction, 

sin 0 (2 = N 12 sin 0 O1 , (6) 

it follows that 

Z e2 = ^ 1 — ^12 sin 8 ®oi> (7a) 

Y m2 = ^ 1 - N h si" 8 ®oi- (76) 

Field in region 1. The coefficients of re¬ 
flection are 

fo-SeA® 0l> (8fl) 

K el i 

fir = /mr(®»l) ^ ^ T y™* • (»» 

{J m 1 ' 1 m2 

Alternatively, in terms of the index of 
refraction, 


Nfi cos 0 O1 - VNf, - sin 2 0 O1 
N|, cos 0 O1 + V Nfj - sin 2 0 O1 


COS 

®01 


NqVl - 

- Nj 2 2 sin 2 0 O1 

cos 

®01 

■ 

NqV 1 - 

- N 2 2 sin 2 0 ol ’ 





(9a) 

cos 

®01 

-■ 

VN 2 2 ! - 

sin 2 0 O1 

cos 

®01 

+ 

VN 2 ! - 

sin 2 0 O1 



Region 2 (earth): 

?2 = ««2 v 2 = v, v„ = 1 lp 0 , 

(2a) 


Nq cos 0 Q 1 - Vl - Nfj sin 2 0 O1 
N 12 cos 0 O1 + V 1 — N £.2 sin 2 0 O1 

(96) 
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Note that ff r is a complex coefficient of 
electric type that applies specifically when 
the magnetic field is parallel to the boundary 
between regions 1 and 2 , and hence is per¬ 
pendicular to the plane of incidence. This is 
equivalent to an electric field that is parallel 
to the plane of incidence. Similarly, ff nr is a 
complex coefficient of magnetic type that 
applies when the electric field is parallel to 
the boundary between regions 1 and 2 , 
and hence is perpendicular to the plane of 
incidence. 

In order to separate the real and imaginary 
parts of the coefficients of reflection, let the 
notation (fib) be introduced and the subscript 
2 omitted. That is, let 

N$! = e c2f (l —jh e2 ) = e er (l -jh e ). ( 10 ) 

The notation x = h e e er is common in the 
literature. With (10) the radical in (9 a, b) 
may be expressed as follows: 

V N 2 \ - sin 2 0 O1 = Ve er - sin 2 0 O1 - jh e e„ 
= AVT^jh x , ( 11 ) 

where 

A = Ve er — sin 2 0 O1 , K = h e eJA 2 . 

( 12 ) 


With (14) the real and imaginary parts are 


/;; = ^ [ 4o + ^ )c °s 2001 

- VA* + 6 ft 2 r ], (16a) 

2 

fer = - h ef(h x )] A «er COS 0 O i, 


(16 b) 


where 


D e = e? r (l -1- h*) cos 2 0 O1 + 2A[e er f(h x ) 

+ h e € er g(h x )\ cos ©oi + VA 4 + 6 ft 2 .. 

(16c) 

Similarly, (9b) becomes 

fmr ~ fmr + jfmr = fmr e ™ mr 

= [cos ©01 - Af(h x )\ + jAg(h x ) 

[cos 0 O1 + Af(h x )] — jAg(h x )' 1 

The real and imaginary parts are 

fmr = 7 J- [COS 2 0 O1 - VA*~+ x\ (176) 

fmr = 77 - Ag(h x ) COS © 01 , (17c) 

where 

D m = cos 2 © 01 4- 2Af(h x ) cos 0 O1 


The real and imaginary parts of a radical 
of the form V 1 — jh may be separated into 
the f(h) and g(h) functions which are tabulated 
in reference 1.31, Appendix II. Thus, 

Vr^Jh x = f(h x ) -jg(h x ), (13a) 


f(h x ) = V*[Vl 4- hi + 1], 

g (h x ) = VitVTT aI - I], 

Also, 


(136) 


^ Wx) + ^(A*)] = 4 2 Vl + hi 

= V^TT 2 (14) 


where x =h e e er . With (10), (11), and (13a), 
(9a) becomes 

Jtr = fer + jflr = feS jv " 

[t er cos ©01 — A f(h x )] 

= _ COS ©pi - 4j46„)] 

[e er cos 0 O1 + Af(h x )] 

-j[h e e er cos ©oi 4- Ag(h x )] 
(15) 


+ VA 4 + 6 ftf r . (17rf) 

Since f eT and f mr are not the same, it is clear 
that an incident field that is linearly polarized 
in an arbitrary direction is reflected as an 
elliptically polarized field with the shape of the 
ellipse depending not only on the constitutive 
parameters t e2 and o e2 but also on the angle 
of incidence. 

Using (16a, 6 , c) and (176, c, d), the co¬ 
efficients of reflection have been evaluated for 
numerical values of Nf t = e er (l — jh e ) that 
are useful in practice. By assigning the values 
4, 10, and 80 to e eT as representing typical 
mean values, respectively, for dry earth, 
moist earth, and water and then allowing 
x = h e e er = a e2 /ct)t 0 to assume a range of 
values from zero to infinity, Tables 7.1 and 
7.2 were computed. Curves of the real and 
imaginary parts of the reflection coefficients 
are shown in Figs. 7.1a, 6 ; magnitudes and 
angles are shown in Figs. 7.2a, 6 , c. Note that 
ff ranges from +1 to — 1 while ff ir is always 
negative. On the other hand, ff is always 
negative, ff r always positive. Of particular 
significance is the fact that ff r goes through 
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Fig. 1.2a. Reflection coefficients/,, and/. 
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zero, whereas/." lr does not. In fact, the magni¬ 
tude of f er , as plotted in Figs. 1.1a, b, c, has 
a minimum, whereas f mr does not. Also 
y> er has a range of very rapid variation 
through ir/2 from near zero to near v. 

The angle 0 O1 = 0 S at which f" er vanishes 
and tfi er = tan _1 ( f' er lfer) = W 2 for a particular 
value of N 21 is known as the Brewster angle. 
Physically, a zero value of /" r means that the 
reflected field is determined by f' er , which is 
in phase quadrature with the incident field. 
If region 2 is a perfect dielectric, f er is real, 
f' er = 0, so that the entire reflected field 
vanishes when the angle of incidence is the 
Brewster angle and there is complete trans¬ 
mission into region 2. Evidently, this statement 
applies only to an electric field or that com¬ 
ponent of a more general field that is in the 
plane of incidence. If there is a component 
of the electric field perpendicular to the 


plane of incidence it is reflected according to 
fmr = fmr + jf'mr, °f which neither f" nr nor 
f' mr vanishes for any value of 0 O1 except 90°. 
If region 2 is a perfect dielectric, f mr is real, 
f 'mr — 0. Hence, if an arbitrary electric field 
is incident on a perfect dielectric at the 
Brewster angle, the entire component of the 
field parallel to the plane of incidence is 
transmitted into region 2, while of the com¬ 
ponent perpendicular to the plane of incidence 
a part is reflected, the rest transmitted. This 
means that the entire reflected field is linearly 
polarized, so that its electric field is perpen¬ 
dicular to the plane of incidence. For this 
reason the Brewster angle is also called the 
polarizing angle for perfect dielectrics. The 
reflection coefficient f er = f'f changes its 
sign from + to — as 0 O1 passes through 
@ B . This means that the phase of the reflected 
field changes discontinuously from 0°, or in 


Table 7.1. Reflection factors/^ = f" r + jf' and/ mr = f ' r + jf^ T for different values of the 
complex index of refraction N 2 ,. 








// / 

0 

W 01 

fer + Her 

fmr jf-mr 

fer + Jfer 

fmr jfmr 

fer + jf. r 

fmr jfmr 

(deg) 

r* 

II 

V s 

-jo 

ll 

10 -;0 

K=80-J0 

0 

0.333+yo 

-0.333+;0 

0.519+/0 

—0.519+;0 

0.799+;0 

- 0.799+;0 

10 

.328 

- .338 

.514 

- .524 

.796 

- .802 

20 

.312 

- .354 

.499 

- .540 

.787 

- .810 

30 

.283 

- .382 

.470 

- .566 

.111 

- .823 

40 

.236 

- .424 

.424 

- .603 

.746 

- .842 

50 

.164 

- .484 

.354 

- .654 

.705 

- .865 

60 

.015 

- .566 

.244 

- .718 

.636 

- .894 

63.4 

.000 






70 

- .127 

- .675 

.062 

- .796 

.509 

- .92$ 

72.4 



.000 




80 

- .430 

- .819 

- .268 

- .891 

.220 

- .962 

83.6 





.000 


90 

-1.000 

-1.000 

-1.000 

-1.000 

-1.000 

-1.000 


AT 2 = 4 
‘‘*21 

-y'0.2 

II 

o 

1 

© 

<3 

< = 80 

-7 20 

0 

0.333—yO.Ol 1 

—0.333+;0.011 

0.520—;0.016 

—0.520+;0.016 

0.803—;0.022 

—0.803+;0.022 

10 

.328-; .011 

- .339+; .011 

.515-; .016 

- .525+; .016 

.800-; .022 

- .805+; .022 

20 

.312-; .011 

- .355+; .011 

.500-; .017 

- .541+; .016 

.792-; .023 

- .813+; .021 

30 

.283-; .011 

- .382+; .011 

.471-; .017 

- .567+; .016 

.776-; .024 

- .827+; .020 

40 

.236-; .010 

- .424+; .011 

.425-; .018 

- .604+; .015 

.750-; .027 

- .845+; .018 

50 

.164-; .010 

- .484+; .012 

.355-; .019 

- .654+; .014 

.710-; .030 

- .868+; .015 

60 

.052-; .010 

- .566+; .010 

.244-; .019 

- .718+; .012 

.642-; .036 

- .896+; .012 

63.4 

.000-; .010 






70 

- .127-; .009 

- .676+; .009 

.063-; .020 

- .797+; .009 

.516-; .044 

- .928+; .009 

72.4 



.000-; .020 




75 



- .075-; .020 




80 

- .430-; .007 

- .819+; .005 

- .267-; .019 

— .891+; .005 

.227-; .057 

- .963+; .005 

83.6 





.000-; .060 


85 



- .550-; .014 


- .114-; .060 


87 





- .354-; .053 


90 

—1.000—; .000 

-1.000+; .000 

— 1.000—; .000 

-1.000+; .000 

—1.000—; .000 

-1.000+; .000 









[VII.7] 


THEORY OF LINEAR ANTENNAS 


731 


Table 7.1—contd. 


©o. 

f„ + If it 

tf t 

fmr -Ifmr 

fl + iC 

// r 

fmr jfmr 

fer + ifer 

fmr j-fmr 

(deg) 

N 2 ~ 

4—;2 

<- 

10 -;9 

N 2 = 

80 -;200 

0 

0.362—y'O.lOl 

-0.362+;0.101 

0.585-;0.123 

—0.585+;0.123 

0.891—y'0.068 

—0.891+;0.068 

10 

.357-; .101 

— .368+; .102 

.580-; .124 

- .590+; .123 

.889-; .069 

— .892+; .067 

20 

.340-; .100 

- .384+; .102 

.564-; .127 

- .604+; .120 

.884-; .072 

- .897+; .065 

30 

.309-; .099 

- .414+; .102 

.536-; .131 

- .630+; .115 

.874-; .078 

- .905+; .060 

40 

.259-; .098 

- .457+; .101 

.491-; .137 

- .664+; .108 

.859-; .086 

- .916+; .054 

50 

.184-; .096 

- .518+; .098 

.422-/ .147 

- .711+; .097 

.833-; .100 

- .930+; .046 

60 

.068-; .904 

- .600+; .089 

- .312+; .159 

- .768+;' .082 

.789-; .122 

- .944+; .036 

64.3 

.000-; .092 





70 

- .115-; .088 

- .706+; .073 

.129-; .171 

- .836+; .061 

.701-; .162 

- .962+; .025 

74.6 



.000-; .173 




75 



- .014-; .173 




80 

- .423-; .071 

- .838+; .044 

- .215-; .164 

- .913+; .034 

.469-; .243 

- .981+; .013 

85 



- .516-; .127 


.134-/ .300 


86.1 





.000-; .300 


87 





- .143-; .300 


90 

-l.ooo-; .ooo 

-1.000+; .ooo 

-l.ooo-; .ooo 

-1.000+; .ooo 

-l.ooo-; .ooo 

-1.000+; .ooo 



K = 

o 

fM 

> 

1 

K = 

10 -; 90 

N 2 — 
21 

80 — ;2,ooo 

0 

0.683 -;0.202 

—0.683+;0.202 

0.847—y'0.120 

—0.847+;0.120 

0.968—;0.030 

-0.968+;0.030 

10 

.679-; .207 

- .688+; .200 

.845-; .122 

- .849+; .118 

.967-; .030 

- .968+; .030 

20 

.665-; .209 

- .701+; .192 

.837-; .126 

- .856+; .114 

.966-/ .032 

- .970+; .028 

30 

.639-; .220 

- .723+; .184 

.824-; .135 

- .867+; .106 

.963-;' .034 

- .972+; .026 

40 

.598-; .236 

- .753+; .169 

.802-; .149 

- .882+; .096 

.958-; .039 

- .975+; .023 

50 

.533-; .259 

- .791+; .149 

.766-; .171 

- .901+; .082 

.950-; .046 

- .979+; .020 

60 

.427-; .290 

- .836+; .122 

.704-; .205 

- .923+; .065 

.936-; .058 

- .984+; .016 

70 

.240-; .328 

- .887+; .088 

.583-; .262 

- .947+; .046 

.906-; .082 

- .989+; .010 

75 

.089-; .342 


.471-; .304 




77.1 

.000-; .341 






80 

- .133-; .339 

- .942+; .048 

.279-; .353 

- .973+; .024 

oo 

—■, 
1 

oo 

00 

- .994+; .005 

84.0 



•000-; .380 




85 

- .418-; .251 


- .106-; .375 


.651-; .247 


87 



- .375-; .332 


■455-; .329 


88.7 





.000-; .413 


90 • 

-l.ooo-; .ooo 

-1.000+; .ooo 

-l.ooo-; .ooo 

-l.ooo-; .ooo 

-l.ooo-; .ooo 

-1.000+; .ooo 



II 

o 

-;900 

K = 80 

- ; 20 ,ooo 

0 

0.953—;0.045 

—0.953+y'0.045 

0.990-;0.010 

-0.990+;0.010 

10 

.952-; .045 

— .953+; .044 

.990-; .010 

- .990+; .010 

20 

.950-; .048 

- .956+; .042 

.989-; .010 

- .991+; .009 

30 

.945-; .051 

— .959+; .039 

.988-; .011 

- .991+; .009 

40 

.938-; .058 

- .964+; .035 

.987-; .013 

- .992+; .008 

50 

.927-; .068 

- .970+; .029 

.984-; .015 

- .994+; .006 

60 

.906-; .085 

- .976+; .023 

.980-; .020 

- .995+; .005 

70 

.863-; .119 

- .984+; .016 

.971-; .028 

- .997+; .003 

75 

.820-; .151 


.961-; .037 


80 

.735-; .206 

- .992+; .008 

.942-; .054 

- .998+; .002 

85 

.505-; .318 


.886-; .102 


87 

.257-; .387 


.812-; .158 


88 



.722-; .215 


88.1 

.000-; .413 




89 



.481-; .329 


89.6 



.000-; .413 


90 

-l.ooo-; .ooo 

- 1 . 000 +; .ooo 

-l.ooo-; .ooo 

- 1 . 000 +; .ooo 
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Table 7.2. Magnitudes and angles of the reflection coefficients. 


®oi 


/ /v° 

^ mrl ' mr 

/«/£ 

/ /v 0 

J mrfj^mr 

/«/£ 

/ /v° 

(deg) 

K = 

= 4 — yO 

A r2 — 

10 — y'O 

< = 

so -yo 

0 

0.333/0° 

0.333/180° 

0.519/0° 

0.519/180° 

0.799/0° 

0.799/180° 

10 

.328 

.338 

.514 

.524 

.796 

.802 

20 

.312 

.354 

.499 

.540 

.787 

.810 

30 

.283 

.382 

.470 

.566 

.772 

.823 

40 

.236 

.424 

.424 

.603 

.746 

.842 

50 

.164 

.484 

.354 

.654 

.705 

.865 

60 

.015 

.566 

.244 

.718 

.636 

.894 

63.4 

.000/-90° 






70 

.127 

.675 

.062 

.796 

.509 

.926 

72.4 



.000/—90° 




80 

.430 

.819 

.268 

.891 

.220 

.962 

83.6 





.000/-90° 


90 

1.000/-180° 

1.000/180° 

1.000/ —180° 

1.000/180° 

1.000/-180° 

1.000/180° 


< = 

4 — y0.2 

< = 

io -yo.9 

K = 

80 -y20 

0 

0.333/—1.888° 

0.333/178.1° 

0.520/-1.765° 

0.520/178.2° 

0.803/ —1.568° 

0.803/178.4° 

10 

.328/—1.944 

.339/178.1 

.515/ —1.782 

.525/178.2 

.800/-1.574 

.805/178.4 

20 

.312/—2.001 

.355/178.2 

.500/-1.944 

.541/178.3 

.792/-1.664 

.813/178.5 

30 

.283/—2.331 

.382/178.4 

.471/—2.068 

.567/178.4 

.776/-1.770 

.827/178.6 

40 

.236/—2.400 

.424/178.5 

.425/-2.428 

.604/178.6 

.750/-2.057 

.845/178.8 

50 

.164/—3.490 

.484/178.6 

.356/—3.057 

.654/178.8 

.711/—2.417 

.868/179.0 

60 

.053/-11.06 

.566/179.0 

.245/—4.451 

.718/179.0 

.643/—3.209 

.896/179.2 

63.4 

.010/—90 






70 

.127/ —175.9 

.676/179.2 

.066/ —17.57 

.797/179.4 

.518/—4.872 

.928/179.4 

72.4 



.020/-90 




75 



.078/-165.1 




80 

.430/ —179.1 

.819/179.6 

.268/-175.9 

.891/179.7 

.234/-14.08 

.963/179.7 

83.6 





.060/-90 


85 



.550/ —178.3 


.129/-152.3 


87 





.358/ —171.5 


90 

1.000/—180 

1.000/180 

1.000/ —180 

1.000/180 

1.000/—180 

1.000/180 
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Table 7.2—contd. 


®01 

Utr 

fmrlfm r 

fM, 

/ /v° 

J mrl T mr 

LIU 

/ /v 0 

^ er/ ~iwf 


N* = 

4-/2 

K = 

10 —j9 

L 

ii 

oo 

o 

-J2Q0 

0 

0.376/ —15.57° 

0.376/164.4° 

0.598/-11.85° 

0.598/168.2° 

0.894/—4.361° 

0.894/175.6° 

10 

.371/—15.79 

.382/164.5 

.593/ —12.07 

.603/168.3 

.892/-4.434 

.894/175.7 

20 

.354/ —16.37 

.397/165.1 

.578/-12.67 

.616/168.8 

.887/—4.648 

.899/175.8 

30 

.324/—17.73 

.426/166.2 

.552/—13.70 

.640/169.7 

.877/-5.092 

.907/176.2 

40 

.277/—20.69 

.468/167.6 

.510/—15.57 

.673/170.8 

.863/—5.710 

.918/176.6 

50 

.208/—27.54 

.527/169.3 

.447/ —19.17 

.718/172.3 

.839/ —6.834 

.931/177.2 

60 

.116/—52.98 

.606/171.6 

.350/—27.00 

.772/173.9 

.798/—8.806 

.945/177.8 

64.3 

.092/—90° 






70 

.145/—142.6 

.710/174.1 

.214/ —52.93 

.838/175.8 

.719/ —13.00 

.962/178.5 

74.6 



.173/—90 




75 



.174/—94.70 




80 

.429/—170.5 

.839/177.0 

.270/ —142.7 

.914/177.9 

.528/—27.36 

.981/179.2 

85 



.531/-166.2 


.328/—65.88 


86.1 





.300/-90 


87 





.332/ —115.5 


90 

1.000/—180° 

1.000/180 

1.000/ —180 

1.000/180 

1.000/-180 

1.000/180 


' < = 

o 

<N 

1 

A& = 

10 — y'90 

II 

o 

— y'2,000 

0 

0.712/-16.47° 

0.712/163.5° 

0.855/—8.070° 

0.855/171.9° 

0.968/—1.776° 

0.968/178.2 

10 

.710/ —16.95 

.716/163.8 

.854/ —8.188 

.857/172.1 

.967/-1.776 

.968/178.2 

20 

.697/-17.42 

.727/164.7 

.846/—8.520 

.864/172.4 

.966/-1.894 

.970/178.3 

30 

.676/—18.96 

.746/165.8 

.835/—9.301 

.873/173.0 

.964/-2.018 

.972/178.5 

40 

.643/—21.53 

.772/167.4 

.816/ —10.53 

.887/173.8 

.959/—2.327 

.975/178.6 

50 

.593/—25.90 

.805/169.4 

.785/-12.56 

.905/174.8 

.951/—2.771 

.979/178.8 

60 

.516/—34.15 

.845/171.7 

.733/ —16.21 

.925/176.0 

.937/ —3.546 

.984/179.1 

70 

.406/-53.77 

.891/174.3 

.639/-24.16 

.948/177.2 

.910/—5.165 

.989/179.4 

75 

.353/ —75.35 


.560/-32.79 




77.1 

.341 /—90 






80 

.364/—111.5 

.943/177.1 

.450/—51.63 

.973/178.6 

.831/—10.25 

.994/179.7 

84.0 



.380/—90 




85 

.488/-149.1 


.390/-105.8 


.696/-20.74 


87 



.501/ —138.5 


.561/—35.84 


88.7 





.413/—90 


90 

1.000/ —180 

1.000/180 

1.000/ —180 

1.000/180 

1.000/ —180 

1.000/180 
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Table 7.2. —contd. 


©01 fer/gr 

Lrl€nr feft.r 

N\ x = 

/ // 

J mrf ’ mr 

10 — y'900 

O 

00 

II 

Vi « S 
* 

/ /V’“ 

- /20,000 

0 

0.954/-2.698° 

0.954/177.3° 

0.990/—0.573° 

0.990/179.4° 

10 

.953/-2.703 

.954/177.4 

.990/- .573 

.990/179.4 

20 

.951/-2.889 

.957/177.5 

.989/- .573 

.991/179.5 

30 

.946/-3.085 

.960/177.7 

.988/- .629 

.991/179.5 

40 

.940/ —3.535 

.965/177.9 

.987/- .742 

.992/179.5 

50 

.929/-4.187 

.970/178.3 

.984/- .860 

.994/179.6 

60 

.910/ —5.356 

.976/178.6 

.980/ —1.146 

.995/179.7 

70 

.871/—7.851 

.984/179.1 

.971/ —1.658 

.997/179.8 

75 

.834/ —10.42 


.962/—2.175 


80 

.763/—15.63 

.992/179.5 

.944/—3.260 

.998/179.9 

85 

.597/—32.18 


.892/—6.553 


87 

.464/-56.36 


.827/-10.97 


88 



.753/-16.58 


88.1 

.413/—90 




89 



.583/—34.34 


89.6 



.413/—90 


90 

1.000/ —180 

1.000/180 

1.000/ —180 

1.000/180 


phase, to 180° out of phase with the incident 
field. At the discontinuity the phase of the 
reflected field has the mean value y> er = 90°. 
Note that for a perfect dielectric the general 
defining condition f" er = 0 for the Brewster 
angle is equivalent to f er = 0. In the trans¬ 
mission-line form for f er given in (8a), and 
with Z e2 — R, 2 for a perfect dielectric, this 
condition is equivalent to requiring that 

Re 2 = Re i* (18a) 

That is, the field impedances (in this case 
pure resistances) of the two regions are 
matched when there is no reflection and perfect 
transmission, just as are the characteristic 
impedances of two lossless transmission lines. 
This condition of match is illustrated in Fig. 
7.3, where the quantities 7? el /( 0 and /? e2 /£ 0 
for three values of N 21 = Ve e2r are plotted 
as functions of © 01 . The points of intersection 
define a perfect match at the Brewster angle 
0 S . The corresponding condition for the 
magnetic case given by (8 b) is 

O m2 = G ml- ( 186 ) 


Graphs of G ml /»? 0 and G m2 /»/ 0 also are shown 
in Fig. 7.3. It is seen that these can not intersect 
so that there can be no match. 

The Brewster angle for a conducting and 
dielectric region 2 is determined readily in 
general by equating/^ in (16a) to zero. Thus, 
omitting the subscript 2 on e„ 2r except in 
final formulas, _ 


VA* + 6 2 e 2 r 
SrO + hj) ’ 


(19a) 


where A is a function of sin 2 0 B . If A is 
replaced by its value in (12), a quadratic 
equation is obtained that may be solved with 
the following result 


cos 2 @ B 

where 


€ er 1 € er E 

+ a 2 ) 2 - l 


(196) 


Ve| r (l + 6|) 2 (e er - l) 2 + 6|[4( 1 + h D 2 - 1]. 


(19c) 


Brewster angles © 01 = 0 B computed from 
(196) are included in Tables 7.1 and 7.2. 
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The general expression (196) for the 
Brewster angle reduces to very simple forms 
in two important special cases: (a) when 
region 2 is a good dielectric defined by 
hj = (a e 2 / coe « 2 ) 2 and (6) when it is a 

good conductor so that h e = o e2 /( 0 € e2 1. 

The formulas are: 

Good dielectric, 6f 1: 


cos & B == 


■ tan 0„ = Ve. 


( 20 ) 


Good conductor, h e > 1, h e e e2r > 1: 


cos 0„ = 


Vh 


e € e2 r 


= Vwe 0 la e . 


(21a) 


- 7T \ 7 T / -j- 

or ©* = -- 7 == = ~ - v «>e 0 /(7 e2 . 

2 x h c e e2T 2 


(216) 


The general expression for/' r at the Brewster 
angle is obtained by substituting 0* from (196) 
for 0 in (166). Since it is algebraically intricate, 
it is not written out. However, the special 
formulas for good dielectrics and good 
conductors are quite simple. For a goo d 
dielectric with 6 2 < 1, A = e er /V e er + 1, 
K = hfe eT + 1) jc eT \g{h x ) — h x /2; f(h x ) = 1, 
so that D e = 4e 2 r /(e er + 1) and, hence, 

Good dielectric, (o e2 /a>c e2 ) 2 < 1: 


f'e r=~K 



( 22 ) 


It is interesting to examine the transmission¬ 
line forms (8a, 6) when region 2 is a good 
conductor as defined in (23). In this case 

?2 = 1/ Vl, 0 ?2 — v/ 7W»’0 ff e2 

= (1 + jW O>l2v 0 o e2 = Z\ (24a) 

where Z s = R 3 + jX s is by definition (ref. 
1.31, Sec. V.5) the surface impedance of region 
2. Its reciprocal Y s = 1/Z 5 is the surface 
admittance , so that 

r) 2 = Y\ (246) 

Note that, subject to {o e2 jo)€ e ^ > 1, the 
following approximations are valid: 

|Wfo| 2 = — <1, (25) 

a e2 

Nil = ~jhe*er = ~j~ = -JN&, N& > 1 . 

a>€ 0 

(26) 

Since sin 2 0 ol g 1, it follows that with 
^12 = 1/^21 

cos e (2 = Vl - N 2 2 sin 2 ©01 = 1, ©(2 — 0. 

(27) 

Therefore, with (24), 

z e2 =? 2 cose, 2 = z s = i? s (i +j), 

(28 a) 

Y m 2 = r) 2 cos 0(2 = Y s = G s (l -j), 

(286) 


For a good conductor defined by h e :> 1, 

/(6J = ^(6,) = fhJ2 = h e eJAV2, 

D e = 26 e e er (l + 1/V2), so that, 

Good conductor, h e > 1: 


so that the reflection coefficients for good 
conductors in transmission-line form as 
obtained from (8a, 6) and (9a, 6) are as 
follows: 


f' er = -1/(1 + V2) = -0.414 at 0 O1 = ® B . 

(23) 


/„; = 


Rn ~ Z 3 
Rel + 


N 21 cos 0 O1 - 1 
N 2 i cos 0 O1 + 1 ’ 


(29a) 


Note that for a good conductor f' er and with 
it the minimum value of f er are independent 
of the constitutive parameters. The numerical 
value in (23) is the largest attainable by f' er 
for any medium. For a perfect dielectric 
f' er = 0; for a perfect conductor,/' r = —0.414. 
The Brewster angle ® £ and the minimum value 
of the reflection coefficient f er , which occurs at 
the Brewster angle, are shown in Fig. 7.4 
as functions of h e e er — c rja>e 0 with e er as 
parameter. (The plan of presentation and 
part of the data in Fig. 7.4 are due to Norton). 


G m - Y> 
Jmr G m i + Y s 


N 12 cos 0 qj 1 
iV] 2 COS 0 O1 + 1 


(296) 


Since Z s is complex, a perfect match with 
f eT — 0 is not possible. However the magni¬ 
tude of f er can be minimized. It is readily 
verified that the condition minimizing the 
magnitude of ff is the same as that requiring 
its real part ff T to vanish or its angle Wr to 
be 90°. It is 

R el ^f 0 cos© 01 = W2, (30) 



(®0l)| sil 
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Fig. 7.3. Field impedances and 
admittances for perfect dielectric. 




Fig. 7.4. Brewster angle of incidence 0 B and 
minimum reflection coefficient | / er | mill for 
vertical electric dipole (Norton). 


Fig. 7.5. Field factors of vertical 
electric and magnetic dipoles on 
conducting earth; d = 0. 
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Fig. 7.66. Field factors of vertical magnetic dipole (horizontal loop) over conducting earth; d = A„/4. 
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Fig. 7.8a. Field factors of vertical electric dipole over conducting earth; d = 3A„/4. 
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Fig. 7.86. Field factors of vertical magnetic dipole (horizontal loop) over conducting earth; d — 3A 0 /4. 
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so that the Brewster angle is defined by 

©oi = ®b = cos" 1 Cfi s V2/£ 0 ) 

= COS -1 Vcoe 0 /<J e2 — ' v/toe oK2 (31) 

at frequencies / that satisfy o e2 j2nfe 0 > 1, 
in complete agreement with (21). Numerical 
values of the Brewster angle for salt water and 
wet earth follow: 

Salt water: o e2 = 4 mho/m. 


A principal purpose in determining the 
coefficients of reflection is to evaluate the 
electromagnetic field. Using the values of 
fl r and ff r in Table 7.1, the far-zone electric 
and magnetic fields may be determined from 
(6.83a, 6) appropriately restricted to the 
conditions (la, b) and (2a, b) for dipoles in 
air over a nonmagnetic simple medium. The 
appropriately specialized formulas are 

E r — ° J B r 

^eQl — -r °e<S> 1 
HO 


0^ = ^ — 1.49 x 10- 6 V(o 

= 90° - 0.21 °V/x 10- 6 , 

(32a) 

Wet earth: j i1 = 4 x 10- 3 mho/m, 

©j = ^ - 4.7 x lO-Vto 

= 90° - 6.71 °Vfx 10- 6 . 

(32 b) 

Note that f is expressed in hertzes. 

By imposing the following conditions in 


addition to o e2 l(oe 0 1; 

For ff r : N 21 cos 0 O1 > 1, (33a) 

For fmr : N 12 cos© 01 <1, (336) 

the reflection coefficients for very good con¬ 

ductors in the electric and magnetic cases 
become 

fir = 1. (34a) 

fmr ~ l- (346) 

It is clear that (33a) is more restrictive than 


(336), because cos 0 O1 ^ 1. Note that in 
the electric case 0 O1 may not be tt/ 2 if N 21 is 
finite. Only when N 2l is infinite, as when region 
2 is a perfect conductor with o e2 = oo, is (34a) 
valid when 0 ol = tt/ 2. Moreover if 0 O1 = w/2 
and N 21 is not infinite, 

flr= -1. (35) 

This behavior is clear from Fig. 7.1a, 6. Thus, 
for all practically available conductors, 
fl, — — 1 at 0 O1 = tt/2, but with region 2 a 
sufficiently good conductor, ff T remains very 
near +1 until 0 O1 increases to almost tt/2, 
where it begins to drop very rapidly to — 1. 
In many practical cases the drop occurs 
sufficiently near 0 O1 = w/2 to make the 
approximation (33a) and (336) satisfactory 
for all angles. This is considered later in 
conjunction with the far-zone field patterns. 


-ftoPzi e-jP° R ° 
4 TTC 0 R 0 


^e(®0l) ©01> 


(36a) 


Dr _ pr 
D m01 > ~‘m<b\ 


where 


— e-Wo R o 
4rrv 0 R 0 


^m(®0l) S* n ©01> 


(366) 


A(0 O i) s e j/S(A-os0 ol + fle-iW CO80 O1 , (36c) 

with subscript e or m on A and f T r . The vertical 
field factors of electric and magnetic dipoles 
at a height d above a plane conducting earth 
are | A C (0 O1 ) | sin © 01 and | A m (0 oi ) | sin 0 O1 . 
Rectangular graphs of these factors for d = 0, 
Aq/ 4, A 0 /2, 3A 0 /4, and A 0 are shown in Figs. 7.5 
through 7.9a, 6 for the three complex ranges of 
IV 21 for which e e2r is equal to 4, 10, and 80, 
and, in addition, for a perfect conductor 
defined by o e2 = oo so that N 21 = e„ 2r — /oo. 
This is equivalent to IVfj = —yco. Note that 
all of these field graphs are for a vertical 
mathematical doublet. In the magnetic case 
this corresponds to a very small horizontal 
loop with side 6 satisfying the condition 
Plb 2 < 1. In the electric case it is equivalent 
to a very short antenna for which 0? o 6) 2 
is negligible compared with unity. When an 
electric dipole is on a conducting earth (d = 0) 
the field is a maximum along the earth only 
when this is perfectly conducting. For all 
finite conductivities the asymptotic far-zone 
field along the earth (0 O1 = 90°) is zero. 
However, as 0 O1 is decreased from 90°, the 
field increases very rapidly, the increase being 
the more rapid the greater the conductivity 
and the greater the dielectric constant, 
so that a receiving antenna of moderate length 
or elevation may be in the maximum field. 
The far-zone asymptotic field along the earth 
due to a magnetic dipole is zero for all types 
of earth, including the perfectly conducting. 
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Subject to (33 a, 6) and (34a, b), the array 
factors A(0 O1 ) for the far-zone field of 
vertical electric and magnetic dipoles in 
space over a highly conducting region are 

A(©oi) — 2 cos OV cos © 01 ), (37a) 

^m(0 O i) — 2/sin (fi 0 d cos 0 O1 ). {21b) 

The complete field factors in both cases are 
| A(0 O1 ) | sin 0 O1 . The fields are obtained by 
substituting (37a, b) in (36a, b). For the 
vertical magnetic dipole (376) is valid for all 
values of 0 O1 . On the other hand, (37a) is a 
good approximation in the far zone only when 
0 O1 is not too near w/2. That is, the field in 
space very near the boundary plane is not given 
correctly by (37a) except when region 2 is a 
perfect conductor. Note, however, that the 
angle 0 O1 may approach w/2 the more closely 
the lower the frequency, since N 21 = V a e2 jcoe 0 
increases as a> is reduced. As a numerical 
illustration, consider salt water ( a e2 = 4 
mho/m), wet earth (a e2 = 4 x 10~ 3 mho/m), 
and dry earth ( a e2 = 4x 10~ 5 mho/m). For 
these, the following numerical values obtain: 

Salt water: 7V 21 = x 10 u , 

w (38a) 

N 12 = 2.21 x 10- 12 co; 

Wet earth: N 21 = x 10 s , 

" (386) 

N lt = 2.21 x 10- 9 w; 

4.52 

Dry earth: N 21 = -— X 10 6 , 

w (38c) 

N 12 = 2.21 x 10 -V 


water, 0 O1 may not exceed 0.5w — 2.21 
X 10 -3 = 90° — 0.13°; for wet earth, 
© 01 may not exceed 0.5w — 0.0221 = 
90° — 1.3°. Clearly, the formula (33a) is 
satisfied for all practically measurable angles 
for an electric dipole over salt water at 
to = 10 7 . For wet earth it is satisfied for all 
angles except within about 1.3° of the plane of 
the earth. Obviously, an angle of 1.3° means a 
significant distance above the earth’s surface 
in the far zone at radio frequencies. 

A convenient formula for investigating 
the far-zone field of a vertical electric dipole 
for angles © 01 near vjl is obtained from the 
general formula (6.83a) by setting sin 2 © 01 = 
1, so that (6.84a) becomes 


Nfj cos 0 O1 — V N|j — 1 
N 2 ! cos 0 O1 + VNfj - 1 
_ 1 - (Nft cos 0 qi/V N& - 1 ) 
1 + (Nfj cos ©oi/V Nfi - 1) 


For very small values of cos © 01 , with © 01 
near w/2, this may be expanded as follows: 


Xr /, iVfi COS © 01 \ 2 

l 

+ , 2Nfi cos 0 O1 

+ VNf^ri ’ 

provided 


(40) 


| Nl cos 0 O1 1 2 < | VNI, - 1 | 2 . (41) 

This value of /„£ may be used in (36a) with 
(36c) in place of (9a) when © 01 is very near 
77 / 2 . In this case the far-zone field factor 

^e(®oi) — [ 2y sin (P 0 d cos © 01 ) 


In order to satisfy (33a) it is necessary that 
cos 0 O1 be very large compared with N l2 . 
For example, if cos 0 O1 = 0.0221, 0 oi = 
1.548 = 88.7°, it is necessary that for salt 
water, o> Si 10 s ; for wet earth, 01 S 10 s ; 
and for dry earth, <0 S 10 3 . For all finite 
values of N 21 , however, there is a limiting 
angle less than nj 2 which may not be ex¬ 
ceeded if (33a) is to be maintained valid. The 
higher the frequency and the greater the 
conductivity, the nearer this limit approaches 
77/2. For example, for a low radio frequency 
with co = 10 7 , N 12 has the values 2.21 x 10 -5 , 
0.0221, 2.21, respectively, for salt water, 
wet earth, and dry earth. Clearly, the condition 
cos 0 O1 > jV 12 is satisfied only for salt water 
and wet earth, not for dry earth. For salt 


+ 


2N£_cos©oi 
VNfj - 1 


Q j/M COS 001 


(42) 


applies near the boundary where 0 O1 = 77/2. 
The corresponding formula for the magnetic 
dipole is like (42) but with the factor 
missing in the numerator of the second term. 

In attempting to evaluate the field for 
values of 0 O1 very near 77/2 where the far-zone 
expressions give zero (except for a perfectly 
conducting region 2 with a vertical electric 
dipole), it must be recalled that the far-zone 
formulas are asymptotic solutions in which only 
terms of the order \/R 0 are included. When the 
angle © 01 approaches sufficiently close to 
77/2, higher-order terms become significant. 
In particular, along the boundary plane 
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©oi = W2 the electromagnetic field is deter¬ 
mined entirely by terms of higher order than 
are contained in the asymptotic solutions 
obtained using the saddle-point values of the 
slowly varying functions. Terms of order 
I/Rq and higher may be obtained by expanding 
the functions 0 and 4> in (6.35) and (6.64) in 
series in terms of u and v about the points 
0 = © 01 and <J> = 0 and retaining higher-order 
terms than the first. Essentially this procedure 
has been carried out by Strutt; his numerical 
computations of the tangential fields, £$ 
and Hq, on the boundary show that the 
higher-order terms are significant only near 
0 = n/2, where they contribute a small term. 
Although the complete field for values of 0 O1 
near n/2 and for distances closer than per¬ 
mitted by the condition for the far zone can 
be obtained by the method just outlined, the 
evaluation is extremely laborious and has 
not been carried out. However, an alternative, 
essentially equivalent, procedure has been 
developed especially by Van der Pol and 
Norton and explicit formulas obtained for 
the leading term in the quasi-near-zone 
fields along the boundary plane. Extensive 
curves also have been computed. Accordingly, 
it is advantageous to carry out the analysis 
leading to these results. This is begun in 
Sec. 9. 

Field in region 2. In concluding the dis¬ 
cussion of the field of dipoles in air over a 
plane conducting earth, a brief analysis of 
the complicated field in the earth is approp¬ 
riate. This field is given by (6.85a, 6) with the 
several parameters restricted according to (1) 
through (3). The most important parts of 
these formulas are not the field factors 
alone, as for the field in air, but also the ex¬ 
ponentials. In a conducting earth (3 2 and 
0 <2 are complex, so that the amplitude of 
the field is attenuated exponentially by the 
real part of (5.74). Thus for z g —d 
exp{— y'p 2 [-(z + d) cos 0 (2 

+ (r - r,)sin 0 (2 ]}. (43) 
It is this factor that determines the nature 
of the field in region 2. For simplicity, let 

z' = -(z + d), r' = r - r i; (44) 
so that z' is measured down into region 2 
with z' = 0 at the boundary plane. With the 
law of refraction, (J 2 sin © (2 = 6o sin 0 O1 , 
and p 2 = /9 0 N 21 the exponent in (43) becomes: 
—jP 0 (z'N 21 cos 0 (2 + r' sin 0 O1 ) 

= -jpfz'V N|j - sin 2 0 O1 + r' sin 0 O1 ). 

( 45 ) 


The expression on the right follows from 

cos 0( 2 = Vl — sin 2 0( 2 

= N 12 V N|j - sin 2 0 O1 . (46) 

Use is now made of (10) through (13a) in (45), 
and this becomes the exponent in (43). The 
resulting formula for a plane wave in region 2 
is 

e -P 0 z'Ag(h x ) e —jji fj {z'AI(h x ) + r'sin0 ol ] ; (47) 

where, as in (10) to (13), Nfj = c er (l — jh e ), 
A = Ve e r - sin 2 0 O1 , h x = e er hJA 2 , and 
Vl - jh x =f (h x ) - jg(h x ); f ( 6 ) and g(h) are 
tabulated in reference 1.31, Appendix II. 
Note that since the real part of (47) depends 
only on z', the surfaces of constant amplitude 
in (43) are planes parallel to the boundary. 
As region 2 is penetrated vertically downward, 
the amplitude of (43) decreases as e- z '/V©(A*>, 
where z' is measured down into region 2 . 
On the other hand, the surfaces of constant 
phase are planes defined by the equation 

z'Af (hf) + r' sin 0 O1 = C x = const. (48) 

The normal to this plane defines the direction 
of propagation of the plane wave represented 
by (43). The real angle 0 O2 made by this 
normal with the negative z-axis (positive 
z'-axis) is defined by 

z' cos 0 O2 + r' sin 0 O2 = C 2 = const. (49) 

By obtaining the equation for the normal to 
the planes defined by (48) and comparing 
its slope with that of (49), the following 
results are obtained: 

Af(h x ) 

cos 0 O2 = 7 . = ; 

VA*f\h x ) + sin 2 0 O1 

• n sin 0 O1 

sin 0 O2 = 7 .. = . 

VAj\h x ) + sin 2 0 O1 

Since © 02 is the angle between the normal 
to the boundary plane and the direction of 
propagation, it is the true, real angle of 
refraction, and (50 b) expresses the law of 
refraction, with the real index of refraction 
given by 

^ 2 i(®oi) - = V A 2 f\h x ) + sin 2 0 O1 . 

Mil '-'02 

(51a) 

With (11), (12), and (136), 

^ 2 i(®oi) = B[v'(e er - sin 2 © 01 ) 2 + /; 2 4 
+ + sin 2 ©oJ} 1 ' 2 . (516) 


(50a) 

(506) 
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When region 2 is a perfect dielectric, 
h e = aJu>e e = 0 and (516) reduces to A r 21 (0 ol ) 
= N 21 = v 7 e er . Also h x = 0 so that the first 
exponential in (47) reduces to e~Po z ' A e< h z'> = 1 
and there is no exponential attenuation 
normal to the boundary as region 2 is 
penetrated. 

When region 2 is a slightly conducting 
dielectric that satisfies the condition 6| = 
£ er 6 e /(e cr — sin 2 0 O1 ) < 1, it follows that 
f{h x ) = \^g(h x ) = h x /2, so that A^fOoi) = 
N 21 = as for a perfect dielectric. 

However, the attenuation is not zero but is 
given by e —9in *®oi. 

When region 2 is highly conducting, so 
that h e = oj(o€ e >1, (516) reduces to 
N n (Q 01 ) = \h t e„ = aJ2(oe 0 , which is in¬ 
dependent of 0 O1 . In this case h x — oJa>e 0 A 2 
:> 1 so that g(h x ) = VhJ2 = (1 /A)V <t/2co£ 0 . 
Accordingly, the very high ex ponen tial attenu¬ 
ation in (47) is e-Po z '' /a J 2me o = e~ z '! d >, 
where l/d s = P 0 VoJ2 oj£ 0 = V woJ2v 0 and d s 
is the skin depth. When region 2 is a perfect 
conductor, the skin depth is zero and the 
attenuation in region 2 is infinite, so that the 
field vanishes everywhere in region 2. 

In the general case of a moderately con¬ 
ducting region 2, A 21 (0 O1 ) is a function of 
0 O1 , and g(h x ) is sufficiently large so that the 
exponential attenuation of the field in region 
2 is great. Note that for vertical incidence, 
0 O1 = 0, the real exponent in (47) may be 
expressed in the following simple form: 

/?o z’Ag(h x ) = fl u sin a/2, 

° V COS a 


horizontal conducting and dielectric plane 
of infinite extent, and (2) a base-driven antenna 
of length h erected vertically on the conducting 
earth. In carrying out the analysis it is 
necessary to assume a sinusoidal distribution 
of current in order to get sufficiently simple 
expressions. It is known from Chapter II that 
this is a good approximation of the actual 
distribution on antennas of finite cross section 
when the electrical half-length, does 

not exceed 2. It is particularly good when 
/?q/t = 7t/ 2. For electrical half-lengths greater 
than 2, the sinusoidal distribution leads to a 
fair approximation of the radiation field 
except in the vicinity of sharp nulls in the 
field pattern. 

The analysis of the field of an antenna of 
finite length over a conducting earth proceeds 
from the polarization potential dH ezl of an 
infinitesimal dipole or electric doublet. As 
explained in Sec. 2, the doublet may be 
replaced by an equivalent current in an 
element dz'. Specifically, 

Pu = Ifdzljto. (1) 

The polarization potential due to such an 
element at a height z' above the boundary 
plane is given by (6.37) specialized to apply 
to empty space with (1) substituted for 
p lz and z' substituted for d\ 


d^l ezl — 


I' z dz' e~^« R o 
AiT£ 0 ju) R 0 


( e jPo z 'y + flre-ifa'v), 

( 2 ) 


where, for later convenience in manipulation, 
the following shorthand is introduced: 


a = tan' 1 h c . (52) 


y = cos 0 O1 . (3) 


By combining the exponential attentuation 
factor e~P« zA < ,(h x ) with the magnitude of the 
field factors in (6.85a, 6) the distribution and 
magnitude of the far-zone field in region 2 
near its surface is obtained. 

8. The Far-Zone Field of an Antenna with 
Sinusoidally Distributed Current Over a 
Conducting Earth 

The analysis in the preceding section has 
concerned itself with the determination of the 
far-zone field of electric and magnetic dipoles 
that are of infinitesimal length or at least 
very short compared with the wavelength. 
It is the purpose of this section to derive 
expressions for the electromagnetic field of 
(1) a vertical center-driven antenna of half- 
length h with center at a height d in air over a 


Since ff r is the far-zone reflection coefficient 
given by (7.9 a), it is sensibly constant and 
independent of the coordinate z' locating the 
current in the element dz' above the con¬ 
ducting plane. 

In order to solve simultaneously both the 
elevated and the base-driven antenna, let the 
following quite general form of the sinusoidal 
distribution of current be assumed: 

j _ T sin f n (c + g-z) 

2 ' sin f$ 0 g 

= I m sin P 0 (c + g - z), (4) 

where 

g = h + k, (5) 

as shown in Fig. 8.1; I c is the amplitude of 
the current at the base of the antenna; I m is 
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the maximum amplitude of the sine distri¬ 
bution. The amplitude at the top of the 
antenna is /, = I m sin pjc. For convenience, 

let 

GmPtf, H = p 0 h, K = pjc, C = P 0 c, 
fa. Z' = fa', (6) 


The polarization potential in region 1 due 
to the entire antenna is obtained by sub¬ 
stituting (4) in (2) and integrating over the 
antenna: 


n„ 


Im e~^o R o f 
jw4ne o PqRq Jc 

[ e i< 

~ 


C+H 


j(o4ire 0 

gUC+G-Z') 


(e* z 'r 


e —j(C+G — Z‘ 


V 


-j dZ'. 


(7) 


Let the integral in (7) be denoted by J. After 
rearrangement, (7) becomes 

1 f c+H 

J = 1 J [ e j(C+G)[ e jZ’(y-1 ) 

f* r g—jZ'{y+l )] — g—j(C+G)[gjZ'(y+ 1) 

+ ( 8 ) 

This may be integrated directly into the 
following: 

I [ e HC + H)(y-l) _ e jC(y-l) 

/=i r + n—^0— 

e -j(C+H)(y+l ) _ e -jC(y + 1)] 

+ f r » 7 + T j 


where the vertical field factor is defined by 

Ac(®oi)F(® 01 ) = i ( [e^+V+ZM 

(v | - y 2 

+ f r er e-^ + (C+H)y] _ e HG+Cy) 

- f r er e~ m+Cv) ] - ^ ~ 1 ■ [ g -ftJf-(C+H)y] 

v 1 — y 2 

-f fr r gjlK-(C+H)y] _ g-j(G-Cy) 

- fr re XG- c y) ] \ (10c) 

The field factor of a center-driven antenna 
of half-length h with center at a height d Sa h 
above the plane earth is obtained by adding 
the contributions from the upper and lower 
halves. Each of these contributions is obtained 
from (10c) by appropriate specialization of 
the several parameters. For simplicity, let it be 
assumed that h Si A 0 /2. Then, for the 

Upper half: 

G — H, K = 0, C — D — fl 0 d, (11a) 
Lower half: 

G = tt, K = tt - H, C + H= D. 

(11 b) 

With these values substituted successively 
in (106), the results are: 

Upper half: 

^(©oi) = 4Vl 1 _ y2 {(y + IX & D+ *» 

+ f e r r e-^ D+u) y - ellth'+ff) — fr T g-i(Dy+H)] 

-(y - 1 )[ei(D+H)y + fr r g-HD+E)y 

_ e j iDy-H) _fcg-HDy-E)fy ( 12a ) 


r e j(C + H)(y + l) _ e jC(y+ 1) 
e -HC + G ) 1 _£_ 

L ~(y + 1) 

e -j(C+H)(y- 1) _ e ~jC(y- 1) 

+ fir --- j- 


V -1 


)' 


Rearrangement of (9) and substitution in (7) 
gives the following final formulas: 


n„ 


_ j In 


e tfo*o 


2 ^o w ^ 0 R 0 V1 - y 2 


A e (0 ol )F(0 ol ), 

(10a) 


E r & i = -f%n ezl V 1 


—jljt o e_Jh*o 
2 tt R 0 


A e (0 ol )F(0 ol ), (106) 


Lower half: 

^.(®oi)f t (®oi)= 4V ~^ y2 {<y + m^~ n) 

+ fZ r e~i (D V-H) _ gj(D-H)y - fe re ~ i(D ~ H)y ] 

-(y - l)[ e i<^v+H) + f; r e-i(Oy+E) 

- e j(D-H)y _ fag-KD-myty' ( 126 ) 

If these two expressions are added and the 
factors of e iDy and // r e -i^v collected and 
simplified, the final result, for the center- 
driven antenna of half-length h, is 

A,(0 OI )F e (0 ol ) 

= ®oi -J - fer^ i^^8©o^ 

[cos(^o6cos0 ol ) -cos/JqA] nTl 

L sin ©oi \ m 
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Evidently, 
^ro(®01> W = 


cos (P^i cos 0 O1 ) — cos P 0 h 


= F o(Poh 0 oi) sin p 0 h, (14) 


is identically the vertical field factor of 
an isolated center-driven antenna of half- 
length h with a sinusoidally distributed 
current, as defined in Chapter V, Sec. 4. 
Note that A e (Q 01 ) is the same as (7.36 c) for 
the infinitesimal electric dipole. In the im¬ 
portant special case of a half-wave dipole 
with p o h — tt/2 , the field factor has the follow¬ 
ing form: 

A e (& 01 )F m (.%i, in) = («W»«. 

+ , (15) 
L sin 0 O1 J 

For an electrically short antenna for which 
ftlh 2 <€ 1 is satisfied the field factor is 

A e (& 0l )F 0 (Q 01 , p 0 h) = (eWco8 0 ol 

+ fer e -MAco* 0 oi)(|/? o /i sin 0 O i). (16) 

Note that this has the same dependence on 
0 O1 as the field factor in (7.36a) with (7.36c) 
of the electric doublet. 

In order to obtain the far-zone field factors 
(13) from the curves in Figs. 7.5 through 7.9 
for the electric doublet, it is merely necessary 
to multiply the ordinates by the factor 

| [cos Q3 0 h cos 0 O1 ) — cos /Vi]/sin 2 0 O1 1 . 


For Pfji = n/2 this factor becomes simply 
| [cos (^7 t cos 0 ol )]/sin 2 0 O1 1, which, as is seen 
from Table 8.1, is near unity except at small 
angles 0 O1 , where the field is small in any case. 
Hence, for most practical purposes the field 
factors in Figs. 7.5 through 7.9a, b may be 
used for center-driven antennas of half- 
length h Si 2 0 /4 with centers at a height d 
above the conducting earth. If numerically 
more accurate results are required, the ordin¬ 
ates in these figures may be multiplied by the 
factor (17) appropriate to the particular 
value of PJi. For PJi — tt/2, it is given in 
Table 8.1. 

It is significant to note that the array factor 
A e (0 ol ) * n (13) for a vertical antenna with 
center at a height d over a horizontal con¬ 
ducting earth that has a coefficient of reflection 
f r er is exactly the same as the array factor 
A(Q) in (VI.2.52) for two collinear antennas 


separated in space by a distance 2d between 
centers when the current in the lower antenna 
is k times that in the upper antenna, if k is 
replaced by f T er . This means that the far-zone 
field of the currents in the antenna and in the 
conducting earth is the same as the far-zone 
field of the currents in that antenna and in an 
image antenna in which the current is 
k = fl r times the current in the primary an¬ 
tenna. Since f T er is a function of 0 ol ,a different 
current ratio is required for each angle. 
When the earth is perfectly conducting, 
f T er is real and equal to unity, and, hence, 
independent of 0 O1 . Accordingly, the current 
in the image is equal to the current in the 
primary antenna both in magnitude and 
phase, that is, the currents are codirectional. 
When the earth is a perfect dielectric,/,, =// r 
is real but neither equal to unity nor indepen¬ 
dent of © 01 . Hence, with k = k = f er 
the current in the image antenna is codirec¬ 
tional with that in the primary antenna for 
0 O1 less than the Brewster angle, and is 
oppositely directed for © 01 greater than the 
Brewster angle. The value of k = f„ is 
different for each angle 0 O1 , as shown in 
Fig. 7.1a. 

Thus, the far-zone field of an antenna over 
a conducting earth in a specified direction 
©oi may be determined by replacing the 
earth by free space containing an image 
antenna with a current k = /, r (0 ol ) times the 
current in the actual antenna. 

The complex field factor of a base-driven 
antenna of length h erected on the surface 
of the earth is obtained from (10c) by setting 
G = H, K — 0, and C = 0. The result is 


A e (0 ol )F(0 ol ) = 


-f r er e~i H )-- 


. (e&r + f r e T e~ m 


+ f r er e- jHy - e-W - f r re e iH )- (18) 

After collecting and rearranging terms with 
y = cos 0 O1 , H = fif/t, the following formula 
is obtained: 

A e (0 ol )F(0 ol ) = £[(1 + /«r)F m (0 ol , ^h) 

+ y(l - ferWJ&fti, /VO], (19) 
where F m (/3 0 /i, 0) is given by (14) and where 
*F m «=>oi> fifth) 

= sin (Pph cos 0 O1 ) - sin Pph cos 0 O1 ^ 
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Table 8.1. Field factor with fiji = n/2. 


©01 (deg) 

0 

10 

20 

30 

40 

50 

60 

70 

80 

90 

COS ($71 cos 0 O1 ) 

0.393 

0.774 

0.800 

0.837 

0.872 

0.906 

0.942 

0.973 

0.993 

1.000 

sin 2 0 ol 












The magnitude of (19) is the real vertical 
field factor of the antenna on the conducting 
earth. With f er = f" r + jff it is given by 

| A e (0 ol )F(0 ol ) | 

= 4{[U +fe'r)F +fe T W? 

+ [(1 ~f'rW + f„Ff)K 

( 21 ) 

where for convenience the subscripts and 
arguments of F m (0 ol , /VO and W m (® 01 , fi 0 h) 
have been omitted. When the antenna is 
erected on a perfect conductor for which 
f er = 1, (19) or (21) reduces to the simple 
form for a symmetric isolated center-driven 
antenna as required by the theorem of images. 
That is, 

i4 e (0 ol )F(0 ol ) = F m (0 ol , /VO- (22) 

Note also that when the antenna is very short, 
so that filh 2 < 1, WJQ nl , fl 0 h) ~ 0 and 
F m (© 0 i> PS = iPt/ 1 sin 0 O i» which is the same 
as for the electric doublet on the conducting 
plane. 

It is interesting and significant to observe 
that (19) and (21) are exactly the same in 
form as the array factor F o (0) of an isolated 
center-driven antenna with unequal currents 
in the halves, as derived in Sec. V.18. Note 
that the coefficient of reflection f er takes the 
place in (19) of the complex current ratio 
ft appearing in (V.18.4). However, since 
f er is itself a function of 0 O1 , whereas ft is a 
constant independent of 0 O1 , the field patterns 
of an antenna with a fixed ratio of currents 
in the halves cannot be the same as the field 
patterns of half of the same antenna over a 
conducting earth except at particular angles 
for which / er (0 O i) = ft. Nevertheless, it is 
illuminating to note that at each angle 0 O1 
the far field of a base-driven vertical antenna 
on a conducting plane is the same as the 
field of the same antenna with a geometrically 
identical image that has a current differing 
somewhat in magnitude and phase from the 
current in the antenna itself. In the limiting 


case of a perfect conductor, f eT becomes a 
real quantity independent of 0 O1 , so that the 
field is exactly the same at all angles 0° to 
90° as that of an isolated center-driven 
antenna with equal currents in the halves. 
It is clear that in the general case of an 
imperfectly conducting plane it is possible to 
speak loosely of an image, but the image 
has currents that differ in magnitude and 
phase from those in the antenna itself and a 
different current is required for each angle 
®oi- 

Field patterns of thin antennas of several 
lengths when erected on a conducting earth 
with a range of values of the complex index 
of refraction are shown in Figs. 8.2, 8.3, and 
8.4. Numerical values are given in Tables 
8.2 and 8.3. Note that the principal effect of 
a finite conductivity is to round off as minima 
the sharp zeros characteristic of an antenna 
with sinusoidally distributed current over a 
perfect conductor. 

Note that a field pattern equivalent to that 
of an antenna over or on a conducting earth 
can be determined experimentally by measur¬ 
ing the pattern of two antennas in free space, 
of which one is the image of the other, if the 
currents are properly adjusted for each 
angle © 01 , for which a reading is taken using 
appropriate networks. 

QUASI-NEAR-ZONE FIELDS OF VERTICAL 
DIPOLES OVER A CONDUCTING EARTH 

9. Van der Pol's Integrals for the Vertical 
Dipole Over a Plane Earth 

It is pointed out in Sec. 6 that the 
asymptotic solutions for II 2l give only the 
leading 1 /R 0 terms and that these vanish 
along the boundary plane except in the special 
case when region 2 is infinitely conducting. 
Extending the work of Sommerfeld and Weyl, 
van der Pol 59 has obtained a general integral 
which has been arranged by Norton 44 for 
practical application. The results so obtained 
include the quasi-near-zone field and are, 
therefore, valid for all angles, including the 
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Fig. 8.1, Vertical antenna over conducting earth. 



Fig. 8.2. Field factor A,(d 01 )F(d 01 ) for antenna on 
conducting earth; ji„h = W2. 



Fig. 8.4. Field factor 
Aj0 OI )F(0 n ) for antenna on 
conducting earth; 3-77/2. 




potential of magnetic dipole. 
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Table 8.2. Array factor /4.(0 O i)F(0 O i) for an antenna on a conducting earth with N 21 = 10 —jajme , 0 . 


001 

(deg) 

nI 1 = 10 - yo 

Nl= 10 - j9 

N\ 1 = 10 —j90 

Nh= 10 -y900 

poh = ”12 

0 

0 

0 

0 

0 

20 

0.0715 

0.070 

0.082 

0.090 

40 

.261 

.258 

.312 

.344 

60 

.447 

.448 

.582 

.666 

70 

.463 

.470 

.662 

.791 

80 

.358 

.370 

.597 

.830 

85 



.434 

.752 

90 

0 

0 

0 

0 


II 

3 

0 

0 

0 

0 

0 

20 

0.0488 

0.0397 

0.015 

0.0142 

40 

.266 

.212 

.188 

.231 

60 

.728 

.634 

.751 

.910 

70 

.886 

.800 

1.053 

1.323 

80 

.686 

.705 

1.104 

1.562 

85 



0.914 

1.504 

90 

0 

0 

0 

0 


PJt — 37t/2 

0 

0 

0 

0 

0 

10 

0.054 

0.0556 

0.065 

0.069 

20 

.210 

.218 

.256 

.272 

30 

.434 

.460 

.545 

.576 

40 

.642 

.702 

.834 

.958 

50 

.716 

.816 

.958 

.985 

60 

.634 

.732 

.768 

.730 

68 

.613 

.590 

.415 

.268 

70 

.629 

.604 

.353 

.151 

73 

.653 

.591 

.280 

.094 

75 

.666 

.584 

.275 

.098 

80 

.626 

.530 

.345 

.501 

83 

.532 

.448 

.356 

.592 

85 

.430 

.320 

.333 

.613 

87 

.288 

.249 

.221 

.286 

90 

0 

0 

0 

0 
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Table 8.3. Array factor ^(©oOFfOm) for an antenna on a conducting earth with Nh = 80 — jajatf 0 . 


®oi 

(deg) 

II 

00 

o 

1 

— 

O 

Nh = 80 -j200 

Nh = 80 — y'2,000 

Nh = 80 -y20,000 

•Co 

II 

N> 

0 

0 

0 

0 

0 

20 

0.084 

0.086 

0.091 

0.092 

40 

.314 

.328 

.349 

.356 

60 

.601 

.620 

.678 

.698 

70 

.650 

.718 

.812 

.844 

80 

.589 

.702 

.872 

.933 

85 


.569 

.820 

.933 

90 

0 

0 

0 

0 


/So h = n 

0 

0 

0 

0 

0 

20 

0.0250 

0.0194 

0.015 

0.0170 

40 

.240 

.214 

.240 

.252 

60 

.838 

.834 

.938 

.980 

70 

1.134 

1.184 

1.370 

1.442 

80 

1.150 

1.303 

1.651 

1.788 

85 


1.134 

1.642 

1.872 

90 

0 

0 

0 

0 


P„h = 3tt/2 

0 

0 

0 

0 

0 

10 

0.064 

0.067 

0.070 

0.071 

20 

.250 

.263 

.275 

.278 

30 

.524 

.557 

.581 

.588 

40 

.780 

.846 

.880 

.889 

50 

.854 

.956 

.988 

.992 

60 

.619 

.726 

.722 

.712 

68 

.346 

.338 

.255 

.210 

70 

.330 

.249 

.110 

.062 

73 

.378 

.202 

.136 

.171 

75 

.433 

.250 

.264 

.316 

80 

.591 

.422 

.554 

.638 

83 

.536 

.467 

.671 

.779 

85 

.465 

.253 

.698 

.840 

87 

.342 

.322 

.670 

.856 

90 

0 

0 

0 

0 
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directions along the boundary plane. For 
convenient evaluation it is advantageous to 
assume that both regions have real and equal 
reluctivities, and that region 1 is noncon¬ 
ducting, so that 

v 2 = Vj = vj, (la) 

< 7,1 = 0, ?! = €!, Pi = 01 . (16) 


As a first step let the general expression 
(4.33) for the Hertzian potential in terms of 
generalized plane waves be transformed into 
an equivalent expression in terms of the 
eigenfunctions (1.7a) of the wave equation in 
cylindrical coordinates. Consider the integral 


(H zl ) d = K j 


e~ 


f rr 

Jo Jo 


-P A 

in+joo 


exp [—jfiiir cos <f> sin 0 


+ z cos ©)] sin 0 dQ d<j>, (2) 


where R d = Vr 2 + z 2 . By the same trans¬ 
formation described in conjunction with 
(5.70)-(5.72), the integral with respect to <f> 
may be expressed in terms of the Bessel 
function. That is, 

ri’T+joo 

( n *i)<i =Ki exp (—/0jZ cos 0) 

4o 

J 0 (fiir sin 0) sin 0 d&. (3) 

Following Sommerfeld, the variable of 
integration in (3) may be changed to X, which 
is defined as follows in terms of the generalized 
law of refraction: 


X = 0 X sin 0 = p 2 sin ®t- (4) 

(Note that X is not a wavelength, but is a 
temporarily introduced complex variable of 
integration. The symbol X has become 
conventional following Sommerfeld’s classical 
analysis.) With (4) it follows that 

dX = cos 0 dO. (5) 

For present and later use let 

l = jfii cos 0, m — _/p 2 cos ©;, (6 a) 

so that 

cos 0 = J- , sin QdB = y ^ . (6b) 

JPl Pi* 

Note that 


l = Vx 2 - 02, tn = Vx 2 - p|, 


in agreement with (1.76). The limits of 
integration for X are determined as follows: 

& = in + j oo, X = 0j sin 0 = oo, (8a) 


0 = 0, X = 0. (86) 


With (4) through (8), the integral (3) becomes 


(n 21 ) d = K 1 


e—jPiRa 

~pi Rd 


= B if 

0 i Jo 


T l e~ zl J 0 (Xr)X dX, 


(9) 


which is seen to be constructed of eigen¬ 
functions like (1.7a) with n = 0. The integral 
in (9) is discussed in detail by Sommerfeld 1 - 51 , 
vol. VI, pp. 251-253. The path of integration 
in the complex X-plane is confined to the one 
sheet of the four-sheeted Riemann surface in 
which l = Vx 2 — 0j and m = Vx 2 — p| 
have positive real parts. It follows close to 
the real axis but so as not to cross the branch 
cuts from X = 0 t and X = p 2 to infinity. 

Using the transformation (9) of the integral 
(2) as a model, the general formula (5.35a) 
for the Hertzian potential in region 1 may be 
expressed as follows: 

n 2l = (n 21 ) d + (n 21 ) r , (io) 

where (II 2l ) d is given by (2) and (9) and 
(n 2l ) r is obtained from (5.35a) in the form of 
(2) and transformed into the form of (9). With 


P 2 cos 0—01 cos 0 ( 
P 2 cos 0 + 0 ! cos 0 ( 

0! cos 0 — p 2 cos 0j 
02 COS 0 + P 2 COS 0j 


it is 


PP ~ Plm 
PP + 01 \m ’ 

(11a) 

l - m 
l + m’ 

( 116 ) 


(n n ) r 


/*iP 
01 Jo 


/ _1 / r e +2 <h'/ 0 (X/-)X dX, 


so that 


(12a) 


( n m)r 

jKel f °°1 / PP — Pi m \ 
01 Jo i \PP + 0 frnj 

(l^rozl)r 


e~( z +~ d ) l Jf ) (Xr)X dX, 
(126) 



e-d+W'J^XOX dX, 

(12 c) 


(7) 
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where K el = -piPzil^i and K ml = 
—jP 1 m zl l4Trt’ 1 as heretofore. The expressions 
(126) and (12c) are equivalent to Van der 
Pol’s formulas. (Note that Van der Pol 
chooses the origin of coordinates at the 
boundary plane instead of at the center of the 
dipole. It is seen that (126, c) also are con¬ 
structed of the cylindrical eigenfunctions 
(1.7a) with n = 0.) 

Before following Van der Pol’s trans¬ 
formation of (12) it is subsequently useful 
to rearrange (126) and (12c) into the forms 
(6.77a, 6), where 


(Pezl)r- J p ( 

(n msl ) r =fe( 


-*r + v )' 

+h) 

Rr ) 


(13a) 

(136) 


If the term R '/R r with R r = 

V(z + 2d) 2 + r 2 is expressed in the form (9) 
and added to (126) and (12c) to obtain V and 
H, it follows that 


F = 

ff = 



e -(z+2d)‘J 0 (\ r )X dX, 


f y-i-e-<*+«)«y 0 (xr)xdx. 
Jo l + tn 


(13c) 
(13 d) 


Although Van der Pol ultimately obtains 
(n 2l ) r in the form of (13a, 6), he does so by 
first evaluating (126) and (12c). 

In transforming (126) and (12c), Van der 
Pol makes use of the following relations that 
are readily verified by direct integration; 
note that the real parts of the exponents are 
nonpositive: 


1 

PI l + P\m 





(14a) 


1 

l + m 



-(i + m)z 


dz. 


(146) 


As a result of (14), it follows that 


1 

/ 


1^ 

/ 


/ pjf - P\ m\ 

W + Pi m f 

(pi - PI j) J o °°exp [-(Pi l + dc. 




(15a) 


e -(l + m)z ( j Zm 


( 156 ) 


The integrals in (15) are equivalent to the 
following; 

1 /Pil - £ m\ 

1 \(3| / + p\m) 

_ 1 f"farexp(-pi/0] d (e-^(\ 

P! Jo teL l J »£\ m ) 

(16a) 

1 // - m\ _ |*®r d le~ lz \ d te-™\ 
l \I + m/ J 0 [dz \ l )dz\ m ) 

Formulas (16) are valid when the denominator 
on the left has its real part positive. (When 
the denominator is purely imaginary the 
integrals should be interpreted in Cesaro 
mean of any positive order. This is the usual 
practice in applied mathematics.) 

Substitution of (6) in (2) gives 

(^ezl)r 

Pn f" rra/ exp[-(Pj{ + r + 2rf)f] \ 

^iPiJo Jo Ul i ) 

3 /exp[—(p|f + z + 2d)l]\ 

X 91 1 m J \ l ) 


0 (Xr)XdXdi, (17 a) 


4^iJ 0 Jo l dz \ 1 ) dz \ m I 


(^mzl)i 


/ g—(z’ + z + 2d)l\ 

| 32 I 


\ l ) 

1 dz' 2 ' 

\ m )\ 


(176) 

The next step makes use of an integral given 
and verified in Watson, 1 - 55 p. 416. It is 

e-ft m _ exp (— ftfcVx 2 — pg) 

m ~ Vx 2 - (3| 

= f”ex pUP.yprp^ ^ 

Jo Vr' 2 + Jm 2 

_ (18a) 

e -z’m ex p (— z'VX 2 — Pf) 

Vx 2 - p 2 

’ exp (jP 2 ^V 2 + z' 2 ) 


m 


f 


V r' 2 + z' 2 


J 0 (Xr')r'dr'. 

( 186 ) 



THEORY OF LINEAR ANTENNAS 


752 


[VI 1.9] 


These integrals are valid if the denominator 
in each integrand has a positive real part. 
Substitution of (18) in (17) in two places to 
eliminate in gives 




Pz 1 



d (exp [~(PU + z+2d)t] 

ad l 


d / exp rjp,vV 2 + (_m \ 

x ad Vr't + tfio* J 

_ ^ exp [—(Pl^ + z + 2<f)f] j 


a 2 / exp [/p 2 V r' 2 + (gfQ*] \ 1 

3£ 2 \ Vr' 2 + (/3 2 0 2 /J 

X J 0 (\r)J 0 (Kr')dfrd*r'dr', 


(19a) 


(^mzl)r — 


m 

471^ 


[*( 


m ot 

J 


e -(y+«+2<i)(\ g /exp(jp 2 vV 2 + z' 2 )\ 
l )dz\ Vr' 2 + z' 2 j 


/ c -(X + 2 + 2d)l\ 

1 ^ 1 

fexp (/p 2 Vr' 2 + z' 2 )\ 

l / J 

3z' 2 

l Vr' 2 + z' 2 / J 


x J 0 (Xr)J 0 (Kr') <R X dXr'dr'. (19b) 


In order to integrate (19a, b ) with respect to 
X — which occurs in l = Vx 2 — ji\ — it is 
necessary to evaluate in (19a) the integral 



exp [ (p 2 ( + z + 2d)W - ft] 

Vx 2 - pi 


X / 0 (Xr)/ 0 (Xr')X d\, (20) 


and in (196) the same integral with z' sub¬ 
stituted for p|£. This is accomplished first by 
replacing the product of Bessel functions 
by an integral obtained from a standard 
addition theorem. The theorem in question is 
found in Watson, 1 - 55 p. 128. If the general 
formula given by Watson is divided by 2n 
and integrated from zero to 2n on each side, 
the result is the desired formula. It is 


•7 0 (Xr)7 0 (Xr') 


, 1*2* _ 

= J. / 0 (XvV 2 - 2rr' cos 6' + r' 2 ) dO'. 

2n Jq 

( 21 ) 


If this is substituted in (20) the resulting 
integral is 

1 f 2 " f ” exp [-(PIC + z + 2d)V\ 2 ~^J 2 ] 

Jo J 0 Vx 2 - pf 

X / 0 (xVr 2 — 2 rr' cos 6' + r' 2 )X d\ dd'. 

( 22 ) 


The next step parallels the form of 
(9) with R d = V r 2 + z 2 replaced by 
R r = Vr 2 + (z + 2^) 2 . Thus, 


e~>N*r |’ co exp[-(z + 2J)Vx 2 -ft 2 ] 

J 0 VX 2 - ft 2 

x y 0 (Xr)X yx. (23) 

If p|{ + z + 2d is substituted for z + 2d 
and r 2 — 2rr' cos 0' + r' 2 for r 2 , the result is 

e-Wi* C 00 exp [-(pj? + z + 2J)Vx 2 - ft 2 ] 

~RT “ Jo VxTTT^i 

X / 0 (XvV 2 - 2/-/-' cos <F + r' 2 )X </X, (24) 


where Ji' is given in (26 b) below. With (24), 
(22) reduces to 


2 TT 



—jP^'11 

~rt 


dd\ 


(25) 


The substitution of (25) for (20) can now be 
made in (19a), which reduces to 


w 3 fexp (—y'P 2 /?e)l (e-*tb*i\ 

3( L K J l R'e ) 

(26.) 


where 


Re 

= Vr 2 - 2rr' cos 6' + r' 2 + (p 2 ? + z + 2rf,) 2 

(266) 


K - vV 2 + (ft 2 ?) 2 . 


(26c) 
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The corresponding expression for the mag¬ 
netization potential is obtained directly by 
replacing by z' in (24). Thus, 


(^mzl)r 


X 


X 

where 


tn,i 

forSJo Jo Jo W\ Rm / 

3 [ apHMg ] _ 
dz'l K J \ Rm J 


= Vr 2 - In' cos 6' + r' 2 + (z' + z + 2d) 2 , 

(276) 


/C - ^'' 2 + z' 2 . (27c) 

Note that in general R' e is complex since p 2 
is complex, whereas R" e , R^, and R^ are real. 

In order to obtain convenient alternative 
forms of (26a) and (27a), let (23) be 
expressed in the following equivalent form 
by multiplying the integrand successively 
by (p 2 f + ft\mm 2 l + ji\m) = 1 and by 
(/ + m)l(l + m) = 1: 


e-iWr 

Rr 


“f (28) 


(Note that l = Vx 2 — ft\.) These integrals 
are like (126, c) but with a plus sign in the 
numerators of the integrands instead of a 
minus sign. It follows that if the integrals are 
treated like (13) throughout, the final results 
must be like (26a) and (27a) but with a change 
in sign. That is. 


Pt i e-foRr p n 

47 re x R r 87T 2 e 1 ^ 


(^ Ri \ i [ ex P (-yp 2 ^ )i 

Jo Jo Jo \H\ R' hi L R'e J 


(29a) 


m. 


I Pi R r 


*n. 


Aire 1 R r 


&rr 2 v 1 


p-r°°pr a ( e ~M a u P (--jivQ ] 

Jo Jo Jo L 3z\ R' m J dz'[ R'm J 

/ g-jp.Rfn \ d 2 f exp (-/p 2 JQ 1 \ 

l R'm J^' 2 L R'm Ji 

x r' dr' dz' dO'. (296) 

Let the right-hand terms in (29a, 6) be added, 
respectively, to (26a) and (27a), and the equal 
center term in (29a, 6) subtracted, respectively, 
from (26a) and (27a). Also let 

z' = PU 

in (26a) and (29a). The results are 

<niaf '■" A 


(30) 


47^ 


Rr 


1 f 2 ”f® f°° a / e ~iPi R ‘ \ 

^ Jo Jo Jo dz' \ R' e J 


(31a) 


(^mzl)r 


Uhl 

4771', 


r~)P\ R T 

Rr 


+ 


l P’p f” 3 

rr Jo Jo Jo dz' \ R' m / 

x_L[ e ^P tp^y dr ' dz ' d e'Y 

(316) 

Alternatively, the right-hand terms in (29a, 6) 
may be subtracted, respectively, from (26a) 
and (27a), and the equal center terms of 
(29a, 6) added, respectively, to (26a) and 
(27a). With (30) the results are 

(^«zl)r 

= p ; 1 jr-W I PPp/ HW ) 
4rrei\ R r rr J 0 J 0 Jo l R'e / 


(32a) 


(H"i: l)r 


m zl f e-ifiRr 1 PPp/ rW ] 

4rrVi l Rr ” J 0 J 0 J 0 \ R^ / 


(326) 
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Vr 2 - 2rr' cos 0' + r' 2 + (N&z' + z + 2d) 2 , 


where for the 
electric dipole 

*i = K, i = 


—jPlPzl 

4ne 1 ’ 


(2a) 


Rl = Vr’ 2 + z' 2 , 

K 

(33 a) 

= V r 2 — 2 rr' cos 8’ + r' 2 + (z' + z + 2d) 2 , 

K = Vr' 2 + z' 2 , 

(336) 

R r = Vr 2 + (z + 2d) 2 . 

(33c) 


The expressions (31a, 6) and (32a, b) are 
equivalent and exact. Note that R' e is complex 
if region 2 is conducting and Nfj = is 
complex, whereas R’ e , R^, and R^ are real 
since it has been assumed that region 1 is 
nonconducting so that is real. 

Examination of (336) shows that when z' 
is at its lower limit 0, the distance R „, is 
measured from points on the plane z = —2d 
to the point of calculation at (r, z), and that 
when z' increases R' m increases. This suggests 
the interpretation that z’ is measured down¬ 
ward, that is, in the negative z direction, from 
the plane z = —2d. This means that the 
entire integration is only over the half-space 
below the plane z = —2d in which the image 
dipole is located. This is illustrated in Fig. 
9.1, with the element of integration in the 
plane 0' = 0, which is the plane of the paper. 
This simple geometric interpretation is com¬ 
plicated in the case of the electric dipole by 
the fact that R' e is complex. However, the 
integration is over the same real half-space 
below z = —2d. 

10. Approximate Integration of Van der Pol's 
Formulas 

In order to evaluate the Hertzian potentials 
of vertical dipoles in a perfect dielectric 
above a conducting plane earth, the integra¬ 
tions must be carried out. The general 
formula is 


J K i, 

(e-Wi R d 

e~jPl R r 

Pi 

1 R* + 

Rr 


i ppp 
w Jo Jo Jo L\ R' 




R R e = _ 

Vr 2 — 2rr’ cos 8' + r' 2 + (z + 2d + N^z') 2 , 

(2b) 


magnetic dipole 

K ! = K ml = 

R = RL 


-pi m * 

4ttv, 


(3 a) 


= Vr 2 — 2rr' cos 8' + r' 2 + (z + 2d + z') 2 , 

(36) 


and where for both dipoles 

R d = Vr 2 + z 2 (4 a) 

is the distance from the origin at the center of 
the dipole to the point of calculation P(r, 8, z); 

R r = Vr 2 + (z + 2d) 2 (46) 

is the distance from the ideal image dipole 
at r = 0, z = —2d, to P(r, 8, z); and 

R" = Vr' 2 + z' 2 (4c) 

is the distance from the ideal image dipole 
at r = 0, z = — 2d to the element of inte¬ 
gration r'dr'dz'dd' at P'(r', 8', z ). Note that 
Rn as given in (36) is real (whereas R' e is not) 
and is the distance from P(r, 6, z) to P'(r', 8', z’) 
(Fig. 9.1). The variables of integration are 
r', 8', z', and r'dr'dz'dd' is an element of volume 
in cylindrical coordinates. 

The first step in the simplification of (1) 
is carried out by Van der Pol. It is an approxi¬ 
mation that requires region 2 to be so good a 
conductor that a s in 

Pz = Ps~j*, (5) 

is large enough to provide a rapid decrease 
with radial distance r' in the factor 

exp(— jfi 2 R") _ 

R“ Vr' 2 + z' 2 ' 

( 6 ) 

If this is true, the contributions to the integral 
that are significant are those for which r' is 
small. Evidently, the greater the attenuation 
constant a s the smaller is the range, around the 
image point r = 0, z = —2d from which R" is 
measured, in which significant contributions 
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are made to the integral. (Note that for a 
perfectly conducting region 2 the range of 
significant contributions is confined to the one 
point locating the image.) If a s is sufficiently 
great, the terms in r' may be neglected in 
R' as defined in (36) and the following 
approximation used provided the point of 
calculation, P, is not so near the origin that 
/?! R r is small. That is, 

R e = Vr 2 + (z + Id + NfaV (la) 

R' m = Vr J + (z + 2d + z)\ (lb) 

provided R r is great compared with the range 
of r' which yields significant contributions to 
the integral in (1). This may be expressed as 
follows: 

“ ,R r >1 or R r > d s (8) 


where d s is the skin depth. In general, (8) is 
less restrictive than the far-zone condition 
fiiR r 1 for normal soils at radio frequencies. 
Specifically, at co = 10 7 (8) is equivalent to 
/Jj R r > 0.006 for salt water (a — 5, e T = 80), 
to P x R r > 0.04 for moist earth (a — 10~ 2 , 
e r — 9), and to f!,R r > 1 for dry earth 
(cr = 10~~ 4 , e T — 4). Since the integrand in (1) 
is independent of 0' if (7) is used, the 0' 
integration yields In. 

In the remaining double integral, r' occurs 
in R", so that the integral in r' is as follows: 


f 


' + z ' 2 > /dr - 


r 


Vr' 2 + z' 2 

exp (-y'P 2 w) du = ~ exp (-y'P 2 z'). 
P 2 


The following single integral remains: 


(9) 



( 10 ) 

where R' is given by (7). 

For actual evaluation the potentials are 
expressed as follows: 


Pz i je-iPi R <t e~tfi R r 

R d R + 

m zl fe~tf‘ R d e-rti R r 

~Anv x R— + 


!■ 

)■ 


where, after carrying out the differentiation 
in (10), and setting p 2 = P t N a , 


L 

-An 21 f* 

Jo 

H= 2 [^ r 

L Rr 


e -jfi l (R', + N 21 z‘) 
R'e 




(12a) 


C^e-iP l(«m+N 2I 2') ] 

-jAN 21 - w -- dz . (126) 

Jo J 

These are the integrals with which Norton 46 
begins his formulation leading to practical 
formulas and graphical representations. 

The first step due to Norton is to extend 
to z' the reasoning previously applied to r 
and argue that since the attenuation constant 
a s in P s — jct s is assumed to be reasonably 
large, the principal contributions to the 
integral are with small values of z'. Accord¬ 
ingly, (7) may be expanded in powers of z\ 
Thus 


R'(z') = R'( 0) + z 


, r MW l 
L fe' J z' = 0 


(13) 


After retaining only the terms to the order 
1 /R r , the result is 

R' e (z) = R r + z'N^ cos 0 r 


— N 4 ! sin 2 0 r , (14a) 


R r + z' cos 0 r 


— sin 2 0 r , (146) 


R' m (z) - 

where 

cos 0 r = (z + 2 d)/R r , sin 0 r = r/R r . (14c) 

With (14) in phase factors (exponents) and 

R' = R r (14 d) 

in amplitude factors, (12) becomes 

V 


e~iPi R r ( 

^ 2 ^r( 


1 Pl^21 

r+ .V 21 ) + 2' 2 N* l8 in 2 e r /2fi r ] dz 

(15 a) 

1 —jP\N 2l 


j e - iP i^'O^cos 0. 

V0 

g—jPiR T ( 

x j' e -i/3i[2'(cos @ r + N tl ) + z‘Hia 2 9 r l2R r ] </ z 'j 


I 


(156) 


(10 
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For temporary simplification let 


— jPl N LI 2R r, 

(16a) 

= —jP:l N 2lO + Nil COS 0 r ), 

(166) 

= -jN2R r , 

(16c) 

( ! + n 21 )* 

(1 6d) 


so that the integrals in (15a) and (156) have 
the form 


/' 

*'o 


e (a 2 z' 2 sin 2 & r +c'z') fa' = e — (c' 2 lia 2 sm 2 Q r ) 

e —j 2 (az‘ sin & r + c’jZa sin @ T ) 2 fc’ ( j 7) 


X 

Now let 


f 

*0 


Hence (20), which is the integral in (17), may 
be expressed as follows: 

e~ p \\ - erf jVP'). (22) 

Consequently (15a) and (156) reduce to 

C 

V = 2 

-I- 

H= 2 


R r 

2 a e sin 0 r 
e~iP\Rr 


K [1 - erf ( jV P')]j, 


(23a) 




2 a m sin 0, 


-Pm 




[1 -erf(;Vp;)]J. 


2 a sin < 
du — ja sin 0 r 


(236) 

The terms following the first minus signs in 
(18a) (23a) and (236) may be simplified as follows: 


P' = c' 2 /4a- sin 2 0 r , 

so that 

(186) 

P2 _ 

2 a e 2V~- 

P e = c' a /4a| sin 2 0„ 

(19a) 

^2 __ 

= p'(l + N 21 cos 0 r ) 2 /sin 2 0 r , 

(196) 

2 a m 2 V~ 

P'm = <«/4< sin 2 0„ 

(19c) 

Accordingly, 

= Pm (j + cos 0 r j /sin 2 0„ 

(1 9d) 

V) g-i^Rr 

Hj~ 2 R r 

where 


x 1 - J - 

p; = -;Mr/2/V|i, 

(19c) 

\ s 

P’m = 

(19/) 



m =jVp '* (24fl) 

=;Vp£. (246) 




sin 0 r 


- erfyVP']j , 


With (18a, 6), (17) becomes 


a sin 0. 


!-*" f " e -“ 2 

JjVF 


du 


(25) 

where the subscript e is affixed to p' and P' 
for V and the subscript m for H. 

For large values of R r and hence of | P' |, 
the following asymptotic series is valid 


a sin 0- 


(fV-*. 

e - * 2 / 

- , - , r - - , 

1 1*3 \ 

wo 

Vf \ 

erf( * )=1 -^( 

1 2* 2 + (2* 2 ) 2 j 


( 20 ) 


(26) 


since with N 21 as in (5.61) a* has a positive F* e of (26) in (25) . w f ith * =J VP ' g ives the 

real part. The first integral on the right following asymptotic formula: 

integrates directly into Vtt/ 2; the second V r \ / p' \ 1/2 

integral is in the form of the well-known jjr I 2 R t I 1 \ P' sin 2 &./ 

probability integral or error function defined ' ' _ 

b y „ T, , 1 , 


1-3 
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With (19), the far-zone formulas for V and 
H are 

Q ~jP\Rr 

V r = 2 —— [1 - (1 + N 21 cos ©r) 1 ]; 

K r 

(28a) 


2 



cos 0 r \ 1 


(286) 


Note that only the leading term has been 
retained in the series in (27). In the far zone. 


cos 0 O1 = 


z + d 

*01 


z + 2d 


= cos 0 r . 

(29) 


is equivalent to requiring N 21 to be moderately 
large. In order to obtain a single formula 
that is useful for all values of N 21 subject to 
^R r > 1 and for moderately large values of 
| N 21 1 subject to a s R r > 1, Norton arbitrarily 
introduces the factor N^jVNh — sin 2 © 01 
not only in the far-zone formulas (30a, 6) 
but also in the general integrals (12a, b) 
from which they are derived. Although there 
is no mathematical justification for this step, 
it is a plausible and useful one. The new 
formula reduces to each of the old formulas 
under the appropriate conditions. Whether 
its range of usefulness actually has been ex¬ 
tended is not obvious, but is possible. The 
desired arbitrarily generalized formulas are 


Hence, for sufficiently great values of P' 
and hence of R 01 , 


V r = 


2 


e~ih R r 

Rr 


[1 - (1 + N 21 cos 0 O ]) _1 ], 
(30a) 


h}~ 2 [ g R r -Pi VN h ~ sin * 

f ® g-ie^R' + z-VN‘ 2l —Bin 2 ©,) 1 

x Jo F dz \ ’ 


(32) 


W=2 


e~ih R 

~rT 



i + 


COS0 O1 \ 1 
*21 ! 


(306) 


The corresponding expressions previously 
obtained by saddle-point integration, namely, 
(6.80a, 6), with v 2 = = v 0 , are: 


Vr= 2 




Rr 




1 + 


COS 0 O1 

V N|j — sin 2 0, 


01 - 


H r = 2 


jPiRr 

~rT 


X 1 - (l + 


COS 0„ 


Nfj — sin 2 0, 


n 


(31a) 


(316) 


Note that both (30a) and (306) lack the factor 
*2l/VX 2 ! — sin 2 0 O1 as a multiplier of 
cos 0 O1 that occurs in (31a, 6). However, 
since the derivation of (30a, 6) from the 
exact integral (1) involves an integration that 
is a good approximation only when iV 21 is 
moderately large, it is clear that (30a, 6) are in 
good agreement with (31a, 6) when the implied 
conditions are satisfied. Thus, (31a, 6) are 
valid subject to the condition ^ X R T > 1, 
whereas (30a, 6) presuppose ol s R t > 1, which 


where R' = R' e for V and R’ = R' m for H. 
Note that R' e is complex, R' m real. 

The integral in (32) may now be treated just 
as were the integrals in (12). Expansion of R' 
as in (13) and (14) is unchanged and (15a, 6) 
are replaced by 


K = 


2 


e—iPi R r 

Rr 


X 



r 

Jo 


e~Wi * dz' 


} 


where 


(33a) 


g = r'(*li cos @ T + VN — sin 2 0 r ) 

+ (z /2 N| 1 /2i? r ) sin 2 0 r 

e jfi\ R r 


H= 2- 


Rr 


|l — j^V iV|j - sin 2 0 r j* e~ih*dz^ 


(336) 


where 


h = z'( cos © T + VN |j — sin 2 0 r ) 

+ (z' 2 l2R r ) sin 2 0 r . 
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Using the same values of a as defined in 
(16a, 6), and the following values of c by 
analogy with (16c, d). 


c e = -p 1 (N? n cos 0 r + V N |i 


sin 2 0 r ), 
(34a) 


c m = ~fi i(cos 0 r + V N 2 ! - sin 2 0 r ), 

(346) 

the integral (17) is obtained with c unprimed. 
With u as in (18a) with c unprimed, and with 


P = c^jAa 1 sin 2 0 r 
it follows that 


(35) 


sin 2 0 r \ 


1 + 


N| t cos 0 r 


sin 2 0- 


1 + 


VN& - sin 2 0 


cos 0 r 

v'Nl - sin 2 0 


■)' 


:)■ 


where 


_ -piRA^h ~ sin 2 0 r ) 
Pe 2 N*, 


Pm 


-piRANh - sin 2 0 r ) 


d = 0, 2 = 0, 0 r = tt/ 2: P = p. 


Thus, p is the complex numerical distance for 
the field on the boundary plane due to a 
dipole on this plane. This function was 
introduced originally by Sommerfeld. If 
(36c, d) are substituted in (36a, b), the explicit 
expressions for P e and P m are 


-,/Mr ( 

2 sin 2 0 r \ 




-sin 2 & r y 
/ ’ 


2 sin 2 0 r 


Now let the generalized reflection coefficients 
be defined as follows: 


/« 


cos © r — V N |j — sin 2 © r 
cos © r + V N| x — sin 2 © r 


. _ cos 0 r — V N\ x 

J mr = 


sin 2 0. 


cos 0- + V N I, — sin 2 0. 


(38a) 

(386) 


These reduce to the asymptotic or radiation- 
zone factors f r eT and f T mr when © r = 0 O1 . 
With (38),(36a, 6) may be expressed as follows: 

D _ 4p 


(1 — / r ) 2 sin 2 0 r ’ 


(39) 


(36a) 


Subscripts e or m may be affixed to P, p, /, 
to give P e and P m . 

With P and p replacing P' and p', the 
integration of (33) may be carried out just 
as before for (15). The result, corresponding 
to (25), is 


<36 ‘ ) h ) 1 -“fvH- 


(40) 


(36c) 
(36 d) 


Using (26) the asymptotic form of (40) is 

" ,)‘ 1 - 


P e sin 2 0 r 


The factor P is known as the complex numer¬ 
ical distance for dipoles that are elevated 
above the surface of the earth, that is, for 
which d > 0. If the dipole is on the earth 
and the point of calculation is also on the 
earth, it follows that 


N|j cos 0 r 
VNl - sin 2 © 


(36c) 




(41a) 

:)1 

(416) 


cos 0 r 


VN| t _ sin 2 ©, 


(41c) 

:)1 

(41 d) 


These are the desired asymptotic formulas, 
thus suggesting that (32) is the appropriately 
generalized form of (12). 

The formula (40) may be expressed entirely 
2 in terms of P by substituting for p from (39). 
The result is 


(37 a) 

Pm = . m (cos 0 r + V Nfj - sin 2 0 r ) 2 . 


»} 


e R r 


( 376 ) 


x [2-jVnP(\ -f T )e- p [ 1 — erf(7VP)]}. 

(42) 
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V\ e-iWr h ‘ _ aeil(0€ei - (2b) 

Uj— — p —K1 ~ fr)F + 0 +/r)L (43) Note that cr e2 and e e2 are the real effective 


where 


conductivity and absolute dielectric constant 
of the conducting region 2. In the following 


p s j _jV7p e -P[l - erf(/VP)]. (44) the subscri P l 2 wiU be omitted. With (2), (1) 


Thus the final solutions for the polarization 
and magnetization potentials are 


becomes 
P 


tt _ Pzi l e-i^ R * e-iWr , w \ 

4n€ 1 \ R d R r +V )> 

„ m zl (e-iPi R d e~ih R r \ 

n “‘ - 4^ (ns- IT + H ) 


_ Mr [ 
2 


(45a) 


where 

P l R r 

V = [(1 - f er )F e + (1 + f er )l 


(456) 


Pm 

Now let 
6 


A e er + jVer ~ sin 2 © r )l 

4rihe +j) 2 V 

^ eT + J^ er ~ Sin2 ®r)]- 


(3 a) 


(36) 


\ / 


= COS - 


^ e € er 




H=e_^l [( i — f mr )F m + (1 + / mr )], 


(46a) 


V(V er ) 2 + (^r - sin 2 0 r ) 2 ’ 

h. 


b" = tan _1 (l/6 e ) - cos -1 


Rr 


Vl - A? ’ 


(466) With this notation and with 


F e = 1 -;V TTP e e- p «[l - erf (/V PJ], 


Pe = p f e~ jb ‘, p m = p m e- jb ” 


(4) 

(5) 

( 6 ) 


(47a) w here p is the real numerical distance, it 
F m = 1 -jV^Pme- p m[l - erf (jVPj], follows from ( 3 > that 


(476) 


Pe = 


b x R r cos 2 6" 
26 e t er cos 6' : 


A = 26' - 6', 

Rr he € el 


Pn 

b n 


2 cos 6' ’ 

r -6', 


(7 a) 
(76) 
(8a) 
( 86 ) 


P = JL&Z'cos 0 + VjV ii-sin 2 0A 2 
e 2sin 2 0 r \ r + N|j /’ 

(48a) 

p m = 2 ^ 1 ^(cos Q r + VN|7 - sin 2 0 r ) 2 . 

(486) 

The general complex numerical distance P 
11. Norton's Formulas for Practical Evaluation may be expr essed in polar form, 

For purposes of numerical evaluation 
Norton expands the complex numerical 
distance p. It is assumed that region 1 is 
empty space and region 2 a nonmagnetic 
imperfect dielectric. By definition 


where 


P = p e -i R , 

4p 


(9) 

( 10 ) 


p..=££{ 

_ ~jP\Rr 


Nh — sin 2 0, 


(1 — / r ) 2 sin 2 0 r ‘ 

The complex reflection coefficients f er and 


Nil 


) The complex reflection coeffici< 
’ (^ f mr may be expressed as follows: 


(N|j — sin 2 0 r ). 


U*> fer = 


(N|j cos ® r l V N 21 — sin 2 0 r ) — 1 
(A'| x cos 0 r /V N|j — sin 2 0 r ) + 1 ’ 


Subject to the assumed conditions, v 2 = v x = 
v 0 , = e 0 , the complex index of refraction 

N 21 may be expanded. Thus, 

N 2 2 x - p |m = = «. a r(l - JA), (2a) 


(11a) 


fmr = 


(cos ©r/VNIx - sin 2 0 r ) - 1 
(cos ©t/V A'|j — sin 2 0 r ) + 1 


( 116 ) 
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However, 


and 


cos 0 r = (z + 2 d)/R r 


( 12 ) 


Pi^Nh - sin 2 0 r = 2Ni lPe J J Mr , 
sin 2 0 r = 2 PmJ J ^ , 


so that with (7) and (8), 

N|j cos 0 r 
V N|j — sin 2 0 r 

@i(z + 2d) / cos 2 b” 


(13a) 

(136) 


2 Pe 

COS 0- 


V: 


h e <i.r COS b 


. b t\ 


(14a) 


VN 2 ! - sin 2 0 r 

= ^ . (Z + 2J) (146) 

2 p m V cos 6 

Norton next defines the numerical heights, 
ft and ft, as follows: 




-W 


cos 2 6" 
6.e„ cos 6' 


(15a) 


or , jn / Cos2 b " 

(156) 


(15c) 


(15tf) 


With (13) through (15), the coefficients of 
reflection (11) reduce to 

[(ft + q0i2pye-M’-n - i 

/r [(ft + + 1 ’ U0; 

with appropriate subscript e or m on /, q, p, 
and 6. 

The complex surface-wave attenuation func¬ 
tion F may be expressed as follows: 

F = /(/>, B)e-M p ‘ B > 

= 1 — yVwjPe -p [l - erf(yVF)]. (17) 

The magnitude /'(/ > , 5) is the real surface-wave 
attenuation function. It is given in Table 11.1 
and represented graphically in Fig. 11.1 as a 
function of P with B as a parameter. The 
angle <£(P, B ) is shown in Fig. 11.2 as a 
function of P with B as a parameter. 


Table 11.1. Magnitude/(P,B) of surface-wave attenuation function.* 


X 

0 " 

5 ° 

10 ° 

15 ° 

20 ° 

25 ° 

30 ° 

35 ° 

40 ° 

45 ° 

50 ° 

60 ° 

70 ° 

90 ° 

0.02 

0.9914 

0.981 

0.970 

0.960 

0.949 

0.939 

0.930 

0.920 

0.911 

0.903 

0.894 

0.878 

0.864 

0.8377 

.04 

.9829 













.7786 

.05 | 

.9788 

.962 

.946 

.930 

.915 

.901 

.887 

.873 

.860 

.847 

.835 

.812 

.791 

.7577 

.06 

.9745 













.7363 

.1 

.9581 

.935 

.913 

.892 

.872 

.853 

.834 

.816 

.799 

.784 

.768 

.741 

.716 

.6740 

.24 i 

.9010 













.5447 

.25 

.8987 

.866 

.835 

.807 

.780 

.755 

.731 

.708 

.688 

.669 

.650 

.617 

. 589 * 

.5382 

.26 

.8950 













.5316 

.50 I 

.8085 

.769 

.733 

.699 

.668 

.640 

.613 

.589 

.566 

.547 

.527 

.494 

.465 

.4200 

.74 1 

.731 













.3516 

.75 

.727 













.3495 

.76 

.725 













.3470 

1 

.6567 

.616 

.579 

.546 

.516 

.489 

.465 

.443 

.423 

.406 

.389 

.361 

.338 

.3003 

1.5 

.535 













.2357 

2 

.4398 

.408 

.381 

.357 

.336 

.317 

.301 

.286 

.272 

.261 

.250 

.232 

.217 

.1937 

2.5 

.3635 

.338 

.316 

.297 

.280 

.265 

.251 

.240 

.229 

.220 

.211 

.196 

.184 

.1644 

3 

.3027 

.282 

.264 

.249 

.236 

.219 

.213 

.204 

.195 

.188 

.180 

.168 

.158 

.1427 

4 

.2154 

.203 

.192 

.182 

.174 

.166 

.159 

.153 

.148 

.143 

.139 

.131 

.124 

.1126 

5 

.1593 

.152 

.146 

.140 

.135 

.131 

.127 

.123 

.119 

.116 

.113 

.108 

.103 

09281 

6 

.1228 














7 

.0984 














8 

.0816 

.0804 

.0791 

.0778 

.0765 

.0749 

.0738 

.0725 

.0712 

.0699 

.0686 

.0662 

.0640 

.06036 

9 

.0696 













.05401 

10 

.0606 

.0604 

.0602 

.0599 

.0595 

.0588 

0577 

.0567 

.0556 

.0545 

.0535 

.0515 

.0500 

.04884 

11 

.0539 














12 

.0485 














13 

.0441 

.0441 

.0441 

.0440 

.0439 

.0438 

.0436 

.0433 

.0430 

.0425 

.0420 

.0407 

.0392 

.03788 

15 

.0374 














18 

.0305 

.0305 

.0305 

.0305 

.0305 

.0305 

.0305 

.0304 

.0304 

.0302 

.0301 

.0295 

.0288 

.02753 

20 

.0272 













.02484 

30 

.0176 














40 

.0130 














50 

.01032 

.0103 

.0103 

.0103 

.0103 

.0103 

.0103 

.0103 

.0103 

.0103 

.0103 

.0103 

.0103 

.01030 


* Data of K. A. Norton. Proc. I. R. E. 24. 1370 (1936). 
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Fig. 11.1. Magnitude of surface-wave attenuation Fig. <12 Phase o'surface wa/e a tenuition 

function F = f(P, (Norton). func ion F =/(F, B)e~^ tP ' B (N:rtonl. 
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The numerical evaluation of F is accom- In cylindrical coordinates the components are 

as follows: 


plished using the series expansion 

(2 P) 2 


dm. 


F = 1 - jVTrPe~ p - IP 


(2 P? 


1 -3 


drdz 




sm„ 


drdz 


1-3-5 


, 08) 


Eedl — 0 , 


dm, 


which is valid for all values of P. Since the 
series converges slowly for large values of P, 
the asymptotic series 


dz 2 


1 

m ' Pl n ezl, 

dm 


B m ei — 0, 


( 3 ) 

( 4 ) 


B 


mzl 


^ + Pl U mzl, ( 5 ) 


F = —?= 


1-3 1-3-5 


IP (2 P) 2 (2 Pf 


(19) 


is convenient. 

It has already been shown that for d = 0, 
z = 0, 0 r = tt/ 2, that is, for fields on the 


B e rl — 0 , 

B _-pisn, 

B 


■ J mr 1 


= o, 


( 6 ) 


a— > E m0l — ja> —--, (7) 

(O dr dr 


( 8 ) 


ezl — 0, — 0. 

boundary plane due to dipoles that are also _, IT . . .. . . . 

nn thf nlane r The Hertzian potentials in space are expressed 

as follows: 


on the plane, 

P - P e -]B = 


4 P 


= ne~l b . 


p=pe 


( 20 ) 


(1 -fr) 2 

and 

F — f(p, b)e~lR p ' b l 

= 1 — jVirpe f>[l — erf(/Vp)]. (21) 

It follows that the graphical representations 
of f(P, B)jP and </>(P, B) against P with B as 
parameter apply equally to f(p, b)lp and 
<i>(p, b ) against p with b as parameter and 
vice versa. Note that with (16) in (10), 


pz 1 /e~^i R d 

e —jPi R r 

+ v) 

4we 0 \ R d 

Rr 

+ r 

(9a) 

m zl (e~lh R d 

e Rr 


o? 

1 ® 
ll 

Rr 


where 


(9b) 


p -ih R r , - 

V — 2 e — - JhVNl- sin 2 0 r 

K r 


pe 


sin 2 0 r 


^[ 1+ Sr 

(23) 


r 

Jo 




r: 


dz 


> 


(10a) 


g —j@i B r - 

H~2 —- jp r V N& - sin 2 0 r 

K r 


12. The Electromagnetic Field of a Vertical 
Dipole ; Summary 

The general expressions for the electric 
and magnetic fields of vertical dipoles are 

E *i = grad (^) + (la) 


f -;/?!(flm+z'V'N 2 -sin 1 ©,) 

--^- dz' . (106) 

J 0 


Alternatively, 

c j/', R r 


V=2- 


Rr 


B e i = — curl (zTl ezl ), 


grad 




E ml = -j<° curl (zn msl ). 


(2a) 


(16) 


(26) 




H = 2 


e~jPl R r 

Rr 


: {i ~ erf 0 V ^4 (116) 
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or, 

v = p {(1 -U)F. + (1 + /„)}, (11c) 

K r 


q —jP\R r 

H = ——— {(1 — f mr )F m + (1 + / mr )}. 


where 


(1W) 

/t = 

2Vf x cos 0, — V Nfj — sin 2 0, 

(12a) 

Nfj cos 0 r + V N| x — sin 2 0, ’ 
cos 0 r — V — sin 2 0, 

Jmr = 

(126) 

cos 0 r + V — sin 2 © r ’ 

P — 

4 Pe 

(13a) 

r e — 

(1 — fer) 2 Sill 2 © r ’ 

p — 

4 p m 

(136) 

* m 

(1 — /,nr ) 2 sin 2 0, ’ 

-jP,R r (Nl - sin 2 0 r ) 

(14a) 

2 

Pra 

-y^jF r (N|i - sin 2 0 r ) 

(146) 

2 


Vr 2 + (N| x z' + z + 2rf) 2 , 

(15a) 

It' = 

Til 

= Vr 2 + (z' + z + 2rf) 2 , 

(156) 

F = 

* c 

1 - y VrrP e e-^[l -erf(yV P,)], (16a) 

F_ = 

m 

1 — yV^fV-Ml -erf(/Vpj], 

It is significant that 

(166) 


— = n* 

Pe 21 

(17) 


Hence, since it has been assumed that |N al | 2 > 1 
the numerical distance | p \ m for the magnetic 
dipole is very much greater than is | p e | for the 
electrical dipole. This means that the field 
along the surface when plotted with the 
numerical distance as independent variable is 
attenuated much more in the case of the 
magnetic dipole than in the case of the electric 
dipole. 


In order to evaluate the derivatives with 
respect to z it is convenient to proceed from 
(12.9) with (12.10). As a temporary shorthand, 
let 


U = —jlpiV N| x — sin 2 © r 



g-j^R'+z-N sin 2 ©,) 

R 


dz'. 


( 2 ) 


In evaluating 3II 2l / dz the following derivatives 
occur: 


-1 

(e 

-~{ Jh+ -k) 

dz' 

{ R d ) 

d 

(e-^ R r\ 

- - (*+i) 

dz 

\ Rr ) 


(3) 


(4) 


In the differentiation of U with respect to z 
it is a good approximation to treat sin 2 © r in 
V iVfj — sin 2 0 r as sensibly constant, since 
it has been assumed that | IVijj | is quite large 
as compared with the maximum value of 
unity of sin 2 0 r . Hence, 

dU , _ 

— = -y'2/JjVJV|j - sin 2 0 r 


xj y z if - ) dz’. (5) 

With (12.15) it follows that 


W) 1 d f( R e) 

dz ' Nfj dz' ’ 
dz dz' 


(M 

( 66 ) 


With (6), the integral in (5) is readily integrated 
by parts. Thus, 


d Ue jPi'SN^ - sin 2 ©, 

Nl 


13. The Vertical Electromagnetic Field of a 
Vertical Dipole 

The vertical components of the electro¬ 
magnetic field of electric and magnetic 
dipoles are 

S2 TT 

E Z1 = + Pfn e zi> da) 

s 2 n 

B Z1 = 0 *> 


= j^VN* - sin 2 0 r H. (lb) 
dz 

It follows with (10) that 
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where the two derivatives involved are in (4) 
and {la, 6). Upon combining (3), (4), and (7), 
it follows directly that 

3z 

—jPlPzl 


4n-e n 


1 + 

cos 0 d 

jPiRi) 


1 + ft 1 !? > 

1 cos 0 r 

v JpRr/ 

r r 


e~iPi R d 

Ra 

g—iPi R r 


Rr 


sn„ 


VN|j - sin 2 0 r 

Nl 


dz 


-JPi 


4nv 0 


1 + 1 ) 

| COS 0 d 

JpRd) 


1 + 1 

COS 0- 

PlRr) 



-iP t R r 


R r 


VN& - sin 2 ® r H 


3 

dz 


(' + m) 


cos 0„ 


-ih R a 


1 


cos 2 ® d 


R a 

e—if 1 i R n 

R„ 


M 

/ 1 \ e R <> 3 

+ V + KRj-Rrr z ^^ 


pi 

(‘ + p7r) 


cos 0 


dz 


I e~iPi R d\ 

\ Ra r 


(9 a) 


Note that 


— (cos ® d ) 


&\Rj Ra 


= — (1 - cos 2 0 d ). 


Hence, after collecting terms, 

e~jP i-Rd 


m 


d 

dz 




pi 

= -pi 


cos ©, 2 ■ 


R. 


d J 


COS 2 0 rf 


ipiRa + (//w) 


x (1 — 3 cos 2 0, 


A e -Mb. 1 

dJ n 


( 10 ) 


A similar expression with subscripts d replaced 
by r is true. With (7c, d) and (9) and (10), it 
follows that 


a 2 n e 

3z 2 


4^o 1 (, C0S2 &d ipiRa + (piRp) 


x (1 — 3 cos 2 0 d ) 


R* 


(8a) 


+ 


,“ s ’®'-(^ + <Ab) 


x (1 — 3 cos 2 0 r ) 
lV N|j — sin 2 © 


-ih R r 


V2 
ly 21 


Rr 

(’ + m) 


( 86 ) 


e ~iPi R , N|j — sin 2 © r , 

X cos 0 T ——— H- 21 - -V], (11a) 


Rr 


Nil 


In obtaining the second derivative of H zl 
with respect to z, sin 2 0 r in V Nfj — sin 2 0 r 
is again treated as a constant. On the other 
hand, cos 0,j and cos 0 r may not be so treated. 
The following derivatives are involved: 


3 2 n 


mz 1 


dz 2 


-p\m 2l \e~iPi R d 


e ~iPi R |~~ 

4^0 l R d 


+ R r [. 


-2VN5,- S i„.0,( 1 + -±.) 

x cos 0 r e —R -1- (Nfj — sin 2 © r )//|. (116) 

The two brackets in (116) are like those in 
(Ha). 

The complete expression for the vertical 
components of the field may now be obtained 
by forming (1) using (12.9) and (11): 


E. 


zi f . 2 n e~jPi R d 

£ Rr 
Rr 

Nl - sin 2 0 r \ 


P 

+ (sin 2 0 r — 2) 

+ fl 


N 4 

•‘’'21 


2v / N 2 1 - sin 2 0 r ^ e~R>i R r 
H-- - cos 0, 


Nh 


Rr 


+ G ez (Rd> Rr) 1 > 


(12 a) 
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2 V NL — sin 2 0 r e~^i R r 

21 -— cos 0 r - 


p jfiiRf p Rr 

f e r sin 2 0 r —— + —- (1 - f er ) 

K r K r 


NL 




(13ft) 


/ 1 1 \ 

+ (l/nr + (7a rvA <1 - 3cos20 <i)—s— 

\JPi K d \JPi K d) / K d The corresponding terms in (12c) give 

/ 1 1 \ e ~iPl R r p-)f>p-tflRf 

+ \m ; + w)" _3cos / -' sinIe 'Tr + — 0 

(12ft) 


and 

®«!i : 


^( sin!0< ^ 

4w 0 1 


x (1 - N 2 ! + sin 2 © r )F m . (13c) 

Accordingly, (12a) and (12c) reduce to the 
following: 


(sin 2 0 r - 2) 


-ifk R r 


Rr 

(1 — + sin 2 Q r )H 


^PlP 

4 we. 


1 P 

- 1 sin 2 e —~ 
0 L 


+ fer Sin 2 © r • 


~rT 


2V 2V£ L — sin 2 © r cos 0 r 


p-fPl^T 

~rT 


+ ^r)|> 

where 

GUR* Rr) 


(12c) + G, 


= 2 V — sin 2 0 r cos 0 r — 


->Mr 


+ o-/„)(, 

B -^ifsin 2 0/" tfA 

mZl ~ 4 jtv 0 L 7? d 


(14a) 


A*? 


+ / mr sin 2 0 r - 


-jPJtr 


im + im?Y' - 3 c “' ^ + <■ ^ N ” + ™' e ' ,f 

UR + wo»)°- ww£ Tr- +G “ lSi,B ' ) ]' 


g—jPlR, 


Rr 


(14ft) 


(12</) In (14) all terms in G'(R d , R r ) have Rr 2 
or R~ 3 as a factor. Therefore, they are a part 
Using (12.11) for V and H and (12.12) for of the near-zone or induction field. Moreover, 

f T , which occurs in V and H, the second, since the asymptotic expansion of F begins 

third, and fourth terms in (12a) may be com- with the term 

(15) 


bined into 

e 


-5h R , r „ 

— [(sin 2 0 r -: 

(- 


F ~-- 

2P ’ 


(1 + fer) I 


N — sin 2 0 r 

Wi 


it follows that 
F —/sin 2 © r 

' ~ Pi Rr 


2VNfi - sin 2 0 r 

Wi 


cos 0 r 


X I cos 0 r 


V Nf, — sin 2 0, 


Nh 


«-*4 


r 

(16a) 


(13a) 


-j sin 2 © r 

Mr _ 

(cos 0 r + V A7f x — sin 2 0 r )~ 2 . (16ft) 
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Evidently, since F e has a factor R? 1 when 
R r is large, it follows that the third terms in 
(14a, 6) have Rr 2 as a factor and, therefore, 
are a part of the near-zone field. Thus, only 
the first two terms in (14) are R r 1 or radiation- 
zone terms. When 




Rl>d\ 

(17) 

the following approximations are good: 


R d = 

Rr 

= R 0 in amplitudes, 

(18a) 

R d = 

R 0 

— d cos 0 O1 ) 


R r = 

Ro 

} in phases, 

+ d cos 0 O1 j 

(186) 

© r — 

©d 

— ®oi! 

(18c) 


also 


Jr — Sit 09 ) 

where Jl is like f r but with 0 O1 substituted for 
0 r . With (15) through (19) it follows that the 
far-zone part of (14) is 


F/ — 


. PlPr 




4ne„ 


R n 


sin 2 0 O i (e^ ld 008001 


c °a0 O i ), (20a) 


B mzi = ^ £Z ^° Sin 2 0 #l(e -fVcos0„: 


4rri' 0 R 0 


+ fmr e cos0 oi). (206) 


This is the z-component of the far-zone field 
previously obtained. It vanishes at 0 O1 = n-/2, 
that is, along the surface bounding the two 
regions. 

Since the sum of the first two terms in (14a) 
and (146) vanishes when 0 r = «■/ 2, the leading 
term near the surface must be obtained from 
the third and fourth terms. It is readily verified 
that except for very small values of R r these 
are the third terms in the following formulas: 




e—jPi R d 

R* 


e-)Pl a r 

+ fer sin 2 0 r 

+ (1 _/ er )F e sin 2 0 r -^— 
+ G ez (R d , /? r )j, 

where 


(21a) 


GJR d , R r ) = G'JR d , R r ) + (1 — f er )F, 


and 

B 


tnzl 


L 

4ttv 0 [ 


sin 2 0 rf 


~iPl R d 


+ fmr sin 2 ©, 


R* 

e~ 

Rr 


+ (1 -fmr) F m Sin 2 ©, 


e 


+ G mz (R d , 


where 


Rr 


,R r ) 


(22 a) 


G mz (R d , R r ) = G' mz {R d , R r ) 

+ (1 ~f,nr)F rn (i - Nf x ) —(226) 

I\ r 

Let the terms G e .(R d , R r ) and G mz (R d . R r ) 
be compared with the third terms in (21a) 
and (22a) in order to verify that these latter 
are the leading terms when © r = tt/ 2. Specific¬ 
ally, let 

©d = ©r = W2, R d = R r , f r = -1. (23) 

With (23), it follows that cos Q d == cos © r == 0, 
and VNh — sin 2 0 r == V N| x — 1. On the 
other hand, terms in sin 2 0 r except in 
VNl — sin 2 © r are retained, since sin 2 0 r 
is a factor in the third terms in (21a) and (22a): 


G ez {R d , R r ) = 2 


g ~ih R r 


■ + 


G m fR d , R r ) = 2 


Rr \.]PyRr ' (/Mr)* 

-'•(W]- <240) 
1 1 


-Wl R r 


Rr [jP,Rr (jPlRr)* 


- F m (N 2 21 - 1) 




(246) 


The leading term in the asymptotic expansion 
of F is given by (16). With cos 0 r == 0, it is 


sin 2 0 r N 21 

~ JhR^Nh^ T* 

sin 2 0 r 1 

jPl R r Wfl — 1 


(25a) 

(256) 


Substitution of (25) in (24) gives for G ez and 
for G mz 

q —jpiR r r 2 

G z (R d ,R r )^2— [— (l-sin 2 © r ) 


X I cos 2 0 r 


— sin 2 0, 

W 


e-Wr _ 

j~rT ; 


(216) 


1 

(JPl Rr)\ 


= 2 - 


-jPl R r 


Rr (jPlRr) 2 


(26) 
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That is, G z (R d , R r ) is of order R z 3 , whereas 
the third terms in (21a) and (22a) are of order 
Rg 2 . It follows that at distances R r that are 
sufficiently great so that the condition 

(S\R\> 1 or R r ^h (27) 


is a good approximation, G z (R d , R r ) may be 
neglected. At shorter distances it must be 
included. However, since the approximations 
involved in using an approximate instead of an 
exact expression for R' e and R' m in order to 
perform the integration involve errors of the 
order of magnitude of the terms in G z (R d , R r ), 
the solutions (21a) and (22a) are accurate only 
for distances that make G x (R d , R r ) negligible. 

At distances that satisfy (27), (21a) and 
(22a) are the complete solutions with 
G z (R d , R r ) omitted. In (21a) and (22a) the first 
term is the field due to the dipole; it is called 
the direct wave. The second term is called 
the ground-reflected wave ; it gives the entire 
contribution to the field by the currents 
in the conducting half-space except when 0 r 
is near n/2 and the ground is not perfectly 
conducting. The first two terms taken to¬ 
gether are called the space wave. The third 
terms in (21a) and (22a) constitute the surface 
wave; this is negligible except when 0 r 
is near w/2, where it is the principal field.* 

The significance of the surface-wave terms 
in (21a) and (22a) may be investigated by 
examining the field at the surface of the 
conducting earth at z = —d where R d = R r , 
0 r = t r — & d . Let the radial distance r 
along the earth’s surface from the z-axis 
through the dipole be sufficiently great so 
that (27) is satisfied and the terms G z (R d , R r ) 
in (21a) and (22a) may be neglected. Then 


E.„ =5. BSn Cfll' Sin' ©at(1 + /„) 


47j-e n R d 


+ d -fer)F'l (28a) 




4rrv,. 


R d 


+ (28 b) 


In order to achieve grazing incidence, the 
radial distance r must be very great compared 
with the height d of the dipole so that it is 


* The surface wave here defined is not the surface 
wave occurring in the original analysis of Sommerfeld 
and referred to in Section 8 of the Introduction. 
Sommerfeld’s surface wave decreases as 1 j^r rather 
than as 1/r 2 . While it is a mathematically possible 
solution, it is not the one excited or observed in 
practice. It is not included in (21a) or (22a). For an 
illuminating discussion of the surface wave of 
Sommerfeld see the work of Banos and Wesley 3 . 


possible to obtain Q d = © r = *r/2 and, hence, 
J r = — 1. In this case the electromagnetic 
fields are: 


^ gip£i 
2ire 0 R 


(29 a) 


B 


2t7€ 


21 

0 


e~Wi R d 

Ra 


(29 b) 


Note that these fields at the surface are 
proportional to the surface-wave attenuation 
functions F e = f(P e , B e )e~hHP t ,it e ) and F m — 
f{P m , B rn )e~i iiP ^ B m) defined and represented 
graphically in Sec. 11. 

If the primary dipole is quite high above 
the conducting plane, the condition r !> d 
may be much severer than necessary to have 
R d = R r satisfy (27). However, when r is 
not large compared with d, © r = n — © d 
differs appreciably from rr/2 or 90° so that 
(29a, b) do not represent the complete fields 
near the surface and (28a, b) must be used. 
The ratios of the surface-wave terms to the 
space-wave terms in (28a, b) with (12.12a, b) 
are 


E ezl (surface term) 


0 -/. r) p 

E ezl (space term) 


(l+/,r) 6 


VN& - sin 2 Q r 
cos 0 r 


f(Pe, B e ), 


(30a) 


B mzl (surface term) 
B mzl (space term) 

= 

(1 fmr) r* 

(1 +fmr) m 


v NIj — sin 

3 © r 

f(P m , B m ). 


cos © r 


Computations made by Norton 45 indicate 
that these ratios are very small unless © r 
is within a few degrees of 90° when r is only 
a few wavelengths. As r is increased © r must 
approach still closer to 90° in order to have 
the surface wave significant. As r -> oo the 
surface wave is appreciable primarily at 
0 r = 90°, where it is the entire field. A typical 
set of curves, due to Norton, is given in 
Fig. 13.1, where the ratio (30a) is shown as a 
function of R d fli with ©,- = v — ® d and 
o e lcoe 0 as parameters. The data are for 
average earth with N 21 = e cr — joJ(oe 0 = 
15 — jojat€ 0 . A range of values of oju>e 0 is 
used, corresponding, for example, to a 
frequency range from 0.5 to 20 Mhz for 
= 5 x 10 -3 mho/m. The ratio (306) for 
the magnetic dipole over average earth is 
given in Table 13.1 for R d = Aj. It is seen to 
be smaller than the corresponding value for 
the electric dipole. If the electric dipole is 
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The evaluation of dV/dr and dHjdr is 
carried out conveniently by proceeding from 
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drdz 


e " n ! i R T 

v ~ ~rT 1(1 

H ~ r7~ t(1 


-jh m n d Q(Rd, R r) 

4ttv 0 dr 


■ fer)F e + (1 + /„)], (6 a) 


f,nr)F m + (l +/J. (66) 


Vm, - sin 2 0. 


- dH 
T ~dr _ 
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(146) 


and use of (6) gives 


For simplicity let W stand for V or H. Then, F elr 


dW 

= [(1 +/,) + (! -fr)F] 




-ffP.i ( 

4ire 0 \ 


cos Q d sin & d 


e 

~TT 


+ cos 0 r sin © r - 


-jd i-R r 


Rr 


-jh*T ' 

~rT [ (1 


dF 


F) 


3 Jr 

d r ' 


- sin 6 r ——~ [(1 ~fer)F e 




(7) 

( 8 ) 


The leading terms in each derivative are 

Tr \-rT) ~ ~ JPl Sin ® r ~~rT ’ 
dF 1-Flap F dP 

— [ F+ ~ 2 P ~J 17 ~ 2P Tr • (9) 

The last step in (9) follows from the fact that 
the leading term in F is — 1/2P. 

. sin 2 0, + 2 cos 2 0. 


+ (1 + fer )] 


-ifiiRA 

~rT)’ 


(15 a) 


B„ 


-Jthli 

4ttVo \ 


cos & d sin ® d 


g \ R d 

R d 


+ cos 0 r sin 0 r 


-ihR, 


Rr 


- sin 0 r v Nfj— sin 2 0 r [(1 -f mr )F„ 


*p = _ L (til 

dr R r \ 




( 10 ) 


(II) 


+ (1 +/mr)J 

Noting that 

COS 0 r - (1 + f er ) 


sin 0 r 

Sfr _ _ (1 -/,)(! + / r ) sin 2 0 r 
dr 2 R r 

If these derivatives are substituted in (7), it 
is seen that the second bracket has l/R r as 
a factor, so that it is an order of magnitude 
smaller than the first bracket, which con¬ 
tributes the leading term. Actually, since F is 
of order of magnitude 1 IR r , the leading parts it follows that 
of the first and second terms in (7) are, 
respectively, of orders of magnitude R? 2 
and Rr 3 - Thus, the leading part of (7) gives 

dV dH 

= —jPiV sin 0 r , — = -jPxH sin 0 r . 


-i^R.) 

~rT) 


VNI, - sin 2 0 r 

Nh 


= f er COS 0 r , 
COS 0 r - (1 + fmrW N^ - Sin 2 & r 

— f mr COS 0 r , 


(156) 

(16a) 

(166) 


. -PlPn 
4rre n 


cos ® d sin ® d - 


-idi Rd 

~r7~ 


fer cos Q r sin 0 ; 


g - j-'i 

Rr 


(12) 

The leading terms in <>Q{R d , R r )l Sr are 
obtained from (3) with (4) and (5). Thus, 


— sin 2 0 r e 

Ff\-f er )sinQ r - mk ggL- 


Nh 


fTT 


sQ(R d , R r ) 

dr 


—JPi sin ® d cos ® d 


g-iPiRd 


B„ 


— jp i sin 0 r cos 0 r 
Substitution of (12) and (13) in 
an m _ -jPipri [ dQ(R d , R r ) 


Ra 


z£ 

4ttv i 


IrnuT 

L 


(17a) 


cos ® d sin ® d 


g-oPiRd 

R d 


(13) + f mr COS 0 r sin 0,. 


ih R r 


Rr 


drdz 


4t7£ 0 L 


dr 


VNh 


i — sin 2 0 r dV 

~Nfi 


(14 a) 


- F m (1 -f mr ) sin ® r V N^- sin 2 0 r ——J. 

(176) 

These are the leading terms in the radial 
electromagnetic fields corresponding to (21a) 
and (22a) with G z (R r , R d ) omitted. 
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At sufficiently great distances and for 
angles 0 r that are not near tt/2, (17a, 6) 
reduce to the following far-zone forms, 
which coincide with the radial components 
in cylindrical coordinates of those obtained 
previously by saddle-point integration: 


E: 


el r 


-PIP* 1 

4ire 0 


g—jPiR oi 

—-cos 0 O1 sin 0 O1 

K oi 


x ( e if>i*os0 ol + COS0 O1 ) I (18a) 


B 


T 

el t 


-P{m zl 

4irv 0 


e~iPi R <n 

— -cos 0 O1 sin 0 O1 

•*'oi 


x ( e jft(ico30 ol _|_ / mr e-iMcoa0 ol y (18£) 


Near the surface of the plane where 
R d = R r , Q d = 0 r = tt/2, f T == —1, the lead¬ 
ing terms in (17) are 


£„ 




PlPzl rt v x, 21 


VNl - 1 e~rfi R r 


2ne 0 

2irv 0 


NL 


Rr 


(19a) 


/- R r 

F^VNi,- 1—— . (196) 


R r 


the three factors in (3a) and (36) and using 
(14.12), the results are: 


an. 


dr 


4zre 0 \ R d 


q 3Pi R r 

sin 0 r ——-f V sin 0 r |, (4a) 

Rr 


4 


an„ 


dr 


4nv 0 \ R d 

€ R r \ 

■ sin © r ——-1- H sin 0 r j, (46) 


where V and H are defined in (12.11c, d). 
Substitution of (4a, 6) in (2a, 6) gives the 
desired components. They are expressed in 
final form in (76, d) below. 

The resultant electric and magnetic fields 
in the plane of incidence are given by 


E cM — tE ez j +r E en , (5a) 

B mil = ZB mzl + ?B mrl . (56) 


15. Complete Electromagnetic Fields of 
Vertical Dipoles 

The remaining components of the electro¬ 
magnetic fields of the vertical dipoles are 
derived from the Hertzian potentials using the 
following formulas; since they are perpen¬ 
dicular to the plane of incidence they are 
denoted with a subscript 1: 

B ci = / |fcurl(zn„ 1 ), (la) 


Taking only the leading terms and setting 

O d = z sin & d + r cos Q d , (6e) 

B r — — i sin 0 r + ? cos 0,., (66) 

A A 

where © d and 0 r are unit vectors (Fig. 15.1), 
the resultant fields are as given below, together 
with the components perpendicular to the 
plane of incidence as obtained from (2a, 6) 
with (4a, 6). For the vertical electric dipole: 


E mi = j<» curl (zn m2l ). (16) 

Since rotational symmetry obtains about the 
z-axis through the dipole, only one component 
of the curl in (1) differs from zero. It is 


B«1 — ®el0 - 

~M dU ezl 
w dr ’ 

(2a) 

E to j_ = ® E mlS> F m i o 

*° dr ’ 

(26) 

where 


n , - P* ( e ~ iPlRd 

e ~ ihR * , v) 

(3a) 

ezl \ R d 

Rr )' 

m zl (e-R>i R * 

e ~ ihRr + H ) 

(36) 

mZl 4nv 0 \ R d 

Rr +H r 


Retaining only the leading terms in each of 


"e\\ 


47Tf 0 R d 




e R r ~ 
+ f er sin 0 r —— 0 r 

Ar 


- (1 ~fer)F e Sin 0 ; 

^2 sin 0 r 


e —jPl R r 

~rT 

VNh - sin 2 0 r 


Nh 


)]■ 


(7a) 




“i” fer 0 r 


— sin 0 ( 
o" 


g—idiRi 

~rT~ 


-if>iR r 


Rr 


+ (1 - fer)F e Sin 0 r 


-h\Rr~] 

“rTj ' 


(76) 



Fig. 15.1. Vectors involved in resultant field. 



Fig. 16.1. Polarization of electric field near conducting surface due 
to electric dipole. 
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For the vertical magnetic dipole: 


J »«ll 


[ . e >Pi R d - 


Jmr sin 0^ — 0 r 

• (1 -/mr) F mSin 0 r - 




Rr 


(z sin 0 r + r"'/N|j — sin 2 0 r ) j , (7c) 

£4 


E ~- 9 Tjrr si " e - R 




/ nr sin 0 r 






(1 - /mr) f m Sin 0 ; 


e -r'l 
Rr 


. (7 d) 


The general formulas (la-d) for the fields 
of vertical electric and magnetic dipoles have 
been derived under assumptions that retain 
only the leading terms in the surface waves. 
Since these are of order R 2 , this is equivalent 
to neglecting terms of order R~ 3 . Accordingly, 
( la-d ) may be called quasi-near-zone fields, 
which are satisfactory approximations subject 
to the inequality 

fiR 2 d >1, or R d > A,. (8) 


denominator of the first integral by X + l, 
and of the second integral by X + m. With 
(9.7) the result is 


n„ 


[ p / 0 (Xr)X<A 

pi(pf - PD L 1 Jo x +1 

o2 f°°/ 0 (Xr)X<A] 

“Mo “x+TF • 


(ii) 


These integrals have been evaluated by 
Foster 17 and used by Wait 70 in the form 



7 0 (Xr)X d\ 
X + Uj 


1 

yfr 3 


[1 - (1 + Yi^e-V], 

( 12 ) 


where 


u, = Vx 2 + yf. 

In the notation of (11), yf = —P?, Y i = ,/P<. 
It follows that 


n„ 


- a feg w 


Pi(P? - Pi )' -1 


(1 + jP 2 r)e~ j & r l (13) 


It is verified readily that in the limit as P 2 -*■ Pi 
(13) reduces to the familiar form (5.3) for a 
dipole in a homogeneous infinite medium. 

The electromagnetic field on the boundary 
plane may be calculated from (13) using 
(1.9a, b) with n ez = 0. In cylindrical co¬ 
ordinates and with rotational symmetry, 


where Aj is the wavelength in region 1. 

It has been shown by Wait 70 that it is 
possible to derive exact expressions for the 
field of a vertical magnetic dipole (horizontal 
loop) in the special case when both the dipole 
and the point of observation are on the plane 
boundary surface between the two arbitrary 
regions 1 and 2 so that d = 0. In this case 
the magnetization potential as given by (9.10) 
with (9.9) and (9.12c) reduces to 

n — j 2K rni f" /p(Xr)XrfX 

m21 Pi Jo l + m 

where the restriction that Pj shall be real has 
been removed. Following Wait, the numerator 
and denominator in (9) are multiplied by 
l — m, so that with (9.7), 

Hm21 = (dpi - p?) [I i/o(Xr)x<A 

-J m/ 0 (Xr)X <(X j . (10) 

The next step is to multiply the numerator and 


E r = 0, E g = - 

a 2 n. 


dJ1 mz 

dr 


E z — 0, 


B r = 


drdz 


, Bg — 0, 


(14a) 



(146) 


The last step in (146) follows from the fact 
that n„ lzl satisfies the homogeneous wave 
equation. Upon carrying out the differ¬ 
entiations, the nonvanishing components of 
the field in region 1 on the boundary surface are 


- (3 + y3P 2 r - ^y)e~^ r ], (15a) 


J2K m 

Pi(Pf - PI> 5 

x [(9 +y9p 1 >- - 4p 2 r 2 - j^\r 3 )e~^ T 
- (9 + y9p 2 r - 4Pir 2 -]&/*&-&*}. 

(156) 
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These formulas are useful, for example, in 
determining the field at any point along the 
surface of the earth of an insulated loop 
antenna laid directly on the earth. They may 
also be applied to determine the field along 
any boundary surface between homogeneous 
layers of sufficient thickness and extent in 
the earth or on the bottom of the ocean. 


z-axis. The conventional equation of the 
ellipse traced by the end point is obtained by 
eliminating the time. Since the formulas for 
(E el )inst and (B ml ) inst are the same in form, 
it is sufficient to carry out the analysis for 
the former as follows: 

(£ z )inst = E z cos cot, (5a) 


16. Polarization and Tilt of the Surface Waves 

Whenever the radial distance r is sufficiently 
great compared with the height d of the dipole 
above the conducting plane, 0 r == 0^ = nj 2, 
so that f mr = — 1 and, except for perfect con¬ 
ductors, f eT == — 1. In this case, as shown in 
Sec. 13, the surface-wave terms are essentially 
the entire field, since the two space-wave 
terms virtually cancel. The components in 
the plane of incidence for the electric and 
magnetic dipoles are 


E e ||(© = ir/2) 


2 rre n 


~rT V 


VlVf, - 1 


Nl 


f \F„ 


(la) 


B m „(0 = ir/2) 

_ -jJjm-j r’W 


2wv„ 


Rr 


(2 + VN 2 \ - 1 ?)F„ 


(16) 

These may be expressed as follows: 

E e „(© = tt/2) = E ezl (i + fK e eK), (2a) 
B mll (0 = W2) = + rK m ei*n,), (26) 


(E r )inst 

= E Z K C COS (a)/ + K e ) 

= E z K e [cos cot cos k c — sin oji sin «■„] 

= 2 in s t COS K e ^ Ef E^inst sin Kg], 

(56) 

The last equation may be rearranged as 
follows: 

f(E r )j n8 t K e (Ef) j n3 t COS #f e ] 2 

= K?[E? - (E 2 )? n9t ] sin 2 * e , (6) 

E e (Ea)fnat 2E e (E z )i n at(E T )j ns t COS K e 

+ (E r )f nat - Kf E? sin 2 = 0. (7) 

This is the equation of an ellipse in the general 
form, 

Az 2 + Bzr + Cr 2 + F = 0, (8) 


where 

A = K 2 , B = —2K e cos k c , 

C = 1, F = -K 2 E 2 sin 2 K e . W 

The term in zr may be removed by rotating 
the axes through an angle 6 defined by 


where 

Viv 2 — i _ 

-- - K e e^, VN| t - 1 = K m el“m. 

(3) 

The instantaneous values for 0 = rr/2 referred 
to E en and B mzl are given by 

(Eeii)imt = Real part (E el[ ei°‘ l ) 

= E en [i cos cot + r K e cos (c ot + « e )], 

(4a) 

(B m ii)inst = Real part (B mM ej“ ( ) 

= B mzl [t cos cot + F K m cos (co/ + K m )]. 

(46) 

These are the equations of a rotating vector 
of which the end point traces an ellipse and 
the major axis is inclined or tilted from the 


tan 26 = 



—2 K e cos k, 
K 2 - 1 


( 10 ) 


The angle 6 is the angle of tilt from the vertical 
of the major axis of the ellipse. It specifies 
the direction in which the electric field has 
its maximum value. The corresponding 
minimum is at an angle of 90° beyond 6. 

The equation of the ellipse referred to the 
new axes z' and r' is 


A'z' 2 + C'r' 2 + F = 0, (11) 


where 


A' — A cos 2 6 ■+ B sin 0 cos 6 + C sin 2 6, 

( 12 a) 

C = A sin 2 6 — B sin 6 cos 6 + C cos 2 6. 

(126) 
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Referred to the electric vector, the corre¬ 
sponding relations are 

K'%E a )l U + U%E $ Wt - K* El sin 2 K e = 0, 

(13) 


where 


K'l = Kl cos 2 0 


L' 2 = Kl i 


EliKJK'Y sin 2 k, El(KJL' e ) 2 sin 2 K e 


or 


(E a )U (£*)Lt _ 

i * • 


El 


El 


The semimajor axis of the ellipse is 
E a = EJKJK') sin K e = 


K e E t sin K t 


E„ = E z (KJL' e ) sin K e = 

K e E z sin Kg 


Ratio = ^ 
E a 


= cot 9 




2K e cos K e tan 0 + A" e 2 tan 2 0 


2K e cos K e cot 0 + Xg 2 cot 2 0 
(16c) 


The angle of tilt 0 and the ratios of short to 
long axes of the ellipse are shown in Fig. 16.1 
with e eT = lOand cr e /cue 0 = 0, 0.9, 9, 90, 900, 
and oo. Note how the ellipse becomes more 
and more nearly vertical as the conductivity 
of the medium increases. 


17. The Field of a Vertical Electric Dipole at 
Large Numerical Distances 
At sufficiently high frequencies the numeri¬ 
cal distances 

„ -jPiRr (Nii - sin 2 Q r \ 

Pe = 2 \- Nl - )’ (l0) 


2K e cos Kg sin 0 cos 0 

+ sin 2 0, (14a) 


Pm — —^ (N| t — sin 2 Q r ) 


(1 b) 


J + 2K e cos Kg sin 0 cos 0 

+ cos 2 0. (146) 

Alternatively, in standard form, 

(£ a )Lt , (^)inst 


1 


(15) 


usually are quite large in magnitude if R r is 
large, since fi x = a>jv 1 is not a very small frac¬ 
tion. This is true particularly of p m , as pointed 
out at the end of Sec. 12. Subject to the 
conditions 

P > 20, p > q x + q 2 , (2a) 

& d = © r = »/2, (26) 

where p is the magnitude of p e or p m , very 
considerable simplification in the general 
formulas is possible. The numerical heights 
q x and q 2 are defined in (11.15). Thus, 


V Kl sin 2 0 + 2K e cos x e sin 0 cos 0 + cos 2 0 

( 16 a) 

The semiminor axis is 


, -JhRr Nf t ~ 1 
Pe ~ 2 N* x ’ 

Pm = ^(Nl! - 1), 

P x R r cos b" 

Pe 2h e c er cos 6' ’ 

„ Pl*r 

Pm 2h e f er cos 6' ’ 


V Kf cos 2 0 — 2K e cos Kg sin 0 cos 0 + sin 2 0 

(166) 

The ratio of minor to major axis is 


From 
F = 


P = p = pe~i b . 


(за) 

( зб ) 

(3c) 

(3 d) 
(3e) 


f(P,B)e-^) = ~^=-± 

= -Tp ejb W 

with (11.16), 

f r = -1 + q± -~ e -3d- - *». (3 g) 

Also 

1 — /r — 2, (36) 

R,j = R r = R 0 = r in amplitude factors, 

(4a) 

R d = R 0 — d cos 01 

J in phase factors, (46) 
R r ==R 0 + dcos&j 

f x (R r - R d ) = ft(2rf cos 0) 

= h ld (z + o' ) = Mi! 

/> 


(4c) 
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Table 17.1. The height-gain function / (q). 


\ b 
q \ 

0° 

O 

O 

ro 

60° 

90° 

o 

O 

oo 

0 

1.0 

1.0 

1.0 

1.0 

1.0 

0.05 

.966 




1.035 

.1 

.932 

0.954 

0.979 

1.005 

1.072 

.3 

.817 

.889 

.967 

1.044 

1.231 

.5 

.737 

.866 

.996 

1.118 

1.399 

.7 

.707 

.889 

1.063 

1.221 

1.575 

1.0 

.765 

1.000 

1.217 

1.414 

1.848 

1.5 

1.063 

1.323 

1.572 

1.803 

2.318 

2.0 

1.474 

1.732 

1.990 

2.236 

2.798 

5.0 

4.37 

4.58 

4.84 

5.10 

5.75 

10 

9.31 

9.54 

9.80 

10.0 

10.7 

50 

49.3 

49.5 

49.8 

50.0 

50.7 

100 

100 

100 

100 

100 

100 


With these approximations, (13.21) and (13.22) 
reduce to 


4 ™ 0 r \ 

x[-l + , 

(5a) 

Bmzl — ~7 -— (l + mQlmlPm) 

47TV„r ( 

X - 1 + e -j(in-ib m ) _ _L gjb m 

L Pm Pm Ji 

(56) 

If p is sufficiently great so that 

p 2 > qlql (6) 

and 

e -j(?i?«/j>) = i _ . Mb (7) 

p 

further simplification is possible. Thus, for the 
magnitude of the expression in braces in (5a) 
or (56), one obtains: 


iL± l?i! e -M*-hb) _ I + ; Ms 

P P P 

( - ^ eJt ) |l — (?i + q 2 )e~ i(i7,+ i6) 


+ q^q 2 e 3(i,r+6) j . 


( 8 ) 


Now let 


/T^) = | 1 — | 

= [1 + y *-2ycos(lir + £6)]" 2 , (9) 


so that subject to > 20, p > (^ + ^ 2 ), 


- 

•®nul — 


PiPn 

4ne„rp e 

Pjmzi 
4^0 Pm 


/W/Cfu). 

/<* lm )/(? 2m) • 


(16a) 

(166) 


Thus at large distances from the transmitter 
E en and B mzl may be resolved into three 
factors: 

(а) the surface-wave field | P\p n l4nc 0 rp e | or 

| Plm zl l4nv 0 rp m |, 

(б) the height-gain-function f (q x ) corre¬ 
sponding to the transmitter height d, 

( c ) the height-gain function f(q 2 ) for the 
receiving antenna of height z + d. 

The height-gain function f(q) as defined in 
(9) is represented graphically in Fig. 17.1 
and listed in Table 17.1. 


18. Quasi-Near-Zone Fields of Vertical 
Antennas with Sinusoidal Currents Oner a 
Conducting Earth 

The general formulas for the electromag¬ 
netic fields of infinitesimal dipoles or doublets 
as given in Secs. 15 and 16 are too complicated 
to permit direct integration to obtain the 
fields of antennas of finite length even when 
sinusoidally distributed currents are assumed. 
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However, since the near-zone field of an 
isolated antenna with a sinusoidal current is 
well known from the detailed analysis in 
Chapter V, certain conclusions may be drawn. 

From the point of view of expanding 
surfaces of constant phase or waves, the 
principal difference between the field of an 
infinitesimal dipole or doublet and that of a 
multiple half-wave radiator is that for the 
former the surfaces of constant phase or 
wave fronts are concentric spheres with 
centers at the doublet, whereas for the latter 
they are spheroids with foci at the ends of the 
antenna. The spherical waves from the 
doublet expand radially in free space with 
the velocity v 0 = 3 x 10 8 m/sec; the ellip¬ 
soidal waves from the multiple half-wave 
radiator expand outward so that the velocity 
along the z-axis is v 0 and that in other 
directions is sufficiently greater than v g to 
maintain the shape of the growing spheroid as 
it becomes more and more nearly spherical. 
It is readily verified in Figs. V.8.4 through 
V.8.6 that, within radial distances comparable 
with the length of the antenna, the eccentricity 
of the spheroidal wave fronts already is very 
small, and the elliptically polarized electric 
field approximates the linearly polarized 
E 0 -field of the radiation zone except in a cone 
about the z-axis where the field is small and of 
little interest. Thus, at distances equal to or 
greater than the length 2h of the antenna, 
the field of a linear radiator approximates 
both the character of its own far-zone field 
and the field of an infinitesimal dipole in so 
far as the shape of the wave f ronts is concerned. 
This suggests that the quasi-near-zone field 
of a vertical antenna with center at height 
d S 2h from a conducting earth may be 
obtained from the field of the doublet in the 
same manner as the far-zone field was 
obtained in Sec. 8. That is, the field of the 
doublet given in Secs. 15 and 16 is multiplied 
by the factor (8.17) to obtain the field of the 
antenna. Moreover, since it has been shown 
in Sec. 17 that the surface-wave term is 
significant only when the incident wave is 
very near grazing incidence (0 d == n/Z), as 
when an infinitesimal dipole is very near the 
surface, it follows that this term is negligible 
for an elevated antenna of considerable 
length, since @ d is always greater than njZ 
even at z = — d, except at very great dis¬ 
tances. Moreover, all large currents are well 
above the surface. 

The field along the surface is of particular 
interest. The principal component E m may 


be determined directly from (13.28a). If the 
surface-wave term is neglected and in empty 
space, f) 0 is substituted for 


E, 


PoPzi e- j P<> R * 
4rre 0 R d 


(1 + fcr) sin 2 0* 


( 1 ) 


where f er = f cr (® r ) = feM ~ ©a) is given 
by (12.12a) with 0 r = -n — 0^. Since (1) is 
the vertical electric field at z = — d of an 
elementary dipole at z = 0, it is also the 
field of an element of current 1 Z dz at the 
center z = 0 of an antenna if p zl = l z dzjjm. 
The field due to a similar element at z' is 


dE„ = +f er(7T _ 0 2 .)] 


jco4ne 0 R z - 


x sin 2 ® Z 'dz', 


( 2 ) 


where R z - = V(d + z') 2 + r 2 , 0 Z - = sin ~\rlR?) 
as shown in Fig. 18.1, and 

1 + fer( n ® 2 i) 


—2 cos Q z > 

— cos 0 2 - + vTVfj — sin 2 0z-/Nfi 


(3) 


Referring to Fig. 18.1, it follows that, subject 
to 


Rl > h* 2= z' 2 , (4) 





R d — z’ cos @ d 
(,5a) 


in phase factors. In amplitude factors a mean 
value between the extremes of R z > is satis¬ 
factory, so that 


R, = R d . (5b) 


With (5b), 

sin 0 2 - = r/R z - = rjR d = sin 0 a , (6a) 

—cos 0 Z - = (z' + d)/R z ' = (z' + d)/R d , (6b) 

1 + fer( n ~ ©z') 


2(z' + d) 


z' + d + R d V N 2 ! - sin 2 QJN^ 
For temporary use let 


A - R.VN^ - sin 2 0 d /N 2 V 
With (4) through (8), (2) becomes 


dE m 


PlK e-iPo R d 


(7) 


( 8 ) 


jco 4we 0 R d 

sin 2 Q d j^e-''V' CO80 <i dz'. 


( 9 ) 
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Now let it be assumed that the current in 
the antenna is distributed sinusoidally so 
that 


sin p 0 (h 


sin p 0 h 




sin p 0 (h 


M)- 

( 10 ) 


The field due to the current in the entire 
antenna is obtained from (9) by substituting 
(10) and integrating from —h to + h. Thus, 


R 2 I 

E ° = 

jco2ne 0 R d 


r 

J A sin/J#< 


,(h — | z' |)efV' 


CO30 d 


(z' + d) 

■' + d + A 


dz'. 

(ID 


Let the integral in (11) be denoted by J and 
transformed without approximation into 


' = sin 0 o (h - z') (eh 


sin p 0 (h 

-(- e -;^o 2 ' cos0 i 


e j/) o 2'CO30i 

d - 


d + z' 
d+ z' + A 

( 12 ) 




This formula may be rearranged to give 

P 

J = 2 sin P 0 (h — z') cos (f) 0 z‘ cos 0 rf ) 

Jo 

[7 2 + Ad - z' 2 l|" . Az’ 

X [(7 + AY - z' 2 j [ J d 2 + Ad — z' 2 

x tan (P 0 z' cos 0 d )l dz'. (13) 


Subject to (4) this reduces to 

"2.d f ^ 

J = - — sin P n (h - z') cos (/ 9 0 z' cos & d ) 
[• - d 2 + J Ad~z' 2 tan C0S 0rf) ] dz '- 

(14) 


Let it be required that the following con¬ 
dition be satisfied: 


Ah 

d 2 + Ad- h 2 


tan (fi 0 h cos @ d ) 


2 

< 1 . 


(15) 


This means that in determining the magnitude 
of the integral in (14) and, hence, of the field 
(11), the bracket in (14) may be replaced by 


unity, since z' sS h. The significance of this 
condition is examined later. With (15), 


7= 


2d 


d + A 


f 


d+A p 0 sin 
where 


sin p 0 (h — z') cos (p 0 z' cos & d ) dz' 

(16) 


27 F m (Q d , PS 


FJ® d , PS ■ 


cos (P 0 h cos & d ) — cos PJi 


sin © d 


(17) 


The integration in (16) is carried out easily 
using standard formulas. 

With (16) substituted in (11), the z-com- 
ponent of the electric field on the conducting 
surface at a distance r from the z-axis is 
obtained. Noting that 27/(7 + A) = 1 + 

fer(” - ©a) = 1 + fer(®r), where f er (® r ) = 

f eT is precisely (12.12a), it follows that 
Bnl 6 

E *= V n - g sin ® d F m (®d, PS( 1 + /„). 

jail 7re n K d 

(18) 


Note that I m FJ® d , fi 0 h) = /^(©a. PS 
where F 0 (O d , PS = FJQ d , PSI sin pjt. Also, 
since 

E z = E @i sin ©„, (19) 

the total electric field E &d on the surface is (18) 
without the factor sin 0 tf . If f„ is set equal 
to zero, (18) gives the direct field due to the 
antenna of length 2 h with center at z = 0 at 
a distance 7 above the conducting plane. 

By setting z’ = 0 in (7) and substituting (7) 
in (1) the electric field of an infinitesimal 
dipole on the conducting surface is found to be 


F • PoPzl 

E -~*zr, 


e~i&o Rd 

R d 


sin 2 0 d (l +/*,). 


( 20 ) 


Note that (18) is equivalent to (20) for 
a very short antenna (Plh 2 < 1) so end-loaded 
that the current is uniform at I 0 . In this 
case I m F m (® d , PS = I 0 F 0 (® d , PS has 
twice the value $I 0 P 0 h sin ® d for a short 
antenna with vanishing currents at the 
ends and I 0 at the center. Thus, with 
VyQrf = PS = W sin © d and p zl = 
2 hljjco, (20) and (18) are identical. In other 
words, the field factor in (18) for an antenna 
of finite length 2 h with center at z = 0 may 
be derived from the field factor in (20) for 
the infinitesimal dipole at z = 0 by multiplying 
it by the ratio (8.17) with ® d replacing © 01 , 
namely, F m (® d , PSI sin ® d . For points on 
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the surface this verifies the argument given 
at the beginning of the section. It also specifies 
the conditions (4) and (15) for the validity of 
the approximate expression (18) for the field 
on the boundary at z = —d. Let these con¬ 
ditions be examined. 

Case 1. Antenna as near the conducting earth 
as possible: d = h. In this case (4) is equivalent 
to 

r 2 > A 2 or (r/h) > 5, (21) 


and (15) becomes 

tan 2 (i 3 0 h cos 0 d ) = (fifi cos 0 d ) 2 < 1 , 
or 

cos & d g 0 . 2 IP 0 h. ( 22 a) 

Since cos Q d = d/Vd 2 + r 2 == hjr, it follows 
that ( 22 a) is as severe as or severer than ( 21 ) 
only if (3 0 h 1. An alternative form of (22a) is 

/V Si 5 p 2 h 2 . (22 b) 

Note that for the half-wave dipole, p 0 h = ir/2, 
cos ® d g 0 . 4 / 77 - = 0.13, 90“ S 0 d ^ 82.5°. 

Alternatively, fi 0 r 2: 57 r 2 /4 or r/X a <£ 5tt/ 8 = 2. 
Similarly, for /9 0 A + 77 , 90“ 2 : & d is 86.3“, or 
r/2 0 S 577/2 = 8. 

Case 2. Antenna high above the conducting 
plane compared with its half-length: d 2 A 2 ; 
R d > A 2 . In this case (4) is already satisfied 
for all values of r and (15) becomes 


Ah 2 
d{A + d) 


tan 2 (/9 0 A cos Q d ) < 1. 


(23) 


Since | A/(A + rf)| 1 and (h/df < 1, it 
follows that (23) is satisfied if 

tan {fji cos 0 d ) ^ 1 
or 


fgh cos Q d ^ 77/4 or cos 0 d ^ . (24a) 

4/yi 

With cos & d = d/Vr 2 + d 2 , (24a) is equivalent 
to 

1 + r 2 /d 2 S; 64A 2 /^. (24 b) 


For h = 77 / 2 , cos 0 d rg 0.5, 90° S 0 tf S 60°; 
for f 0 h = 77, cos 0 d ^ 0.25, 90° J^Q d > 75.5°. 

It may be concluded from the two cases 
considered that the formula (22a) is valid to 
within a few wavelengths of the point on the 
plane directly below the antenna provided 
the antenna is not too long and not too high. 
More generally, it may be concluded that 
the field of a center-driven vertical antenna 


above a conducting plane is well approximated 
by the field of an infinitesimal dipole multiplied 
by the ratio F m (® d , /3 0 A)/sin © d of the field 
factors except near the z-axis through the 
antenna. 

The quasi-near-zone field of a base-driven 
antenna of length h erected vertically on a 
conducting plane is more complicated than the 
field of a center-driven antenna above such 
a plane, since there are large currents in the 
antenna at and just above the surface. As a 
result, the surface-wave term is relatively 
more important than when most of the 
current is well above the conducting earth. 
At radial distances r that are not large com¬ 
pared with h, the contribution by the surface- 
wave term is small, but as r increases the angle 
of incidence 0/ approaches sufficiently near 
90“ for higher and higher elements I z dz to 
make the surface wave more and more 
significant. At sufficiently great distances r 
compared with h, the field on the conducting 
earth behaves essentially like that of an 
infinitesimal dipole of appropriate moment on 
the surface. Except at points within a few 
wavelengths of the antenna, the field on the 
surface z = —d may be evaluated by numeri¬ 
cal methods that in effect combine the 
fields due to a distribution of infinitesimal 
dipoles along the z-axis equivalent to a 
sinusoidal distribution of current. In general, 
the far-zone formulas derived in Sec. 8 may be 
assumed to be reasonably good approxi¬ 
mations of the field several wavelengths or 
more from the antenna and at all angles 
0 except those near 77 / 2 . 

HORIZONTAL DIPOLES OVER A 
CONDUCTING EARTH 

19. Hertzian Potentials of Horizontal Dipoles 
Over a Conducting Earth 

If an isolated infinitesimal electric or 
magnetic dipole or doublet is located at the 
origin of a Cartesian system of coordinates 
in free space with its axis along the x-axis, 
as in Fig. 19.1, the electromagnetic field may 
be determined from a Hertzian potential 
directed along the jf-axis, that is, from 
II = xELj. The potential is of the form (2.6) 
or (3.2) with z replaced by x, and the electro¬ 
magnetic field is given by (2.11) and (2.12) 
with p = xp x or by (3.5a) and (3.56) with 
m = xm x . 

If the half-space from z = —d to z = — co 
is filled with a medium of arbitrary conducting 
and dielectric properties, currents are induced 
in this region that have not only x-components 
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but also z-components. Therefore, both x- 
and z-components of the Hertzian potential 
are required. Unlike the case of the vertical 
dipole, where the simple nature of the electro¬ 
magnetic field made it possible to derive all 
components of E and B from II 2 alone by 
abandoning the physical correspondence be¬ 
tween the components of the density of 
polarization or magnetization and the polar¬ 
ization or magnetization potentials, the 
determination of the field of a horizontal 
dipole requires both n x and n, if the boundary 
conditions (1.1 On, 6) are to be satisfied. This 
is indicated in Sec. 1, where the appropriate 
boundary conditions are expressed in terms 
of n x and n z for both electric and magnetic 
dipoles in (1.20) and (1.21). 

In formulating the general problem of the 
vertical dipoles beginning in Sec. 2, a repre¬ 
sentation in terms of generalized plane waves 
was introduced in order to derive the laws 
of reflection and refraction for plane waves 
and to show their relation with the asymptotic 
or far-zone field of a concentrated source of 
spherical waves. In solving the problem of the 
horizontal dipole this sequence need not be 
repeated and a formulation paralleling that 
in Sec. 9 using cylindrical wave functions may 
be introduced at once. 

Since the direct part of the field of the 
horizontal dipole is expressible in terms of n x , 
this component corresponds to II 2 for the 
vertical dipole so that solutions like (5.35a, b ) 
and (5.36) are suggested. Using transfor¬ 
mations like those carried out in Sec. 9 in 
deriving (9.9) from (II 2l ) r in (5.35a), the 
equivalents for n* of (5.35a, b) and (5.36) 
in terms of cylindrical wave functions in 
region 1 (v t = v lt ^ = e^p, = k = (oVtJvJ 
and region 2 (simply conducting and non- 
ferromagnetic with v 2 = v 2 — lj 2 = 

f e 2 -/W". 02 = " v/ 5 2 / v 2 ) are given below. 
With n xl = (n xl ) d + (n xl ) r they are 

n xl = -^i fV[e-*' + F r (\)e-<*+W‘l 

Pi Jo 

x J 0 (Xr)X rfX, (z s 0) (la) 


n xl 


J^i 

k 



/~V' + F r (X')e-< 2+2d >'] 


x J 0 (Xr)X d\ (-d ^ z ;S0) (1 b) 

n *2 = ir I ^ 1 f' ( We (2+d)m - d, / 0 (Xr)X d\, 
Pi Jq 

(z 5£ -d) (2) 


where, as in Sec. 9, 

X = /?! sin 0 = p 2 sin 9 ( , (3) 

/ = jfl-y cos © = Vx 2 — pf’ (4a) 

m = y"P 2 cos 0 ( , = Vx 2 - p| (46) 

and 


K. 


jkPxi 

47Tf 1 ’ 


K . 


-jkPx 

4ir?. 


(5a) 


H i Km2 


-jk™xi 

4nv 1 


(5b) 


It now remains to evaluate F r (X) and F,(X) 
so that the boundary conditions (1.20a, b) for 
the horizontal electric dipole and (1.20c, d) for 
the horizontal magnetic dipole are satisfied. 

For the electric and magnetic dipoles, as 
indicated by the subscript, these boundary 
conditions at z = —d are 


k n exi = Pin, 


/anj 

H#) 

A & j 

1 an,J 

i _ 

l ) 

'l l & /* 


^2^ni3c2* 


(ба) 

( бб ) 

(6c) 
(6 d) 


Substitution of (16) and (2) in (6a, 6) with 
z = — d gives the following equations for 
determining F er (X), F el (X), F mr (X), and 

F m ,W- 

For the electric dipole, 

J [K el k + K el p\F cr (X) - K c2 p|F c( (X)] 

' ° X I- 1 e-‘ M / 0 (Xr)X/ dX = 0, (7) 

[K el eJ - K el ij lF er (X) - K e £ t mF et (X)] 
Jo 

x /~ 1 c- d, / 0 (Xr)XJX = 0. (8) 


These equations are satisfied if the brackets 
in the integrands vanish. The resulting 
equations, when solved for F er (X) and F C( (A), 
using p 2 = give 


F t . r (X) = 


Vj/ — v 2 m 
v 1 1 + v 2 m 


(9) 


F et (V ■■ 


2v 1 1 


Vj/ + v 2 m 


fmt m 


( 10 ) 


The identification of F er (X) with j mr and 
F et (X) with f mt follows from the comparison 
of (9) and (10) with (5.566) and (5.576). 
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For the magnetic case, the integrals parallel¬ 
ing (7) and (8) are obtained by substituting 
(16) and (2) in (66,c) with z = —d. They are 


r 

Jo 

/■ 


[«l + *iF nr (X) - % 2 F 

X / 0 (Xr)X dX = 0, (11) 

°[/ - IF mr (X) - mF mt (X)\l~ 1 e~ dl 

X J Q (Xr)XdX = 0. (12) 


magnetic dipole. At z = —d, they are 


"i 


fe. 

_i_ 

3n«\ 

fe 

sn ez 

) 

(16a) 

\ dx 

1 

dz A 

l fe + 

dz 

h’ 



e Azl = 




(166) 



^mzl 

^mz2» 



(16c) 

fe* 

_|_ 


v 

. an m2 \ 

\ 

1 

az Jr 

2 \ dx 

i 

dz 



(16rf) 


With p 2 = *o 2 £v, the values of F mr (X) and 
F,„ ( (X), obtained by equating the brackets 
in (11) and (12) to zero, are 


FmrW 


v 2 P|l - fi P\m 


v 2 PP 


V? m 
2 v# 11 




(xi=r 2 v 2^p i 

‘ ? 2 km* + vH 

= !lf =i^lf 

V,p 27e ‘- 


(13) 


( 14 ) 


The relations between F mr (X) and f er , 
F mt (X) and f et , are obtained by comparing 
(13) and (14) with (5.56a) and (5.57a) after 
using (3) and (4a,6). 

With Nfj = Pl/6? = ? 2 / f i when v 2 = v u 
(9), (10), (31), and (14) give: 

FJX) = f mr = , (15a) 


F mr O-) = fer 


PP ~ Plm 
Pi/ + df™ 


Ny - m 
ivy + m ’ 


Since n^. in both regions depends upon x and 
y through r — Vx 2 + y 2 , it is correct to set 


an, 

dx 


m x dr 

Hr dx 


dU x 

= -r- COS 0, 
dr 


( 17 ) 


where the cylindrical coordinate 6 is measured 
from the positive x-axis. Substitution of (17) 
on both sides of equations (16a) and (16 d) 
shows that n z must have the factor cos 0. 

As has been pointed out before, the integ¬ 
rands in (la,6) and (2) are particular solutions 
or eigenfunctions of the wave equation (1.6rf) 
in cylindrical cooordinates. These solutions 
are of the form (1.7a) with n = 0, namely, 
e± zl J 0 (Xr). Since II 2 also must satisfy (1.6rf), 
it may be constructed of eigenfunctions of 
general type (1.7a). In order to have the 
factor cos 0, it is clear that the appropriate 
eigenfunction for II 2 is (1.7a) with n = 1, 
that is, 

cos 0e ±2, /](Xr). (18) 

Since there is no direct wave contributing 
to n 2l , the solutions for II 2 corresponding 
to (la, 6) and (2) for Tl x are 


F e «(X) — f mt — 


21 

l + m’ 


nr 



21 

Ny + m ' 


(156) 

(15c) 


( 15*0 


With (15a,6,c,rf) substituted in (la,6) and (2) 
these become the actual solutions for the 
x-component of the Hertzian potentials due 
to horizontal dipoles. It remains to determine 
the z-component. 

The boundary conditions for II 2 which 
simultaneously relate II 2 to tl x are (1.21a, 6) 
for the electric dipole and (1.21c, d) for the 


n. 


.7*1 


cos 0 


f 

VO 


X I /- 1 G r (X)e-( z + 2rf )'7 1 (Xr)X dX, 

i-d :£ z) (19) 

n 2 „ =A^- 2 cos 0 


Pi 

</■ 


X I l- 1 G t (X)e< z+li ) m ~ dl J 1 (Xr)X dX, 

(z -d) (20) 


These are the two solutions for n. which 
satisfy the wave equation and which must be 
made to satisfy the boundary conditions 
(16a, 6) for the electric dipole and (16c, d) for 
the magnetic dipole by appropriately defining 
the arbitrary functions G>(X) and G t (X). 
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For the electric case the substitution of 
(19) and (20) in (166) with z = —d gives 

J [K^GJX) - K&GMl-'e-* 1 

x J^X^XdX = 0. (21) 

Since this is satisfied by equating the bracket 
in the integrand to zero, the result is 

G cr (X) = G et (X) — G et (X). (22) 

*i e i 

Substitution of (16), (2), (19), and (20) in 
(16a) gives, with (17), 

cos ()j {K el [ 1 + F er (X)] - K ei F et (X)} 
x l^e-Mj'oiXryX^dX 

- cos d |* { K el G er (Xl ) + K 63 G et (X)m} 
Jo 

X l-'e-MJJXOX dX = 0. (23) 

This equation is satisfied if the common 
factors in the integrands are combined and 
equated to zero after use is made of the 
standard Bessel-function relation, J' 0 (Xr) = 
—LiXr). Using (9) and (10), the resulting 
equation may be solved for G er (X). With (22), 
the result is 

r (X) = TXvj, /(V|P| v 2 ft) 

M (v r Pi l + v 2 ^)(v,/ + V 2 m) 

= G el (X). (24) 


In the case at hand, v 2 = v v and (24) may 
be simplified considerably since with (3) 
and (4a, 6), f3| — /?f — P — m 2 . The result is 


G er (X) = 


—2X1(1 - m) 

pp + ftm 


G et (*). 


(25) 


For the magnetic dipole, the substitution 
of (19) and (20) in (16c) with z= —d and 
the fact that K ml = K m2 gives 

G mr (X) = G mt (X). (26) 


Substitution of (16), (2), (19), and (20) in 
(16c/) gives, with (17), 

/* CO 

cos e {v x [i + F„jX)\ - v. 2 F , n( (x)j 
Jo 

x L l e- dl J' n (Xr)X 2 dX 
- cos 6 {v x G mr (X)l + v 2 G„ lt (X)m} 

X l~ 1 e~ dl J 1 (Xr)XdX = 0. (27) 
Again using J^X/-) = —J^Xr), and (13), (14), 


and (26), the equation obtained from the 
integrand in (27) may be solved for G mr (X). 
The result is 


G mr (X) 


2Xv 1 v 2 ((Pl - fi\) 
(v 2 pl/ + + v 2 m) 


= G mi (X). (28) 


With v 2 = and P! - ft = l 2 - m 2 , (28) 
reduces to 


G mr (X) = 


2X1(1 - tri) 

WTMm 


G mt (X). (29) 


Note that G mr (X) and G Pr (X) as given by (25) 
and (29) are the same. 

With v 2 = as assumed, the solutions for 
n M and n u for horizontal electric and mag¬ 
netic dipoles are given by (1), (2), (19), and 
(20) with appropriate substitutions for the 
F ’s and the G’s. The complete formulas are: 


(n TC1 ),j — 


jKn 

ft 



~ zl J 0 (Xr)X dX 


jK q \ e-Wi** 
ft Ri 


, (q = e or m), 


(30) 


(n m )r= 7 ^ 

ft 



e -<* + 2 d)lj 0 (Xr)X dX 
+ h) , (31a) 


(ff .'r'Xl )r 


_ jR ml 

ft 

p 1/PP- 

J 0 * W + 


e~( l +2d)lj g (x r )X dX 

! x- , (^ +K )- mb) 


n - -1f f 

(32a) 

tt jK mi 

±x mx 2 a 

ft 

( 326 ) 
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n„ 


-jK„ i 
ft 


cos 6 


f 

Jo 


2(1 - m) 

?¥ + ft™ 


e-'z+i d )ij 1 (\ r )7?d\ 
(q — e or m) (33) 


n «z 2 = ■ J K Q2 cos 0 


ft 

/* oo 

Jo P 


2(1 — m) 
Pp + fan 


In (30) and (31a, 6), 


e (z + d)m — <H/ 1 (Xr)X*</X. 

(q = e or m) (34) 


= vV 2 + z 2 , = W 2 + (z + 2d) 2 . 

(35) 

By analogy with (30), 


-ih R r r° 

~*r = Jo 


l-i e -V+2d)‘J 0 (\ r )\d\, (36) 


in the far zone without actually carrying out 
the integrations. These conclusions were 
drawn originally by von Hoerschelmann. 23 

Let it be assumed that region 2 is a 
sufficiently good conductor and to is 
sufficiently low so that the following condition 
is satisfied: 

| ? 2 1 = I e «2 ~ j a eJ 0j | V e v (la) 

With v 2 = vj and p 2 = a> 2 Sjv, (la) is to be 
interpreted as equivalent to 

|P.|>ft. 0*) 

It is shown in (7.27) that the angle of refraction 
0 ( in good conductors satisfies the condition 

cosO, = l. (2) 

If it is assumed that (2) is a satisfactory 
approximation for region 2, it follows that, 
with (19.4a, b ), 


and the functions V and H are the same as 
defined in (9.13c, d), namely, 


< 

H “ I" (rns) '■'"“’'•w* A 


(37a) 


(37 b) 


m = yP 2 cos 0, == y'P 2 , (3a) 

| m j > 111. (36) 

Accordingly, 

l ±m = -m = ±jP 2 , (4a) 

p 2 / + (i\m = p 2 /. (46) 

With (4a, b), (19.37a) and (19.376) become 


Note that the function H occurs in the 
formulas for the horizontal electric and vertical 
magnetic dipoles. Similarly, V occurs in the 
formulas for the horizontal magnetic and the 
vertical electric dipoles. 

The formulas (30) through (35) for the 
horizontal dipoles correspond to (9.12) and 
(9.13) for the vertical dipoles. The former 
include the components II* and 11* of the 
Hertzian potentials, the latter only II,. Note 
that 

(H*n)r _ (n^zi)r (^»m)r _ (^mzl)r 

K el K ml ’ K nl K el ’ 

(38) 

where the superscripts h and v are used to 
distinguish between values for horizontal and 
vertical dipoles. The subscripts e and m denote 
the electric and magnetic dipoles as usual. 

20. Far-Zone Hertzian Potentials of Horizontal 
Dipoles Over a Conducting Earth 

Following Sommerfeld, 1 - 51 it is possible 
to arrive at interesting and important 
conclusions about the Hertzian potentials 


H=-£ I «"<*+* »‘J 0 (Xr)\d\ 

P2 Jo 

= f I- 1 e- (2+2d ) , / 0 (Xr)X d\ (5a) 

P2 dz JO 

V ~2 j ”/-ie-(* + 2<*)V 0 (Ar)A</Jl. (56) 

Jo 

With (19.36), the leading \/R r terms in (5a) 
and (56) become 


y 2. d_ e-Wr 
~ P 2 dz Rr 



Substitution of (6a, 6) in (19.31a, 6) and 
combination with (19.30) gives the following 
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formulas for TI xl for horizontal electric and 
magnetic dipoles: 


n„ 


px 1 _ 

4tt£i L fti 


-(1 - — cos 0. 

p 2 


e 3&1 ^rl 


(7a) 


_ m,, e~iPi R r 

TT -l. __ i _ 

,HX1 4ttv 1 R d R r . • 


(76) 


These relations give an interesting repre¬ 
sentation of the relative magnitudes of the 
x- and z-components of the Hertzian 
potentials. With | p 2 1 > ft, as required in 
(16), it follows that when z = —d = 0 


I I > I "Sut I, 


m -iir . ^ 

“ mxl “ X 2w 1 R ol ’ 


(14) 


Substitution of (4a, 6) in (19.33) gives 

n n = -77— 1 cos 0 
ft 


. P 2 Jo 


/-i e -(* + 2 d)iy )(X/ -)x 2 <A|. (8) 


]• 


Since X./,(Xr) = — dJ 0 (Xr)j dr, it follows with 
(19.36) and (8) that 

?) f 00 

nij = j-l cos 0 — Vi e -<>+WJ 0 (\r)\d\ 

P 1 P 2 3r Jo 

2K X „ 3 le-^ R r\ 

= —-cos6— —— . (9) 

ftp 2 dr \ 7? r / 


When the differentiation is carried out, 
and only the leading 1 jR r term is retained for 
the far-zone, the approximate potential is 

. .2K U . e-iW 
n Ii, = -j -tT 3 cos 0 sm 0 r —n— • 

(q = e or m) (10) 


After the insertion of the appropriate value of 
K lq and the substitution of the polar co¬ 
ordinate 0 for the equivalent cylindrical 
coordinate 0, the following far-zone formulas 
for IIJj are obtained 


nr. 


Px 1 e~Wi R r ft 

2 7r(: i P 2 


sin 0 r cos 0, 


nr 


m tl e~^A«r ft 
2771'j 7? r Pj 


sin ® r cos 0. 


(Ha) 

( 116 ) 


for all values of ® 01 and 0. Hence the far-zone 
field of a horizontal magnetic dipole over a 
conducting plane is determined primarily by 
njn*!, which includes essentially equal contri¬ 
butions by the direct and reflected waves. 

The ratio of the components (13a) to (12a) is 


nu 


nr 


= tan 0 O1 cos 0. 


(15) 


Greatest interest is in the field near the 
conducting surface, where 0 O1 is near w/2 
and tan © 01 is very great. It follows that, 
except where cos 0 is small, the ratio (15) is 
large. On the other hand, at and near 0 = n/2, 
(15) reduces to zero or a very small value. 
Evidently, 

| n fti| >| n m| if tan 0 O1 cos 0 > 1, 

(16a) 

| n I*i|>l n ml if tan 0 O1 COS0 < 1. 

(166) 


Since the second possibility occurs only where 
the potential is very small, the principal range 
of interest is (16a), where the potential is 
given by (13a). Thus, when z ~—d = 0, 
with tan © 01 cos 0 1, 


nr, = 2 


px 1 ft e j ^ R 0' 
2 tt£ 1 P 2 R 01 


sin 0 O1 cos 0 


(17) 


For dipoles quite near the conducting 
surface, z = —d and R r = R d = R 01 = 
vV 2 + (z + d) 2 , Q d = © r = ® 01 , so that 


^mzl = 

n Zzi = 

= 


px 1 ft e~iPi R oi 
2ir€] P 2 R 01 
m xl e~iPi R oi 
2m’i R 01 
Px 1 ft e-rti R <n 
2 P 2 7?oi 
tn x i ft e—iPi R m 
2 ttVj P 2 R 01 


■ cos 0 O1 , (12a) 

(126) 

sin ® ol cos 0, (13a) 
sin © 01 cos 0. (136) 


for a horizontal electric dipole at the surface 
of the conducting earth. Note that for a 
perfectly conducting earth p 2 -*■ 00 and the 
entire far-zone field along the surface vanishes. 

The highly significant fact revealed by (17) 
is that the polarization potential in the far 
zone of a horizontal electric dipole is deter¬ 
mined by n elI just as for the vertical electric 
dipole. This means that the far-zone field 
of the horizontal electric dipole is due 
almost entirely to currents induced in the 
conducting earth and not to the direct field 
from the dipole. Thus, the horizontal electric 
dipole excites both horizontal x -components 
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and vertical z-components of current in the 
earth. The .^-components of current in the 
earth maintain an ^-component of polarization 
potential (n <xl ) r that is equal and opposite 
to the polarization potential (H exl ) d due to the 
currents in the dipole itself. The z-components 
of current in the earth maintain the com¬ 
ponent n ezl of the polarization potential 
that determines virtually the entire far-zone 
field. In the case of the vertical electric dipole 
the currents in the dipole and in the earth 
combine equally to maintain the polarization 
potential at distant points. 

Whereas the polarization potential II“ 21 
of a vertical electric dipole has equal magni¬ 
tude in all directions, nj 2l for a horizontal 
electric dipole has the directional factor 
sin 0 O1 cos ®. This represents a pattern 
corresponding to a figure of eight in the 
horizontal plane 0 O1 = it /2 and to two hemi¬ 
spheres in space with a maximum value of 
unity along the conducting plane (@ 01 = n/2) 
in the directions <I> = 0, and zero values 
in the directions 0 O1 = 0, w. It resembles the 
array factor of the bilateral end-fire array in 
which two electrically short vertical antennas 
are separated by a half-wavelength and 
driven with equal currents 180° out of phase. 

21. The Electromagnetic Field of a Horizontal 
Dipole Over a Conducting Earth 

The cylindrical components of the electro¬ 
magnetic field of horizontal electric and mag¬ 
netic dipoles over a conducting earth are 
obtained using (1.3a,ft) with (1.14a,6). Thus, 
with 


,p ! /im an \ 

B ”-J*[-r-dr + -3r sm 7 


B mr = f r divn m + P 2 n mx cos ft 


aUm m e A 

Bm6 = 7 le divIIm - P 2n ™* sin e > 


B e 

B m 


=_•£![! 

cor [dr 


(2d) 


(2e) 


(rn ex sin 6) + — (n er cos 8) 


dz 


divn m -f p 2 !!,, 


(If) 


where 


divll = 


an* 

dx 


an, 

dz 


(3) 


It is now readily verified with (19.33), (2), 
and the relation ft(Xr) = —ftJfXr) = 

—X -1 4-7 0 (Xr) that 
dr 

^ = zEi i r 2{i - 

dz ft dx Jo p|I-f ftm 

X y 0 (Xr)X d\. (4) 

Furthermore, with (19.37a,ft and 

N 21 = Npf = p 2 /ft, (5) 


(4) becomes 


n r = n x cos 8, n 9 = —n x sin ft 


E er = — divn e + p 2 n eI cos 8 
or 


Emr ~ 


/1 dH mz dTL mx 

-J w \r-dF + -Tr sm6 )’ 


Eee = l ^8 divIIe ~ p2n ' x sin 6 


E 


m6 


= ~J a> ai - 6 dr~) ’ 


( 1 ) 


(2a) 


(2b) 


^ —(H- N* 2 V) 

dz ft dx y 12 

= l (H - N 2 12 V) cos 8, (6) 

ft dr 

so that with (19.30), (19.31a, b), and (6), (3) 
becomes 

jK d [e-ih R * e~Wi R r 

d,v ft" bT 

+ N 2 2 f| cos 8, (la) 


E ez = 3^ divII « + P 2n e 


E m , = 

mz 


w a> d 

= 7 7 [dr 


(2c) 


(rll mx sin 61)+ — (II mx cos 8) 


' , 


_ jK ml d_ \ e-ih R * _ e M 
™ ft dr[ R d R r 

Nf 2 )V - cos 8. (lb) 


(1 
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In order to express II ezl in (2c) in terms of 
the functions contained in H exl , it is readily 
verified using (19.36) and (19.376) that 


n„ 


jKe 1 3 2 

e 

ft Bz Br 

[ Rr 


- (1 + cos 6. (8) 


Using (7a,6) and (8), the parts of formulas 
(2 a,b,c) that are derived from n e and give the 
complete electric field of the horizontal electric 
dipole may be expressed as follows: 


®erl — 


_j *£1 
ft 



c iPl^r 

~rT 



+ 


e-iPi^d 


C 

Hr 



cos 6, 


(9a) 


Note that these formulas are exact and involve 
only the functions V and H in addition to the 
simple exponentials. 

The evaluation of the components of the 
electromagnetic field using (9 a-f) involves 
only differentiation, so that it may be carried 
out completely. However, as pointed out 
before, the approximations involved in the 
evaluation of V and H are such that accurate 
results cannot be obtained for radial distances 
less than a wavelength. Accordingly, there 
is no advantage in carrying out the elaborate 
differentiation involving higher powers of 
1/R than the first. Since V, H. and e~^i R IR 
are solutions of the wave equation 



1 a 2 a 2 

H-i-b 6 

r 2 30 2 ' Bz 2 


2 

1 


w = o, 


(10 a) 


Kjl 3 (e-ih 
ft 1/ 3 A R d 


F JKji B 

&edl = — I - — 

+ ft(‘ 


Rd e Afl '+N 2 


Rr 


W) 




sin 6, (9b) 


jKel 

a 2 / 

r e -Wi R d 

ft 

BzBr\ 

k Rd 


+ ■ 


Rr 


— cos 6. (9c) 

Similarly, the parts of (2 d,e,f) that depend 
i n m and give the complete magnetic field 
horizontal magnetic dipole are 

D i K ,m\ B 2 \ e -i^ R d e-ih R r 
mn ft 1 3r 2 [ R d 


on 
of a 


r\ d R r 

- H + (1 + N 2 2 )F 

e l&l R r 


Rr 


where W stands for V, H, or e~^ H /R, the 
leading terms in 1 jr must satisfy the simpler 
equation 

/a 2 a 2 \ 

[jf 2 + l? + ^ W=0 - (106) 

Use may be made of (106) to evaluate (9 a-f). 
A convenient approximate relation between 
V and H is obtained readily. By making use 
of the integrals (19.31a), (19.36), and (19.37a,6) 
the following formula is derived; it applies 
only when (106) is satisfied: 


1 a 2 

TV 2 V — H== - _ 

12 ftaz 2 L 


p ~ 

2 -—^-(1 + N 2 2 )F 


Rr 




(ID 


/ e-Vi* 

M Rd 

' j | cos 6, (9 d) 


With (106) and (11), the leading terms in 
(9 a-f) are 

-iPiRr 



a 2 | 

f p~iPi R d 

ft 

Bz 2 ' 

{ Rd + 


Rr 


B 


'mdl 


jKml 

(ii 

p—3P\ R d 

e ~i&i R r 

— V J cos 0, (12a) 

ft 

[r Br 

L Rd 

Rr 

/ 


H + (1 + N 2 2 )V j 
e~ jPiR r 




Rr 


\ J 'd 

sin 0, 


[e-tt 

-^h 


—jPl R d C R r 
d 


Rr 


B 

D mz\ — o 

Pi 


[mi B 2 ( e-M i- 

?i BzBr \ R d 


J&1 Rd £ jPl R r 

.... J_ 


Rr 


■ f/jcos 6 . 


(9e) 


(9/) 


. jK n a 2 (e-ih*. 
ezl ft Bz3r\ R d 


sin 0, 


d ^ e ~^l R r 


(12 b) 




Rr 

cos 6, (12 c) 
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-JK, k1 3 2 

^ R d 

e~jP\ r t 

Pi 

dz 2. 

\ Ra 4 

R r 



-») 

cos0, (1 2d) 


l 

e —jPiRd i 


jKmlPl y 

Ra 

Rr 



+ r) 

sin 0, (12c) 

jKna 

32 1 

^ e~jPi R d 

g—iPl Rr 

Pi 

dzdr 

\ R d + 

Rr 



-») 

cos 0. (12/) 


Note that E ezl and B mzl are exact, but that 
higher-order terms have been neglected in the 
other components. 

Since the functions in (12 a-f) are the same 
as already evaluated for the vertical dipoles, 
the final results are obtained readily. By com¬ 
paring (13.11a, 6) as derived from (12.9a, 6) 
with (12a, d), it is seen that, except for changes 
in sign, the individual terms are alike. Hence, 


/ e ~ IPiR& 

E en ~j K e iPl cos o \cos 2 0 d R - 


— cos 2 0 r 


2 A e cos 0. 


-tflRr 
~Rr 

g—jPlRr 


- A\V ) , 


(13) 


where A e = V Nfj — sin 2 0 r /Nh. Since 

p iP\ -Rf 

v = t(l + fer) + (1 ~ fer)F e ] —-- 

K r 


and it is verified readily that 


Similarly, 

B mrl = jKmlPl COS 0 I COS 2 0 d —— - 
(> Rf 

~ fmr COS 2 0 r - - - 

K r 

0 "1 

- (1 - UMNl- sin 2 0 r ) -j— J • 

(156) 


The ©-components are given directly by 
(126, e) as follows: 


E m = -jKeiPi sin 6 


e~Wi R <t 

R„ 


e rfiRr C 3P j , "1 

+ /»r- 5 — + (1 -J ’ 

(16a) 


R r 


B me i — sin 0 


-iPiRd 


R d 


0 jPl^r Q 

/„ — + (1 ~U)Fe ~ Tr \ • 

(166) 


Rr 


Since (12c,/) are essentially like (14.la,6) 
with (12.9a,6) except for factors that are 
constant in the differentiations and a change 
in sign of the last two terms, the derived 
formulas are obtained directly from (14.17a,6). 
The results are 


e~iPi R& 

E ezl = —jK e iPi cos 0 cos 0 d sin 0 d — 

K d 


-Ur cos 0 r sin 0 r 


e~iPiRr 

~rT 


+ (1 -Ur)F e sin Q r l^k ~ sin2 & ' e 




“kT]’ 


(17a) 


f er cos 2 0 r = cos 2 0 r — 2 A e cos 0 r 

+ Af( \+f er ), (14) 

it follows that 


E erl ~J K elPl COS 0 



e 3 Pi R d 

~rT~ 


- f er cos 2 0 r 


e iPiRr 
Rr 



(15a) 


B mz i = -jK m i/Jj cos 0 j^cos 0 d sin 0 d ——- 
c -A-^r 

- f mr cos 0 d sin 0 d —— 

+ (1 -fmr)F m srn0 r VN$ 1 - sin 2 ©,. —— 1 " j. 

(176) 

In the evaluation of the magnetic field of a 
horizontal electric dipole and the electric 
field of a horizontal magnetic dipole the 
derivative 311 zl /dr occurs. It is convenient 
to express this as a derivative with respect 
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to z. Using the general integrals (19.30)- and (14.4) and (14.12) in (20c,/), the following 

leading terms are obtained: 

For the horizontal electric dipole, 


(19.37), it is readily verified that 

an 

~~dr 




(18) 




+ 1 ■ 


sin 0 cos & d ■ 


-iPi R d 


R d 


because 

J''(Xr) = -J 0 (Xr) + = -7„(Xr). (19) 

Since /(XrJ/Xr leads to terms of the second 
order in 1 jr, it may be neglected. Using (19), 
(19.30), and (19.31a,/>) the following ex¬ 
pressions are obtained; only the leading 
terms are included: 

For the horizontal electric dipole, 

D M a dflexl 

Dari - Sill V _ 


+ fmr COS 0 r 


c~ 

Rr 


(1 - Nli - sin 2 0 r 


~rT J’ 


( 21 a) 


B e ei — 


. m. 


cos 0 cos 0 , 


e — 

Rri 


- f er COS 0 r 

_ sin 9 i. (_ q£fr+ , + (1 - ^ )F - 

co 3z\ 7^ 7? r / 

) 




Rr 

VNfj — sin 2 © 


Nfx 


r e~Wi R '~\ 

~—rT\ ’ 


(20a) 


3z cos 0 dr 


B e e i = — cos e( 

CO \ 

= cos - A 

CO 3z\ 7?<j 7J r / 


= ~1 B K * sin 0 L in 0 d ^ 

co [ R, 


(21 b) 


~ih R d 
A 


”i /mr sin 0 r ■ 


-iPyRr 


Rr 


( 20 b) (1 f mr)Rm sin 0 r 


-)Pl R rl 


B ezx = sin 9 ^ 
1 co 3/- 


J ’ 

For the horizontal magnetic dipole, 

^ sin 0 1 ( e ~ : ' l>lRd _ e ~ j “ lRr + . E mrl = —ju>K ml sin 0 [cos @ d e —~ 

co dr \ R d R r / ’ „ L d 


(21 c) 


For the horizontal magnetic dipole, 


( 20 c) -)_ f er cos 0 r 


-W l R r 


Rr 


E mr 1 — ~j<° Sin 0 


an„ 


3z 


_ n _ MF ViVf! - sin 2 ©, e; 

(1 Jer/^e 


N|i 


- 3 (*l R r~\ 

~rT\ ’ 




( 21 c/) 


( 20 c/) 


£™»1 = -ja>K ml cos 0 


cos 0 ,j 


— r7~ 


. coK r „i_ a (e~^ R i e iPi R r \ 




Rr 


+ (1 -/J/’mV Nfj - sin 2 0. 


r ~RT J ’ 


( 20 c) 


( 21 c) 


=/» sin 0 




ar 


= ju>K ml sin 0 


sin 0 a 


-it>i R d 


R d 


+Ua>e 


e —iPi R r 

Rr 


( 20 /) 

Using (13.3,4) and (13.7 a-d) in (20 a,b,d,e). 


+ (1 -/ er )F e sin 0 r 


,-iPtR ;| 

—rT\ 


( 21 /) 
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With all six components of the electromag¬ 
netic fields for horizontal electric and magnetic 
dipoles evaluated, it is convenient to combine 
them into components parallel and perpen¬ 
dicular to the plane of incidence. Since the 
plane of incidence is the r,z-plane, the r- and 
z-components must be combined just as in 
Sec. 15. Using (15.6a,6) and (19.5a, b), the 
following final formulas are obtained: 

For the horizontal electric dipole, 


F™n — 


■ ft r 

= —- COS V 

477-61 


= 6 4—2 sin d —--h„ 

4^i L R d 

n e~^ R r\ 

■a . 

4m, i L R a 

£ R r 

fer-jT- ®r -d ~ f„)F. 

J\ r 


d e 
-+fer-Jf- 


COS @ d 


e IPl R r ~ 

Jer COS 0 r -—- 0 r 

K r 




. s*VN2, — sin 2 @ r \ e~iPi R rl 

x (zsin0 r + - ^ -J —J, 

(23c) 

_ ^ wB,m x , „ I" _ e~Wi R d 

6 -7^r cose r s0d- ^r 

- Jmr COS 0 r - — 

K r 

+ (1 - fmrW - sin 2 0 r —--J • 


(1 ~fer)F, 


VN& - sin 2 O r 


^z sin 0 r - 




(22a) 

( e ~iPi R r 

tmr ~RT 


C~i^l R r] 

+ (1 -f m r)F m —— J , (2: 

p . PlPxi . \e-H>i R *z 
4^0) l R d 
£ jftl Rr - a . 

“t“ fmr ^ ®r (1 fmr)^'m 

K r 

. /-- £ ~' jP\Rr\ 

x (2 sin 0, + rVIV| t — sin 2 0 r ) —-— , 

(22 

B ci = 0 ^ lpxl . cos e [ cos Q d - - 1 

477-ejCO L -Kd 

£ 

-/«• COS 0 r —=- 


Note that © d and © r are unit vectors in the 
direction of increasing polar angles 0 d and 
0 r measured from the positive z-axis. They 
are perpendicular, respectively, to the directions 
of R d — V z 2 + r 2 and R T = V (z + 2d) 2 + r 2 . 
On the other hand, r, e, 2 are unit vectors in the 
direction of the cylindrical coordinates r, d, z 
with origin at the center of the dipole. The 
coefficients of reflection are 

f = C0S ^ S ' p2 Q r 

/er NIj cos 0 r + V — sin 2 0 r ’ * 

f _cos6, -VN,i-sin‘8, ^ 

cos 0 r + ViV— sin 2 0 r 
The surface attenuation functions are 


+ (1 - /„)F. VN li - sin2 0 r £Z^ifrl . F« = 1 -yVrf^-Ml - erfQVP',)], 
^21 


For the horizontal magnetic dipole, 


~^cos 0 
4rrr 1 


g—jPiRd ^ 

cos 0 d ---0 d 

K d 


fmr COS @ r ~ 0 r 

xv r 

- (1 -fmr)F m V N 2 t - sin 2 0 r 
x (z sin 0 r + r V N$ x — sin 2 0 r ) ———J , 


F m = 1 - jY'nP m e~ p >n[l - erfOVPJ], 

(25b) 

The complex numerical distances are 
„ —iB,R r / „ . VjVf, -sin 2 0 r \ 2 


-M / 

sin 2 0 r \ 


cos 0, + 


# / 

sin 2 @ r \ 


cos 0 r + V (V|, — sin 2 0 r 
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This completes the derivation of the quasi- 
near-zone formulas for the electromagnetic 
field of horizontal dipoles in air above a 
conducting half-space. They are satisfactory 
approximations when 

As a useful check on the general formulas 
(22) and (23), it is interesting to make region 2 
a perfect conductor so that N\ x -*■ oo. In 
this case 

hr - 1, 1, (27a) 


-/Mr 


cot 2 0 r , 

g tt r 


(27 6) 


(1 fer) E e -*■ 0, (1 — fmr)F m ~* 0. (27c) 


Thus, the surface-wave term vanishes every¬ 
where over a perfect conductor and the entire 
field is given by the space-wave terms. On 
the perfectly conducting surface, where 
R r = R d , 0 r = 7 r — Q d , the fields are as 
follows: 


For the horizontal electric dipole, 

E e n = 0, E e ei ~ 9; 


E en = — cos 6 sin Q d cos 0 d 

Znej 


e 

—rT~' 


(28a) 


B, rl _a£a sl „ ucce/"** 


2rr€ 1 cu 




jj /*lPxl 

~ 2neJjo 
B ez , = 0. 


cos 0 COS 0,, 


-iPiRd 

~r7~’ 


(28*) 


Hence, 




27 TVJ 


(1 — cos 2 © sin 2 0 d ) ■ 


i R d 

~rT 


B„ 


P\™ xl . 


2ttv 1 


sin 0 cos 0 sin 2 0, 


(29c) 

g— ifiiRi 


R,* 


(29 d) 


It is important to bear in mind that the 
formulas for the quasi-near-zone field of 
electric or magnetic dipoles can not be 
expected to give the field of an isolated dipole 
if region 2 is identical with region 1 so that 
N a = 1. Since it has been assumed through¬ 
out the analysis that the inequality |iV 21 | 2 > 1 
is satisfied, the formulas all have no appli¬ 
cation when N 21 is as small as one. 

The far-zone fields of horizontal dipoles 
are obtained from the quasi-near-zone for¬ 
mulas by retaining only 1 //?„ terms, where 
R a = V(z + d) 2 + r 2 is the distance from 
the point of observation P 1 in region 1 to the 
point on the boundary directly below the 
dipole. This is shown in Fig. 21.1 (page 795). 
•The radiation field consists of the space-wave 
terms simplified as permitted by the inequality 

R 2 > d 2 . (29) 

The following approximations are good, 
subject to (1): 

R a = R r == R 0 in amplitudes, (30a) 


R d = R 0 — d cos 0 O1 

„ in exponents, 
R r = R 0 + d cos 0 O1 J r 


(306) 


Note that 


— ®oi- 


(30c) 


B e xi = B erl cos 0 - B e01 sin 0 = 0, (28c) 

B ev i = B e n sin 0 + B e01 cos 0 


= ^COS 0/-^- 
2 tt( 1 o> R d 

For the horizontal magnetic dipole, 


(28 d) 


B„ 


- o- e-iNR* 


2 ttV]_ 


■ cos 6 cos 2 0 d 


R a 


D D 

B m ei 2 mT sln ” —5— > B mzl — 0, 


R d 


E mrl — 0, E mS1 — 0, 


-‘mrl 

E rmi = sin 0 sin 0 d g n ‘ . (29 b) 


2rrv 1 


R d 


Also f r = /r, where f r r is like f r but with 0 O1 
substituted for 0 r . With these approximations 
the following far-zone fields are obtained from 
(22); the cylindrical coordinate 0 is replaced 
by the equivalent spherical coordinate <1>: 

For the horizontal electric dipole, 


J ell ‘ 


On 


—PlPxi 

477-Cj R 0 


cos <E> cos 0 ft 


(29a) 




X (<?#!*os0 ol _fr T g-jp 1 d cos0 ol ) 

(31a) 

i. PiPxi . 

—sin <E> 

4t7Ci R o 

X ( e ^i<tcos0 ol _|_yr i) . e -j/3 1 dco80 ol ) ) 

(316) 
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f) r , e ~Di R o 

B ei, = 0 O1 — 5 — sin 4> 


x ( e tfidco80 oi _|_ ^-^dcos©^ 

(31c) 


Pfpxi e~iPi R o 


BI, = * „ 

1 Arrepj) R 0 


COS <£ COS ©a 


x (eih 


dcosQ a 


■fir e —30i dcoa ®oi ); 

(3 Id) 

For the horizontal magnetic dipole, 


_ r - — P?m xl e-Wi R o . . 

»mll = 001 — 4 ^--^-cos <I> COS 0 O1 

X (gj^cosQo, _ /^ r £;-JV«»®oi), 

(32a) 

~ fc, e~iPi R o . 

B r , = £> -1_3_ sln $ 

ml 47TVJ 

x ( e jV«» 3 0oi + f T „e~WA cose oi), 

(326) 

__ £ co/3,m,., e~iPi R o . 

EL„ = e n , 7 —— —^— sin ® 


m " ~ U1 4WVJ * 0 

X (gjftdcoseo! + f r er e~iPi dcosQ <n) y 

(32 c) 

c coB.m., e~Wi R o 

E ^ =<p -4^--^r cosC,cos001 

x ( e jV c ose 01 _ /^ mr e~^oB0 eil 

(32 d) 


It is readily verified that all components 
of these fields vanish along the surface of an 
imperfect conductor. Thus, at 0 O1 = rr/2, 
cos 0 O1 = 0, so that EJ„ = = 0, B^„ = 

E„j_ = 0. Moreover, at 0 O1 = tt/2, j r mr = —I, 
fl r = — 1 (note that fl T = +1 at 0 O1 = w/2 
only for a perfect conductor!); it follows that 
1 + fmr = 0 , 1 + / e r r = 0 and, therefore, 
Eei. == Ben = 0 an d BJbI = ETO|[ = 0. 


22. Comparison of the Fields of Horizontal 
Electric Dipoles with Those of Vertical Dipoles 

The electromagnetic fields of horizontal 
dipoles necessarily are much more complicated 
than the relatively simple fields of vertical 
dipoles. This is illustrated in a superficial 
manner merely by listing the components of 
the field involved in each case. Thus, 

Vertical electric dipole: 

E?i„B? i; (1) 

Vertical magnetic dipole: 

Both, Emi l (2) 

Horizontal electric dipole: 

E«„, B* it E* ± , B*„; (3) 


Horizontal magnetic dipole; 

Bm||> Em X , B* x , E*„. (4) 

Evidently the field of each of the horizontal 
dipoles includes components of the types of 
both vertical electric and vertical magnetic 
dipoles. The vertical currents excited in the 
earth by the horizontal electric dipole main¬ 
tain the components E*„, B* x , which are 
analogous to the components E®„, B^ 
maintained by the vertical currents in the 
vertical dipole and in the earth. The horizontal 
currents in the horizontal electric dipole and 
in the earth maintain the componentsBg n , E* x , 
which are analogous to the components 
Bmii> E„ x maintained by the circulating hori¬ 
zontal currents in the vertical magnetic dipole 
(or small horizontal loop) and in the earth. 
The correspondence may be illustrated by 
arranging corresponding expressions close 
together. For the sake of brevity, let 
K d = e-Wi R d/R d , K r = e -Wi R r IR r , A e = 
VN Z \ - sin 2 6 JN&, A m = VN 2 \ - sin 2 0 r . 
The field of the horizontal electric dipole 
and corresponding fields of vertical electric 
and magnetic dipoles are 

( E*„ ~ cos 6 [cos & d K d e d - f er cos ® r K r e r 
- (1 ~fer) F eA e (t sin 0 r + r A„)K T ], (5a) 
Kn ~ [sin ® d K d 0 d + f er sin ® T K r 0 r 

- (1 - ferWe sin © r (z sin 0 r + r A e )K r , 

(5b) 

{ Bg X ~ 8 cos 0[cos ® d K d — f er cos ® r K r 

+ d -f eT )F,A e K r ], (6a) 
B?! ~ 8 [sin @ d K d + fer sin ® r K r 

+ (1 -fer)F e sm® r K r ], (6b) 

'Be,, ~ sin 6[,K d e d + fmr K r®r 

- (1 -/mr)E m (2sin 0 r + r A m )K r ], (la) 
Bmn ~ sin ® d K d e d + sin 0 r / mr O r ^ 

\ (1 fmr)Pm sin 0 T (zsin 0 r -f- r A^Kf, 

(lb) 

/E e A i sin 6[K d +f mr K r 
I ^ +(1 -f mr )F m K r ], (8a) 

| Ka ~®[sin ® d K d + f mr sin Q r K r 
l + (1 — /mr)E m sin ® r K r ]. (86) 

Note that there is a striking resemblance 
between the corresponding components except 
for trigonometric factors which determine 
the vertical characteristics. In the horizontal 
plane the principal difference between the 
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pairs of components is that those of the 
horizontal dipole are not rotationally sym¬ 
metric about the z-axis, as are those of the 
vertical dipoles. When 8 = ±w/2, the com¬ 
ponents of the horizontal electric dipole 
that resemble the field of the vertical electric 
dipole vanish, so that the field in the directions 
of the positive and negative y>-axis perpen¬ 
dicular to the .x-axis through the dipole con¬ 
sists entirely of components resembling those 
of the vertical magnetic dipole or horizontal 
loop with its horizontally polarized electric 
field. This is to be expected on physical 
grounds. On the other hand, when 8 — 0, ir, 
the only nonvanishing components of the 
field of the horizontal electric dipole are those 
that resemble the field of a vertical electric 
dipole. Thus, the electromagnetic field of the 
horizontal electric dipole resembles in general 
nature a superposition of the field of a vertical 
electric dipole multiplied by cos 8 and the 
field of a vertical magnetic dipole multiplied 
by sin 6. 

In spite of the qualitative resemblance 
between components of the fields of the 
horizontal electric dipole and vertical electric 
and magnetic dipoles, there are important 
differences. Consider the fields along the 
surface z = — d due to an elevated dipole 
at height d. Since & a = n — 0 r , R a = R r , 
f r — (cos @ r — A)j( cos @ r + A), A k = 
VN 2 \ - sin 2 0 r /N 2 , A m = V'Nl - sin 2 0 r , 
the expressions (5-8) may be reduced to the 
following form: 


E*|, ~cos 8 


( cos 2 0 r - F,Al\ 


-«l! 


\ cos 0 r + A e ) 

x (z sin 0 r 4- ? A e ), (9a) 
cos 0 r 4- F e A e , 


\ cos 0 r 4- A e J 


cos 0 r 4- A e 

x (z sin0 r 4- r A e ), (9b) 


(10a) 




b a 

°p. li 


— sin 8 


/ cos © r + F m A m \ 

\ cos 0 r 4- A m j 
x(2sin 0 r 4- f A m ), 


B v 

n 


— sin 0 r 


/ cos © r 4- F m A m \ 

\ cos 0 r + A m ) 
x (z sin 0 r 4- rA m ), 


(11a) 


(116) 



- 8 sin 6 ^ 

cos 0 r 4- F m A m \ 

02a) 

cos 0 r 4 - A m J ’ 

F v ml ' 

— 9 sin 0 r 

/cos 0 r 4- F m A m \ 
l cos 0 r + A m } • 

(126) 


The following ratios are of interest in 
comparing the fields of vertical electric and 
magnetic dipoles with the field of a horizontal 
electric dipole: 


1 K, 1 


B v 

n e± 

It 

o 


B\(8 = 0,*) 

= | sin 0 r | 

cos 0 r 4- F e A e 
cos 2 0 r - F e A 2 e 


(13a) 




E v ml 

B ^(8 = ± w /2) 


E ^ ei _(8 = ±71-/2) 


= | sin 0 r | . (136) 


Since on the surface z = — d at a reasonable 
distance r the vertical field factor sin 0 r is 
near unity, the components and B* M of 
the field of the horizontal electric dipole differ 
from the rotationally symmetric complete 
field Ej^ and B” lM of the vertical magnetic 
dipole (or horizontal loop) essentially only 
in the directional factor sin 8 if the excitation 
is equivalent. On the other hand, the com¬ 
ponents E*n and B? ± of the field of the hori¬ 
zontal electric dipole differ from the rotationally 
symmetric complete field E£n and B'’j_ of the 
vertical electric dipole not only in the direct¬ 
ional factor cos 8, but also in having different 
amplitude factors. The ratio of these factors 
is given in (13a). Since cos 0 r is always 
greater than cos 2 & r , this ratio exceeds unity 
if 0 r differs sufficiently from ir/2 to make the 
surface-wave terms negligible. On the other 
hand, since A e ~\jN 21 and |N 21 | 2 > 1, 
it follows that \A e \ is always greater than | A f | 2 . 
Accordingly the ratio (13a) is considerably 
greater than unity if @ r = w/2 and the surface- 
wave terms predominate. It may be concluded 
that the part of the electric field of the hori¬ 
zontal electric dipole that is in the plane of 
incidence is smaller at points along the 
conducting surface than the electric field of 
the vertical electric dipole which it resembles 
if the excitations are equal. 

The ratio of the maximum values of the 
vertically and horizontally polarized com¬ 
ponents of the electric field on the conducting 
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surface due to the horizontal electric dipole 
itself is 


EUfi = Og) 
£ c ye = ±W2) 


= | sin 0 r | 


cos 2 0 r - F e A* 
cos 0 r + F m A m 


cos 0 r + A m 
cos 0 r + A e 

04) 


If 0 r differs sufficiently from n/2 so that the 
surface-wave terms F e A 2 and F m A m are 
negligible, the order of magnitude of the ratio 
(14) may be evaluated by noting that A m ~ 
N 21 , A e ~ 1/N 21 . With | Nl | > 1 and 
cos 0 r small, the ratio is approximately 


Space-wave terms: 


E h elz (6 = (U) 

== | sin 0 r | 

N 21 cos 0 r 

E ei 0 (Q = ±W2) 

cos 0 r + 1/N 21 



(15a) 


This is greater than unity when | N 21 1 is 
sufficiently large; it may be less than unity 
when | /V 2l | is small. On the other hand, 
if 0 r = 7 t/2 and the surface-wave terms pre¬ 
dominate, the attenuation functions F e and 
F m may be represented by the leading terms 
as follows: FJF m = PJP e = N| x ; hence, 

Surface-wave terms: 


s 

II 

o 


F e A e 

1 E* ie (d = ±ir/2) 


F m 


(15 6) 

Accordingly, it may be concluded that the 
vertically polarized component of the 
electric field of a horizontal electric dipole 
always is greater than the horizontally 
polarized component E^ l0 at points on the 
conducting surface, that is, at z — —d. This 
confirms the same conclusion drawn from 
the relative magnitudes of the components 
of the Hertzian potentials in Sec. 20. Note 
that this conclusion does not apply at points 
elevated above the surface of the conducting 
earth so that z > —d. 

Note the following inequalities that result 
from (13), (14), and (15): 


I E elz | > | E elz | > | E el0 | at Z = -d. (16) 


surface due to vertical and horizontal electric 
dipoles is not accomplished readily in general, 
owing to the number of variables and para¬ 
meters. However, they are evaluated readily 
for any particular set of conditions. An 
indication of the nature of the problem is 
given in the special case in which the field is 
calculated at the same height d above the 
conducting surface as the dipole, that is, at 
z = 0, but at a sufficient radial distance 
r = R d to permit the approximations 

R d = r = R t in amplitude factor, (17a) 


R d = r = VR 2 - 4d 2 = R r - 2rfcos © r 

in exponents. (176) 

The notation is illustrated in Fig. 22.1. With 
these restrictions, the leading part of (13.21a) 
gives for the electric field of the vertical 
electric dipole 


E 


V 

ez l 


ftiPzi e-rti R r 
4-rrfj R r 

x fgiZfijdcOB&r _|_ J er sin 2 0 r ). 


(18) 


It is assumed that d is sufficiently great so 
that the surface-wave term contributes neglig¬ 
ibly. Similarly, (21.16a) gives the following 
formula for the horizontally polarized com¬ 
ponent of the electric field of the horizontal 
electric dipole: 

E h eei (0 = ±*/2) 

= ± ^ (eW™*r + f mr ). (19) 

The ratio of the magnitudes of (18) and (19) is 


I F$ n {0 = ±W2) | 

e j^ i dcos9 r _|_ s j n 2 Q r f er e~jPA c °sO r 
gj^dcosQ, 4 j m ^ e -jp l dcos,Q r 

With ] Nfj | > 1, and cos 0 r < | N 21 1, 


f — COS 0 r — N 21 
' mr — cos 0 r + N 21 

f N 21 cos 0 r — 1 
er ~~ N 21 cos 0 r + 1 ‘ 


- 1 , 


(21a) 

(216) 


Thus, the vertical electric dipole maintains 
a greater electric field than the horizontal 
electric dipole at the conducting surface for 
a given excitation. 

An evaluation of the relative magnitudes 
of the fields at points above the conducting 


Depending on the magnitudes of N 21 and 
cos 0 r , f er may have a wide range of values. 
As a specific example, let it be assumed that 
| N 21 1 is sufficiently great and cos 0 r not too 
small so that f er = 1. Since sin 2 0 r is quite 
near unity when cos 0 r is small, a rough 
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estimate of (20) under the special circum¬ 
stances assumed is 

I£onr^|~“<(Mcos0,>. (22) 

Depending on the electrical elevation fl x d of the 
dipole and the point of evaluation, the argu¬ 
ment in (22) may be greater or less than 
72/4 so that cot (fiid cos 0 r ) may equal or 
exceed unity. For small values of /3j d, cos 0 r 
is very small and the ratio (22) is much greater 
than unity; for larger values of p x d, the ratio 
may be much less than unity. Thus, it is clear 
that the choice between horizontal and 
vertical polarization when both transmitting 
and receiving dipoles are elevated depends 
on the particular constants and distances 
involved. Only when P x d is small can it be 
stated definitely that vertical polarization 
yields a greater field. 

A discussion of horizontal magnetic dipoles 
paralleling that for horizontal electric dipoles 
is readily carried out with analogous results. 

23. Horizontal Antennas with Sinusoidal 
Currents Over a Conducting Earth 

General expressions for the far-zone electro¬ 
magnetic fields of horizontal antennas over 
an arbitrary conducting earth may be derived 
from those of infinitesimal horizontal electric 
dipoles or doublets in the same manner as in 
Sec. 8 for vertical antennas. Since the analysis 
in Chapter III indicates that for p 0 h S2 a 
sinusoidal distribution of current is a satis¬ 
factory approximation for parallel antennas, 
the integrations for the far-zone field can be 
performed directly. However, even the ex¬ 
pressions for the field of two parallel antennas 
or of a single antenna parallel to a perfectly 
conducting infinite plane are awkward when 
referred to a spherical system of coordinates 
with its axis bisecting each antenna, and it is 
clear that those for an antenna parallel to an 
imperfectly conducting plane must be much 
more complicated, since the additional com¬ 
ponents due to the vertical currents in the 
earth are involved. A simpler result, which is a 
satisfactory approximation for antennas of 
electrical half-length fiji, which satisfies 
the inequality Poh 2, is obtained by intro¬ 
ducing the effective length 2 h t for a transmitt¬ 
ing antenna as defined in Sec. V.13 merely 
by setting the dipole moment p xX equal to 
2 Ihjjco in the general expressions for the field 
of a horizontal electric dipole. If this is done, 
the field of a horizontal antenna over a 


conducting earth is visualized readily for quali¬ 
tative purposes as the superposition of the 
field of a vertical electric dipole multiplied 
by the directional factor cos 0 and of a vertical 
magnetic dipole multiplied by the factor 
sin 0. If quantitative results are required, 
the direct substitution of the appropriate 
numerical values of constants and parameters 
is suggested, especially in evaluating the field 
near the surface of the earth. 

Among long horizontal antennas over the 
earth the Beverage antenna is the most inter¬ 
esting. It consists of a horizontal wire close 
to the earth that may be many wavelengths 
long. It is grounded at one end through the 
generator and at the other end through an 
impedance that is designed to match the trans¬ 
mission line formed by the horizontal wire 
and the earth. The field due to the horizontal 
wire over the earth may be determined 
approximately by assuming a traveling-wave 
distribution of current of the form I x = I 0 e 
in p xl = I x dxljtL> and integrating over the 
length of the antenna. This field must be 
combined with the fields due to the short 
vertical antennas at each end in which the 
current is approximately uniform, so that 
p zl may be replaced by Iftjjoi, where h v is 
the height of the vertical sections. Since this 
height is a small fraction of a wavelength, 
the significant part of the field along the sur¬ 
face due to the currents in the horizontal 
wire may be expected to be E*n rather than 
E h eL . It has been shown that the horizontal 
field distribution of the component £j lz of a 
short horizontal electric dipole resembles 
that of a vertical electric dipole with the 
added directional factor cos 0. This closely 
approximates the field of a bidirectional 
two-element end-fire array. It is reasonable, 
therefore, that the Beverage antenna consisting 
of the long horizontal wire with its traveling 
current wave together with the two short 
vertical waves at the ends approximate a 
unidirectional multielement end-fire array. 

24. Currents Excited on a Perfectly Conducting 
Plane by a Parallel Antenna* 

Although the electromagnetic field in a 
region containing an antenna parallel to a 
highly conducting half-space is maintained 
by the primary currents in the antenna and 
the secondary currents induced on the surface 
of the conducting plane, it is not actually 


* This section is based on B. C. Dunn and R. King, 
ref. 13. 



35 



Fig. 21.1. Point P in far zone of horizontal dipole 
over a conducting earth. 



Fig. 22.1. Point P x at same elevation as dipole at O. 

I 


I 

I 



Fig. 24.1. Horizontal dipole at a height d over a 
perfectly conducting half-space. 



of surface current density and magnetic field along 
one quadrant of a perfectly conducting half-space 
at a distance d = —XJ8 below an electric dipole 
parallel to the boundary (Dunn). 




Fig. 24.4a. Contours of constant instantaneous 
surface current density and magnetic field at time 
/ = 0 along one quadrant of a perfectly conducting 

half-space at a distance d -A 0 /8 below an electric 

dipole parallel to the boundary (Dunn). 



Fig. 24.4 b. Like Fig. 24.4a but at time t = Tj4 
later (Dunn). 
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necessary to determine these latter in order 
to evaluate the field. Indeed, the field and the 
currents are determined simultaneously. For 
example, the electromagnetic field in region 1 
(space) containing a horizontal electric dipole 
parallel to the x-axis at x = 0, y = 0, z = 0 
over a perfectly conducting plane at z = —d, 
as shown in Fig. 24.1, has the following values 
at the boundary, as obtained from (21.28 a,c,d): 


E ex 1=0, E evl = 0, 

P p$px 


2ire n 


R„ 


cos 6 sin @ d cos 0 d ; 

(la) 


B. 


0, B e 


<°PiP*i e 

2ttv 0 


-jP 0 R d 






- COS Q d , 

= 0. (16) 


At the boundary z = —d between space and 
a perfect conductor the following general 
conditions obtain: 


<r 0 ni • Ej = — r)/, (2a) 

>’ 0 ni xB 1= -1/, (26) 


antenna is along the z-axis. If the antenna is 
along the x-axis as in Fig. 24.1 and the 
current distribution is I x = I m sin /? 0 (6 — | x |) 
= I 0 sin § 0 (h — | x |)/sin /? 0 6, the only non¬ 
vanishing component of the magnetic field is 
the following: 

Bn — - j m — — (c -(- e ~i@o R i 

z 4nv 0 Vy 2 -)- z 2 

— 2 cos fl 0 he-iPo R i>), (4) 

where 

R 2 = V(x + 6) 2 + y 2 + z 2 , 

Ri = V(x - 6) 2 + ~f + z 2 , 

R 0 = V x 2 + f + z 2 , (5) 

and 8 X is measured around the x-axis from the 
negative z-axis. The magnetic field on the 
conducting plane is obtained from (4) by 
setting z = — d. The component parallel 
to the plane surface is B v = cos 0 X 
= Bed/Vf + d 2 . Hence, the magnetic field 
on the boundary due to the currents in the 
primary antenna is 


where r) r and \ f are, respectively, the surface 
densities of free charge and current in a thin 
layer at the surface of the conductor. Accord¬ 
ingly, the solutions (la,6) for the field at once 
yield the densities of charge and current in 
the conducting surface. Specifically, at 
z = -d, 


9 / — e <)E e zi 


PlPxi e~ iP ° R * 
2-n R d 


cos 6 sin Q d cos & d , 


(3a) 


1 / = * 1 . 


4 = 


"'PoPxi ejd^Rj 

2-n R d 


cos 0rf. 


(36) 


Although the electromagnetic field of a 
horizontal antenna of electrical half-length 
P 0 h g 2 does not differ greatly from that of 
an infinitesimal dipole or very short antenna 
at distant points, the field near the antenna 
is quite different. It is evidently not possible 
to obtain even an estimate of the distribution 
of surface currents on a conducting plane 
under an antenna, for example, of length 
26 = A 0 /2, from the currents given in (36). 
Fortunately, the theorem of images makes it 
possible to solve this problem directly using 
results from the analysis in Chapter V. 

The magnetic field due to an isolated 
antenna of length 6 with a sinusoidal distri¬ 
bution of current is given by (V.2.14) when the 


— 2 cos PJie~tf<> R d), (6) 

where 

R 2d = V(x + 6) 2 + / + 3 s , 

R ld = V( X - 6) 2 + / + d 2 , 

R d = Vx 2 + / + d 2 . (7) 


Since the field above a perfectly conducting 
half-space due to the induced surface currents 
is the same as that due to an image of the 
primary antenna with reversed current, the 
total magnetic field B v on the boundary plane 
is double ( B y ) d given in (6). Hence, with (26) 
the density of surface current on the con¬ 
ducting plane is ] f = xl x , where 


+ 


( 8 ) 


It is readily verified that (8) is in agreement 
with (36) when the antenna is sufficiently 
short so that the inequalities (^ 0 6) 2 <C 1 and 
6 2 < R d are good approximations. In this 
case. 


hx 

R 2 i — Rd + -jr, Ru = Ra 

Rd 


hx_ 

R d ' 


( 9 ) 
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With I m = 7 0 /sin /?„// and (9), (8) becomes and the phase <j> are given by 


4 = 

jl 0 d e~iPo R d 2 cos (fJixjRf) — 2 cos 
2n y 2 + d 2 sin fi 0 h J ' 

( 10 ) 

Subject to (f{j/i 2 < 1 and h 2 < R 2 , the trigono¬ 
metric functions may be expanded. The leading 
terms give for the bracket /J 0 /i(l — x 2 /R%) = 
P 0 h{y 2 + d 2 )jR% Hence, since d/R d = —cos 0^, 


-jPghlg e j Po R d 

2 TT R d 


cos Q d . 


(ID 


Since the equivalent dipole moment of an 
antenna with a current of uniform amplitude 
J 0 over the entire length 2h is p xl = 2hIJjio, 
the equivalent dipole moment of a short 
antenna of length h but with a current 
distribution I x = 7 # (1 — | x \/h) is p xl = 
hljjco. With this value (11) reduces to Ob). 

Since the assumption that the distribution 
of current in an antenna of length 2 h is 
sinusoidal is best when ft (l h = tt/2 and since 
antennas of this electrical half-length are most 
important in practice, the remainder of this 
section is devoted to the evaluation of the 
surface density of current on a conducting 
sheet under a horizontal half-wave dipole. 

With fji = jr/2, (8) reduces to 


4 = v o B « 

= t — (e-iP» R u + e -iPo R 2d). ( 12 ) 

2 7TV 0 (y 2 + d~) 


The real instantaneous surface current and 
magnetic field referred to the maximum 
instantaneous current are obtained from (12) 
by setting I m = I m , multiplying both sides 
by e lwt , and then selecting the real part. Thus, 

(4)inst = ,, o(^4)inst 

= 24/+^ 2 ) [sin(( ° f ~ W 

+ sin (cot - p 0 R 2d )]. (13) 


Using well-known trigonometric identities 
(13) may be transformed into 


(4)inat — (7f v )inst — ~— 7~ A COS (tot <f>), 

IttAq 

(14 a) 

where the dimensionless amplitude factor A 


A = 2 _|_ °j2 C0S \Po(Rid. ~ R ld)> (1470 

* - + R ld) + \» (14c) 

and where A 0 = 2nlfl 0 is the free-space wave¬ 
length; R 2i and R ld are given by (7) with 
h = 4/4. 

The amplitude A and the phase <f> which 
characterize both the tangential magnetic field 
and the surface density of current have been 
computed for several values of rf/A # . In Figs. 
24.2 and 24.3 contours of constant A and 
contours of constant <f> are shown in one 
quadrant for an antenna one-eighth wave¬ 
length from the conducting plane. The half¬ 
wave dipole is shown schematically and the 
values of A and <f> at the point on the surface 
directly below the center of the dipole are 
given. Note that the contours of constant 
amplitude are approximately elliptical with 
the major axis shifting from the x-axis to the 
y-axis as the radial distance increases. The 
contours of constant phase also are elliptical 
and become very nearly circular within radial 
distances of two wavelengths. 

The instantaneous values of A cos (oh — <f>) 
for d = 0.1252 0 and t — 0 and 774 (where T 
is the period) are shown in Fig. 24.4. They 
characterize the behavior of the instantaneous 
magnetic field (H v ) inst on the surface and 
the instantaneous surface density of current 
(4)inst- The plus and minus signs in the 
figures denote the sense of (H y ) j ns t and (4)inst 
with reference to the positive y and x 
directions, respectively. In each case the 
distances are measured from the point on the 
surface (0, 0, —d) directly below the origin 
of coordinates at the center of the antenna. 
The curves indicate a generally radial, 
traveling-wave motion which is represented 
at the instants t = 0 and t = TjA by contours 
of constant amplitude (solid lines) with small 
numerals to indicate the value of A associated 
with each contour. The nodal and antinodal 
(crest) contours are shown by dotted and 
dashed lines, respectively. Along the loci of 
antinodes the peak amplitude increases from 
a minimum along the ^-direction on the line 
y — 0, z = —d to a maximum along the 
y-direction on the line x = 0, z = —d. 
These corresponding extreme values are given 
in small numerals along the coordinate axes 
in Figs. 2AAa,b. Owing to the decrease 
in amplitude from the y-direction to the 
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Fig. 24.5. Instantaneous surface current density 
and magnetic field in jc-direction along liney = 0, 
z = —d = —A 0 /8 (Dunn). 



DISTANCE IN WAVELENGTHS IN X OR Y DIRECTIONS ALONG LINES 
y = o, — d OR K»o,j = -d 

Fig. 24.7. Relative phase of sur¬ 
face current density and magnetic 



DISTANCE IN WAVELENGTHS IN Y DIRECTION ALONG Lift x>o,g>-d 
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x-direction, some of the contours of constant 
amplitude that begin along the line x = 0, 
z = —d for the ^-direction never reach the 
line y = 0, z = —d for the x-direction but 
form cusps with their apices on a line of crests. 
Three such pairs of contours are shown in 
Fig. 24.4 a. A graph of the value of 
A cos ( cot — <f>) along the x-direction on the 
line y = 0, z = —d is given in Fig. 24.5. The 
plus and minus signs have the same meaning 
as before. The curve that forms the envelope 
of the crests in Fig. 24.5 is shown dotted. 
It is simply a graph of the amplitude A in the 
x-direction along the liney = 0, z = —d. The 
same curve appears in Fig. 24.6 together with 
five similar curves for values of djl a other 
than 0.125. Similar curves of A along the 
y-direction on the line x = 0, z = — d are 
also shown in the figure for the same six 
values of <f/A 0 with the same input current I m 
for all spacings. The relative amplitude A 
is seen to decrease more rapidly in the y- 
direction than in the x-direction near the 
point (0,0, —d), but the rate of decrease also 
falls off more rapidly, so that ultimately the 
decrease in A is much greater in the x-direction 
outward from the ends of the antenna than in 
the y-direction perpendicular to it. 

The behavior of the relative phase <f> along 
the y- and x-directions is shown in Fig. 24.7 
for three values of <//A 0 . All curves approach 
asymptotically from above the line <j> = 
(2wr/A 0 ) + 7 t/2 , where r is the distance from the 
point (0, 0, —d) in either the x- ory-direction. 
The curves approach this asymptote the more 
rapidly the smaller is d/?. Q . The fact that the 
slopes of all curves decrease as the central 
point (0,0, —d) is approached can be attri¬ 
buted to phase velocities greater than the 
characteristic velocity v 0 = 3 x 10® m/sec. 
These velocities increase indefinitely as the 
central point is approached. Phase velocities 
greater than v 0 near an isolated antenna are 
discussed in Sec. V.8. The phase velocities 
(v p ) v and (v v ) x in the y- and x-directions from 
the central point are determined as follows. 
Beginning with a contour of constant phase 
defined by 

cot — 4> = const. (15) 

it follows that 



( 16 ) 


If d<j>jdt is evaluated from (14c) in terms of 
dyjdt for the y-direction and in terms of 
dxjdt for the x-direction, and if the expressions 


so obtained are substituted successively in (16) 
and this solved for dyjdt and dxjdt, the 
results are 

(v P \ = ^ = vyy^V h 2 + y 2 + d 2 

along line x = 0, z = — d, (17) 




dx __ r x + h 
dt y °[V(x + h) 2 + d 2 

+ .. .r 

V(x - h) 2 + d 2 J 
along line y = 0, z = — d. (18) 


Evidently, (v v ) y and <v v ) x greatly exceed v 0 
for small values of y or x but approach v 0 
asymptotically as y or x is increased without 
limit. 


IMPEDANCE AND RADIATION 
RESISTANCE OF ANTENNAS OVER 
CONDUCTING PLANES 


25. Impedance of Antennas Over Infinite , 
Perfectly Conducting Planes 

The impedance of a base-driven antenna of 
length h erected vertically on a perfectly 
conducting plane of infinite extent is one-half 
the impedance of an isolated center-driven 
antenna of half-length h which is analyzed 
in Chapter II. This follows from an application 
of the theorem of images and is discussed 
in Sec. II.10. 

The impedance of a center-driven antenna 
of half-length h placed perpendicular to a 
perfectly conducting infinite sheet with its 
center at a height d > h above the plane is 
equal to the impedance of one of two collinear 
antennas with centers separated by a distance 
2d and with both antennas center-driven by 
equal voltages in phase. This also follows from 
the theorem of images according to which 
the conducting plane is exactly equivalent to 
an image antenna with reversed current. As 
discussed in the opening paragraphs of Sec. 
III.32, the analysis of two collinear antennas 
center-driven in phase is complicated by the 
fact that the feeding transmission lines cannot 
be in the neutral plane so that unbalanced 
codirectional currents on a two-wire line or a 
current on the outside of the sheath of a co¬ 
axial line are induced and contribute signific¬ 
antly to the radiation field. Therefore, the 
impedance of a center-driven antenna over 
a conducting plane cannot be evaluated 
accurately without taking account of the line 
as part of the antenna. However, an estimate 
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of the effect of the conducting plane on the 
impedance of a center-driven vertical antenna 
over the plane may be obtained by assuming 
a dimensionless generator concentrated at the 
center of the antenna and using zeroth-order 
self- and mutual impedances. These are fair 
approximations when /9 0 /j = ir/2, so that this 
value is chosen conveniently in evaluating 

Z l ^R l + jX 1 = Z A + Z 12 , (1) 

with Z sl = 73.1 + y'42.5 ohms and with Z i2 
taken from Table III.34.1. The values of R 1 
and X T obtained in this manner are shown 
in Fig. 25.1. Note that since the input current 
is also the maximum current when /S 0 h = w/2, 
the zeroth-order resistance Rj in (1) is the 
same as the radiation resistance referred to 
maximum sinusoidal current when ohmic 
losses are neglected. That is, R x = R%— R$ n . 
For the isolated antenna, R e m = 73.1 ohms; 
for the two-element array, Table VI.2.1 gives 
Rm= 199 ohms, so that the resistance of one 
antenna with image is = 99.5 ohms. Thus, 
without even evaluating (1) it would have been 
clear that the resistance of an antenna of 
half-length h at a height d over a conducting 
plane must increase from 73.1 for d = °o to 
99.5 for d—h=2 0 l4. That this occurs with 
oscillation about 73.1 is shown in Fig. 25.1 
(page 806). 

As discussed in Sec. III.7, the impedance 
of a center-driven horizontal antenna at a 
height d over an infinite conducting plane is 
the antisymmetric impedance of parallel 
antennas separated by a distance b = 2 d. 
This is represented graphically in Sec. 111.7. 
It is seen that in zeroth-order approximation 
both approach 73.1 + /42.5 ohms at infinite 
separation, but that the impedance of a 
horizontal antenna vanishes at d = 0, whereas 
that for a vertical antenna reaches a maximum 
value at d = h. 

26. Radiation Resistance of a Vertical Electric 
Dipole Over Plane Earth 

An analysis of the impedance of an antenna 
of length h and small radius a at a height 
d > h over a plane earth with arbitrary 
conducting and dielectric properties is an 
intricate problem still awaiting solution. 
The nearest approach to a determination of 
the impedance of an antenna is the analysis 
by Sommerfeld and Renner 55 - 1 - 5 ! of the 
radiation resistance of'an oscillating infinite¬ 
simal dipole or doublet with complex electric 
moment p lz corresponding to a very short 


end-loaded antenna of length 2 h with uniform 
current I given by p lz = 2hllja>. 

The total time-average power transferred 
from within a closed surface S T to the rest 
of the universe is given by the real part of the 
complex energy-transfer function 

T=J^ n-Sdo, (1) 

where da is an element of any completely 
closed curface S T on which n is an external 
unit normal; S is the complex Poynting 
vector defined in space by S = |v 0 E x B*, 
where B* is the complex conjugate of the 
magnetic field B. It is shown in reference 
1.31, Sec. IV. 19, that, if S T is chosen to be the 
surface of a cylinder enclosing an antenna 
of length 2 h along the z-axis and small radius 
a, (1) is equivalent to 

T = - f(E z )r=„J? dz, (2) 
Jo 

where I* is the complex conjugate of the total 
current traversing any cross section of the 
antenna. If (2) is specialized to a short dipole 
with a current of uniform complex amplitude 
I, and if the dipole is infinitely thin, the com¬ 
plex power radiated is 

T = -I*hE z , (3) 

where E z is the axial field at the dipole. 

If it is assumed that the instantaneous 
current is 

(l z)inst = I 0 sin 0)1 = I P - V*. 

= R.P. (—(4) 

it follows that I* = jl 0 , so that (3) is 
equivalent to 

T = Ifi(-jE z ). ( 5 ) 

Hence, the real time-average power radiated 
by the dipole is 

T r = R.P. T = R.P. ( —jE z )IJi, (6) 

Since E z in (6) is the electric field at the 
dipole, that is, at the origin r -> 0, z -> 0, 
it is not possible to make use of the quasi- 
near-zone values in Sec. 13 which have 
application only at distances from the dipole 
greater than a wavelength. The exact values 
of E z in terms of the polarization potential 
n ert is given in (1.9a) to be 

E z = (7) 
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where, from (9.9) and (9.126), 


At the dipole, r == 0, so that (14) becomes 


— (n„)<i + (n„) r 

= ~ I A(z)J 0 (Xr)X d\. (8a) 

'* 7T£ i Jo 

For temporary convenience the shorthand 


A(z) = 


1^ 

1 



PI/ + P\m 


-(i+2d)l 


is introduced. As before 


( 86 ) 


/ = Vx 2 - p 2 , m = Vx 2 - pf. 


Since at all points in region 1 outside the 
dipole n m satisfies the homogeneous scalar 
wave equation (21.10a) and is in addition 
rotationally symmetric, so that 311 C2l / 36 = 0, 
it follows that (7) is equivalent to 



The differentiatiation of (8a) is carried out 
readily as follows: 

r ~3 f = 4^J 0 00a) 


(15) 

Although the variable of integration X may 
be complex in general, it becomes real if the 
path of integration in the complex X-plane is 
chosen along the real axis. This is assumed in 
(15), where the real variable A is substituted 
for the complex variable X. 

The integral (15) may be considered in two 
parts: 

A(z) = A,(z) + A 2 (z), (16) 

where 


A x {z) = I [e-*' + e -(*+2rf>'], 


A 2 (z) = 


-(z + 2d\ 

Z(P 2 / + film) 6 


(17) 


In evaluating the first integral obtained 
by substituting (16) in (15), the range of 
integration may be expressed as follows: 



(106) 


yf A x (zWdX 
Jo 


rh r 00 

= j A^PdX + j I A x (z)AVA. 

Jo J Pi 


(18) 


If use is made of the Bessel differential 
equation 

J'ofrr) = - ^ 0 (Xr) + , (11) 

it follows directly that 

E z = p±- I A(z)/ 0 (Xr)XVX. (12) 

4we i J 0 

If the moment of the dipole is expressed in 
terms of an equivalent uniform current of 
complex amplitude / 0 = — jl 0 as in (4), that 
is, by 

Pzi = 2-hI 0 ljoj = —26/ 0 /a>, (13) 

where /„ is real, it follows that for use in (12) 
R.P.(-y£ z ) = 

(2^) RP -(4"' 1W " <X,)XVX )' <14) 


In the second integral on the right in (18) 
l = Vx 2 — p 2 is real. Therefore, from (17), 
Aj(z) and with it the second integral is also 
real. It follows that there can be no contri¬ 
bution to the real part of (18) by the purely 
imaginary second term on the right in (18). 
Hence, 

foo [Pi 

R.P. jApz)X 2 dX = R.P. jA^PdX. 

Jo Jo 

(19) 

It is now proper to set z = 0 to obtain the 
contribution to the field at the dipole. The 
remaining integral is 

C CO 

jA 1 (0)X 3 dX 

i 

fP. 

= R.P. y(l + e- 2d, )(X 3 ll)dX. (20) 

Jo 
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Let the variable of integration be changed to l \ which is imposed throughout the analysis 

of the quasi-near-zone fields of vertical and 


R.P. \jA6m z dl 

Jo 

fiA 


. __ „ horizontal electric dipoles earlier in this 

A ^ dX chapter. P 

As a first step in the integration, the 
r p f '-id + e ~ 2dt )(l 2 + B 2 ) dl integrand may be rearranged using l 2 = 
‘ - Jo ' A2 - Pi and m 2 = A 2 — p§ = / 2 + (ft - pf). 


The integration in (21) involves only tabulated 
integrals (see, for example, Peirce, ref. 1.34, 
formulas 401, 402, 403). The result is 


Thus, 

m m(p|/ — ftm) 

p JTTWn = p 4 2 / 2 -ftm 2 


R*P* f jA x(0) 

Jo 

- 2 4 


(0)AVA 


= / ft U m 2 -mfp 2 /ft 1 

Ift ~ PS/ L* 2 + Wi + P1)J 


sin 2ft d — 2ftrf cos 2ftrf 

— Aft - + - (2ff J) 3 - I ‘ in the integration in (24), the variable A 

L 1 J goes from zero to infinity. In the range 

(22) a 2 < ft, the exponential e~ 2dl in (24) has an 

. . , ... „ , „ . . imaginary exponent and hence a magnitude 

After the substitution of (22) m (18), (18) in of u fa nit y. Alternatively, in the range A 2 > (I 2 , 

(15), and (15) in (6), and the introduction of e - 2 n ^ as a rea j an( j nC g a ti ve exponent so that 

= 1/v i>i«i =. ft/«e lt the time-average it decreases very rapidly as A exceeds ft. 

radiated power is Therefore, in the integration, A may be 

- r i2l2q2 treated as of the order of magnitude of ft, 

X — Pi since contributions to the integral by the 

2w integrand in (24) are very small when A 

- r . s exceeds ft. Accordingly, a satisfactory first 

X (? + 2 Sln 2 ft^ ~ 2ftrfcos 2ft</ l + K | approximation is to set m 2 = —p| or 
13 L (2 Bid) 3 J J ’ m =5= j p 2 in (27). With (26), terms of order 

(23) of magnitude |ft/p|| and smaller may be 


neglected. With these approximations, 




/(PI/ + ftm) 


e- 2dl >?dl\ 


P|/ + Blm ft P 2 


Use of the definition (1.10.5) for the radiation 
resistance referred to a specified current gives 


J ( u ~jP i/PA 

ftp 2 \« 2 + ft/Pl/ 

= J-( _!_) 

ftp 2 \« +jBj p 2 ; ’ 


_ 2T r _ yt\h 2 

•^O - 72 “ ~ 

i Q TT 




sin 2ftz/ — 2ftz/ cos 2f> 
(2b,df : 




where u = //ft. Since with A 2 = / 2 + ft = 
ft(l + u 2 )it follows that (A 3 //) </A = (/ 2 + B\)dl 
= ft(l + u 2 ) rfu, it follows that (24) is equal 
to 


P2ft 

b ! +1 1 

Jj P 2 

u+jbm 


where for a dipole in air == £ 0 = 12077 ohms The leading first-order terms are 
and ■— /?q. 

The final determination of ^ in (25) f°° /„ , I\ du ( 29b ) 

depends upon the evaluation of the integral Jj ^ 2 \ U 1 '' ’ 

(24) for K. Following Sommerfeld, this is 
carried out subject to the simplifying condition 


- 2 >1 

«2 ^ ’ 


K = R.P. ^ [L' + 2G] = L + R.P.—— G, 
P2 P2 


( 26 ) 


( 30 ) 
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f* oo 

1 / =2 >udu 


_ -> / * + ./ 2 /VA -m\d 

2 l 4 ft </ 2 r ’ 

(31a) 

L = R.P. (ft/Pftl/ 

(316) 

f” p ■— tLdfl.u 

G=\ du 

Ji « 



= -[C/(2ft</) - jSiOM) + >/2]. (32) 


Using (7.36) and reference 1.31, Appendix II, 
together with the notation h e2 = ff, 2 /«)f e2 , 

jr = y e ~ U = V ^2r(l ~jh e2 ) 

Pi n 

= lf(h e2 ) ~ jgM, (33a) 

where 

p — tan -1 [g(h e f)/ f(h e2 j\, (336) 

so that* 

2 ft [cos (2fS,d ~ P )+(2p i d) sin (2ft<7 -ft] 

ftL (2/ift) 2 

(34) 

With (32), (35a), and (34) substituted in (30), 
the final expression for K is found to be 

_ 2ft /cos (2ft d - ft + 2ft d sin (2ft<7 - ft 

ft 1 (2 ft </) 2 

- cos P C7(2ftft - sin rfS/(2ft</) - tt/2]J . 

(35) 

When (35) is substituted in (25), the final 
first-order formula for the radiation resistance 
of a vertical electric dipole (or short, end- 
loaded antenna of length 26 with uniform 
current /„) over a plane earth that is a good 
but not necessarily perfect conductor is 
obtained. It is important to bear in mind that 
the approximations made in evaluating K 
from (24) make the solution quantitatively 
accurate only for quite large values of | N 21 1 . 
In the case of a short antenna which is not 
end-loaded, so that the current decreases 

* By retaining additional terms in the evaluation 
of K in (29a) that have the factor ft/P 2 , Sommerfeld 
and Renner obtain a “second-order” approximation. 
Owing to the approximations involved in the trans¬ 
formation of (24) into (29a), it is doubtful whether 
the accuracy is actually increased. 


uniformly from 7 0 at the center to zero at the 
ends, the average current is 7 0 /2, so that the 
radiation resistance ft, is one-quarter of (25). 
Note that a “short” antenna, whether end- 
loaded or not, is defined by ft6 2 <g; 1. 

By allowing the height d of the dipole 
above the conducting plane to become infinite, 
the radiation resistance of an isolated dipole 
or short, end-loaded antenna is obtained. 
For the end-loaded short antenna of length 
26 in air it is 

R e 0 (d — oo) = - - \ = 80ft6 2 ohms, (36 a) 

JIT 

in complete agreement with the value obtained 
in reference 1.31, Sec. IV. 17. For the non¬ 
end-loaded isolated antenna of length 26 
the radiation resistance is 

R%{d = co) = 20ft/) 2 ohms, (366) 

in agreement with (11.31.66). 

If the short antenna has its center at a height 
d > h over a perfectly conducting earth 
(a e2 =oo, (J 2 = co), and if the physically 
meaningless case d — 0 is excluded, it follows 
from (34) that K — 0. Hence, for the end- 
loaded antenna, 

/to( ff «= °°) 

= 80ft6 2 + (sin 2 ft 0 d - 2ft// cos 2ftrf) 

ohms. (37) 

For the non-end-loaded antenna the value 
is one-quarter of 7fp(ff e2 = °o) in (37). Near 
the conducting plane, where ftyd is sufficiently 
small so that the trigonometric functions may 
be expanded in powers of 2ftft the leading 
terms give for (37) 

(2M) 2 < 1: 

R e o(°e 2 = oo) = 160ft6 2 ohms. (38) 

Thus, the radiation resistance of a short 
vertical antenna very near but not in contact 
with a horizontal, perfectly conducting plane 
is double the value of the same antenna when 
isolated. Evidently, this conclusion is in agree¬ 
ment with the fact that the radiation resistance 
of a base-driven antenna of length h erected on 
a perfectly conducting plane is one-half the 
radiation resistance of an isolated, center- 
driven antenna of length 26. 

The behavior of R[j for small values of d 
when a e2 is finite is of interest. Since the first 
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two terms in (25) reduce to (38) when (2 fl 0 d) 2 
<C 1, it remains to examine the behavior 
of K. Using the expansions for small argument 
of the trigonometric functions and the 
integral functions, it is shown readily that when 
4/J^ 2 <1, 



In 2 p 0 d 


X COS p 


sin p 


(39) 


Clearly, as p 0 d is reduced, K increases to 
large values. The radiation resistance R e a as 
computed by Sommerfeld and Renner for a 
vertical electric dipole or short, end-loaded 
antenna of length 2 h over a conducting 
half-space is shown in Fig. 26.1. Curves are 
shown for three values of <r e2 / COf o that satisfy 
the condition a e2 jcoe e 2 > 1 characteristic of 
a good conductor so that 

P2/& = Y'e^r ~ j a eJ a,£ o = V-yff^/cofo 

= (1 - y')v'(T e2 /2co€ 0 . (40) 

The values selected are | p 2 /ft [ 2 = o e2 l<oe 0 = 
00, 10 4 , 10 2 . 

Since no energy is dissipated as heat in a 
perfect conductor, the difference between the 
curve o e2 la>e 0 ----- 00 and each of the other two 
is indicative of the heat losses in the imper¬ 
fectly conducting region 2. These losses 
increase as the dipole approaches the 
boundary, but decrease to negligible values 
when the center of the antenna is higher than 
about a quarter wavelength. The curve for 
a very short antenna over a perfect conductor 
is extended to <f/2 0 == 0 in Fig. 26.1. It is not 
physically meaningful for d to become less 
than 6, but since A is a very small fraction 
of a wavelength, the complete curve with 
d == 0 is of interest in comparing the perfect 
conductor and the good conductor. 

In Fig. 26.1 is also shown the zeroth-order 
radiation resistance of a very thin vertical 
half-wave dipole (f 0 h = ir/2) with sinusoidal 
current over a perfect conductor, as taken from 
Fig. 25.1. It is significant that this curve is 
essentially the same as the corresponding 
one in Fig. 26.1 for a short end-loaded antenna 
over a perfect conductor, except that it 
oscillates about and approaches the value 
73.1 ohms instead of 80 ohms as d/X 0 increases 
to infinity and, of course, is not defined for 
dj?. 0 less than 0.25 since the lower end of the 
antenna then makes contact with the earth. 
Since a decrease in the conductivity of the 


earth from a perfect conductor to a good 
conductor satisfying the inequality <r e2 /coc 0 > 1 
has no effect on R e 0 for the short end-loaded 
antenna unless d/2 0 is less than 0.25, it is 
evident that R e a for an antenna with electrical 
half-length p 0 h > ir/2 cannot be affected 
significantly by such a decrease in the 
conductivity of the earth. Hence, it may be 
assumed that the radiation resistance of a 
vertical antenna of half-length h 2 0 /4 is the 
same when the antenna is at any height d over 
a good conductor as when it is at the same 
height over a perfect conductor. This is true 
for all values of d > h. 


27. Radiation Resistance of a Horizontal 
Electric Dipole Over a Plane Earth 
The total power radiated from a horizontal 
electric dipole with moment p xl or from an 
equivalent short, end-loaded antenna of length 
2 h with uniform current I 0 such that p xl = 
2 hl 0 lja> is given by (26.6) with E x substituted 
for E z . The desired formula is 

T t = R.P. (—jE x )I 0 h, (1) 


where E xl is expressed in terms of the polari¬ 
zation potential Tl e = xll ex + zll ez in (1.15a) 
as follows: 


E x = p\n ex + 


dm ex 3 2 n ez 

dx 2 dxdz ‘ 


( 2 ) 


The components of the polarization potential 
n ex = (n ex ) d + {n ex ) r and n„ are given in 
(19.30), (19.31a), and (19.33). Thus, with 


Pxl = 2hl 0 lj(o = — 2/i/ 0 /tu, (3) 

(b + b) n - - ( st^ I 


/ - m 


e — (z+2d)l 


d 2 n„ 

dxdz 


(iS + «)•'■* 
--(&) 


1 (Xr)X dX, 


(4a) 


f xjt- — e~ ( - z+ — [cos 6 / 1 (Xr)]X 2 a'X. 

J 0 p! l + ftm dx 1V 

(46) 


Since these functions are to be evaluated only 
at r = 0, it is convenient to expand the 
Bessel functions in powers of the small 
quantity Xr with r — V'x 2 + _>’ 2 , differentiate 
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as required in (4a) and (4b), and then set in that there are no contributions to its real 
r = 0. Thus, part when A is greater than ft. Hence, 

nn% _ 52-1 

(z)A dl. (9a) 


(-^2 + $>) + y 2 ) 

= + pi) [i - m * 2 +/)] = r.p. J N ,(2 ^ 2 ~ *) Di 


= /S?(l - iXV) - iX 2 
= ^ - iX 2 at r = 0 , 

[cos 8 ft(Xv x 2 + >’ 2 )] 


' ' RP rjwt 

'Jo 2 

3 / x xVgT7 2 \_ X = R.P. P 

3x\Vx 2 +v 2 2 / 2‘ ( } ^ 


On the dipole, z = 0, so that (9a) becomes 
'ft. mHi _ A 2 ) 


- Dj(0)A </A 




(1 - e~* dt )dl. (9b) 


The integration of (9b) is straightforward. 
Substitution of (5a) and (5b) in (4a) and (46) It gives 


to form ( 2 ) gives 
hi, 


E x = 


X 2 ) 


x L-2l + LlJ!l e -(z+2d)t) 

4 l }~~ X -e-<^‘)xd\. 


fjf>i 


-m - /2 > 


0 


- 2dl ) dl 


Pt* + Pl m 


( 6 ) 


3 [2 _ sin 2fttf 
1 L3 7-Pyd 

L sin 2ftrf — 2ft d cos 2ftrfj 


( 2 /W 


(9c) 


Before evaluating the second integral in (7) 
For use in ( 1 ) only the real part of - jE x is it is convenient to simplify D 2 (z) by taking 


required. With X replaced by A, this is 

R P- ( ~jE x ) 

2 we x co L Jo 2 


where 


Dj(z) = j[e~ zl - e -( 2 + 2 d)/j ) 

n , x r 2/3?-A 2 , /(/ — m)A 2 ] _ 
D2(z) [ l + m + p 2 / + /? 2 mj e 


advantage of the assumed condition (26.26), 
namely, | p 2 /ft | > 1. Also, as explained in 
conjunction with (26.27), A 2 may be neglected 
compared with 2 ml in ( 8 c), since the expon¬ 
ential factor makes contributions 

to the integral negligible as soon as A exceeds 
jD 2 (z)l d7 I, (7) Pi appreciably. Moreover, in the integration 
from A = 0 to A = ft, 2 ml has a greater 
average value than A 2 . With these simpli¬ 
fications and approximations, 


J"yD 2 (z)A dl , 


( 8 a) 


D 2 ( 0 ) = 


-m - 


2 d/ 


( 10 ) 


e —(z+2<i)(_ 
( 86 ) 


so that the second integral in (7) becomes 


r°° 2 b 2 f” 

By putting the bracket in ( 86 ) over a common R.p. jD 2 (0)l dl = R.P. — e~ 2d, l dl 
denominator, using the identity — )3f = Jo P2 Jo 

= R . P .^r 

P 2 jj 


l 2 — m 2 , and arranging the numerator in 
the form /3 2 [I(2p| — A 2 ) + m(2fi\ — A 2 )], using 
l 2 = A 2 — /Sf and m 2 = A 2 — (3ij, the following 
simple expression is obtained: 

D,(z) = ^ ~ ^ ( 8 c) 


e-idn^u du = p\L, (11) 


where L is defined and evaluated in (26.30), 
(26.31), and (26.34). 

32 / r « 2 m - • v"-/ Upon combining (9c) with (11) in (7), 

2 1 the final formula for the real part of (—jE x ) 

The first integral in (7) is similar to (26.18) at the dipole is derived. If this is then 
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4 /\ 


Fig. 25.1. Zeroth-order impedance of vertical 
dipole over perfect conductor. 



d/x 0 


Fig. 26.1. Radiation resistance for vertical dipole 
over conducting earth (Sommerfeld and Renner). 

z 



Fig. 27.1. Radiation resistance of horizontal 
dipole over conducting earth (Sommerfeld and 
Renner). 



Fig. 27.2. Measured resistance of horizontal reson¬ 
ant antenna over conducting earth (Proctor). 



Fig. 28.1. Antenna over ground 
screen. 
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substituted in ( 1 ), the time-average radiated 
power T r is obtained. This may be substituted 

in R e 0 = 2T r ll% to obtain the radiation resist¬ 
ance of a horizontal end-loaded, short dipole 
over a plane earth that is a good conductor 
as defined by <r e2 / CUf o ^ 1- The final first- 
order expression, which is valid only when 
I ^ 211 is quite large, is 

n , 2 T r . sin 2 p,d 

# II VT [3 2M 
sin 2 /Jjrf — 2 fad cos 
+ (2iV? 

where L is given in (26.34) and where for air 
IJ-rr = £q/it = 120 ohms. If the short antenna 
is not end-loaded but has vanishing currents 
at the ends, the radiation resistance is one 
quarter of that given in ( 12 ). 

When the height d of the horizontal dipole 
over a conducting plane becomes infinite, 
(12) reduces to (26.36a) for the isolated dipole. 

If the earth is made perfectly conducting, 
so that o e2 = qo, p 2 = ao, L = 0 , the resist¬ 
ance of the end-loaded dipole in air is: 

R% = 80/Iq/i 2 - 120 /? 2 /, 2 

sin 2fl 0 d — 2 / 3„d cos 2fi 0 d 

( 2W) 3 ' 

If the horizontal dipole is very close to the 
surface of the perfectly conducting plane, 
the trigonometric functions can be expanded 
in powers of 2(1 0 d. For the short end-loaded 
horizontal antenna with uniform current 
that satisfies ( 2 p 0 d) 2 < 1 , this gives 

R e 0 = (Ap*h 2 d 2 ohms. (14a) 

Note that this vanishes as d approaches zero. 

For an end-loaded, electrically short section 
of two-wire line with uniform current, spacing 
b = 2d, and length j = 2 h, R e 9 in ohms is 

R e 0 = 8 pfc 2 b 2 = 32n 2 (slX a )H2nb/X 0 ) 2 . (14 b) 

If the earth is not perfectly conducting and 
d is reduced, there is a contribution to R% 
from L in (12) which must be added to (14). 
From (26.34) and with (2p ti d) 2 < 1 this is 

<‘ 5 » 

where, for a good conductor, 

p = tan _ 1 (cr c 2 / 2 (/je e2 ) = far. 


ohms. (13) 



Clearly, L increases rapidly and to very great 
values as d decreases to its smallest physically 
meaningful magnitude d = a, the radius of the 
wire. Hence, the radiation resistance in its 
general form ( 12 ) for a short end-loaded 
horizontal antenna over a good conductor 
must increase rapidly and greatly when 
2 /V becomes less than unity. 

Curves of R e () due to Sommerfeld and Renner 
and evaluated from the first-order formula ( 12 ) 
with (26.34) for the horizontal electric dipole 
(or short, end-loaded antenna with electrical 
half-length P^h 2 <t 1 ) over a conducting half¬ 
space are shown in Fig. 27.1 for |P 2 //?j | 2 = 
ff e 2 /cu £ 0 = °°, 10 4 , 10 2 . Note that the vertical 
axis is a part of the curve for a perfectly 
conducting plane in the theoretical limit d -*■ 0 . 
As d is reduced, R e 0 reaches a minimum with 
d/2 0 ~ 0.05, then rises to large values as 
dl2 0 is decreased to its physically available 
minimum d = a, where a is the radius of the 
conductor. As rf/A 0 is increased, R% oscillates 
about the value 80 for the isolated dipole. 
Figure 27.1 also includes the value of RJ 
for a horizontal half-wave dipole (fi 0 h = 7r/2) 
over a perfectly conducting plane. If ohmic 
losses in the antenna are neglected, this 
value is equal to the resistance of one of two 
antisymmetrically driven antennas as obtained 
from Table I1I.7.2. The values of R r 0 for a 
short end-loaded antenna and a half-wave 
dipole differ very little when each is over a 
perfect conductor and d/2 0 is less than about 
0.25. For greater values of d/2 0 , R e 0 for the 
half-wave dipole executes damped oscillations 
about the value 73.1 ohms characteristic of 
the isolated infinitely thin half-wave antenna, 
whereas R„ for the short, end-loaded dipole 
in a similar manner oscillates about its limiting 
value of 80 ohms for d -* 00 . Since the 
horizontal half-wave antenna and short, 
end-loaded antenna have essentially the same 
radiation resistance when <//A 0 ?J 0.25 and 
o e2 = ao, it is reasonable to expect that the 
same is true over this range when o e2 
characterizes a good conductor. This means 
that for d/2 0 g 0.25 the three curves for the 
short, end-loaded antenna are approximately 
correct for a thin half-wave dipole. As a 
horizontal antenna is brought closer and 
closer to an imperfectly or perfectly conducting 
earth, its radiation resistance decreases, 
approaching zero with d ->■ a. The resulting 
larger currents in the antenna induce larger 
currents in the earth, so that dissipation as 
heat increases if the earth is not a perfect 
conductor. The power that is radiated 
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from the antenna to the rest of the universe 
is transferred in greater and greater pro¬ 
portion to the imperfect earth as this is brought 
nearer. 

Experimental curves of the input resistance 
of a resonant antenna over various types of 
earth as obtained by Proctor 51 are shown in 
Fig. 27.2. These are seen to be in general 
agreement with the theoretical curves for the 
short, end-loaded antenna in Fig. 27.1. 

28. Impedance of Base-Driven Antenna on 
a Ground Screen of Finite Size* 

According to the theorem of images, the 
impedance Z 0 of a base-driven antenna of 
length h and radius a erected vertically on a 
perfectly conducting infinite plane is one-half 
the impedance of an isolated center-driven 
antenna of half -length h and radius a. In 
the actual measurement of the impedance of 
such a base-driven antenna, using, for example, 
circuits and methods described in Secs. 1.35 
and 1.36, the ground plane is large compared 
with the length of the antenna and the 
wavelength, but not infinite. In this section a 
formula due to Storer is derived which gives 
the difference Z — Z 0 between the impedance 
Z of an antenna over a circular, perfectly 
conducting disk of large but finite diameter D , 
as shown in Fig. 28.1, and the impedance 
Z 0 of the same antenna when D is infinite. 

Since it is shown theoretically in Sec. II. 10 
and experimentally in Sec. 11.38 that the 
apparent impedance Z m of an actual antenna 
driven from a coaxial line in the conventional 
manner shown schematically in Fig. II. 10.6 
can be determined from the ideal impedance 
Z 0 of an antenna driven by a discontinuity 
in scalar potential by using an appropriate 
terminal-zone network, it is sufficient to 
determine the effect on Z 0 of reducing an 
infinite ground screen to a circle of diameter 
D. Consider first a perfectly conducting 
cylindrical antenna of length h along the 
z-axis and radius a over an infinite conducting 
plane. The antenna is base-driven at z = 0 
by a discontinuity in scalar potential given by 

F 0 = f (Et) r=a dz, (El) r=a = Fg<5(z), (1) 
do 

where d(z) is the Dirac delta function defined 
in Sec. 1.4 and Fjf is the impressed emf. The 
tangential electric field (E z ) r=a maintained 
on the outer surface r = a of the antenna by 

* This section is based on the analysis of Dr. 
J. E. Storer, ref. 56. 


the currents and charges in it and in the ground 
screen is 

( E z)r=a = - + j(nA 2 j ^ = z*I c - El. 

( 2 ) 

For a perfectly conducting antenna, z l — 0, 
and (10) reduces to (E z ) r=a = —(£®) r=a . The 

complex energy-transfer function T = T r +jTj 
for the surface of the antenna is given in 
reference 1.31, Sec. IV.19, or by (26.2) with a 
factor |. It is 

T = f\E z ) T=a I*dz. (3) 

Jo 

Since (E z ) T=a vanishes on the conductor except 
along the edge of a thin slice at z = 0, where 
h = (3) reduces to 

T = \I* f* (Et) r=a dz = {I* VI = *iy/ 0 z 0 , 
Jo 

(4) 

of which the real part is the total power 
supplied to the antenna and radiated by it. 

If the infinite conducting plane is reduced 
to a diameter D, the axial distribution /(z) of 
the current I z = / 0 /(z) along the antenna 
must be essentially unaltered, since the length 
and structure of the antenna itself remain 
the same and there are no adjacent parallel 
currents to modify the distribution. Accord¬ 
ingly, if the driving voltage F® is adjusted so 
that I 0 is the same when the ground screen 
is infinite as when its diameter is D, I z on 
the antenna is also the same. However, the 
distributions of surface currents and charges 
on the finite ground screen of diameter D 
necessarily differ from those on that part of 
an infinite screen where r S D/ 2; in addition, 
there are no currents or charges for r > Djl. 
It follows that the electric field E z near the 
antenna and in particular at the generating 
slice at r = a, z — 0 must differ from that 
obtaining when D = oo. Note, however, 
that on the perfectly conducting antenna 
and ground screen the tangential electric 
field is zero for all values of D. 

Let the z-component of the field near the 
antenna when D is finite be 

E z = Efi + A E„ (5) 

where Efi is the field when D = oo and A E z 
is the change in the field when the diameter 
of the ground screen is reduced from infinity 
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to a finite value D. Substitution of (5) in (3) 
gives 

T = -i f (E™) r=a I*dz 

VO 

- i f (A EAr=Jldz = (6) 

VO 

where Z is the impedance when D is finite. 
The first integral term in (6) is T x , so that 


(Z Z 0 )/ 0 / 0 * — f (SE z )r=aI*dz. 

VO 


The difference field A E z must satisfy the field 
equations, since E z and E x both do. Hence, 
the difference mangetic field A B at points in 
space is given by the field equation 


curl AB =-^AE, 

CO 


so that 

SE Z = curl 2 A B 
P 0 




Hence, 

(Z — Z 0 )I 0 I* 


.t rri 

pi Jo 1/ 


dr 


(rAB 0 ) 


I*dz. 

* 00 ) 

By evaluating A B g = B e — Bj? for use in (10), 
the quantity Z — Z 0 may be determined. 

The magnetic fields B e and B” may be 
derived from the polarization potential given 
in (9.10)—(9.12) for a short, end-loaded 
antenna over an infinite ground plane by 
integrating the dipole moment p lz = I z dzjju) 
along the length h of the antenna. Thus, for 
the antenna. 


n* = (n„) d + (u x ) r 
n ez = (n ez ) d + (n ez ) r , 


(ID 


where (,U ez ) d is the polarization potential due 
to currents in the antenna and (n ez ) r the 
potential due to currents in the ground plane. 
Since currents in the antenna are the same 
with D finite and infinite, it follows that 

An„ = n ez - ns = (n e2 ) r - (n£) r , ( 12 ) 

where (from (9.12a) with p lz — l z dz\j<x> and 
with the origin shifted to the base of the 
antenna on the plane z = 0), 

(n£)r 

_ rh r co 

= -~~ K dz - (2 + z ' )l J 0 ( Xr) XdX, 

J 0 J 0 

(13) 


where f er is given by (9.1 la). By analogy, the 
corresponding potential for the finite screen is 


(n ez )r = 

rh 


_ -J 




X 


Ph I* CO 

I' z dz' I l 1 g + (X, z')e^+^>J ( p.r)UL 
Jo vo 

(z § 0) (14a) 


(7) 


(n e2 ) r = —L 

47re 0 a> 


f I' dz' f i- 1 g-(2, z’y^yjtOox dk, 

Jo Jo 

(z S 0) (146) 


( 8 ) 


where l — V X 2 — and where g + (X, z) and 
g~(X, z') are complex constants yet to be 
evaluated in terms of the boundary conditions 
on the upper and lower surfaces of the finite 
ground screen. Clearly, with (12), 


An*, = 


ZL 

A-rre n co 


(9) 


h r oo 

X I, dz' I F+(X, z') e -* l J 0 (Xr)dX, 

Jo Jo 

(z SO) (15a) 

An„ = -p- 

47re 0 co 

x f r z dz' f F-(X, z')e z, J 0 (Xr) dX, 

Jo Jo 

(z SO) (156) 

where 

F+{X, z) = Xl-\g+(X, z') - f er }e->'‘, (16a) 

F-(X, z) = XE'[g-(X, z) - f eT ]e~*'‘. (166) 

The magnetic field has only the one com¬ 
ponent B e which may be derived from the 
polarization potential using 


B, 


_ -jft 3n 


co dr 


^ • (17) 


Thus, with (9/3r)/ 0 (Ar) = —XJ-^Xr), the differ¬ 
ence field is 

A B e 

= -J— r,dz'\ F+{X,z')e-* l JAXr)XdX, 

47r>’ 0 Jo Jo 

(zSO) (18a) 

= -J— f /; dz' f F-(X, z')e z, / 1 (Ar)A dX. 

4^0 Jo JO 

(z < 0) (186) 
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In order to evaluate F+(A, z') and F~(A, z'), 
the boundary condition E T = 0 on both sides 
of the perfectly conducting screen of diameter 
D must be imposed. Using the field equation, 
curl B = (jffila)E, which is valid at all points 
in space, and noting that rotational symmetry 
obtains, the following formula is derived: 

£ r =£» + A£ r = y J^. (19) 
Po dz 

However, since £" and SBfi'jdz are zero at 
z = 0, it follows that 


field (18) may be expressed as follows: 
r* 


A £« = 


i r f 

= r ‘ dz ' 
2m, o Jo J 


G(z, r, r')W, z')r'dr’, 

Dl 2 

(25) 


where 
G(z, r, r') 



dl. 


(26) 


A £, 




0, (z — 0, r ^ Dj2) 

.f(r, z'), (z = 0, r > Dll) 


( 20 ) 


on both sides of the ground screen. These 
conditions are satisfied if 


(The interchange in the order of integration 
is permissible, as the integrals are absolutely 
convergent, since ?(r', z') vanishes at infinity 
as 1/r' 2 .) Note that the upper sign in (26) 
applies when z > 0, the lower sign when 
z < 0. 

With (25) the expression (10) for the im¬ 
pedance difference becomes 


r 


F+(A, z^lJJXOl dX 


0, (0 r :g Dl 2) 

5(r, z'), (r > DI2) 


-J F-(X,z')UiOr)XdX 

(0, (0 DI2) 

\?(r, z ). (r > D/2) 


(Z — zjij; — 


J 

'llTV. 


• , rh pi 

^ r/ j / 

o2 * 2pZ 

v oPo Jo Jo 


I*dz 


( 21 ) 


( 22 ) 


These equations may be solved for F+(A, z') 
and F~(X, z') using the Fourier-Bessel trans- 


(27) 

The differentiation required in (27) is per¬ 
formed readily using 

\ Tr [r/l(Ar)] = ~lrJr [ r Tr = 


form pair:* 



Thus 

A(r) = 

P OO 

J J 1 (Xr)B(X)X dX, 

(23 a) 


B(X) = 

P OO 

I J^XDAiDr dr. 

(236) 

P OO 

= £ ^V 0 (Wi(Ar>-'l 2 UVA. (28) 

Jo 

The result is 

F+(A, z') = \ 

f OO 

z'Ydr\ 

DI2 

(24a) 

Since l = Va 2 — /J 2 it is clear that, as soon 
as A exceeds /3 0 in magnitude, the exponent 
in the factor becomes negative real and 


-- - 0 - 

, w the factor decreases rapidly with increasing A. 

F-(A, z') = - 1 / 1 (Ar')?(r',z / )rVr', (246) 11 follows that the P rinci P al contributions to 

* Jj)/2 


where z' locates the element dz' in the antenna 
at r — 0, and where r' locates dr' on the plane 
z = 0 for r S Dj2. With (24a, b), the difference 


the integral in (28a) occur for values of A that 
do not exceed f} 0 . Hence, the factor J 0 (Xa ) 
may be treated as of order of magnitude 
J 0 (M — 1 if it is assumed, as throughout 
this volume, that 


Stratton, ref. 1.52, Sec. 6.9. 




(29) 
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With (29) and the relation ( d/dr')J 0 (Xr') ■ 
— d 1 (Ar')2, it follows that 

= J o Y'JoOOe-MX dl 


With (36) in (27) the impedance difference 
becomes 


(Z - Z 0 )I 0 I* = 


Pt fVT 

Jo Jo 


Itch 


l 


x e-^o^(r',z , )rVr / . (37) 

Z>/2 


1 2 g ~3^qRq 

2 ~d? R 0 ~' 


(30) 


^ where 7? 0 = V 7 2 + r' 2 . The last step in (30) 
makes use of (9.9). It is readily shown that 


In order to evaluate (37) it is necessary to 
determine %(/, z'j. An integral equation for 
this function may be derived from the magnetic 
field above and below the finite ground screen. 
Using (25) these magnetic fields are 



Hence, since for use in (27) r' ^ D/2 and 
z ^ ft, it follows that 

R 0 = r 'V 1 + z 2 // 2 = /, (32a) 


Be — 


= B 8 °°(r, z) + 


2ttv. 


Ph f* CO 

Kdz' C 

0 do JDI 2 


G(z, r, r') 


x ^(r', z')r'dr\ z >, 0 (38a) 


= - 2- f I'zdz' f G(z, r, r') 
Wo Jo Jdi 2 


x ?(/•', z']f'dt'. zS 0 (386) 


provided that 

z 2 // 2 :£ 46 2 /D 2 < 1. (326) 

Let it be required that the length h of the 
antenna be sufficiently small compared with 
the diameter of the conducting disk to satisfy 
(326). Then R 0 may be replaced by r' in (31) 
to give 



Equations (38) express the magnetic field 
above and below the plane z = 0 in terms of 
the unknown function %(r', z'). An integral 
equation for this function may be obtained 
from (38) by noting that B g is continuous 
across the plane z = 0 when r exceeds D/2. 
Setting z = 0 in (38) and equating the two 
values of B e gives 

B?(r, 0) = — J I” T z dz' f G( 0 , r, r') 

0 do Jdi 2 

X W, z')r'dr'. (r > D/2) (39) 


8 = 




(33) 


Let it be required that the diameter D of the 
conducting disk satisfy the following con¬ 
dition in addition to (326): 

(/? 0 D/2)*>1. (34) 

With (34), (33) reduces to 


$ le~iP 0^0 \ e J 7 V 

B?' = ’ 

so that (30) becomes 

/I 3 \ . /^ 0 e->V 

^-[rG(z.r.Ol)^- T — 


(35) 


This equation may be solved by expanding 
5 (r) in a series of spheroidal functions of r* 
Unfortunately, this series converges slowly 
if the radius of the screen is large. Since 
interest is primarily in screens that are 
sufficiently large so that they approximate 
infinite screens or at least so that Z for the 
finite screen may be determined from Z 0 
for the infinite screen by a simple formula, 
a different method of obtaining a solution 
that is useful for large ground screens is 
required. 

The first step in Storer’s variational solution 
of (39) is to introduce the simple exponential 


* This leads directly to a solution obtained by 
Leitner and Spence, ref. 29. The analysis is limited to 
antennas of length h = 4. 
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form of the polarization potential 11“ instead 
of the integral form. Thus, with (17), 

*i° (r, z) 

1 d MoRi 

= _ 4^r 0 * Jo z \~ rT + ~rT ) dz ’’ 

(40) 

where R x = V(z — z ') 2 + r 2 and R 2 = 
V(z + z ') 2 + r 2 . For use in (39), z = 0, so 
that R l — R 2 = y/ z ' 2 + r 2 . Since z' S A and 
r IS Z)/2, it follows that, subject to (32 b) and 
(34), 

S > {r,0) = ^- e —\r zd z'. (41) 

2m, o r J 0 

If (41) is substituted in (39), the following 
equation results: 

fh f co 

I' z dz' G(0, r, r%(r\ z')r'dr' 

Jo Jd/2 

When D is as large compared with A and A 0 
as required by (32 b) and (34), it is reasonable 
to assume that the function \{r ', z') that is 
proportional to the electric field at z = 0, 
r > Dll is essentially independent of the 
distribution of current on the antenna. That is, 

W, z') = W), (43) 

so that the integral equation (42) reduces to 


(42) 


r co 

J DI2 


— id ex 6 ~Wo r 

G(Q,r,r')Wydr' = ^p -(44) 

2 r 


This equation may be formulated in a vari¬ 
ational manner by defining the parameter jx 
as follows: 


2 Jm 


e r ?(r) dr. 


(45) 


By multiplying (44) by r%(r), integrating with 
respect to r from D/2 to oo, and dividing by 

rr i 2 

I e~w<>%{r)dr , the following expression 
for n is obtained: 


f f 

G( 0, r, r%{r)W)rr'dr dr' 

)/2 


(J 

f e~^o T %(r)dr\ 
D/2 ) 

2 

I 


( 46 ) 


This is a variational form of (44) with jx 
a parameter that is stationary with respect 
to small changes in Sj(r) about its true value. 
This may be verified by taking the first 
variation of (x. 

By introducing the trial function 


500 = 


* -;/V 


Vr - D/2 


fir), 


(47) 


where fir) is slowly varying in r and finite at 
r = D/2, Storer shows in an extended analysis 
that 

Dc^^rr 

H = T(48«) 


where 


L(D) 


1 


4 L(D) ’ 




(486) 


V2irf) 0 D J 

provided that the condition 

PoD > 1 (48c) 

is satisfied. 

Hence, with (48a,6) in (45) it follows that 


I* CO 


e~iPo%{r)dr = — e~^« D L(D). (49) 


This expression may be substituted in (37) 
if note is taken of (43). Thus, with 

Co ~ l/^ v o e o> 

Z - Z 0 = f-° L(D)F\I), (50a) 

2n p 0 D 

where L(D) is defined in (486) and 


F 2 (/) - 


Jo 


Po I if zfo) dz 


(506) 


This is Storer’s formula. Note that the follow¬ 
ing restrictions have been imposed: 


iDI 26) 2 > 1, 
PoD> 1. 


(51a) 

(516) 


If the inequalities (51a) and (516) are assumed 
to be satisfied provided the ratio of left- to 
right-hand members is at least 64, it follows 
that 

D\h S 16, (52a) 


Z>/A 0 S 10. 


(526) 


Except for fairly long antennas, (526) is the 
severer restriction; actually (526) is sufficiently 
severe to make L(D) differ little from unity. 
Thus, with D/2 0 = 10, IjVlfpfD = 0.05 
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so that a satisfactory approximation of (50a) 
is 

|T- £ 

Z- z 0 = J ^ 1__F 2 (/). (53) 

2ir Po D 

This is equivalent to 

d d sin 2 /1\ /c/i \ 

R ~ R ° = 2^r ~^D~ ^ (I) ’ (54a) 

A' - * 0 = f° F 2 (7). (546) 

2-n p 0 D 

Note that by proper choice of P 0 D either 
(R — R 0 ) or (X — X 0 ) may be made zero. 
Since ground screens with a radius of 5 
wavelengths or more are reasonable, the simple 
formulas (54a, b) are of great practical utility. 
If R — R 0 and X — X 0 are plotted on the 
complex (Z — Z 0 )-plane, a spiral is obtained 
with a radius that decreases slowly as Z)/A 0 
increases. Since F\I) is dimensionless, the 
quantities (R — R 0 ) and ( X — X 0 ) may be 
divided by this factor to provide the “uni¬ 
versal” curve shown in Fig. 28.2. 

The dimensionless factor 


F\D - 



characterizes the dependence of the impedance 
difference Z — Z 0 on the length h of the 
antenna and the distribution of current. Its 
accurate evaluation presupposes a knowledge 
of the current at all points in the antenna, 
not merely at the driving point. The zeroth- 
order distribution function. 


/ = sin Pfh - z) 

Vo) o sin Pfi 


(55) 


is a satisfactory approximation for very 
thin antennas (Q > 20) that are far from 
antiresonance. It is a good approxima¬ 
tion even for quite thick antennas (fl S 10) 
if P 0 h is near tt/2. If (55) is substituted in 
(506), the integration is performed directly 
to give 

css 

\ sin P 0 h ! 


P 0 h = tt/2 is Z # = 36.6 + j 22.25 ohms, the 
relative significance of R — R 0 and X — X 0 
is clear. 

For antennas that are moderately thick 
and that have electrical lengths differing 
considerably from P 0 h = tt/ 2, first-order or 
second-order currents must be used to deter¬ 
mine F 2 (Ij. By using the approximate second- 
order curves in Figs. II.22.9 through 11.22.12 
for antennas with Q = 2 In (26/a) = 10, 

r 

the real and imaginary parts of 7 z /3 0 efe- 

Jo 

have been determined approximately using a 
planimeter. By squaring these results, adding, 
and dividing by 1$, the following values have 
been obtained for F 2 (I): 

p 0 h: tt/2 373-/4 7r/4 577/4 

F 2 (7): 1.16 10.8 3.84 2.92 (57) 

Note that the second-order value 1.16 for 
P 0 h = •tt/2 is reasonably close to the approxi¬ 
mate zeroth-order value of unity. On the 
other hand, the large value F 2 (7) = 10.8 at 
P 0 h = 337/4 = 2.36 differs greatly from the 
corresponding zeroth-order value computed 
from (56), namely, F 2 (I) = 5.85. Since with 
an infinite ground plane antiresonance occurs 
at P 0 h = 2.54 when fi = 10, the impedance 
at 6 0 6 = 377/4 is not very far from antireson¬ 
ance and therefore is relatively large. Its 
numerical value is Z 0 = 318 +j 126 ohms; 
the antiresonant value is Z 0 = 422 + jO ohms. 
Although F\I) with /i 0 6 = 377/4 is roughly 
ten times as large as with |S 0 6 = 77 / 2 , so 
that Z — Z 0 is also ten times as large, the 
quantity | (Z — Z 0 )/Z 0 | is about the same. 
Note, however, that near antiresonance 
(X — X 0 )/X 0 is very great and becomes 
infinite when X 0 vanishes even though 
( R — R 0 )IR 0 and | (Z — Z 0 )/Z 0 | are quite 
small. Actually, the antiresonant length of an 
antenna over a finite ground screen differs 
somewhat from that for the same antenna 
over an infinite ground plane. For this reason 
it is always desirable to make X — X 0 zero 
by choosing aground screen of diameter D that 
satisfies the condition 

cos P 0 D = 0 or P 0 D = — , 


Note that for P 0 h = 77/2, F 2 (7)— 1, so that 
the universal curve in Fig. 28.2 applies directly 
to the half-dipole with h = A 0 /4, with (R — R 0 ) 
and (X — X 0 ) given directly by the two scales. 
Since the zeroth-order value of Z 0 with 


or Z>/A 0 =A+J ; (58a) 

where n is an integer equal to or greater than 
20 in order to satisfy (526). If this choice of D 
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is made it follows from (54a, b) that 


ip o | _ to FVo) 


(58 b) 


Since R and R 0 never become small except 
when f 0 h is near zero, the percentage difference 
between R and R 0 when (52) is satisfied is 
never great. It may be made negligible by 
choosing D large enough. For example, with 
figh — vj2. Table 11.30.1 gives R 0 = 43.25 for 
Cl = 10. Hence, with F 2 (/ 0 ) = 1.16, (586) gives 


R - R 0 60 X 1.16 1.61 _ 2.58 A 0 

R 0 ~ 43.25/?„£> “ Jj) D~ ' 
X-X 0 =0. (59) 


For a permitted difference of 2 percent, for 
example, it is necessary that p o D Sg 80, 
Dl A 0 ;> 12.7. If n = 25 is chosen in (58a), 
Dl A 0 = 12.75 and the requirement is met. 

The spiral graph of R — R 0 and X — X 0 
in Fig. 28.2 is in agreement with the experi¬ 
mental result of Meier and Summers 33 for 
circular ground screens. Since these investig¬ 
ators limited themselves to small ground 
screens with D/X 0 g 6, a quantitative com¬ 
parison of their results with those predicted 
by (54a, b), which are valid only for £>/ A 0 ;g 10, 
is not possible. However, the amplitude of 
the theoretical resistance variation as given 
by (57) for an antenna with /i/A 0 = 0.25 and 
h\a = 75 (Cl — 10) is shown in Fig. 28.3 
in the range 10 g £)/A 0 g 20 together with 
corresponding amplitudes obtained from the 
experimental data of Meier and Summers in 
the range 2 g Z>/A 0 g 6 for an antenna with 
6/A 0 = 0.224 and 6/a = 74.7 and 17.3. The 
general agreement is evident. 

It may be concluded that the impedance of 
an antenna when base driven at the center 
of a circular ground screen of diameter D is a 
good approximation of the ideal impedance 
when the ground screen is infinite if the radius 
of the screen is at least five wavelengths. If 
the ground screen is square or if the antenna 
is not at its center, the ground screen may be 
somewhat smaller. It is important to bear 
in mind that the nearly equal impedances of 
vertical antennas on infinite and large finite 
ground planes does not imply that the far- 
zone field patterns are alike. With an infinite 
ground plane the contributions to the far-zone 
field by the currents in the antenna and in the 
conducting plane are equal. If the ground 
screen is circular and finite, the currents 


on the screen are nor only limited to a radius 
Djl but exhibit a radial standing-wave 
distribution instead of a traveling-wave 
distribution. The complete absence of currents 
on the plane z = 0 (Fig. 28.1) beyond r = £>/2 
leads to a null in the far-zone field pattern 
at 0 = 77/2 resembling that for the same 
antenna over a plane that is infinite in extent 
(D = 00) but imperfectly conducting. This 
is entirely reasonable, since the radial 
attenuation of currents in an imperfect 
conductor reduces their amplitudes so that 
at distant points their effect is little different 
from zero. Thus, with an infinite imperfectly 
conducting ground plane or a finite perfectly 
conducting ground screen the currents that 
contribute significantly to maintain the far- 
zone field are those in the antenna itself and 
those in a finite region in the plane z = 0 
about the base of the antenna. In the one case 
these latter are traveling waves that are 
reduced gradually in amplitude, in the other 
they are standing waves that stop abruptly 
at r — Dl2. The gradually decreasing traveling 
waves produce a smooth pattern, the standing 
waves a similar one with many superimposed 
ripples. Note that with a finite ground screen 
there is a relatively small but nevertheless 
significant field in the lower half-space 
where z is negative and 0 > tt/2. 56 

29. Impedance of Base-Driven Antenna on a 
Ground Screen of Finite Size on an Infinite 
Plane Imperfectly Conducting Earth 

If the perfectly conducting circular ground 
screen of diameter D as described in the 
preceding section is placed on the surface 
of an infinite half-space (earth) consisting 
of material with conductivity a and dielectric 
constant e (instead of being isolated in-space 
as in Sec. 28), a part of the power supplied 
to the antenna is dissipated in this half-space. 
An estimate of the change in the impedance of 
the antenna as the diameter of the perfectly 
conducting disk is decreased from infinity 
may be obtained readily if the conductivity 
of the earth is sufficiently high to satisfy the 
inequality 

a cue . ( 1 ) 


The total complex power transferred to the 
earth is given by 



E r H e ■ 2vr dr, 


( 2 ) 


since E r = 0 when r < D/2. 
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Subject to the condition (1), the surface 
impedance Z 3 may be introduced according 
to the definition 


Z 3 = 


f? = o +./) 



(3) 


where l' T is the quasi-surface density of current, 
that is, l' T is the total radial current traversing 
a unit width principally in a thin layer near 
the surface. The magnetic field tangent to a 
perfectly conducting surface satisfies the 
boundary condition 

H e = K, (4) 


where l T is the true surface density of current. 
Since with the condition (1) the quasi-surface 
density of current /' is confined principally 
to a thin layer near the surface, it may be 
assumed that the 0 -component of the magnetic 
field at the surface in which there is the current 
density /' may be approximated by that over 
a perfect conductor in which there is the 
current density l T = With this approxi¬ 
mation, 



where H g is the magnetic field that would 
exist if the entire surface were that of a 
perfect conductor. It follows that 

7 s r* 

T e = - — HI ■ 2-nr dr. (6) 

2 JDI2 

When D = oo, the total complex power 
supplied to the antenna and radiated into the 
upper half-space is 

T 0 = £/ 0 2 Z 0 , (7) 

where J 0 is the current at the base of the 
antenna and Z 0 is its input impedance. When 
D is finite, the total complex power to the 
antenna with the same input current I 0 is 

T t = m Z„ (8) 

where Z t is the impedance of the antenna 
with an earth of finite conductivity beyond 
r = D/2. Since the input current is unchanged 
and its distribution along the antenna is 
practically the same, the power radiated from 
the antenna must be approximately the same 
in the two cases. Evidently the difference 
between T , and T 0 is a good estimate of the 


complex power transferred into the conducting 
earth. With 

T t -T 0 = T e ± iP 0 AZ, (9) 


AZ = Z, - Z 0 = ^ f HI ■ 2-nr dr , 

1 o Jdi 2 

( 10 ) 


where H g is the magnetic field at the surface 
of a perfectly conducting half-space. This is 
the same as the field in the equatorial plane 
of a symmetric center-driven antenna of 
half-length h. For a sufficiently thin antenna 
it is approximated by V.2.146, with z = 0; 
That is, 

H e = (e~^o R h — cos fSJie~iP o r ), 

2nr 

( 11 ) 

u/hprp 

J m =J 0 /sin/y, ( 12 ) 


is the maximum sinusoidal current along 
the antenna and 


R h = Vh 2 + r 2 . 


When p 0 h = w/2, (11) reduces to 
U jI 0 e~W» R * 

He -2^~r~- 


(13) 


(14) 


Since the sinusoidal distribution of current 
leads to a moderately satisfactory approxi¬ 
mation of the impedance only when p 0 h is 
near odd multiples of n/2, it is adequate to 
continue the analysis using the simple form 
(14). With (14) in (10) it follows that 


AZ 


_ _ Z 3 f® < 

2 n J D /2 


Q ~jPohRft 


r dr. 


(15) 


Since r 2 = — h 2 , the integral in (15) may 

be expressed as follows: 


z 5 r r e-w 

AZ = -— eW -- 

4^ L Jd/ 2 Rh 


—j2P 0 (R h + h) y 

-— — dr 
h R h 


f" e -i2H a ( R h -h) r 

+ —-- 7 — — dr , (16) 

Jdi 2 Rh — h R h J 


where = n/2. These integrals may be 
expressed in terms of the exponential integral 
by setting u = j2p 0 (R h ± h ). After setting p 0 h 
equal to n/2 the result is 

AZ = U m-jAO + Eii-jAJ), (17) 
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A x = tKVi + D*l4h 2 + 1), (18a) 

A 2 = n(V 1 + D 2 /4h 2 - 1). (186) 

Since Z s = /{"(l + /), the ratio AZjR 3 is 
independent of the properties of the earth. 
With AZ = SR + jAX, the final result is 

A R 1 

— = — (O’ A x -V Ci A 2 Si A x + Si A 2 ), 

(19a) 

AX 1 

— = — (Ci A x + CiA 2 — Si A x — Si A 2 ). 

(19 b) 


If AZ/R S is plotted on the complex plane with 
Djlh as a parameter, a spiral is obtained as 
in Fig. 29.1. 71 The impedance of the antenna 
on the grounded disk is 

Z t = Z 0 + AZ = R 0 + A R + j(X 0 + A A'), 

( 20 ) 

where Z 0 is the impedance of the antenna over 
a perfect conductor of infinite extent and A R 
and AX are obtained from (19a, b). Note that 
(1) must be satisfied if (19a, b) are to be useful 
approximations. Since Z 0 does not vary 
rapidly with the radius of the antenna when 
pji = tt/2, it is a fair approximation to assume 
A R and AX as given in (19a, b) to apply to an 
antenna of finite cross-sectional area. 



CHAPTER VIII 


THE ANTENNA AS A BOUNDARY-VALUE PROBLEM 


In the introductory discussion of the 
antenna as a problem in electrodynamics 
in Sec. II. 1 three component parts are em¬ 
phasized: the theoretical analysis, the experi¬ 
mental investigation, and the correlation of 
theory with experiment. In Chapter II these 
three phases of the investigation are con¬ 
sidered in a sequence that may be designated 
as the practical or engineering approach in 
contradistinction to the analytical or mathe¬ 
matical approach. The essential difference 
between these two points of view is in the 
criterion underlying the choice of the structure 
or circuit to be analyzed. Is this determined 
primarily by its practical importance or by its 
convenience in the formulation of mathe¬ 
matical boundary conditions? 

In the practical sequence in Chapter II, 
the transmitting system investigated consisted 
of the most important simple structure, the 
relatively thin cylindrical antenna driven from 
a conventional transmission line in one of 
several generally useful connections. This 
entire circuit, including the transmission line, 
is analyzed as accurately and completely as 
possible. However, the actual configuration 
of the conductors forming the antenna and 
the transmission line does not provide 
mathematically convenient boundary con¬ 
ditions in the sense that is traditional and, 
indeed, essential in the rigorous solution of 
boundary-value problems. Therefore, approxi¬ 
mate methods and careful attention to detail 
are necessary in order to achieve an acceptable 
result—acceptable from the point of view 
of predicting measurable results rather than 
of providing mathematical elegance. 

In this chapter the antenna problem is 
formulated with primary emphasis on the 
mathematical approach. A structure with 
mathematically convenient boundaries is 
chosen, so that a rigorous formulation is avail¬ 
able using well-known methods. In this manner 
the purely mathematical crudities in the 
practical approach in Chapter II are eliminated, 
but this gain is not achieved without a counter¬ 
balancing loss. A new difficulty arises in the 


very troublesome problem of correlating the 
rigorously determined properties of an abstract 
configuration of mathematically convenient 
boundaries and an idealized generator with 
the actual and experimentally measurable 
properties of physically available structures. 
Since the conditions assumed in the analyzed 
formulation do not coincide completely with 
those of a practical problem, an actual 
one-to-one correspondence cannot be estab¬ 
lished and various approximations must be 
made. These have to be examined very 
critically, since a mere placing in juxtaposition 
of the superficially similar results of theory 
and experiment constitutes no verification 
of the theory and provides theoretical inform¬ 
ation of questionable practical value. 

1. Hemispheroidal and Conical Antennas 
The problem of selecting a transmitting 
system that has mathematically satisfactory 
boundaries while retaining at least some 
resemblance to the practically available and 
useful is difficult. A theoretically obvious 
suggestion is an antenna in the shape of a 
sphere or of a prolate spheroid. But how is 
this to be driven ? If the spherical or spheroidal 
symmetry essential to the establishment of 
simple boundary conditions is to be main¬ 
tained, the generator with its transmission 
line must be built inside the antenna, as in 
Fig. 1.1a. While such an antenna could be 
constructed, it is experimentally awkward. 
A more symmetric and experimentally more 
convenient structure is half of a spheroid 
over a large conducting plane below which 
the generator may be arranged. Three possible 
connections are shown in Fig. l.lfe, c, d. 
In all of these the half-spheroid may be 
treated as though driven by an impressed 
field maintained along a narrow belt around 
the antenna. Analyses of this sort have been 
made by Stratton and Chu 21 for the sphere 
and the prolate spheroid. However, driving 
voltages due to such slice or belt generators 
are of academic interest only unless they can 
be related directly to the terminal voltage of 
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a transmission line, as is done in Chapter II. 
Hence, in so far as the driving conditions are 
concerned, the analyses of the sphere and the 
spheroid do not differ significantly from the 
corresponding analysis of the cylindrical 
antenna in Chapter II. A measurable imped¬ 
ance can be defined only on the transmission 
line as an apparent impedance Z sa for the 
antenna and this must be related to the 
theoretical impedance Z b , the ratio of voltage 
across the driving belt to current at its ter¬ 
minals, by taking account of transmission-line 
end effects and coupling effects in a terminal 
zone near the more or less arbitrarily defined 
junction between the antenna and the line. 
Thus, the use of a spheroidal antenna instead 
of a cylindrical one does not improve the 
principal problems of approximation in the 
analysis of a simple transmitting system. 
To be sure, the impossibility of accurately 
analyzing the ends of the cylindrical antenna 
in the quasi-one-dimensional analysis in 
Chapter II is eliminated in the case of the 
spheroid, and rigorous account can be taken 
of the entire surface of the antenna, excluding 
the driving surfaces. But this is a relatively 
insignificant gain in dealing with thin antennas 
and is much more than offset by the com¬ 
plexity of the spheroidal analysis and the 
fact that it is limited to single, isolated 
antennas. As soon as two or more antennas 
are coupled, the spheroidal symmetry ob¬ 
viously disappears. For thick antennas and, 
in particular, for antennas that are actually 
spheroidal, where the quasi-one-dimensional 
analysis of Chapter II has no application, the 
situation is different and a three-dimensional 
analysis is essential. Since this phase of the 
antenna problem is outside the field of linear 
antennas, the analysis of the spheroidal 
antenna is omitted. 

A modification in the driving structure of 
the hemispherical antenna over a ground 
screen is shown in Fig. 1.2a. It differs from 
the arrangement in Fig. 1.16 in that the section 
of radial transmission line joining the coaxial 
transmission line and the antenna is replaced 
by a section of conical transmission line. 
Since both the spherical antenna and the 
conical line have boundaries that are expressed 
conveniently in terms of spherical coordinates, 
the location of the terminals may be moved 
from the outer periphery to the junction of 
the conical line and the coaxial line, and the 
conical line may be treated as an integral 
part of the antenna. The importance of the 
currents in the conical line in contributing 
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to the radiation field depends on the angle 
of the cone. In Fig. 1.2a they are relatively 
unimportant and the cones are primarily 
a transmission line; on the other hand, 
in Fig. 1.26 the currents on the cones are 
responsible for the greater part of the field. 
In either case, the characteristics of the 
conical antenna that make it particularly 
attractive are that in addition to having sur¬ 
faces that permit a simple specification of 
boundary conditions it combines the pro¬ 
perties of a radiating circuit with those of a 
transmission line with a dominant mode. 
The nearer the apex of the cone is approached, 
the more the currents on the conical surfaces 
behave like transmission-line currents in 
accordance with simple transmission-line 
formulas. This means that the junction 
between the conical surfaces of the antenna 
and the cylindrical surfaces of the coaxial 
line is effectively the junction between two 
transmission lines instead of between an 
antenna and a transmission line. By making 
the characteristic impedance of the coaxial 
line equal to that of the conical line, junction 
effects are greatly reduced. Their order of 
magnitude is that occurring when two coaxial 
lines which have equal characteristic imped¬ 
ances but slightly different dimensions are 
joined. Hence, the apparent load impedance 
measured on the coaxial line is essentially 
the input impedance of the conical antenna 
in parallel with a very small capacitance that 
takes account of junction effects. If the 
transition between antenna and line is gradual 
in the sense that sharp corners and angles are 
rounded, such effects may be negligible. 

In the analysis of the conical antenna, just 
as in the analysis of its cylindrical counterpart, 
it is convenient to study first the idealized 
limiting case in which the cross-sectional 
area of the driving coaxial line is effectively 
zero. In the case of the cylindrical half-dipole, 
the antenna is an extension of the inner 
conductor of the coaxial line of radius a. 
In the limit when the inner radius 6 of the 
outer conductor differs very little from a, 
the coaxial line is equivalent to a slice gener¬ 
ator at the base of the cylindrical antenna. 
In the case of the conical antenna, the corre¬ 
sponding limiting case is when the radius a 
of the inner conductor is vanishingly small 
and the radius 6 of the outer conductor is 
only slightly greater. When this is true, the 
driving line is equivalent to a point generator 
at the sharp apex as shown in Fig. 1.3a and 
the impedance |Z 0 of the conical antenna 
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is the ratio of the emf ^ V .g of this generator 
divided by the current in it. The factor 1/2 
is included since, by analogy with the cylin¬ 
drical antenna, it is convenient to analyze 
the symmetric biconical antenna in Fig. 1.36 
which is driven by a point generator at 
the apex with emf Vg and has an impedance 
Z 0 . That the impedance of the conical antenna 
in Fig. 1.3a is one-half the impedance of the 
biconical antenna in Fig. 1.36 follows directly 
from the theorem of images. The relation 
between the impedance Z 0 for zero line spacing 
and the impedance Z b for finite values of a 
and 6 may be obtained in essentially the same 
manner as in Sec. II. 10 for the cylindrical 
antenna. This involves determining C T from 
the change in scalar potential difference 
near the end of the coaxial line when the 
conical line is replaced by an extension of 
the coaxial line. When the apex angle of the 
cone is small, as in Fig. 1.26, the value of C T 
is closely approximated by the negative C T 
for a cylindrical antenna. For large apex 
angles of the cone, as in Fig. 1.2a, the equal 
and opposite charges on the sides of the 
conical line came closer together, so that their 
effects cancel more completely than when 
further apart, as in Fig. 1.26. This means that 
C T is more negative when the conical line is 
wide, as in Fig. 1.26, and the conical antenna 
is more like a thin cylinder, and less negative 
when the conical line is narrow, as in Fig. 1 .2a. 
For narrow conical antennas, which approxi¬ 
mate thin cylindrical radiators, C T for the 
cylinder is a satisfactory capacitance to use in 
parallel with Z 0 to obtain Z b . 

2. Equations for Spherical Waves with 
Rotational Symmetry 

Since the boundary conditions of the 
biconical antenna are expressed conveniently 
in spherical coordinates 0, <D, R, the electro¬ 
magnetic field due to currents and charges 
in the antenna must be expressed in the same 
coordinate system. This may be accomplished 
by deriving the electromagnetic field from an 
appropriate Hertzian potential II. Instead 
of using one or more components of n c or 
n m , it is always possible to use one component 
of each. Actually, in the case at hand, one 
component of n e is adequate, since there are 
no currents circulating in closed loops. 
However, it is instructive to show that this 
conclusion follows logically from an appli¬ 
cation of the boundary conditions. Hence, 
since there are currents only in the R and 


0 directions, let the appropriate components 
n es and n mR be selected. At points in space 
outside the antenna, each of the general 
Hertzian potentials is defined to satisfy 
an equation of the type (1.8.1), namely, 

curl curln e — fgTl e + grad / = 0, (la) 

curl curin m - $|n m + grad g = 0, (16) 

where f and g are arbitrary scalar functions. 
The electromagnetic field is calculated from 
the potentials using 

E = -grad / + $jll e - jm curl n m , (2a) 

B = -grad g + ffiU n + $ curl n e . (26) 

In many applications of the Hertzian potentials 
it is convenient to define the scalar functions 
as follows: 

/ = <J> = -div n e , (3a) 

g = -div n m , (36) 

where <t> is the scalar potential. These defini¬ 
tions reduce (la,6) to the vector wave 
equation, as shown in Sec. 1.8. In the case at 
hand a simpler equation is obtained if / 
and g are not defined as in (3a,6) so that / 
is not identified with the scalar potential. 
The most desirable expressions for / and g 
become obvious after the Hertzian potentials 
are specialized to point in the radial direction. 
Thus, let 

n„ — Rn (!fl , n m = Rn„ is . (4) 

The vector equations (la,6) may be separated 
into three component equations by multiplying 
them scalarly by the unit polar vectors 0 , 4», 
R. Thus, with (4), (la) becomes 

0 • curl curl RII CS + 0 • grad / = 0, (5a) 

<X> • curl curl RII es + 4> ■ grad / = 0, (56) 

R • curl curl RII es + R • grad / — flTl eR = 0. 

(5c) 

Use of the expressions for the components 
of the curl and gradient in spherical coordinates 



Fig. 1.2. Conical antennas. 



Fig. 1.3. Conical and biconical antennas with point Fig. 3.1. Biconical antenna, 

generators. 
















822 


THEORY OF LINEAR ANTENNAS 


[VIII.2] 


(ref. 1.31, Appendix I) in (5 a,b,c) leads to the 
following three equations: 


a sn er 

dR 30 

a sn er 

dR a® 


^ = 0, 
d@ ’ 


i 3 / . an e „\ 

ThT© a© \ sin 0 1 @~/ 

_ i 3/ i an efl \ a/ 

R 2 sin 0 d O \sin 0 3<I> / dR 


R 2 sin 0 d O \sin 0 3<I> / dR 

- ffin eR = o. (6 C ) 

It is now evident that if in (6 a,b,c) and in 
corresponding equations for Tl mr and g the 
following definitions are introduced: 

J dR ’ S dR ’ 1 ; 

equations (6u) and (67>) are satisfied auto¬ 
matically, while (6c) and its equivalent for 
n mR and g reduce to 

a 2 n 

^ + VU n »+ft = o, 

= n eR or n mR . (8) 

where V|,<p is that part of the Laplacian 
operator in spherical coordinates that involves 
differentiation only with respect to 0 and ®. 
In the problem to be analyzed complete 
rotational symmetry obtains, so that 




and (8) reduces to 


7? 2 sin 0 a© 


. . 3n 
sin0 l© 


+ fin* = o. (io) 

Note that this is not a scalar wave equation. 

With (4) and (7) substituted in (2a,b) the 
electro-magnetic field is easily determined and 
separated into components of electric and 
magnetic type. They are 

Electric type ( TM) 

F - 1 d2n *« 

E@ ~ R d6dR ’ (Ha) 

F 1 32lI e* mM 

® RsinQdOdR’ (U6) 


a 2 n 


0 a>R sin © 3® 

jy ~P\ BTI SR 

® cor a© ’ 

B*= 0, 

Magnetic type (TE) 

B 1 8211 

0 7? a©a7? ’ 


7? sin © 3® 37? 


(1^) 

E s = 0 , ( 12 /) 

where n eR and n ms are solutions of (10). 

The solution of (10) is accomplished by the 
well-known method of separation of variables. 
By setting 

n« = W(R)G(@), (13) 

substituting in (10), and rearranging, the 
following equation is obtained: 

-BUe5s( sin0 lr)] 

+ < l4 > 

Since the left-hand member of (14) is a func¬ 

tion of 0 alone while the right-hand member 
is a function of 7? alone, the two expressions 
can be equal in general only if both are equal 
to a constant. Let this be n(n + 1), where n is 
an arbitrary number. The resulting two 
equations are 


0. (15) 

Se4( ltoe S) + - ( ” +l > c - 0 - 
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The radial equation (15) may be trans¬ 
formed by changing both the dependent and 
the independent variables. With at = P 0 R, 
F = Wj Vx, and noting that n(n + 1) + J = 
(« + ^) 2 , the following transformed equation 
may be derived: 


(17) 


This is Bessel’s equation of order « + J. 
Its solutions are well known and can be 
expressed in terms of general cylinder 
functions Z„ + $ (x) or as linear combinations 
of Bessel and Neumann functions, or of 
Hankel functions of the first and second kind. 
Thus, with x = p 0 R, 

F = Z n+i (x) 

lA n J n +i(x) + B n N n +}(x), 

= U;/f <»*(*) + B' n Hi*U(x), 
where A n , B n , A' n , and B' n are arbitrary 
constants. With (17) the solution of the 
original equation (14) may be expressed as 
follows: 


(19) 


The spherical cylinder functions are related 
very simply to the trigonometric functions. 
Thus, 


n= 0: 


jo(x) = 


sin x 


n 0 (x) = 


cos x 


h^(x)=-j~, Q\x)=j e -f : 


n= 1: 


( 22 ) 


. , x cosx sinx 

Jl(x) = - ~T + ~W ’ 


n i( x ) = 


sin x cos x 


» 


(18) h?Kx)= -^(l + £), 


(23) 


W(R) = Fxi = x>Z n+i (x) 

_ (A„ x lJ n+i (x) + B n xiN n+i (x), 

~ \KxiH%Ux) + B' n xiHi%(x). 

An alternative form of the solution is expressed 
in terms of the so-called spherical Bessel 
functions* as follows: 

= z n (x) 

= (x[a n jn(x) + b n n„(x)l 

Ut a n A n > (-«) + KHnKx)], * 

where a n , b n , a' n , and b' n are arbitrary con¬ 
stants and where, by definition, 

jJx) = J ^ J n+ iW, 

= J~ N„ +i (x), (21 a) 

h nK x ) = j^ H n\ iW, 

h<*\x) = (21 b) 

In (20) and (21), z n (x) is a general spherical 
cylinder function, j n (x), nfx), and h n (x) are 
respectively, spherical Bessel, Neuman, and 
Hankel functions. 

* See, for example, Stratton, ref. 1.52, pp. 404-406. 


a< ^)=-t-(i -;)• 

Asymptotic expressions for large arguments 
are 


... 1 i 

n + 1 

Jn(x) -*■ - COS | 

l X - 2 


/ n + 1 

n n (x) -*• - sin 

l* 2 

hl'Kx) -> - e 3 ( 

_ "+ 1 \ 

x --r") 

y 

X 

h%\x) 



(24) 


For small arguments, 


jn(x) - 
n„(x) 


1 • 3 • 5 • • • {In + 1) ’ 

1 • 3 • 5 • • • (2« - 1) 


(25) 




The equation (16) may be reduced to a 
more familiar form known as Legendre’s 
equation by changing the independent variable 
from 0 to p = cos 0. The transformed 
equation is 

(1 — P 2 ) tt-j — 2ft ^ + n(n + 1 )G = 0. 
dp* dp 

(26) 

A general solution of (26) is 
G = T„(0) = C n P n (ji) + D n Q n Or), (27) 
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where P n (jj) = P n ( cos 0) are Legendre func¬ 
tions of the first kind and Q„(jt) = Q n (cos 0) 
are Legendre functions of the second kind— 
both of order u 151 ; C„ and D n are arbitrary 
constants. 

When n is a nonnegative integer the P n (p) 
are polynomials of degree n. They are even 
for n even, odd for n odd. The first few 
Legendre polynomials are 

Pfp) = 1, Pi O) = A*, Pi O) = fz* 2 — i, 
P 3 (m) = §P a - fi“- (28) 

The functions of the second kind are given by 

Qn(p) = hP n (p)ln \~z~ ~ J" /> n-i(/') p oO i ) 

+ \Pn-i(P)PM) + \Pn-MPM + • • • 

+ - Po(p)P»-i(m) • (29) 

n 


Note that Q n (jj) = Q n (cos 0) becomes infinite 
at 0 = 0 or n = 1, so that D n = 0 for a 
region including the z-axis, 0 = 0. Note also 
that \ In [(1 + ju)/(l — A 1 )] = In cot (0/2). 

If n is not integral, the functions Q n (p) 
may be avoided. In their place the functions 
P n ( —/*) are convenient independent solutions. 
For all values of n. 


PJP) = Pn (COS 0) 


” (-1)*T(« + k + 1) 
*±o T(« - k + 1)(*!) 2 


sin 24 (0/2). 

(30) 


(Note that for integral values of n,P n (cos 0) = 
(—l) n / > n (—cos 0), so that the P„(— cos 0) 
are not independent solutions.) Hence, for 
nonintegral values of n, (27) may be replaced 
by 

G = r„(0) = C' n PM + D' n P n {-,2). (31) 

With (19) and (27) or (31) the general solution 
of the original equation (10) is a linear 
combination of the following form: 

n„ = 2 (M)*A+ i(M)7n(0), (32a) 


or, in terms of the spherical cylinder functions, 
(20) in place of (19), 

n* = 2 z n (M)7n(0)- (326) 


CONICAL ANTENNAS 
3. Boundary Conditions and Equations for 
the Symmetric, Spherically Capped Biconical 
Antenna 

The biconical antenna was studied first 
by Schelkunoff 18 and later analyzed by 
Smith 20 and Tai. 24 It consists of two identical 
conducting cones DOD in Fig. 3.1 with con¬ 
ducting caps DED that are segments of the 
sphere of radius /. The biconical structure is 
rotationally symmetric and is immersed in 
air. It is center-driven by an idealized point 
generator with no internal impedance and an 
emf Vq. This excites radial surface currents 
of density l g on the conical surfaces and 
surface currents / 0 on the spherical caps. 
There are no circulating currents l^ around 
the z-axis. For simplicity, let all conductors 
be assumed to be perfect, so that the boundary 
condition 

n x E = 0 (1) 

is true on all conductors. Hence, the specific 
boundary conditions on the conductors are 

E e = 0 at R = I 

with 0 S 0 O or 0 > it — 0 O , (2a) 

E * =0at (11 1 °- ©J with R -‘- <“) 

In addition, the field must satisfy a radiation 
condition at infinity. Distributions of surface 
current and charge are obtained from the 
boundary conditions 

n • E = -*)//*<» (3a) 

n x B = -l//r 0 , (3 b) 

where r\ f is the surface density of free charge 
and If the surface density of conduction 
current. The condition n • B = 0 is satisfied 
automatically. Since it is assumed that the 
only currents excited are l s on the conical 
surfaces and I 0 on the cap surfaces, it follows 
from (3b) that the only nonvanishing com¬ 
ponent of the magnetic B-field is B^, that is, 

Bq = 0, 8**0, B fi =0. (4) 

Examination of the components of the 
electromagnetic field given in (2.11) and (2.12) 
shows that (4) with the condition 911^/9® = 0 
for rotational symmetry requires the entire 
magnetic field of magnetic type, that is 
derived from the magnetization potential, 
to vanish. Hence, all components of the 
electric field of magnetic type must also 
vanish, which is equivalent to II ms . = 0. In 
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other words, as could have been anticipated 
from the fact that there are no circulating 
currents, only components of the field of 
electric type derived from the polarization 
potential II eR are involved. They are 


E e 

E s 


i a 2 n. 


R 3&3R ’ 


0, 


+ - n(n + 1} n 

~ Po ll es 


(5a) 


B e — 0 , Bq — 


-jPt m , 


ioR 


~W' B * = a 


(56) 


The last step in (5a) follows from multiplying 
(2.15) by G, and using (2.13). The existence of 
a component of the electric field in the 
direction of the polarization potential is 
characteristic of all fields of electric type. 
Note that since n fr = R 2 EJn(n + 1) from 
(5a), the entire electromagnetic field may 
be derived from E s instead of from U eT 
if desired. Since the component of the mag¬ 
netic field B k = 0, the magnetic field is 
transverse to the direction ofn eR , so that an 
appropriate and commonly used alternative 
name for the fields of electric type is transverse 
magnetic or TM field. 

The three nonvanishing components of the 
field are obtained from (5a, b) with (2.32 b). 
Thus, 

E @ = j?Izn(fioR) Tn(&), (6a) 

JV n 

4-2 I «(" + 1 )z n (P 0 R)Tn(O), (6b) 

A n 

= TTT 2 z n (p 0 R)n(&). (6c) 

The primes denote differentiation with respect 
to the argument. The choice of the particular 
values of n and the specific form of z n (f} 0 R) 
and T n (@) depend upon the boundary con¬ 
ditions. 

In applying the boundary conditions (2a, b) 
to (6a, b) it is convenient to treat the region 
outside the conducting cone in two parts 
(Fig. 3.1): an internal region I inside the sphere 
of radius /, and an external region II occupying 
all space where R > l. The boundary con¬ 
dition for the internal region is (26); that for 
the external region is (2a). In order to satisfy 
these boundary conditions it is convenient to 
choose different forms of the functions 
z n (P 0 R) and T n (@), appropriate, respectively, 
to the interior and exterior regions, and then 


to match the two solutions across the common 
mathematical boundary between regions I and 
II. 

In the exterior region II defined by R > l, 
0 = 0,tt are included, so that neither 
Q n (cos 0) norP„(—cos 0) is a finite solution 
since P„( —cos 0) with n nonintegral and 
Q n (cos 0) for all n become infinite at at least 
one of these boundary points. Moreover, the 
region extends to R = oo, where of all the 
spherical Bessel functions only h (2) (p 0 R) 
vanishes. Therefore, an appropriate solution 
for the exterior region is 

= 2 C n P n ( cos &)p 0 R hf(fi n R). (7) 

n 

This formula defines the exterior comple¬ 
mentary modes, which are discussed in 
Sec. 6. 

Since 0 = 0 is not included in the interior 
region, Q„(cos 0) has no singularity. On the 
other hand, the origin is in region I, and of 
all spherical Bessel functions only j„(fi 0 R) 
is finite at R = 0 for n > 0. When n = 0, 
on the other hand, p 0 R n 0 (p 0 R), p 0 R h^lPoR), 
and fi 0 R h^l\fi 0 R) also are finite at R — 0. 
Since P 0 (cos 0) = 1, Qo(cos 0) = ] n cot £0; 
and also j 0 (P 0 R) = sin P 0 R/P 0 R, n 0 (p 0 R) 
= -cos P 0 RIP 0 R, h<l\p 0 R) = —jeiP» R IP 0 R, 
h^(p 0 R) — je~^o R /P 0 R, appropriate solutions 
for region I are as follows: 

For n — 0, 

( n J*)d = n d = (Co + B 0 In cot i&) 

X (a 0 sin P 0 R — b 0 cos P 0 R), (8a) 
or, 

( n L)i = n d = ~j( C o + B o In cot £0) 

x (a' 0 eiPo R — b' 0 e~^» R ); (8b) 

For n > 0, 

(n'A = 2 T n (&)P 0 R j n (P 0 R), (9) 

n 

where, in general, 

T n (&) = C n P n {cos 0) + D n Q n (cos 0), (10a) 
and where, alternatively, for n nonintegral 
T n (&) = C' n P n (cos 0) + D' n P n (-cos 0), 

(106) 

Of these solutions, (8a) and (86) define the 
dominant mode in trigonometric and expon¬ 
ential forms, while (9) defines the interior 
complementary modes. 
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4. The Dominant Mode; Apparent Terminal 
Admittance* 

In order to develop the formulation of the 
dominant mode in a biconical antenna in a 
manner paralleling that in a conventional 
terminated transmission line, it is advantage¬ 
ous to begin with an infinite biconical antenna. 
If the length / of the cones in a symmetric 
biconical structure is infinite, there is no 
exterior region. In order to vanish at R = x>, 
the polarization potential for the dominant 
interior mode then must be given by (3.86) 
with a' = 0. Thus, 

n d = (C 0 + B 0 In cot m(jb' 0 e~^R). 

(R<1 = co) (l) 

The corresponding dominant-mode polariza¬ 
tion potential for cones of finite length is 
given by (3.8a); it is 

n* 

= (C 0 + B 0 In cot i©)(fl 0 sin p o R — b 0 cos fi 0 R). 

(R^D (2) 

The components of the electromagnetic 
field for the dominant mode are derived 
directly from (3.5a, b), with 

In cot £0 = —esc 0 (3) 

a0 

and a change in the arbitrary constants from 
B o b' 0 , B 0 a o, and B 0 b 0 . respectively, to 

b = 2-nBgbgflgl^g, Q — 2 ttB gOgjl gjl,g, 6 = 

2t rBgbgflgltg. The field for the infinite cones is 


The expressions for E & and in (4) 
may be interpreted as representing spherical 
waves, that is, spherical surfaces of constant 
phase, traveling radially outward between the 
perfectly conducting cones with the free-space 
velocity u 0 . Similarly, the expressions (5) 
may be regarded as representing standing 
spherical waves. On conventional lines, 
standing waves occur when the line is termin¬ 
ated in an impedance that differs from the 
characteristic impedance of the line. In the 
case of the biconical antenna, there is no 
actual terminating impedance concentrated 
at R = l. However, it is convenient as an 
intermediate step in the evaluation of the 
input impedance of the biconical antenna to 
treat the cones as if they were terminated 
in an impedance Z la at R — l and subse¬ 
quently relate the fictitious impedance Z la 
to the higher-order modes. 

The surface densities of charge and current 
that maintain the dominant-mode fields are 
derived readily from the boundary conditions 
(3.3 a,b) applied to (4) and (5). For the infinite 
cones the following surface densities of charge 
and current are on the upper cone (0 = © 0 ): 


n f = e„ £ e = 


b' 


vfin tR sin 0 O 


e -jl>o R ; (6) 


l fB — V 0 B <P — 2 „’r sin 0 O ‘ 


-m 0 r 


be ~ 0 , bo — 0 . 


(7) 


F = ^ 

0 2 nR sin 0' 

Bq = 0 , Bq = 


-W*. E* = 0, E„ = 0, 


b’ 


Vgl-nR sin 0 


e iPo R , B r = 0. 
(R g; / = go) (4) 


The total charge per unit radial distance on 
the upper cone is 

q(R) = (277 R sin ©„)»), = — e~^o R . 

v o 


For the finite cones, the dominant-mode field 
is 

( E e)d = 2 „pI | n 0 (a cos P° R + b sin M), 

(5a) 

W = 0, (E x ) d = 0, 

sin 0 (a Sin - b COS M 
(56) 

(B @ ) d = 0, (B R ) d = 0. (R < l) 

Note that (4) and (5) satisfy the boundary 
condition E„ = 0 at 0 = 0 O and 0 = -n — 0 O , 
automatically. 

* First drafts of this section and sections 5 through 
10 were prepared by Dr. C. T. Tai. 


(R < l = oo) (8) 

The total radial surface current crossing a ring 
of radius 2ttR sin 0 at R on the upper cone is 

I(R) = (2tt R sin &g)l fB = b'e-i^ R . 

(R < / = oo) (9) 

It is evident from (9) that 

b' = 7(0), (10) 

where 7(0) is the complex amplitude of the 
total surface current entering the upper cone 
from the point generator at R = 0. 
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For the finite cones the corresponding ex¬ 
pressions for the dominant-mode charges and 
currents are 

q d (R) = (2 kR sin ©„)% 

— — (a cos (3 0 R + b sin f) 0 R), (11) 

v o 

I d (R) = (2tt R sin & 0 )l fR 

= — j(a sin p 0 R — b cos fl 0 R). (12) 

Note that dI d (R)ldR + ja>q d (R) = 0, as re¬ 
quired for the conservation of electric charge. 

Let the voltage F(I?) between a point 
^(©o, 3>, R) on the upper cone and the 
corresponding point P 2 (n — 0 O , <1>, R) on 
the lower cone be defined as the line integral 
of the electric field along the meridian joining 
P 1 and P 2 ; that is, 

f "-®0 

F(R)=.R E @ d@. (13) 

J©0 


where Z c is defined in (15). The constants a 
and b in (12) and (17) may be evaluated in 
terms of the driving voltage F(0) and the 
current 1(0) entering and leaving the point 
generator at the apex. Thus, 

b = -jl( 0), a = F(0)/Z c , (18) 

so that 

V d (R) = F(0) cos p 0 R - jZ e I( 0) sin 0 O R, 

09) 

I d (R) = 1(0 ) cos (SqR - j sin p 0 R, 

( 20 ) 

q d (R) = c 0 V d (R). (21) 

The total current at the ends R = l of 
finite cones consists only of charges flowing 
around the edges onto the hemispherical caps. 
It is given by 


With (4) and (9) the voltage for the infinite 
cones becomes 

(R g / = oo) (14) 

where the characteristic impedance of the 
infinite biconical transmission line is 




r*- 0 " d® 

% sin 0 


— In cot ^0 O 


= 120 In cot !©„ ohms. (15) 


Note that just as in conventional lines Z c 
is real if perfect conductors and dielectrics 
are assumed. If desired, it is also possible to 
define inductance and capacitance per unit 
length of biconical transmission line. Thus, 
since by definition Z c = V l Q jc 0 and v 0 = 
1/Vl 0 c 0 , it follows that 


l 0 = — = — In cot !© 0 , (16a) 

v 0 m> 0 


c 0 = Z c v o = 7r£ 0 /ln cot |0 O . (16 b) 


Id ) = UD + I AD, ( 22 ) 

where I d (l) is the dominant mode current and 
/„(/) is the resultant current associated with 
all of the complimentary interior modes. 
Even when the angle of the cone is very small 
and 1(1) almost zero, the dominant-mode 
current I d (l) may be large, since it is then 
essentially the negative of the higher-mode 
currents. Hence, it is appropriate and subse¬ 
quently very convenient to define an apparent 
dominant-mode terminal admittance Y la . This 
admittance is the apparent load at the end of 
the biconical transmission line if only 
dominant-mode currents and voltages are 
considered. It is the analogy of Y sa for the 
two-wire line with end effect. As in con¬ 
ventional transmission-line theory Y la is 
defined as follows: 

v m 


_ 7(0) COS ftp/ — /[F(0)/ZJ sin /?„/ 

F(0) cos (V - jZ c I( 0) sin f) 0 l 

This equation may be solved for 1(0) in terms 
of F(0) and Y la . The result is 


The dominant-mode voltage for the finite Iftn F(0) (Z c Y la cos fl 0 l + j sin f} 0 l\ 

cones is defined by (13) with (5a). Thus, ( 0) = Yfi \cos /V + jZ c Y la sin J 


VAR) = Z c (a cos P 0 R + b sin p 0 R), (17) 


(24) 
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Substitution of (24) in (20) gives the following 
expression for the dominant-mode current at 
radius R: 


cos p 0 R{Z c Y la cos P 0 l + j sin /?„/) 

- j sin P 0 R{ cos P 0 l + jZ e Y la sin p Q l) 
cos P 0 l + jZ c Y la sin P 0 l 


With standard trigonometric formulas, (25) 
is reduced to 

I d (R) = JJsin P 0 {1 - R) 

— jZ c Y la cos P 0 {1 — R)]. (26) 

where a new constant I m is defined by 

/ zM 

m Z c (cos P 0 1 + jZ c Y la sin p 0 l) 

_M_ . (27 ) 

sin PJ — jZ c Y la cos P 0 l 


Note that I m is the maximum current. When 
Yia = 0, I m = J(0)/sin p 0 l at R — l — A 0 /4, 
(which corresponds to I m — /(0)/sin p Q h at 
z — h — A 0 /4 for the cylindrical antenna with 
sinusoidally distributed current). With (23) 
and (27) substituted in (19), the dominant¬ 
mode voltage for R ^ l is 

V a (R) = I m Z c [Z c Y la sin /?„(/ - R) 

— j cos P 0 (l — 7?)]. (28) 


The dominant-mode electromagnetic field 
(5) for finite cones also may be expressed in 
terms of the new constants Y ta and instead 
of a and b using (23) and (27). The resulting 
formulas for the two nonvanishing components 
in the range R ^ / are 


-J Cos «/-«)], (29) 


v 0 2ttR sin 0 


[sin P 0 (l - R) 


— jZ c Y la cos P 0 (l — R)]. (30) 


where 

S n (P 0 R) = P 0 R j n (P 0 R ) (2) 

and, with n = cos 0, 
r„(0) = C;? n (cos 0) + jd;p„(-cos 0) 
r„(^) = C' n p n (N) + z>;p„(-/i) 

for n nonintegral; C' and D' n are arbitrary 
constants. The nonvanishing components 
of the electromagnetic field in Region I are 
obtained from (1), using (3.5 a, b). They are 

(Eq)c = |° 2 S' n (p 0 R)T;<&), (4 a) 

-K n 

(E l K ) c = 1| n(n + 1 )S n {p 0 R)T n {@), (46) 

(B^)c = - ^| 2 S n (fi n R)r n (&), (4c) 

where primes on S n and T n denote differ¬ 
entiation with respect to the arguments. 

The boundary condition that must be 
satisfied in region I is (3.26), E s = 0 at 
0 = © 0 and 0 = it — 0 O . This is satisfied if, 
with fi 0 — cos 0 O , 

T n (p o) = C nPn(/ l o) + D' n P n (-ft 0 ) = o, 

(5 a) 

T n (-ti 0 ) = C' n P n (-n 0 ) + D' n P n (ji 0 ) = 0. 

(56) 

These equations can be satisfied simul¬ 
taneously only if 

c; = ±D' n . (6) 

The correct choice of sign in (6) may be 
determined by noting that for a symmetric, 
apex-driven biconical antenna the .radial 
electric field must be an odd function of z, 
where, as shown in Fig. 3.1, the z-axis 
coincides with the axis of the cones; that is, 

E l R {-z) = -E\(z). {la) 

Hence, since fi = cos © = zjR 0 , 

T n {-M) = ~T n (M), {lb) 

so that in (6) 


5. Interior Complementary Modes; Input Im¬ 
pedance 

The polarization potential for the com¬ 
plementary interior modes is given by (3.9), 
namely, 

(n' K ) c = 2 S n {P 0 R)T n {Q), 

n 


C' n = -D' n . (7C) 

It follows that 

T n {Q) = 2 C;L n (0), (8) 

where 

T„(®) = i[P«(cos 0) - P n { - cos 0)]. (9) 


0) 
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For a given value of 0 O , therefore, there is an 
infinite set of characteristic values designated 
by n* These must be determined from the 
equations 

o) = L n (n - 0 # ) = 0, (10) 

where L n (0) satisfies the Legendre equation 
(2.16) in the form 

(Ha) 

Alternatively L n (ji) satisfies (2.26). That is 

' + *„ + , )£ . w , °. 

(116) 


two constants I m and Y la of the dominant 
mode and, in addition, the set of n constants 
a„ of the complementary modes. These must 
be evaluated in terms of the driving voltage 
and the field in the exterior region. The charges 
per unit radial distance and the radial currents 
on the cones which maintain the comple¬ 
mentary interior field are determined as for 
the dominant mode. Thus, for the upper cone, 
© = ©o, 


q c (R) = (2t tR sin ©„)% 

= (2tt R sin 
= —jX o sin 0 O 

v V **« S n (fl 0 R) r , .-y.. 

I n(n + 1) SJflJ) [ n( )l0 = 0 »’ 

(16) 


If (8) is substituted in (4 a, b, c), the electro¬ 
magnetic field associated with the interior 
complementary waves is defined. Instead of 
using the set of arbitrary constants C' 
appearing in (8), it is convenient to multiply 
each of these by an appropriate factor, the 
reciprocal of which then appears explicitly 
in the expressions for the field. The desired 
factors are contained in 


a n =j*Mn + l)a> £o S n (0 o /)C;. (12) 

With (12) and for R l, (4 a, b, c) become 


(EDc = 2 


(13) 


(^i)c — 


( B ®) c = x—^ 2 


2nR „ n(n + 1) S n (M 

-j y a Sn ^° R ^ L ( 0 ) 
2*a*oK* i ” SM 

a, 


(14) 


2nv 0 R „ n(rt + 1) S n (0 o l) 


W) l;(0),(i5) 


where the primes on S and L denote deriv¬ 
atives with respect to the arguments. The 
summation with respect to n is to be carried 
out over all of the values of n determined by 
solving (10). The entire field in the interior 
region I is the sum of the fields for the domi¬ 
nant mode in (4.29,30) and the complementary 
modes is (13), (14), and (15). It involves the 


* The use of the solution (3) or (2.31) instead of 
(2.27) implies that only nonintegral values of n occur. 
That this is necessarily true for the interior region is 
not obvious. The entire analysis could be carried out 
using (2.27) with no question of validity. For applica¬ 
tion exclusively to thin biconical antennas, to which the 
present analysis is subsequently restricted, the leading 
terms obtained using (3) instead of (2.27) are pre¬ 
sumably correct, since in the range of validity of (9.1) n 
is nonintegral. 


I C {K) = (2rrR sin ® 0 )l fK 
= (2t tR sin © 0 >o( b !d)c 

l n S n (b()R) 


= -sin ©o 2 


n(n + 1) S n (J V) 


[L;(©)]© = 0 o . 
(17) 


Note that dI c (R)/dR + ja>q c (R) = 0, as re¬ 
quired for the conservation of electric charge. 
Since with (2), .S n (0) = 0, it follows that 


*Zc(0) = 0, / c (0) = 0. (18) 


Thus, the charges and currents that maintain 
the complementary interior higher-mode field 
are distributed over the two cones but do not 
reach the point generator at the apex, R — 0. 
Everywhere except at R — 0 the total current 
and charge on the cones include contributions 
from both the dominant mode and the higher 
modes. 

The leading term of the higher-mode 
current at a very small radial distance <5 from 
the apex is obtained from (17) with (2) and 
(2.25). It is 


/ c (<5) = -sin ©„ 


_ On_ 

A" + 


2 n T(n + 1) 
I) T(2n + 2) 

m 


ow +1 

^n\P o l ) J n=n 1 


(19) 


where /q is the smallest number in the sum in 
(17), provided the condition /3„<5 1 is 

satisfied. In general, this current is negligible 
compared with the dominant-mode current. 
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The voltage associated with the comple¬ 
mentary modes may be defined as for the 
dominant mode. Thus, 

V£R)=R I*' °°(E 0 ) C r/0 = 0, (20) 

J0„ 

since L n (0 o ) and L n (n — 0 O ) both vanish in 
accordance with (10). Therefore, the voltage 
defined for the biconical antenna is exclusively 
of dominant mode Whereas the total current 
is partly dominant- and partly higher-mode 
except at the apex where it is dominant. 

Since the currents and voltage associated 
with the complementary interior modes 
contribute nothing to either the current or 
the voltage at the apex R = 0, the driving- 
point impedance depends exclusively on the 
dominant-mode voltage and current. Thus, 
with R = 0 in (4.19) and (4.20), 

_ F(0) _ V d (0) 

0 m m 

_ yr Uc Y la sin /y - j cos /y \ 
c \ sin P 0 l — jZ c Y la cos P 0 l / ’ 


where Y la is the arbitrary constant in the form 
of an apparent terminal impedance yet to be 
evaluated in terms of the complementary 
modes. Note that the driving-point impedance 
of the biconical antenna is determined 
completely in (21) except for Y la . Therefore 
the determination of Y la is the principal 
problem remaining. 

Note that, if the impedance is defined at a 
short distance <5 from the apex, the admittance 
is given by 

Y 6 ^~ = lY 6 ) d +(Y 6 ) c , (22) 

where 




m 

V d (d) ’ 


(Y«) c = 


VM ■ 


(23) 


6. Exterior Complementary Modes; Matching 
of Fields 

The appropriate expression for the polariza¬ 
tion potential in the exterior region is given by 
(3.7). It may be expressed in the following 
convenient and compact form: 

= 2 C k R k (P 0 R)P k ( cos 0), 

k = 1, 2, 3, • • •, (1) 

where, 

R k (PoR)=PoRhp(PoR). (2) 


Since the requirement that the radial electric 
field be odd in z applies in region II just as in 
region I, the P k (cos 0) must themselves be 
odd functions of z. That is, only those 
P k {cos 0) are to be included in the sum in (1) 
that are odd functions of n = cos 0. These 
have k odd. For convenience, let the sum over 
odd values of k be designated by a prime on 
the sign of summation. Thus, 2=2 

k k = 1,3,5- 

Using (3.5a, b), the nonvanishing com¬ 
ponents of the electromagnetic field are 
obtained from (1). They are 

E e = t 2' CkKWPkkos 0), (3) 

K k 


= -^2' k(k + \)C k R k (fl u R)P jfcfcos 0), 

(4) 

K = 2 ' C k R k (fi () R)P' k (cos 0), (5) 

(oK k 

where the primes on R and P denote deriv¬ 
atives with respect to the argument. It is 
again convenient to introduce a different set 
of arbitrary constants by setting 

b k = j2nk(k + \)iue 0 R k (fi 0 l)C k . (6) 


With (6) the components of the field become 

’WWfftc 0.8), 

(7) 




2nR t k(k + 1) R k ((} 0 l) 

-j 


RII = _ 

R 2ncoe 0 R 2 ** 


s0 )’ 


K 


r 


b k R k (fi 0 R) 


-1 


2ttv 0 R f k(k + 1) R k (J3 0 l) 


( 8 ) 

P'lf COS 0). 

(9) 


The field defined in (7), (8), and (9) for the 
exterior region satisfies the field equations, 
the condition for symmetry, and the condition 
at R = oo. It remains to impose conditions 
at the inner boundary of region II so that 
the tangential electric field vanishes on the 
spherical caps of the antenna and the entire 
electromagnetic field is continuous across the 
rest of the mathematical boundary sphere. 
The conditions are 


E“ = 0 


when 


0 ^ 0 ^ 0 O 
7T — 0q 0 



R = l; 


K = *e} 
= BU 


( 10 ) 

when @ 0 g 0 ^ it - 0 O , 

J?=/. (11) 
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Since E R is continuous if is continuous, 
it follows that only E Q and need be 
matched explicitly. 

The substitution of (7) in (10) gives 


y/ b k 

r +1) 


Pk(Pot)Pk( cos ®) = 0 , 


(OS0^0 o ,ir-0fl<0^ir) (12) 


where 


pm) - 


r m) 

RW 


^W) 

hf(M 


03) 


is the logarithmic derivative of the spherical 
Hankel function. Similarly, the substitution 
of (7), (4.29), and (5.13) in (11) gives 


2' 


h 

k(k + 1) 


sin 0 


Pk(Po[)P' k (cos 0 ) 

+ 2„-^nj^w;(0). 


where 


ffntfoO 


(®0 ^ ^ - - 0 O ) (14) 

sm) .MM ns v 
SnW MM 


or (2.26) the following relations exist when 
n m: 


I 


» —®o 


T n (&)T m (0) sin © dO 


’v 0 


= [ T n (/i)T m (jt)dfi 
J-t* 0 


r 

J e, 


(1 - W - T m (p)T' n (M)] 

n(n + 1) - m(m + 1) 


T' n (0)T m {0) sin 0 d& 


Vo 


0) 


= f (1 — M)T' n (p)T' m (p) dp. 
J ~f* 0 

= [(1 - p) 2 T n (M)T' m (M)Y_\ 


-Vo 


+ m(m+ 1 ) 


fv 0 

T n i 

J-v o 


(p)TJp)dp. (2) 


As usual, p = cos 0 and primes denote 
differentiation with respect to the indicated 
argument. 

For the special case in which T n (p) = P k (jt), 
TJM = p M), © O = 0 or m 0 =1, where 
P k (p) and P r (p) are two Legendre polynomials, 
it follows from (1) and (2) that with k =£ r 


is the logarithmic derivative of the spherical 
Bessel function of the first kind. Finally, 
substitution of (9), (4.30), and (5.15) in (11) 
gives 


V 

i k(k + 1) 


P' k (cos 0) 


jI m Z c Y, 

sin© 


+ 2 


n n(n + 1) 


L'„m. 


(0,^0^^-®o) 06) 


As a consequence of the orthogonal 
properties of the functions P k (cos 0) and 
L„(0) and their derivatives, the system of 
equations contained in (12), (14), and (16) 
can be solved by direct integration. Before 
such a solution can be carried out, a review of 
some of the more important properties of 
integrals involving products of Legendre 
functions is required. 

7. Integrals of Products of Legendre Functions 

It is known from the theory of Legendre 
functions 127 that if F„(0) and T m (@) are any 
two solutions of Legendre’s equation (2.16) 


fp,< 

Jo 

rep, 

Jo 


.(cos 0)jP r (cos 0) sin 0 d& = 0, 
.(cos 0) dP r (cos 0) 


90 


90 


- sin 0 d& = 0. 


(3) 

(4) 


On the other hand for k = r, as shown by 
Hobson, 1 ' 27 


Jkk = J o P k (.cos 0) sin 0 d@ = ^ 

and 


f [ 8/> "aQ S - 0) ] 2sin 0 d& = *(* + l 
' ( 6 ) 


For the special case in which T n (p ) = L n (p), 
T m (p ) = L m (p), where Lfp) and LJp) are 
the Legendre functions defined by (5.9), the 
following relations obtain: 



L n (0)L m (0) sin 0 d& = 0, 
l;( 0)Z^(0) sin Qd@ = 0. 


(7) 
n i=- m 

( 8 ) 
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When n — m, it is possible to set m = n + An 
in (1) and evaluate the limiting value of the 
integral as An —* 0. The value so obtained is 
denoted by J nn . It is 

J nn = L\(&) sin 0 d@ 

J© 0 

2(1 - BL JjA 3L» 1 

In + \ \_ drt dfi \^ = ^' 

The factor 3L n Gu)/3n in (9) is obtained from 
the expansion 

Ln+An(M) = L n (ji) + An H-. 

( 10 ) 

With (2) it follows that 

f [i«(0)] 2 sin 0 d& = n(n + 1)7„„. 


f"-® 0 

- L n (®)P k * 


so that 




This equation shows that y (0 is determined 
uniquely if explicit values of the set of 
coefficients b k II m are obtained. 

The determination of b k /I m begins with the 
multiplication of (6.16) by L' m (Q) sin 0 d<~) 
and integration with respect to © from 
© = ©o to 0 = 7T — 0 O . With the orthogonal 
properties of L„(0) in (7.7, 8, 9), it follows 
directly that 

a mTmm—'^b k J mk , (3) 

k 

where J mm is defined by (7.9) and J mk by 
(7.12) with n replaced by m. 

An additional relation between the a n and 
b k is obtained from (6.14) and (6.12) by first 
multiplying by [3P r (cos 0)/30] sin 0 dQ and 
then integrating with respect to © from 
© = 0 to 0 = it. Use of (7.4) and (7.6) in 
the left-hand member and of (7.13) in the 
right-hand member gives 


2r + 1 


= -2l m P r (p 0 ) 


A final special case is that in which T n (ji) = 
LM, TM = PM. With (1) and (2) it 
follows that 


1} | n(n + 1) aJlt " l)Jn 


or, after rearrangement, 


(cos 0) sin 0 d@ 


~ k(k+\) -n(n + 

( 12 ) 

sin &d& 

Jq d(y d(y 

= k(k + 1 )J nk . (13) 

8. General Solution for Y la and the Infinite 
Set of Linear Equations 
In order to determine the constant Y la 
from the system of equations defined by 
(6.12, 14, 16), the first step is to integrate (6.16) 
with respect to 0 from 0 = 0 O to 0 = ir — 0 O . 
Since from (5.10) L(0 O ) = L(n — 0 O ) = 0, 
the last term in (16) integrates to zero. It 
follows with (4.15) that 


2 ? k(k + l) Pk(Mo) 


2r + l 


r(r + 1) 


i(t 


SoTTl)^ 

= -p r (ji 0 )- 


Note that in (4) and (5) r has only those values 
assumed by k in the sum S'; that is, r is odd. 
In (5), J nr is the integral defined in (7.12) 
with k replaced by r. 

It is now possible to eliminate the o„ 
between (3) and (5) and so obtain the following 
infinite set of linear equations that b k /I m 
must satisfy: 


2Ir + 1 

-* +,, sf (£) s £ 


= /2/ m Z c y [a lncot|0, (1) 


= -PM). ( 6 ) 

The ratio J nr J n klJnn 1° (6) can be simplified 
by introducing a new coefficient, dnld/i 0 . 
Proceeding from (5.10), namely, L n (p 0 ) = 0, 
total differentiation gives 


dl-n(f l o) 


dL n {n 0 ) dn = 
dn Su n 
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If (7) is used in conjunction with (7.9) and 
(7.13), the following equation is derived: 

•Inrink 
*Inn 

_ -2(2 n + 1)(1 - t‘l)P k (i‘ 0 ) P r (i‘a)(dnldfi Q ) 
[k(k + 1) - n(n + l)][r(r + 1) - n(n + 1)] ’ 

( 8 ) 

If (8) is substituted in (6) the result is 

zri'Mk) 

+ r(r + l)P T (no) 2 2 ' (t*) t («, k, r)P k (j* 0 ) 

n k \ l m/ 

= -PAm o). W 

where for convenience the symbol '¥(n, k, r) 
is introduced to stand for 


This simplification depends primarily on the 
fact that for 0 O small the roots of the equation 
(5.10), L n (& 0 ) = 0, are approximated by 18 

n = k + ■ ; k = 1,3,... (1) 

In (2/© 0 ) 

Hence, as © 0 is reduced, n approaches k ; 
and for all moderately small values of 0 O 
the difference n — k is small. 

The differentiation of (1) with respect to 
H 0 = cos © 0 gives directly 

(1 -{n-kY. (2) 

dn o 

Moreover, for n — k 2k 4- 1, the follow¬ 
ing relation is valid: 

k(k + 1) — n(n + 1) = —(n — k)(k + n + 1) 
= -(« - k)(2k + 1). (3a) 


V(«, k, r) 


2 n + 1 
n(n + 1) 


_ (1 - /4)(dnldn a )oJji (l l) _ 

[k(k + 1) - n(n + l)][r(r + 1) - n(n + 1)] 

( 10 ) 


and where r is restricted to the range of k and 
therefore is odd. 

The formal solution for Y la and with it 
the determination of the driving-point imped¬ 
ance of the biconical antenna with arbitrary 
angle © 0 is contained in (2) with (9). However, 
in order to obtain an explicit formula for Y la , 
it is necessary to solve the infinite set of 
linear equations given in (9) for (& Jt // m ). 
No general, exact solution of this set of 
equations is available for cones with arbitrary 
angle 0 O . Hence, a general formula for the 
impedance of the biconical antenna cannot be 
provided. Thus, although the analysis of the 
biconical antenna is not restricted in its formu¬ 
lation, mathematical limitations make an exact 
solution unavailable. This is described in the 
next section. However, if the angle 0 O is 
sufficiently small, an approximate solution of 
(9) is possible. Approximate analyses of wide- 
angle biconical antennas and related conical 
structures are available in the literature, but 
these are outside the scope of this book. 


9. Solution for the Apparent Terminal Admitt¬ 
ance of a Biconical Antenna with Small Angles 
The complicated equation (8.9) for the set 
of coefficients ( bjl m ) may be simplified if 
the half-angle 0 O of the cone is sufficiently 
small so that /u 0 = cos 0 O is quite near unity. 


In summing n over all possible values the 
difference n — r becomes small when n is near 
r. For this range, that is, when n ~ r 
2r + 1, 

r(r + 1) - n(n + 1) = -(« - r)(r + n + 1) 


= ~(n - r)(2r + 1). (3b) 

If (1) applies, and (2), (3a), and (3 b) are used 
in (8.10), it follows that, 


Tfn, k, r) 


/ 2n + l \ / n - k \ rt n (h a l) 

\2A: + 1/ \n — r / n(n + l)(2r + 1) ‘ 


(n — k small and n — r small) (4) 
Alternatively, 
m k, r) 

— ( 2n + 1 j (_ n — k \ ff„(/y) 

\2k + 1/ \r(r + 1) — n(n + \)Jn(n + 1) ‘ 


(n—k small, n — r not small) (5) 


Examination of (4) and (5) shows that with 
n — k small the only significant values of 
TXrt, k, r) as n passes through the entire 
range of values indicated in the sum in (8.9) 
occur when both n — k and n — r are small. 
This implies that k — r. It follows that 
'F(n, k, r) is negligible except when k = r = n. 
Thus, 


nn, k, r) = 


g r ((V) 

r(r + 1)(2 r + 1) 
when k = r 


n, 


0 otherwise. (6) 
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Since for fi 0 near unity 

PM) =1, (7) 

it follows that with (6) the general equation 
(8.9) reduces to 

(j)mW ~ °r(m = -1, (8) 

which is a good approximation for small 
angles 0 O . Hence, with 0 O < 1, 

kr_ ~Q- r + 0 /q\ 

i m Pr (p 0 i) - <y/y) • 


The denominator in (9) may be transformed 
as follows, using (6.13) and (6.15); with 

* = /V> 

, N , h { ?'(x) f r (x) 

Pt (x) o r (x) h(?(x) . {x) 


_ h ( r ) '(x)j r (x) - jXxWrKx) 

h ( l\x)j T (x) 


( 10 ) 


The numerator in (10) may be expanded 
using the general recurrence relation* 

KM = 2 r\. i [ b mW — (r + l)z r+ i(Ar)] 

(ID 

for h { f'(x) and j' n (x). The resulting expression 
may be transformed further with the functional 
equation f 


hpliMjpM - hfMjp-iM = 1 Ijx 2 . (12) 


Then, with (11) and (12) in (10), the final 
result is 


1 

Pr(P oO a r(PoO 


= MPjriWh^KM- 


(13) 


In (15) Y la is a function of @ 0 through Z c . 
For small values of © 0 , the characteristic 
impedance is 

Z c = — In cot ^ = — In . (16) 

77 L 77 Wq 

Hence, the final expression for Y la , with real 
and imaginary parts separated using the 
relation 


A<fW) = m oO - MM ( 17 ) 

is 


Yla — G la + jB la 

UM 2 i 

7 rZl 2 k(k + 1 ) 


jk(M 


x [jKPob -y«*(/V)]- 


(18) 


By substituting this value of Y la in (5.21), 
the driving-point impedance of the thin 
biconical antenna is obtained. 

For the numerical evaluation of Y la it is 
convenient to introduce the following closed 
forms for the series in (18); they were proved 
valid by Rice 15 after having been discovered 
by Schelkunoff: 18 


oe _ y ; 0 /2 V' + 1 . 2 ,„ 

~ ~ 2 . , ,Jk\Po l > 


n t k(k + lr 


Cor 


= ~[2 Cin 2/y + (Si 4/y - 2 Si 2(1 0 l) sin 2(1 0 l 


+ (2 Cin 2(i 0 l - Cin 4(1 0 1) cos 2/y], (19) 


™ _ MM v- 2k + 1 wo ,o „ 

Xmc ~ t r | /c(/c + X) J^)n k (M 

= ^ [2 5/ 2/l 0 / + (In 4 - Cin 4/9 0 7) sin 20 o / 

-Si 4/y cos 2/y], (20) 


With (13), (9) becomes 

y- = -y’(2r + 04) 

If this value is substituted in (8.2), and (7) is 
used, the approximate expression for Y la is 


, 1 sin u , . , . 

where Si x = J - du is the integral sine and 

I* 1 — cos« , „ 

Cm x = I —- du. Note that in (19) 

Jo u 

R C mc = R e m, (21) 


Y{a — 


UM 2 


v, (2k + 1) 

t k(k + 1) 


j^MhfiM' 


(15) 


* Stratton, ref. 1.52, p. 406. 

t Jahnke and Emde, ref. 1.28, p. 144. The formula 
given is for H'-’ and J. Multiplication by irjlx trans¬ 
forms it into (12). 


where R e m is identically the radiation resistance 
referred to maximum current of an infinitely 
thin cylindrical antenna of half-length h — l as 
given in (11.28.15) and (V.12.6a). In (20) 
is similar to, but not quite the same as, 
Xm = X 0 sin 2 (3 0 h, where X 0 is given in 
(11.28.10). Since the modified zeroth-order 
radiation resistance is independent of the 
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cross-sectional shape of the antenna but the 
reactance is not, this is as it should be. With 
(19) and (20), (18) may be expressed in the 
simple form 

Z*Y la — Z%(G la +jB la ) 

~ Rmc + j^mc = Z^ne- ( 22 ) 

Finally, if Y la as obtained from (22) is 
substituted in (5.21), the input impedance Z 0 
is determined. 

Before discussing the input impedance of the 
biconical antenna of small angle 0 O , it is of 
interest to reconsider the derivation of the 
formulas (18) and (22) with (19) and (20) 
from a different point of view. Both of these 
formulas (with slight differences in notation) 
were derived originally by Schelkunoff, using 
two rather ingenious methods of which 
neither is rigorous. The analysis of Tai is 
followed in this and preceding sections since it 
provides a more general and mathematically 
more systematic approach. In order to 
illustrate the essential features of Schelkunoff’s 
methods of finding the expression (18) for 
Y la , yet another method is described that is 
similar to one of Schelkunoff’s but involves 
fewer assumptions and steps. 

Instead of deriving the relatively simple 
expression (14) for the set of coefficients 
b T II m for small-angle cones by the involved 
and laborious procedure of matching the 
electric field across the boundary sphere to 
obtain the infinite set of linear equations 
valid for all values of 0 O , and then simplifying 
these by imposing the condition 0 O 1 to 
obtain an approximate formula valid for 
small-angle cones, simplifications and approxi¬ 
mations appropriate to the small-angle cones 
may be introduced at the outset. Much as in 
the conventional method of calculating the 
radiation resistance R e m of a very thin 
cylindrical antenna as described in Chapter V, 
the assumption may be made that the distri¬ 
bution of current on a sufficiently thin conical 
antenna also is sinusoidally distributed and, 
hence, of the form 

I(R) = I m sin /?„(/ - R) (23) 

Since the total current on the cones is given by 

I(R) = I d (R) + I c = Usin /?„(/ - R) 

- jZ'Yt cos p 0 (l - R)]+ I c , (24) 
the approximation (23) implies that 

sin /?„(/ - R) | > | —jZ c Y l cos /3 0 (/ - R) 

+ IJI m \ (25) 


for all values of R. Since there is actually 
no terminating impedance at R = / so that 
/(/) = 0 (if an insignificant current charging 
the very small spherical end surfaces is 
neglected in the small-angle cone) the 
implication in (25) that the complementary- 
mode current approximately cancels that 
part of the dominant-mode current that 
differs from zero at R — l is entirely reasonable 
when 0 O is very small. 

If the sinusoidal distribution (23) is assumed, 
the electromagnetic field of the biconical 
antenna is precisely that determined in Chapter 
V. In particular, the radial component of the 
far-zone electric field is (V.4.18c). With 
appropriate changes in notation it is 




W e-iPo R 
2 ttR R 


sin (/J 0 / cos 0) 


2ttcoc 0 R 2 


e ~iPo R p 0 l sin (/!„/ cos 0). (26) 


If sin (/y cos 0) is expanded into a series of 
Legendre functions, (26) becomes 


K = e~W t V 2' (-D ( *- 1)/2 

jT(i)e 0 K jfc 

x (2k + \)j k (p 0 [)P k (cos 0). (27) 


This field must be equal to the radial field given 
by (6.8). With (6.2) this is 


E, 


~j 

2nu>e 0 R 2 


p 0 Rhj»((S 0 R) 

7 * PolhfKM 


P k (cos 0). 

(28) 


However, since (26) is for the far zone, (28) 
may be specialized to large values of R by 
using the asymptotic form of the spherical 
Hankel function given in Sec. 2. That is 
p 0 R h[ 2 \p 0 R) = e-mR-Hk+iM 

= (-D&+W e -H>„R (p 0 R > 1) (29) 


Upon substituting (29) in (28), this becomes 


K = 


j 

2tt coe 0 R 2 
x 2' 


. ^(-D (t - 1)/2 ^(cos0) 

^IhfKM 


(30) 


Equations (30) and (27) now may be equated 
term by term to give 

J- = -j(2r + m 0 D 2 j T (pM 2) (M, (31) 

-* m 


which is exactly (14). 

The fact that the same value is obtained for 
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b r jl m when the condition limiting the angle 
@ 0 of the cone to small values is introduced 
at different points in the analysis signifies 
nothing more than that the approximations 
involved in the two approaches are exactly the 
same. In other words, the approximate relation 
(1) in itself implies sufficiently severe restric¬ 
tions on the angle of the cones that a sinu¬ 
soidal distribution of current is in fact a good 
representation if all impedances are referred to 
the maximum value I m and not to the input 
value 7(0). This is borne out further by the fact 
that R e c in (19) is exactly equal to R e m for an 
antenna with a sinusoidal distribution of 
current. Since R e m is relatively insensitive to 
the cross-sectional dimension of an antenna 
if this is small, as shown in Fig. V.12.1 for the 
cylindrical antenna, the use of R e m as the 
apparent load impedance of a section of 
biconical transmission line with 0 O small is 
evidently a reasonable approximation, since 
account of the primary effect of changes in 
0 O is contained in Z c . 

10. Impedance of a Biconical Antenna with 
Small Angle 

The driving-point impedance Z 0 of a 
symmetric biconical antenna of small angle 
20 o apex-driven by an idealized point gener¬ 
ator is given by (5.21). It may be expressed 
as follows: 

z o= Rq + jX 0 

( Z e m c sin /i 0 / -jZ, cos Ppl \ 

~ c \Z C sin /?„/ - jZ e mc cos p 0 lj ’ { > 

where 

Z c = -° In = 120 In -3- ohms (2) 

TT 0„ 0 Q 

and where 

&me = Rtnc + jX* mc = ZlY la - (3) 

R e mc and X e mc are given by (9.19) and (9.20). 
A curve of Z c as computed from (2) is shown in 
Fig. 10.1. Curves of R^ c and X e mc as computed 
from (3) are given in Fig. 10.2. Finally, the 
driving-point resistance and reactance com¬ 
puted from (1) are shown in Figs. 10.3 and 
10.4. Note that by introducing the following 
parameter: 

21 2 

= 2 In - = 2 In —, 
a 0 O 


where a is the maximum radius of the cones, 
the characteristic impedance may be expressed 
as in (46). 

Z c = ^ n c = 60n c ohms. (46) 

It is significant to note that when p 0 l = rr/2 
the input impedance is 

Z 0 = Z e mc = 73.13 + y 153.7 ohms. (5a) 

Thus the input impedance of the thin biconical 
antenna as given by (1) is a constant independ¬ 
ent of the angle 0 O when / is a quarter wave¬ 
length and © 0 is sufficiently small. For the 
cylindrical antenna such constancy obtains 
only in the modified zeroth-order approximation 
when for fl 0 h = jt/2. 

(Z 0 ) 01 = 73.13 + y'42.5 ohms. (56) 

The evaluation of Z e mc for the biconical 
antenna involves approximations equivalent 
to the assumption of a zeroth-order or sinu¬ 
soidal distribution of current. This suggests that 
(1) may be no better than a modified zeroth- 
order approximation, at least when /3 0 / = nj2 
and all factors involving the angle of the cone 
cancel in (1). Unfortunately, no experimental 
data are available for biconical antennas with 
very small angles, and a better theoretical 
approximation depends on the solution of an 
infinite set of linear equations. 

If the lengths / of the small-angle cones 
are electrically short, so that 

PtV = ( 2 ttII ?. 0 ) 2 < 1 , ( 6 ) 

the expressions (9.19) and (9.20) for R% lw 
and X e mc may be simplified by expanding 
the integral functions and the trigonometric 
functions in series and retaining the leading 
terms. The results are 

R e mo = g • §QV) 2 = 20 p\v ohms, (7) 

XL,= • (2 In 4 )P 0 l = (1 66A)PJ ohms. 

47 T 

( 8 ) 

If these values are substituted in (1) and use 
is made of (6), the input impedance of the 
electrically short biconical antenna is 

2 Q ( P 0 l ) 2 

0 [1 + (In 4)/n f ] 2 

~ h i - <9) 


(4o) 
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with small-angle (Tai). antenna (Tai). 




Fig. 10.4. Input reactance of biconical antenna with small angle (Tai). 
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For very thin and short antennas, for which 
n c > In 4, the leading terms are 

Z 0 = 20(|S 0 /) 2 — j ohms. (10) 
P o' 

This impedance corresponds to that obtained 
in (II.31.6) for the short cylindrical antenna. 
Note that the reactance is simply that of a 
short, thin and unloaded biconical transmission 
line. It is obtained from (1) by setting Z e m( 
equal to zero and retaining the leading terms. 
Thus, with (4 b) and with Z 0 in ohms, 

Z 0 = —jZ c cot W -jWClJPol. (11) 

Curves of R 0 and X 0 as computed from (10) 
are shown in Figs. 10.5 and 10.6. 

The impedance Z 0 defined by (1) is that seen 
by an idealized point-generator at the apex. 
However attractive such generators may be 
from the mathematical point of view, they 
do not exist in practice. In order to use a 
biconical antenna or measure its impedance 
it must be driven from a transmission line. 
If this is an open-wire line, as shown in Fig. 
10.7, a gap exists between the tips of the two 
cones the presence of which destroys the 
symmetry assumed in the analysis. Moreover, 
transmission-line end and coupling effects 
exist just as for the cylindrical antenna, and 
appropriate values of L T and C T in a corrective 
network for determining the apparent imped¬ 
ance Z sa must be determined. 

If a conical antenna above a conducting 
plane is driven from a coaxial line, as in Fig. 

1 .2b, an accurate analysis of the effect of the 
terminal zone near the junction of line and 
antenna is difficult. However, if the character¬ 
istic impedance Z c = (iJ2n) In ( b/a ) . of the 
coaxial line can be matched to the character¬ 
istic impedance Z c == (£ 0 /2 tt) In (2/© 0 ) of the 
conical transmission line, junction effects 
may be kept small. For very thin cones (0 O 
very small) it is difficult to construct a coaxial 
line with a sufficiently large ratio of b/a to 
provide a match unless b is made large and 
the cone truncated sufficiently to require 
the determination of Z h instead of Z 0 . 
Since complementary-mode currents then 
enter significantly into the definition of 
impedance of the cone, this is undesirable. 
For half-angles 0 O of 4° or more, Z c for the 
line need not exceed 200 ohms and a dominant¬ 
mode match is possible. 

In general, it may be concluded that in 
spite of the rigorous formulation of the 
problem of the biconical antenna, thanks 


to analytically convenient boundary condi¬ 
tions, mathematical difficulties make only an 
approximate solution possible even for very 
small angles. On the whole, the imped¬ 
ances actually obtainable from (1) are more 
restricted and less accurate than the second- 
order impedances for the cylindrical antenna 
as determined in Chapter II. 


CYLINDRICAL ANTENNAS 


11. Thin Antennas of Arbitrary Cross Section; 
Schelkunoff's Theory* 

If the radius r of a thin antenna with its axis 
along the z-axis of coordinates does not 
increase uniformly with z as in the biconical 
antenna, the boundary conditions for the 
electromagnetic field cannot be expressed 
simply in terms of the spherical components. 
Examples are thin cylindrical, spheroidal, 
inverted conical, or rhombic antennas and 
antennas with diamond-shaped halves. How¬ 
ever, if the antenna is sufficiently thin, an 
approximate method due to Schelkunoff is 
useful, but, as expressed by Schelkunoff, 
the approximations are obtained “on the basis 
of the physical picture implied by the theory 
of conical antennas rather than by a direct 
mathematical analysis.” The essential assump¬ 
tion in the formulation is to treat each small 
element dz of the antenna as a section of a 
cone and to define an approximate variable 
characteristic impedance by 


Z„(r, R) = -° In 

7T 


2 

© 0 (R, r) 


i. £o 



(i) 


where r is the radius of the section of the cone 
at radial distance R from the driving point 
at the origin. The next step is to define the 
average characteristic impedance 

(Zc)av *= ]f z &’ R) dR (2) 

and to assume as a first approximation that 
a thin antenna may be treated as if it were a 
uniform transmission line with a constant 
characteristic impedance equal to the average 
value defined in (2). Such a uniform line is then 
assumed to be end-loaded with the same 
apparent admittance Y la given in (9.18) or 
in more convenient form in (9.22), with the 
average characteristic impedance (Z c ) av sub¬ 
stituted for Z c . Thus, 

Y la = Zf M /[(Z f ) av P. (3) 


* This section discusses the work of Drs. S. A. 
Schelkunoff, refs. 18 and 1.45, 46 and C.T.Tai,ref.23. 
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As shown in Sec. 9, the approximations in¬ 
volved in the definition and evaluation of 
Zjft. = R e mc + jX* w are equivalent to assum¬ 
ing a sinusoidal distribution of current that 
is independent of the shape of the antenna. 
Accordingly, a zeroth-order approximation 
of the impedance of thin antennas of arbitrary 
shape is given by the general transmission-line 
formula (5.21) with the value of Y ia given by 
(3). Thus, 


are the zeroth-order voltage and current for 
a uniform line with characteristic impedance 
equal to the average value defined in (16), 
and where the first-order corrections, as shown 
by Schelkunoff,* are 

Vi(r) = [ jM cos p 0 R + N sin fl 0 R] 

— Z 0 (0)[y"jV cos PqR + M sin P 0 R], (8 a) 


7 _ m 
0 m 

^ (7 s ( z mc sin (y-y(Z c ) av cos/?„A 

IZclav \ (Zc)avSin/ J 0 /„yZ^COS/? 0 // 

where (Z c ) av is the average characteristic 
impedance appropriate to the antenna in 
question. Unfortunately, such a zeroth-order 
approximation is inadequate. For example, it 
leads to the conclusion that all thin antennas, 
regardless of shape or cross-sectional dimen¬ 
sions provided these are small, have exactly 
the same impedance, 


h (R) = r /> 0 !°la sin /ft I? + JN cos /ft .ft] 

Lv^c/avJ 

- [A sin /ftft + jM cos /ftft]. (86) 

The real functions M and N are defined by 
M - MOV) 

- /ft jW c )av - Z c (r, R)] sin 2/ftft dR, 

(9a) 

N = N(J} 0 1) 


Z 0 = Z e mc = 73.13 + ; 156.6 ohms, (5) 

as the biconical antenna when P 0 l= — 
7r/2. It is known that the real part of (4) is 
the zeroth-order resistance of a thin cylindrical 
antenna, but the reactive part does not 
approximate the zeroth-order reactance of 
42.5 ohms of the cylindrical antenna. 

In order to obtain a better approximation 
Schelkunoff replaces the uniform transmission 
line with a tapered transmission line that has 
a slowly varying characteristic impedance 
instead of a constant value. The resulting 
formula for the imput impedance is a modi¬ 
fication of (4) obtained by taking account of 
the first-order variation in current and voltage 
as a result of the nonuniformity in the charac¬ 
teristic impedance. If the voltage and current 
at a distance R from the generator end of a 
nonuniform line are given by 

V(R) = V 0 (R) + Fftft) + ■■■, 

( 6 ) 

I(R) = I 0 (R) + /ftft) +■■■, 

where 

V 0 (R) = F 0 (0) cos ft,ft -y(Z c ) av / 0 (0) sin ^„ft, 

(la) 

h( R ) = *o(0) cos ft ,R ~ j sin h R 

v^c/av 

(76) 




t(Z c ) av - Z c (r, R)] cos 2/ftft dR. 


Z c (r, R) in (9a, 6) is defined in (1). For the 
thin cylindrical antenna of radius a and 
half-length h = /, 

M = ^ [Cln 2/ft/ - 1 + cos 2/ft/], (10 a) 


A = ^2- [Si 2/ft/ — sin 2ft,/], (106) 

(Z c ) av = ^ ( in ^ - l ) . (10c) 

For the rhombic or inverted conical antenna, 


M = £ [(1 + cos 2fi ° l) Cin 2ti ° l 

— sin 2/ft/ Si 2/ft/], (11a) 

A = g [(1 - cos 2/ft/) Si 2/ft/ 

— sin 2/ft/ Cin 2/ft/], (116) 

(Z c ) av = — In —. (11c) 

7T a 


* Schelkunoff, ref. 1.46, pp. 208-211. 
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Fig. 10.7. Biconical antenna driven from two-wire line. 




Fig. 11.1. Impedance of cylindrical antennas based Fig. 11.2. Impedance of cylindrical antennas based 
upon Schelkunoff’s theory; Q = 10 (Tai). upon Schelkunoff’s theory; Q = 15 (Tai). 









[VIII. 11] THEORY OF LINEAR ANTENNAS 841 


For the spheroidal antenna, 

M = Rtm ~ S (l “ cos 2fi ° l) ln 2 > (12fl) 


N = X% n — ^ ( !n 2) sin 2/3°/, (12ft) 


(Z.)av = -ln-. 
w a 


(12c) 


It is interesting to note that the average 
characteristic impedance for the thin cylind¬ 
rical antenna in (10c) is precisely the value 
obtained in Chapter II for a sufficiently 
short antenna using the King-Middleton 
expansion parameter Thus, for an 

antenna of half-length h and radius a, 

^1=4(0 — 2) = Wh3-l). 

2tT ATT 7 T \ a J 


On the other hand, if the Hallen parameter 
O = 2 ln (2 h/a) is used, 


~ HI J 

2n 7t a 


(14) 


which is the value for the antenna of rhombic 
shape in (11c). 

The input impedance, Z 0 = F 0 (0)/Z 0 (0), 
of a section of tapered line of length l is 
evaluated from the following formula for the 
apparent load admittance: 

v 1(1) . W + h(D 

la V(J) ~~ V 0 (l) + Fj(/) ’ 

using (7a, ft) and (8a, b) with R = l. The 
explicit formula for the input impedance 
obtained from (15) is 

z ° = (Zc)av zrji) ’ (16) 

where 


A = JR^Jsin P 0 l - (y c ) av (A r cosi3 0 / 

+ M sin/?<,/)] (17a) 

B = yyism /V - (Y c ) aw (N cos p 0 / 

+ M sin p 0 l)\ + [M — (Z c ) av ] cos jS 0 / 
-Afsin/3 0 /, (17ft) 

C = T^fcos P 0 l + (YAixviN cos /y 
— A7 sin /3 0 /)] + cos /y 

+ [M+ (Z c ) av ] sin ft 0 /, (17c) 

z> = -Z?£Jcos j3 0 / + (y c ) av (A/ cos P 0 l 

- jVsin 0 O /)], (17a') 


and where ar >d Z, e BC are given in (9.19) 
and (9.20); (y c ) av ^ l/(Z c ) av . 

The formula actually evaluated by 
Schelkunoff, which may be called a first-order 
solution, is given by (15) with Vfl) neglected 
compared with F 0 (/). That is, 


. UD + A(0 

v 0 (0 


(18) 


The corresponding first-order value of the 
input impedance is given by (16) using 
(17 a-d) with the terms that have (y c ) av as a 
factor neglected. With Z% K — R% K + jXf r it 
may be expressed as follows: 

(Z e mc —jN) sin fi (t l 

7 /7 , — /[(z c ) av - m\ cos p 0 i | 

0 ( e aV l[(Z c ) av + M]sin/y 

— + jN) COS /?„/ J 


(19) 


The second-order formula (16) with (17 a-d) 
complete was evaluated by Tai. 23 First- and 
second-order input impedances as computed 
by Tai from (16) with the appropriate form 
of (1 1 a-d) are represented in Figs. 11.1 and 
11.2 for O = 2 ln (2ft/a) = 10 and 15. Addi¬ 
tional and more extensive curves of the first- 
order impedances are in the literature 1 46 ; 23 . 
It is seen that the curves for the first- and 
second-order impedances of Schelkunoff’s 
theory show marked differences in magnitude 
and in shape for the thicker antenna. It is 
shown below that the first-order formula 
is in much better general agreement with 
experiment than is the second-order formula. 

Since it has been shown in Chapter II 
that the impedances of cylindrical antennas 
computed from the second-order King- 
Middleton form of Hallen’s theory and from 
the variational theory of Storer and its 
modification by Tai are in good agreement 
with one another and with experiment, it is 
interesting to compare these with the imped¬ 
ances determined from Schelkunoff’s theory. 
In Figs. 11.3 and 11.4 the variational, the 
King-Middleton second-order, and the Schel¬ 
kunoff first-order impedances are shown. 
It is evident from Figs. 11.1 and 11.2 as 
compared with Figs. 11.3 and 11.4 that the 
second-order Schelkunoff impedances are in 
poorer agreement with the corresponding 
variational and King-Middleton second-order 
values and, therefore, with experiment, than 
are Schelkunoff’s first-order results. In order 
to provide additional comparison between the 
Hallen theory (using both Hallen's expansion 
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parameter Y = H and the King-Middleton 
parameter Y = Y X1 as defined in Chapter II), 
Schelkunoff’s first-order theory, and experi¬ 
mental results, the important values of 
maximum resistance near antiresonance and 
maximum conductance near resonance are 
selected. In Fig. 11.5 are shown curves of the 
first maximum of resistance as determined 
from (19) for the Schelkunoff theory, from 
(II.30.4) with Y = H and all Z)-factors set 
equal to unity for the original Hallen theory, 
and from (II.30.4) with Y = Y X1 and the 
Z>-factors as defined in (II.30.5a, b,c) for the 
King-Middleton form of the Hallen theory. 
The second maximum is shown only for the 
Hallen and King-Middleton solutions. It is 
seen that the Schelkunoff curve is close to 
and below the King-Middleton curve, whereas 
the Hallen values are considerably higher than 
those of King-Middleton. Together with the 
theoretical curves are shown numerous 
sets of experimental points. The data of 
Hartig, D. D. King, and Tomiyasu are 
careful measurements on lines where termi¬ 
nal-zone effects are made negligible or 
corrected. The data of Wilson are less accurate, 
as discussed in Sec. IV.8. They are included 
primarily because they are the only data 
available for the second maximum. The data 
of Brown and Woodward were obtained using 
conventional equipment with no particular 
precautions to eliminate transmission-line 
and coupling effects. One of their points 
(fl = 16.5) is displaced greatly, perhaps 
owing to very significant base capacitance. 
Nothing is known about the nature of the 
equipment used in obtaining the data collected 
by Schelkunoff. As verified in Chapter II, 
the second-order King-Middleton formula 
is in good agreement with experimental 
results, slightly better than either the Schel¬ 
kunoff or the second-order Hallen formula. 

The differences between the three formulas 
are more pronounced near resonance, as 
shown by the graphs in Fig. 11.6 of the 
maximum conductance (C/ 0 ) max . The Hallen 
formula yields results much closer to the 
King-Middleton values. The maximum con¬ 
ductance determined from Schelkunoff’s for¬ 
mula (1) is much higher, which means that the 
resistance R 0 near resonance is considerably 
lower than that given by either expansion 
of the Hallen theory. This again suggests 
that near resonance, where ,3 0 / = tt/ 2 and (5), 
(7a), and (7b) reduce to simple forms insen¬ 
sitive to small changes in /?„/, the zeroth-order 
form of Z e mc may be inadequate. 


Instead of comparing the theoretical values 
of (G 0 ) max directly with experimental values, 
it is much more convenient to use the value 
(G 0 )res» which is very near (G 0 ) max and only 
slightly lower. This is because the condition 
of resonance is readily determined experi¬ 
mentally by the vanishing of T 0 , so that 
R 0 = 1 /G 0 is obtained directly. An accurate 
determination of (G 0 ) max requires a knowledge 
of R 0 and X 0 over a range near resonance 
and computation of G 0 = R 0 l(Rl + X%) using 
interpolated values. The value (G 0 ) res for 
the second-order King-Middleton expansion 
is shown in Fig. 11.6. It lies slightly below 
(G 0 ) max* Corresponding values of ( 
for the Schelkunoff and Hallen formulas 
are not shown in Fig. 11.6. However, they 
must evidently lie below the associated 
(G 0 ) max curves by about the same amount 
as in the case of the King-Middleton curves. 
Available experimental data are largely 
for thicker antennas with Cl between 8 and 
10. The two points shown by Hartig are each 
a mean value for several observations which 
range between about (G 0 ) res = 13.7 x 10 -3 
mho and 14.3 x 10“ 3 mho. Near resonance 
the resistance and conductance of an antenna 
driven from a transmission line depend 
primarily upon the transmission-line attenu¬ 
ation function p and only negligibly on the 
phase-function 4> as defined in (11.30,24). 
Since the measurement of attenuation is less 
accurate than the highly precise measurement 
of phase, the accuracy in determining p 
is always less than that in determining <t>. 
Examination of the curves for p for an antenna 
driven from a transmission line with various 
values of characteristic impedance shows 
that, for R c in the range from 50 to 100 ohms 
usual in coaxial lines, a rather sharp peak 
occurs at or near resonance. This part of the 
p-curve is the most difficult to determine 
accurately. Since at resonance 

(7^o)res = s Rc tanh p. (20) 

an approximately equal error is made in 
(/?o)res as in p when this is small. It is the 
combination of the relative difficulty of 
measuring absolute attenuation accurately 
with the fact that near resonance p has a 
sharp peak that accounts for the relatively 
wide range in the very carefully made measure¬ 
ments of both Hartig and D. D. King. 

The obvious conclusion from Fig. 11.6 is 
that SchelkunofT’s formula as well as the 
second-order formulas of Hallen and King 
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Fig. 11.3. Impedance of cylindrical antennas based upon 


different theories ; A = 10 (Tai). 



Fig. 11.4. Impedance of cylindrical antennas based upon 
different theories; SI = 15 (Tai). 



Fig. 11.5. Resistance maxima for cylindrical 
antenna. 


theoretical curves 
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Fig. 11.6. Conductance near resonance, 
cylindrical antenna. 



Fig. 11.7. Resistance at resonance, cylindrical 
antenna. 














844 


THEORY OF LINEAR ANTENNAS 


[VIII. 12] 


and Middleton give values of conductance 
near resonance that are somewhat high and, 
correspondingly, values of resistance near 
resonance (Fig. 11,7) that are too low. This 
disagreement with the experimental data 
of Hartig is the greater the thicker the antenna; 
the King-Middleton second-order values are 
closest, those of Schelkunoff furthest from 
the observed data. On the other hand, the 
third-order conductances determined by the 
improved procedure described in Sec. 11.25 
using (II.30.27) should yield much more 
accurate results, since adequate account is 
taken of the component of current in phase 
with the driving voltage. That this is indeed 
true is verified in Figs. 38.10a, 38.11 a, 38.12c, 
and 38.13c of Chapter II, where (^ 0)3 with 
p 0 h = tj/2 is seen to be in excellent agreement 
with measured values, even for quite thick 
antennas. It is also verified in Figs. 11 .6 
and 11.7 where extrapolated third-order 
curves are shown. These have been obtained 
by correcting the second-order values at 
resonance near p 0 h = w /2 in the same pro¬ 
portion as at fl 0 h = n/2 where both second- 
and third-order values are available. However, 
for antennas that are not too thick, ( hja ) S 75, 
the second-order values of King and Middle- 
ton are quite adequate for most purposes. 
For thin antennas all theories are moderately 
accurate. Indeed, the experimental problems 
and errors involved in ordinary impedance 
measurements using conventional techniques 
usually are such that a very wide range of 
data is found in the literature. 

12. The Gap Problem: Cylindrical Antenna 
with Bi conical Transmission Line 9 

As pointed out in Sec. II.4, the essential 
parts of a complete and practical transmitting 
circuit include an antenna, a transmission 
line, and a coil in which an emf is induced by 
an alternating impressed magnetic field main¬ 
tained by a generator. Typical practical 
circuits involving conventional open-wire 
and coaxial lines are shown in Figs. 12.1 
and 12.2. Note that both circuits, from one 
end of the antenna along one conductor of 
the transmission line around the coupling 
coil, back along the other conductor of the 
line, and out to the other extremity of the 
antenna (which may be the distant edge of a 
ground screen or the opposite pole of a great 
sphere), provide unbroken conducting paths. 
If, in the interest of pedagogic simplicity, the 
transmission line is reduced to zero and the 
coupling coil is contracted to a short section 


of the antenna itself in which an emf is 
induced by a varying magnetic field, the 
idealized system described in Sec. II.4 is 
obtained. In this simple case the radiating 
circuit, consisting of a single straight con¬ 
ductor, is still unbroken. Nowhere either in the 
practical systems with long transmission lines 
and extended coupling coils or in the idealized 
contraction is there a gap. Yet, in spite 
of the fact that in actual radiating systems 
there are no gaps, the so-called “problem 
of the gap” has been the subject of much 
theoretical discussion . 8 Indeed, it has been 
asserted that the gap is “the essential part 
of the radiating system”; that it is “the 
only source of radiant energy .” 3 Note that 
if this were true it would be necessary to 
conclude that none of the transmitters in 
practical operation could radiate! It is 
interesting and instructive to study and 
attempt to clarify the confusions and mis¬ 
understandings that underlie statements that 
are as positive as they are untenable. 

The origin of the “gap problem” in the 
study of antennas—whether cylindrical, 
spheroidal, or spherical—is to be found in the 
attempt to analyze an antenna consisting, 
for example, of the two collinear conducting 
cylinders shown in Fig. 12.3 with adjacent 
flat ends separated a small distance 2d, as 
if it constituted a complete transmitting 
system when a mathematically convenient 
electric field is postulated “across the gap.” 
Actually, two essential components are 
missing. They are (1) the unbroken conducting 
path between the halves of the antenna, and 
( 2 ) a localized induced emf along at least a 
part of the circuit. As soon as a transmitting 
system is completed in this manner, the gap 
and with it the gap problem disappear. 

In the practical circuits in Figs. 12.1 and 
12 . 2 , where the conducting paths are con¬ 
ventional transmission lines and the emf is 
induced in a distant coil, the gap that exists 
in Fig. 12.3 and with it a hypothetical rota- 
tionally symmetric exciting field obviously are 
absent. Note that Fig. 12.3 does not portray 
a physically meaningful complete transmitting 
system. It is seen clearly in Figs. 12.4 and 12.5 
that the gap problem is replaced by precisely 
the transmission-line problem (including coup¬ 
ling and end effects) that is analyzed in Chapter 
II. Another type of circuit in which the gap is 
apparently retained is shown in Fig. 12.6. The 
antenna consists of the same halves shown in 
Fig. 12.3 but the transmitting system is 
completed in a theoretically possible but 
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Fig. 12.1. Transmitting system with two-wire line. 




Fig. 12.2. Transmitting system with coaxial line. 



Fig. 12.3. Cylindrical 
antenna with a gap; the 
assumed field and cur¬ 
rent are indicated. 



Fig. 12.6. Transmitting 
system with radial trans¬ 
mission line. 
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practically unavailable manner. The gap in 
Fig. 12.3 is bridged at the center by a thin, 
perfectly conducting wire in which an alternat¬ 
ing emf is induced. The presence of the wire and 
generator transforms the gap into a radial trans¬ 
mission line. Since the antenna is assumed to be 
perfectly conducting (or sufficiently highly 
conducting so that the skin depth is very 
small compared with the radius of the 
antenna), ail currents are confined to a thin 
skin at the surface. Hence, radial sheets of 
surface current diverge from the center of the 
upper and converge to the center of the 
lower surface of the radial transmission 
line where it joins the vertical wire. Evidently, 
the determination of the electric field E z 
at the end r = a of the transmission line, 
where it has the cylindrical antenna as its 
load, the definition of the voltage V { (r = a), 
and the evaluation of the current I/r — a) in 
terms of the emf V e at r = 0 are parts of a 
transmission-line problem that includes radial 
end effects near r = a. Note that Fig. 12.6 
differs from the simple antenna with external 
generator considered in Sec. II.4 only in 
having the continuous conducting path at the 
center of the antenna reduced from a radius 
equal to that of the antenna to a much smaller 
value. This complicates the problem on the 
one hand by inserting a radial transmission 
line between the antenna and the localized 
emf; it simplifies it, on the other hand, by 
permitting the use of a cross-sectionally 
dimensionless delta-function generator instead 
of one distributed as a belt around the 
antenna. 

Instead of analyzing the circuit of Fig. 12.6, 
it is analytically more convenient and 
essentially equivalent to investigate the circuit 
shown in Fig. 12.7, where the radial trans¬ 
mission line is replaced by a biconical trans¬ 
mission line with a point generator at its 
apex. This generator is mathematically attrac¬ 
tive since it is equivalent to a singularity in the 
electric field. It may be approximated in 
practice by the arrangement in Fig. 12.8, 
where half of the cylindrical antenna is 
placed over a conducting ground screen and 
is driven from a conical transmission line. 
This, in turn, is connected at its apex to a 
coaxial transmission line of sufficiently small 
cross-sectional area so that the field at the 
end r — a of the conical transmission line is 
the same as when driven by a point generator. 
For the present study of the “gap problem” 
the simpler circuit of Fig. 12.7 is more 
convenient. In this case the driving voltage 


or emf of the delta-function generator is 
defined by 

C & 0 

V e = V(0) 3 lim E q (R)R d®. 
i?—*0 Jn — © 0 

(i) 

The current in the generator at the apex is 
1(0) and the impedance of the biconical line 
with its end load is 

Z 0 = V(0)11(0). (2) 

As shown in Secs. 4 and 5, the total radial 
current I/R) in the upper cone of the trans¬ 
mission line is given by 

I k (R) = I d (R) + I C (R), (3) 

where I/R) is the dominant-mode current 
and I C (R) is the sum of the currents associated 
with the higher modes. These latter vanish 
identically at R = 0 for all angles 0 O of the 
cone. The dominant-mode current as given 
by (4.20) is 

I a (R) = 1(0) cos p n R - j Y c V(0) sin f) 0 R, (4) 

where Y c = 1/Z C is the characteristic admitt¬ 
ance and 

Z c = — In cot £0 O (5) 

7 T 

is the characteristic impedance of the biconical 
transmission line. The complementary-mode 
currents are defined in (5.17). It is shown 
in Secs. 4-10 that in so far as the current 
I/O) = I/O) in the generator is concerned 
the effect of the complementary currents in 
canceling all or part of the dominant-mode 
current may be simulated by providing an 
apparent terminal admittance at R — l of such 
value that the current which enters it is equal to 
the dominant-mode current actually canceled 
by the complementary currents. In the case of 
the thin biconical antenna, with @ 0 very small, 
the total current I/l) is essentially zero, so that 
virtually the entire dominant-mode current I/l) 
is canceled by equal and opposite higher-mode 
currents since I/l) = —I c (l). Hence, the com¬ 
plementary currents could be ignored only by 
providing an apparent dominant-mode term¬ 
inal admittance Y la that carried the entire 
current I/l). In the case at hand, with 0 O 
near 7 t/ 2, the situation is different, since 
practically all of the dominant-mode current 
at R = l becomes the axially directed surface 
current I/z = d). When @ 0 is sufficiently 
near w/2 the higher-mode current I/l) is very 
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small and cancels an insignificant part of the 
dominant-mode current I d (l). Actually, the 
higher-mode current is responsible for trans¬ 
mission-line end effects. Just as in the case of 
the two-wire line (Chapter II), these may be 
ignored in their effect on the current far from 
the load if an appropriate terminal-zone 
admittance is provided. Thus, the total 
apparent terminal admittance is given by 

Y la = Yg + Y T , ( 6 ) 

where Y 6 is the dominant-mode load imped¬ 
ance and Y t is the terminal-zone admittance 
that takes account of end effect. With 
0 O near n/2 it is essentially susceptive, so that 

Y t = j(oC T . (7) 


The load impedance Z s = l/Y s is defined 
by 

V(l) 1 f" -00 

Zs = ~r = 7 E&dO) Id®, (8) 

*6 1 6J0 ( , 


where I 6 is the radial current leaving the end 
of the upper conductor of the biconical line 
at R — l = a to become the axial surface 
current on the antenna. Since E &d (l) in (8) 
is the dominant-mode field in the biconical 
line, where all currents are radial and, hence, 
perpendicular to the direction of E @ , it follows 
that 


E®d = — 


i 3<t> ... i a<t> 

R 30 JU>A@ ~ R 30 ’ 


(9) 


where <t> is the scalar potential and A 0 a 
component of the vector potential. Substi¬ 
tution of (9) in (8), with R = /, gives 


Z» 


V(l ) 
h 



<J>(3) - <J>(-3) 

h 

( 10 ) 


If the exterior field is expressed in terms 
of the current on the cylindrical antenna and 
matched to the internal field at R = / = a, 
©o^0 g v — 0 O or —3 sj z 3, the imped¬ 
ance (10) may be determined. A part of the 
exterior field is required to match the interior 
complementary field. This represents the ter¬ 
minal-zone coupling between antenna and 
biconical transmission line. The actual 
evaluation and matching of the interior and 
exterior fields is of no interest here. It is 
sufficient to note that it is precisely Z d as 
defined in (10) that is evaluated beginning with 
Sec. 11.11. 

The relation between the apparent load 
admittance Y la of the biconical transmission 


line and the driving-point admittance Y 0 is 
obtained from the general expressions (4.19) 
and (4.20) for the dominant-mode voltage 
and current. Thus, with R — /, 

V a {l) = n0) cos /y - jZ c I(0) sin f 0 l, Cl la) 

Ul) = J(0) cos P 0 l - Y c V(0) sin p 0 l, (113) 

where Y c — 1 jZ c . It follows that 

_ I d (l) _ y o cos/V — / K c sin /3 0 / 
la V d (l) cos f) 0 l —jZ c Y 0 sin p 0 l ’ 
where 

Y 0 ^ 1(0)1 V(0) (13) 

is the driving-point admittance at the apex of 
the biconical line. 

Up to the present no restrictions have been 
placed on the length / of the biconical trans¬ 
mission line. Since with © 0 near n-/2, l==a, 
where a, the radius of the cylindrical antenna, 
is assumed to satisfy the condition 

/V < 1. (14) 

it follows that (12) reduces to 


- Yq -jYAc 
1 - jZ c Y 0 j) & 


This formula may be simplified further by 
noting that with © 0 near w/2, Z c — 
(CJn) In cot |0 O is very small. Hence, 

Yia =Y 0 - j YJt 0 a = Y 0 - jmC g , (16) 


where, with j 9 0 = c ojv 0 . 


Og — ac 0 


a Orrff, 

v 0 Z c In cot i© 0 ■ 


(17) 


In (17) c 0 is the capacitance per unit radial 
length of the biconical line as defined in 
(4.163). It follows with (6) and (7) that the 
driving-point admittance at the apex of the 
biconical line is 


F 0 — Y la + jaiCg — Y s + jw(C T + Cg). 

(18) 

Note that (18) is a special form of (12) 
solved for y o , namely, 

Y Yig cos /V +yT c sin/? 0 / 

0 cos /V + jZ c Yla sin /S 0 / ’ 

when both P 0 l and Z c are sufficiently small. 

The confusion regarding the significance of 
the gap in antenna theory arises from a failure 
to recognize that (18) is not a general form but 
is a special case of (19). 
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The following conclusions may be drawn 
from (18). (1) The driving-point impedance 
F 0 of a cylindrical antenna is equal to the 
impedance Z b = V 6 jl d (where V d is the vol¬ 
tage across the gap of length 26 and I 6 is the 
current entering the antenna at the edge of 
the gap) in parallel with the effective “gap 
capacitance” C g + C T between the two 
adjacent end surfaces of the antenna. (2) As 
the width 26 of the gap is decreased by making 
0 O differ less and less from -rr/2, the essential 
part C g of the gap capacitance increases 
without limit. This is seen from (17). (3) It 
follows that in the limit 6 -*■ 0 the driving- 
point susceptance B a becomes infinite. Since 
the generator is short-circuited and completely 
enclosed by metal, no power can be radiated 
from the antenna. If it is now assumed that 
the interpretation of (18) is typical for all 
center-driven cylindrical antennas, the follow¬ 
ing “conclusion” is reached: (4) Only antennas 
with finite gaps can radiate. Finally, a naive 
application of the Poynting vector theorem 
as described in Sec. II.4 leads to the additional 
“conclusion”: (5) All radiation comes out of 
the gap. 

In what way are these “conclusions” 
erroneous? This may be discovered readily 
by rephrasing them in a manner consistent 
with the general formula (19) instead of the 
special formula (18) as follows: (1) The 
driving-point admittance Y 0 of a section of 
transmission line of length / with an apparent 
load admittance Y la is given by (19). If / is 
sufficiently short and the characteristic imped¬ 
ance Z c sufficiently small, this reduces to (18). 
The apparent load admittance Y la is equal to 
the actual load admittance Y e = V d jl 6 in 
parallel with a lumped capacitance that 
takes account of terminal-zone effects. (2) As 
the distance between the two conductors of 
the transmission line is reduced, the character¬ 
istic impedance Z 0 decreases without limit. 
For the biconical line this is seen from (5). 
For parallel-wire lines Z c has the factor 
cosh _1 (f>/2a), which reduce to zero when b 
approaches 2a. (3) It follows from (19) that in 
the limit <5^-0, when Z c -* 0 and Y c -*- oo, the 
input susceptance of the section of line is 
infinite, since the two perfect conductors are 
everywhere in contact and do not constitute 
a transmission line. Since this leaves the 
antenna completely isolated from the gener¬ 
ator, no currents are maintained in it and, 
therefore, no electromagnetic field is set up. 
That is, the antenna does not radiate. (4) A 
transmission line like that in Fig. 12.7 that 


happens to be short, biconical, and “inside” 
the antenna, so that it looks like a simple gap 
instead of a section of line, is characteristic 
only of certain special cases that actually 
are highly artificial and impractical. Every 
short section of transmission line, whether 
two-wire, coaxial, biconical, or radial, is 
not merely a lumped capacitance in parallel 
with the load. In all cases the entire current 
from the generator to the load traverses 
the two conductors—whether flat plates, 
cones, or wires—in opposite directions. 
They form a necessary series connection 
between generator and load. It is obvious 
that only transmission lines consisting of two 
conductors with finite spacing can transmit 
power to a load. This is as true of two-wire 
lines as of biconical or radial lines; it has 
nothing to do with gaps. Every antenna in 
which currents are induced radiates in the 
sense that these currents maintain a far-zone 
field. Practical antennas never have gaps. 
(5) As shown in Sec. II.4, the Poynting-vector 
theorem is useful in locating the generator in 
a complete transmitting system, not the 
element that carries the currents that maintain 
the radiation field. In order to radiate, that 
is, provide far-zone fields, antennas must 
have currents maintained in them. This may 
be accomplished by direct connection to a 
transmission line from a distant generator 
or by coupling to a varying magnetic field 
maintained by a generator. A gap is not 
required. Thus it may be concluded that there 
are transmission-line problems and coupling 
problems in antenna theory but no gap 
problems. 

13. Zuhrt's Analysis of Cylindrical Antennas* 

Perhaps the most obvious and direct formu¬ 
lation of the problem of the cylindrical antenna 
is as a solution of the wave equation in 
cylindrical coordinates r, 6, z subject to 
appropriate boundary conditions. If the 
antenna is chosen to be a highly conducting 
tube of very small wall thickness immersed 
in air along the z-axis, only axial currents 
are involved. Accordingly, the electromagnetic 
field may be derived from a vector potential 
A (which in this case is related to the polari¬ 
zation potential by the simple formula A = 
(pl/o)) n c ) that has only a /-component, 
A = iA z . Since the Cartesian components 


* This section discusses the work of Dr. H. Zuhrt, 
ref. 25. 
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Fig. 12.7. Transmitting system 
with biconical line and point- 
generator. 



Fig. 12.8. Transmitting system with conical and coaxial lines. 



Fig. 13.2. Comparison of Zuhrt’s theory with Hartig’s 
experiment. 


Fig. 13.1. Zuhrt’s theoretical and 
Hartig’s experimental impedances. 
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of the vector potential individually satisfy 
the scalar wave equation at all points in 
space, it follows that 

V 2 A Z + 31A Z = 0. (1) 


The Laplacian operator may be expressed 
in cylindrical coordinates and, since rotational 
symmetry obtains, so that 3 A z jdd = 0,(1) may 
be expressed as follows: 


1 _3 
r 3 r 



+ ■ 


d3A, 

3z 2 


ft*. = 0. 


( 2 ) 


The electromagnetic field is derived from 
solutions of (2) using the relations 


E = —grad<|> — jc oA 


= -£r (grad div A + #jA), 
P o 

B = curl A. 


(3a) 
(3 b) 


With A = z A z , the following are the non¬ 
vanishing components: 


3<J> ja> d 2 A z 

dr [1% drdz ’ 


(3 e) 




3<t> 

dz 


— j w A z = 


jcu i 3 2 A Z ( 



(2d) 


dA 

IT' 


(3c) 


The boundary conditions formulated by 
Zuhrt are not those for a single isolated 
antenna of half-length h and radius a, but 
those for an infinite collinear array of such 
antennas uniformly spaced along the entire 
z-axis with centers at z = ±nd, where 
n = 0, 1, 2, • ■ • and d > h. By allowing d 
ultimately to become infinite, the solution for 
a single isolated antenna at the origin is 
obtained. In analyzing this infinite array it is 
assumed that each unit is center driven by a 
discontinuity in scalar potential, which, for 
the pair of antennas at z = ±nd, is given by 

(^)n = (-1 TV* 

E 0 = lim[«K<5) -<K-<5)]. < 4 > 

a—«•o 

Since each antenna in the infinite array is 
symmetrically placed and center-driven by 
voltages that are equal in magnitude, it 
follows that the distributions and magnitudes 
of currents in all units are the same but their 
directions alternate. The current in each 


antenna is an even function with respect to 
its center. For the central unit, 

I(-z) = 7(z). (5) 

As a second condition supplementing (6), 
Zuhrt assumes that the currents all vanish at 
the ends of the antennas. For the central unit, 

1(h) = I(-h) = 0. (6) 

Subject to (5) and (6) it is possible to expand 
the axial distribution of current in the central 
unit in a Fourier series with unknown co¬ 
efficients. Zuhrt assumes the following distri¬ 
bution in the central section between z = —d 
and z = d: 

/(z) = 2' A k cos ^ j , (-h gz SA) 

(7a) 

I{z) =0, (h <\z\<d) Ob) 

where the primed sign of summation denotes 
a sum over odd values of the index only. Thus, 

r - 2 • 

* * = 1,3,6,- 

The A k are complex current coefficients that 
must be determined by first evaluating the 
electromagnetic field due to the assumed 
distribution (7a, b) and then determining the 
A k for which this field satisfies the boundary 
conditions. 

From the derived and measured distri¬ 
butions of current in Chapter II it is clear that 
an odd cosine series requires only a few terms 
to approximate the essentially cosinusoidal 
distributions of both components of current 
when PJi is near resonance. On the other 
hand, when /SqA is near antiresonance only 
the component of current l z in phase with the 
driving voltage can be represented accurately 
by a small number of terms in a cosine series. 
The component I' z in phase quadrature with 
the driving voltage is very nearly sinusoidal, 
especially when the antenna is thin. Obviously 
it requires very many terms of an odd cosine 
series to approximate a distribution of the type 
sin P(h — |z|). Therefore, the evaluation of 
a few terms in (7a) should provide a good 
representation of /" and of for all values 
of ,%h, but of I'z and B 0 only near resonance. 
Near antiresonance an accurate evaluation 
of I' z and B 0 necessarily involves many 
terms, especially for thin antennas. It follows 
that the determination of both R 0 and 
X 0 from a few terms in (7a) can be satisfactory 
only near resonance. 
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As pointed out in Sec. II. 11, the use of 
tubes instead of solid cylinders does not 
assure the vanishing of the current at the ends 
on the outer surface of the conductors. 
Just as in the case of solid cylinders an upward 
current on the cylindrical surface turns the 
corner at the ends to become a radially 
inward current charging the flat end surfaces, 
so with tubes an upward current on the outside 
surfaces becomes a downward current on the 
inside surfaces. In both cases the magnitude 
of 1(h) is small only if the radius a of the 
cylinder or tube is small. Hence, the assump¬ 
tion (6) is a good approximation only when the 
following inequalities are satisfied: 

P<fl<L °<h. ( 8 ) 

It follows that Zuhrt’s formulation is limited 
to cylindrical antennas of small radius, just 
as is the integral-equation formulation in 
Chapter II. (The restriction on the radius may 
be relaxed if the current J(z) is interpreted to be 
the total current on inner and outer surfaces.) 

Instead of expressing the currents in the 
other sections of length 2d along the z-axis 
in the form (7a, b) with z replaced by z„ 
referred to an origin at the center of the nth 
unit, Zuhrt expands the distribution (7a, b) 
(which is repeated periodically with alter¬ 
nating sign) in another Fourier series which, 
for reasons of symmetry, may include only 
odd cosine terms. The series is 

12 = 2' B > C0S Pn Z * V*~Ta' 

n 2 d 

d^\z\< CO, (9) 

where the symbol 2" stands for summation 

n 

over odd values of n only, and where the 
Fourier coefficients are defined by 

1 I* 24 

B„ = r-j I(z) cos d n z dz, (10) 
2a J-2d 

with J(z) given in (7a, b). The evaluation of the 
B n is elementary and leads to 

A k (- 1) ( *-*)/ 2 

k (mrh\ 

X (k z - h z n z /d z ) C ° S \ 2d j ' 

( 11 ) 

Thus, the distribution of current along the 
entire z-axis is specified by (7a) and (10). 
The problem remaining is to determine the 


coefficients A k in (7a) and (11) in such a man¬ 
ner that the electromagnetic field due to the 
currents in all of the antennas satisfies the 
boundary conditions. 

In formulating the boundary conditions 
Zuhrt introduces an infinite boundary cylinder 
of radius a that divides all space into an 
inner region I and an outer region II. The 
boundary cylinder coincides with the actual 
outer boundary surfaces of the collinear 
conductors where these exist; between them 
it is an imaginary boundary introduced for 
mathematical convenience in a manner 
analogous to the boundary sphere used in the 
analysis of the biconical antenna earlier 
in this chapter. By defining the electro¬ 
magnetic field in the inner region and the 
outer region and matching it across the 
boundary cylinder a solution may be obtained. 

By separating the variables in (2) in the 
conventional manner (ref. 1.31, chap. V), with 

kl - PI ~ PI (12) 

as the separation constant, and selecting 
J 0 (k, r) for the interior region since it is finite 
at r = 0 and H^\k n r) for the exterior region 
since it satisfies the radiation condition as 
r-*- w, appropriate solutions for the two 
regions are: 

A z = 2' C n Ho\k n r) cos [i n z, (13a) 

n 

A\ = 2' D JiottnO cos p n z. (1 3b) 

n 

The coefficients C„ and D„ must be evaluated 
by imposing appropriate boundary and match¬ 
ing conditions along the entire boundary 
cylinder r = a between regions I-and II. 
Assuming the cylinders perfectly conducting 
and of negligible wall thickness, the following 
conditions apply on the parts of the boundary 
where the boundary cylinder coincides with 
the antennas: 


E?(r = «) = Ejfr = a) = 0, (14a) 

= a) - B&r = a) = ^ . (14 b) 

Elsewhere on the boundary cylinder the 
conditions for a match are 


E?(r = a)= E\(r = a), 

(15 a) 

El l (r = a) = E\(r = a), 

Bf(r = a) = Bl(r = a). (156) 
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It is evident that (15a) is satisfied if 

A\ = A*. (16a) 

Similarly, (146) and (156) are fulfilled if 

\ s ? dr ) r=a lirv^a ’ 

since J(z) vanishes in the regions between 
the cylinders. It follows that the three con¬ 
ditions that must be satisfied are (16a), (166), 
and (14a), with the added driving condition 
(4) at the center of each antenna. 

With (13a,6) in (16a,6) and use of the well- 
known formula Z’ 0 = — Z x for all cylinder 
functions, together with (9), the following 
equations are obtained: 

07a) 


C n Hf(k n a) = D n J 0 (k n a), 
C n H<*\k n a) - D n J^k n a) - 


B„ 


2nv 0 ak n ' 

(176) 

By eliminating D n from (176) with (17a) and 
using the standard formula* 

H[ 2 \x)J 0 (x) - H<?\xWx) = - —, 

]ttX 

(18) 

the coefficients C n and D n are found to be 

Cn=-jB n J -^, (19 a) 

D n = -jB n . (196) 

4v 0 

With (19a,6) the vector potential (13a,6) is 
given by 

A z = 37 2' B n J 0 (k n a)H ( 0 2 \k n r) cos P n z, 

(20a) 


A z = ■— 2' B n H^(k n a)J 0 (k n r) cos P n z. 

n 


(206) 

The electromagnetic field derived from (20a,6) 
satisfies all boundary conditions except (14a) 
and (4). These may be satisfied in the following 
manner. From (3d) the axial electric field on 
the surface of the central conductor is 

( 21 ) 


* Jahnkeand Emde, ref. 1.28, p. 144. 


With (20a) this becomes 

Wr = a) 

= - 2' B n klJ 0 (k n a)H^\k n r) cos fl n z. 

( 22 ) 

This field must be set equal to the interior 
field at r = a. For a perfect conductor, 
as assumed in (14a), this is zero except in the 
generating region between z = —6 and 
z — 8 which, in the limit, has zero length. 
Thus, 

E\(r = a) 

10 when —A s; z —8 and 8 g z g; A, 
\E e z = V s j28 when —8 g z g 6. 

(23) 

By expanding the electric field E z (r = a) 
in a Fourier series of the form 



E z = 2' C m cos k m z, 

(24) 

where 

ttZ 

km= m 2h 

(25) 

and 



2 f h r. 


Cm 

= - 1 E z (r = a) cos k m z dz , 

" Jo 

(26) 


the coefficients C m may be expressed first 
in terms of (23) as C ml and then in terms of 
(22) as C m2 and the two sets of coefficients 
equated. Note that since the Fourier series 
is to approximate (23) only over the length 2A 
of the central unit the behavior outside this 
range is immaterial. It is for this reason that 
the value k m as in (25) may be chosen. 

Substitution of (23) in (26) gives 


= 2 [h 

h Jo 26 


) , , V s sm k m 8 

cos k m z dz — — 


k m 8 


In the limit <5-^-0, 

C ml — ~T 0 /A. 

Substitution of (22) in (26) gives 
C - 1 


(27) 

(28) 


I 


2a)e 0 A 

[2'B n k 2 J 0 (k n a)H { 0 2) (k n a) cos k n z] cos k m zdz. 

n 

(29) 
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This integrates into 

C m2 = - — (-D (7 "- 1)/2 2' B n klJ Q (k n a) 

(0€q 7T n 

cos (^). (30) 

It is now possible to equate (28) and (30) to 
obtain the following condition that must be 
satisfied: 

_L (_i)(m-i)/2 B n klUk n a)H^\k n d) 

TTCOe 0 n 

m (mrh\ 

x m 2 - n 2 h 2 jd 2 C0S \ 2 d)~ V ° lh ' 

(m= 1,3,5, •••) (31) 


The values of B n given in (11) in terms of 
the coefficients of the current now can be 
substituted in (31). After interchanging the 
order of summation the following system of 
equations is obtained for evaluating the 
coefficients A k of the current: 

■ 4 ^ 2 ' 1 )<*- 1 )/ 2 (— i ) (m - 1>/2 

7T*OJ€ 0 d b 

„ V / k 2 JA.k n a)Hfr\k n a) _ 2 (mh\ 

f (/c 2 - n 2 h 2 ld 2 )(m 2 - n 2 h 2 jd 2 ) \ 2d ) 
= F 0 . (m = 1, 3, 5, • • •) (32) 


These equations may be expressed in a more 
convenient form for subsequently allowing 
d to become infinite by defining the quantities 

h T = 4A/2 0 , y . h/d, (33) 

and defining the following impedance co¬ 
efficients : 


Z mlc = 2± km (-l)(k- 1)/2(_ 1 ym -W 2 y X 
nh r 

2'Jo (g VAp - V 2 « 2 )^o <2) (g <h 2 - yv) 

x [_ h 'r -V*" 2 _1 cos2 /M 

L(A 2 - y 2 n 2 ){m 2 - y 2 n 2 ) J \ 2 / ‘ 


0 m = 1. 3, 5, • • •) (34) 


With (34), (32) becomes 
2' A k Z mlc = V 0 for m = 1, 3, 5, • • • (35) 

k 

In expanded form, 

A 1 Z U + A 3 Z 13 + -^5^15 + '' ‘ = ^o> 

A 1 Z 31 + ^ 3^33 + A 5 Z 35 + ’ * ‘ = ^ 0 > ( 36 ) 

A 1 Z a + A 3 Z i3 + A 5 Z 55 + • • • = F 0 , 


Since the impedance coefficients Z mk may be 
determined from (34), the unknown current 
coefficients A k may be evaluated from (36) 
to any desired degree of approximation. 
Specifically, 

1st approximation: A 1 Z 11 = V 0 ; (37 a) 

2nd approximation: 

/ A,Z ,, -f- A 3 Z, 3 — Vq, 

AZ +AZ -V im 

( /i l'^31 + ^*3^33 — K 0> 

3rd approximation: 

(A 1 Z 11 + A 3 Z 13 + A 5 Z 15 = V 0 , 

| AiZ 3 i + A 3 Z 33 + A 3 Z 35 — V (l , (37 c) 
+ A 3 Z 53 + A 5 Z 55 = F 0 . 

In order to obtain the solution for an 
isolated antenna instead of an infinite collinear 
array Zuhrt proceeds to take the limit d -*• 00 . 
If this is done, the sums in (34) become 
integrals. Alternatively, it is better to use a 
Fourier integral directly without introducing 
the extraneous infinite array of auxiliary 
antennas since the treatment of the Fourier 
integral as a limit of a Fourier series is 
undesirable. Following Zuhrt, since the 
quantity yn increases in steps of 2 y, it is con¬ 
venient to set x — yn and dx = 2 y. The 
impedance coefficients of the isolated antenna 
as obtained from (34) in the limit as d -* 00 are 

Z mk = A/c W (_l)(^l)/2(_l)(m-l)/2 

7Tfl r 

<38> 

By substituting the Z mle determined from 
(38) in the system of equations (36) the 
current coefficients A k may be determined 
to any desired degree of approximation. 
If, in turn, these are substituted in (7a), the 
current at all points in the isolated center- 
driven antenna is obtained and, therefore, 
the input admittance and impedance. 

Using graphical methods to evaluate 
integrals involved in (38), Zuhrt has computed 
three orders of approximation of the input 
impedance Z 0 = R 0 + jX 0 of a rather thick 
antenna for which A/a = 20 or H = 2 In (2A/a) 
== 7.3. These are listed in Table 13.1 together 
with the corresponding admittances. Note 
that the convergence for G 0 is excellent for all 
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Table 13.1. Impedance and admittance according to Zuhrt’s theory; 
hja = 20, ft = 2 In 2hja = 7.4. 


hji o 

A* 

First approx. 

Second approx. 

Third approx. 

Z 0 — R a + jX 0 (ohms) 

0.25 

1.57 

73.2+ y'35.6 

94.3+ y’35.3 

91.8+ y'35.4 

.30 

1.88 

101.3 +yl 10.4 

168 + y 113.2 

169.5+y'109.2 

.35 

2.20 

131 + y 171.5 

278 + y‘156.8 

294 + y 138.8 

.40 

2.51 

164.9 +y 217.6 

416 + /99.5 

428 + /46.8 

.45 

2.83 

198 + y'252 

460 - >65.5 

429 —y 135.5 

.50 

3.14 

233.5 + y'291.5 

337.5 — y'242 

289 — y'244 

To = Go + jB„ (10- 3 mho) 

0.25 

1.57 

11.06 —y'5.38 

9.30 —y'3.49 

9.48 —y'3.66 

.30 

1.88 

4.51 —y'4.91 

4.09 —y’2.75 

4.17 —y'2.69 

.35 

2.20 

2.81 — y'3.68 

2.73 —>1.53 

2.78 —yl .31 

.40 

2.51 

2.21 —y'2.92 

2.27 —y'0.54 

2.31 —y’0.25 

.45 

2.83 

1.93 —y‘2.45 

3.13 + y'0.30 

2.12 + y'0.67 

.50 

3.14 

1.67 — y'2.09 

1.96 + y'1.40 

2.02 + y'1.70 


values of /?„ h, whereas the convergence for B 0 
is good near resonance and quite poor near 
antiresonance. This behavior is in complete 
agreement with the prediction made in con¬ 
junction with the use of the odd Fourier 
series (7a) to represent the current. It is to 
be expected that the convergence for B 0 is 
even worse for a thin antenna than for the 
moderately thick antenna with h/a = 20 
evaluated by Zuhrt. 

A graph of Zuhrt’s third approximation 
of R 0 and X 0 is given in Fig. 13.1 together 
with experimental curves by Hartig taken 
from Fig. 11.38.13a, b. Since the experimental 
curves are for antennas with slightly varying 
values of ft as indicated by the solid curve 
at the bottom of Fig. 13.1, whereas Zuhrt’s 
curves apply to an antenna with ft fixed at 
the constant value indicated by the broken 
curve at the bottom of Fig. 13.1, an exact 
correspondence does not exist. Note that the 
experimental curves are measurements made 
on coaxial lines with equal diameters of inner 
conductors, but with three different diameters 
of outer conductors ranging from bja — 4.72 
to b/a = 1.33. The theoretical curves are 
evaluated for a slice generator which corre¬ 
sponds to the limiting value 6/o -► 1. Note 
that there is very poor agreement between 
the theoretical curve or extrapolated experi¬ 
mental curves (Fig. 11.38.14) for bja == 1 and 


the experimental curves for bja ^ 1.33. 
Antiresonance in the theory occurs near 
= 2.6, whereas to agree with experimental 
results it should occur for fl 0 h near 1.9. 
It may be noted that in his paper Zuhrt 
provided a set of experimental data that are 
in quite good agreement with his theoretical 
curves. Since the measured impedance of 
an antenna, especially a fairly thick antenna, 
is very sensitive to the particular value of bja 
for the coaxial measuring and driving line, 
and no account whatever is taken of this fact 
in Zuhrt’s comparison, the agreement he 
shows has little significance. It is evident 
in Fig. 13.1 that an appropriate choice of bja 
can provide experimental results in quite good 
agreement with the theoretical curves. How¬ 
ever, since Zuhrt takes no account of trans¬ 
mission-line end effect, his theory must be 
compared with results obtained by extrapo¬ 
lating the measured resistance and reactance 
for each value of f) 0 h for different values of 
bja > 1 to b/a -*• 1. The general location and 
shape of the resulting curves may be visualized 
in Fig. 13.1. Evidently, curves of such ex¬ 
trapolated resistances and reactances lie to 
the left of and below the curves for b/a = 1.33, 
in poor agreement with Zuhrt’s theory. 

A better and illuminating comparison of 
Zuhrt’s theory with Hartig’s experimental 
results is provided in Fig. 13.2, where values 
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of G 0 and B 0 obtained from Hartig’s experi¬ 
mental curves have been extrapolated to 
b/a = 1 and interpolated or extrapolated 
to fl = 7.3. It is seen that the third approxi¬ 
mation of the conductance by Zuhrt’s theory 
is excellent, but the approximation of the 
susceptance rather poor. Note that anti- 
resonance occurs in the experimental curves 
at pgh = 1.9, where h is the axial half-length 
including a hemispherical cap so that 1(h) = 0; 
in Zuhrt’s theoretical curve pgh = 2.6, where 
h is the half-length of a hypothetical tube that 
has zero current at the end. Since B 0 is the com¬ 
ponent /j of the input current per volt, it 
may be concluded from Fig. 13.2 that /' 
is not well approximated by three terms in an 
odd cosine series. 

Zuhrt has extended his method to the 
receiving antenna and to coupled antennas. 

A comparison of Zuhrt’s solution of the 
problem of the cylindrical antenna with the 
integral-equation method of Hallen suggests 
the following conclusions. (1) Both methods 
treat the antenna essentially as one-dimen¬ 
sional in the sense that no account is taken 
of the ends. This restricts both solutions 
to relatively thin antennas that satisfy the 
conditions, pga 1, a <^h. With fl = 
2 In (2 h/a) as small as 7.4, these conditions are 
violated when Pgh exceeds w/2. It follows that 
both theories should give accurate results 
near resonance, but may be expected to depart 
from the correct values by appreciable 
amounts in the case of longer antennas. A 


comparison of R a for p 0 h = n/2 in Table 
13.1 with corresponding values obtained by 
interpolation from Tables 11.30.1 and 11.30.15 
and with experimental results in Sec. 11.38 
shows that the third-order King-Middleton 
values agree best with measured results, while 
the second-order King-Middleton and the 
third-order Zuhrt values are nearly the same 
and about 9 percent too low at Cl = 7.4. 
All reactances are in good agreement. The 
experimental location of antiresonance is at 
1 9 0 h =1.9; the King-Middleton second-order 
value is 2.2; the Zuhrt third-order value is 2.6. 
The maximum resistance occurs at somewhat 
greater lengths. The experimental value (for 
an antenna over a ground plane) is about 160; 
the King-Middleton second-order value is 
197; the Zuhrt third-order value is 215. 
As predicted, the theoretical values are 
considerably in error since the antennas are 
too thick at this length. On the other hand, 
it is seen that the Zuhrt third-order theory is 
considerably more in error than the second- 
order solution of King and Middleton. This 
is presumably a consequence of the poorer 
convergence of the susceptance near anti- 
resonance in the case of the Zuhrt theory. 
(2) The representation of the current in a 
Fourier series in Zuhrt’s analysis provides 
an analytically simpler expression than the 
iterated formula in the Hallen theory. (3) 
The actual formulation of the Hallen theory 
is simpler and may be applied more readily 
to V-antennas, antennas at right angles, etc. 




APPENDIX 


TABLES OF GENERALIZED SINE AND COSINE INTEGRALS 


The integrals which occur consistently in 
the determination of the distributions of 
current and the impedance of isolated and 
coupled antennas of small cross-sectional 
dimension are the following: 


S(a, x) = J 

r sin W , 

l * *• 

C(a, x) = J 

C x 1 — cos W , 

l 

Ss(a, x) = J 

f*sin W . 

—rrr— sin u du , 
o W 

Cs(a, x) = J 

f*cos w . . 

— tjz— sin u du , 
f o W 

5c(a, x) = J 

f x sin W 

——cos udu, 
o yy 

Cc(a, x) = J 

r x cos w 

\ —— (1 - cos u) du, 
o yy 


where 

W = V a 2 + u 2 . 

These integrals are tabulated in the Tables 
of generalized sine- and cosine-integralfunctions 
with ranges of a from 0 to 25 and of x from 
0 to 25 as prepared by the Computation 
Laboratory of Harvard University (Annals 
of the Computation Laboratory of Harvard 
University, Vols. 18 and 19; Harvard Univer¬ 
sity Press, Cambridge, 1948). Selected parts 
of these tables are reproduced in this appendix. 
Many of the properties of these functions are 
summarized in Sec. 11.19. 

The conventional sine and cosine integrals, 

Si(x) = I du — 5(0, x), 

Jo « 

„ . „ C z 1 — cos u , . 

Ctn(x) = - du = C(0, x), 

Jo u 

I cos u 

Ci(x ) = - - du = C+\nx - C( 0 , X), 

Joo U 


where C = 0.5772 is Euler’s constant, may be 
obtained from tables of 5(0, x) and C(0, x) 
with readily available tables of the natural 
logarithm; Ci(x) is obtained more conveniently 
from extensive and readily available tables of 
this function itself. Short tables of both 
Ci(x) and Si(x) are given in Jahnke and Emde, 
Tables of functions. Extensive tables from 
x — 0 to x = 40.0 are given in Tables of 
sine, cosine, and exponential integrals (Federal 
Works Agency, Works Progress Adminis¬ 
tration, New York, 1940), vols. 1 and 2, 
sponsored by the National Bureau of 
Standards. Cin(x ) is given very completely in 
Tables of the modified cosine integral (Stanford 
Research Institute, 1951). 

The related functions 

fcosl V 

Ci(a, x) = J w du 

= sinh -1 - — C(a, x), 


„ . , Tecs W 

Ccfa, x) = J — cos u du 

x 

= sinh -1 - C(a, x) — Cc(a, x), 

a 

may be obtained from the tables of C(a, x) 
and Cc(a, x) with readily available tables of 
the inverse hyperbolic sine. The most extensive 
tabulation of this function is in Tables of 
inverse hyperbolic functions prepared by the 
Computation Laboratory of Harvard Univer¬ 
sity (Annals of the Computation Laboratory 
of Harvard University, vol. 20; Harvard 
University Press, Cambridge, 1949). 

It is believed that the following short 
table of generalized sine and cosine integrals 
together with readily available short tables 
of the natural logarithm and of the inverse 
hyperbolic sine should prove adequate for 
many computations involving linear radiators 
and a first-order theory. 
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a = 0.00 

ID 

S(a,x) 

C(a,x) 

Ss(a,x) 

Sc (a,x) 

Cs (a,x) 

Ce(a,x) 

B 

0.00 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.00 

0.01 

0.010000 

0.000025 

0.000050 

0.010000 

0.010000 

0.000025 

0.01 

MiRi V 

0.020000 

0.000100 

0.000200 

0.019998 

0.019998 

0.000100 

B»W»VI 

IWilV 

0.029999 

0.000225 

0.000450 

0.029994 

0.029994 

0.000225 

■ KiLB 

0.04 

0.039996 

0.000400 

0.000800 

0.039986 

0.039986 

0.000400 

0.04 

0.05 

0.049993 

0.000625 

0.001249 

0.049972 

0.049972 

0.000625 

0.05 

0.06 

0.059988 

0.000900 

0.001799 

0.059952 

0.059952 

0.000899 

0.06 

0.07 

0.069981 

0.001225 

0.002448 

0.069924 

0.069924 

0.001223 

0.07 

0.08 

0.079972 

0.001600 

0.003197 

0.079886 

0.079886 

0.001597 

0.08 

0.09 

0.089960 

0.002024 

0.004045 

0.089838 

0.089838 

0.002020 

0.09 

0.10 

0.099944 

0.002499 

0.004992 

0.099778 

0.099778 

0.002493 

0.10 

0.11 

0.109926 

0.003023 

0.006038 

0.109705 

0.109705 

0.003014 

0.11 

0.12 

0.119904 

0.003598 

0.007183 

0.119617 

0.119617 

0.003585 

0.12 

0.13 

0.129878 

0.004222 

0.008426 

0.129513 

0.129513 

0.004204 

0.13 

0.14 

0.139848 

0.004896 

0.009768 

0.139392 

0.139392 

0.004872 

0.14 

0.15 

0.149813 

0.005620 

0.011208 

0.149252 

0.149252 

0.005588 

0.15 

0.16 

0.159773 

0.006393 

0.012746 

0.159093 

0.159093 

0.006352 

0.16 

0.17 

0.169727 

0.007216 

0.014381 

0.168912 

0.168912 

0.007164 

0.17 

0.18 

0.179676 

0.008089 

0.016113 

0.178709 

0.178709 

0.008024 

0.18 

0.19 

0.189619 

0.009011 

0.017942 

0.188482 

0.188482 

0.008930 

0.19 

0.20 

0.199556 

0.009983 

0.019867 

0.198231 

0.198231 

0.009884 

0.20 

0.21 

0.209486 

0.011005 

0.021889 

0.207953 

0.207953 

0.010884 

0.21 

0.22 

0.219409 

0.012076 

0.024006 

0.217647 

0.217647 

0.011930 

0.22 

0.23 

0.229325 

0.013196 

0.026218 

0.227313 

0.227313 

0.013022 

0.23 

0.24 

0.239233 

0.014365 

0.028525 

0.236949 

0.236949 

0.014159 

0.24 

0.25 

0.249134 

0.015584 

0.030926 

0.246554 

0.246554 

0.015342 

0.25 

0.26 

0.259026 

0.016852 

0.033421 

0.256126 

0.256126 

0.016569 

0.26 

0.27 

0.268909 

0.018170 

0.036010 

0.265664 

0.265664 

0.017840 

0.27 

0.28 

0.278783 

0.019536 

0.038691 

0.275167 

0.275167 

0.019155 

0.28 

0.29 

0.288648 

0.020951 

0.041465 

0.284635 

0.284635 

0.020514 

0.29 

0.30 

0.298504 

0.022416 

0.044330 

0.294064 

0.294064 

0.021915 

0.30 

0.31 

0.308350 

0.023626 

0.047287 

0.303456 

0.303456 

0.023358 

0.31 

0.32 

0.318185 

0.025491 

0.050334 

0.312807 

0.312807 

0.024843 

0.32 

0.33 

0.328010 

0.027102 

0.053471 

0.322118 

0.322118 

0.026369 

0.33 

0.34 

0.337824 

0.028761 

0.056698 

0.331386 

0.331386 

0.027937 

0.34 

0.35 

0.347627 

0.030469 

0.060013 

0.340611 

0.340611 

0.029544 

0.35 

0.36 

0.357418 

0.032226 

0.063416 

0.349792 

0.349792 

0.031191 

0.36 

0.37 

0.367197 

0.034030 

0.066907 

0.358927 

0.358927 

0.032877 

0.37 

0.38 

0.376965 

0.035883 

0.070485 

0.368015 

0.368015 

0.034601 

0.38 

0.39 

0.386710 

0.037785 

0.074148 

0.377056 

0.377056 

0.036363 

0.39 

0.40 

0.396461 

0.039734 

0.077897 

0.386048 

0.386048 

0.038162 

0.40 

0.41 

0.406190 

0.041732 

0.081730 

0.394990 

0.394990 

0.039098 

0.41 

0.42 

0.415906 

0.043777 

0.085647 

0.403880 

0.403880 

0.041870 

0.42 

0.43 

0.425607 

0.045870 

0.089647 

0.412719 

0.412719 

0.043777 

0.43 

0.44 

0.435295 

0.048011 

0.093730 

0.421504 

0.421504 

0.045719 

0.44 

0.45 

0.444968 

0.050200 

0.097894 

0.430235 

0.430235 

0.047694 

0.45 

0.46 

0.454627 

0.052436 

0.102138 

0.438911 

0.438911 

0.049702 

0.46 

0.47 

0.464270 

0.054719 

0.106463 

0.447531 

0.447531 

0.051743 

0.47 

0.48 

0.473896 

0.057050 

0.110866 

0.456093 

0.456093 

0.053816 

0.48 

0.49 

0.483511 

0.059428 

0.115347 

0.464597 

0.464597 

0.055920 

0.49 
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a =0.00 

a 

S(a,x) 

C(a,x) 

Ss(a,x) 

Sc(a,x) 

Cs (a,x) 

Cc(a,x) 

a 

■ 

0.493107 

0.061853 

0.119906 

0.473042 

0.473042 

0.058053 

m 

iftfi 

0.502688 

0.064324 

0.124541 

0.481426 

0.481426 

0.060217 


Em 

0.512252 

0.066843 

0.129251 

0.489749 

0.489749 

0.062408 

sm 

B&fl 

0.521798 

0.069408 

0.134036 

0.498010 

0.498010 

0.064628 


0.54 

0.531328 

0.072020 

0.138895 

0.506208 

0.506208 

0.066875 

0.54 

0.55 

0.540840 

0.074678 

0.143826 

0.514343 

0.514343 

0.069148 

0.55 

0.56 

0.550335 

0.077383 

0.148829 

0.522412 

0.522412 

0.071447 

0.56 

0.57 

0.559811 

0.080133 

0.153903 

0.530416 

0.530416 

0.073770 

0.57 

0.58 

0.569269 

0.082930 

0.159047 

0.538353 

0.538353 

0.076117 

0.58 

0.59 

0.578709 

0.085772 

0.164259 

0.546222 

0.546222 

0.078486 

0.59 

0.60 

0.583129 

0.088661 

0.169539 

0.554024 

0.554024 

0.080878 

0.60 

0.61 

0.597530 

0.091595 

0.174886 

0.561756 

0.561756 

0.083291 

0.61 

0.62 

0.606911 

0.094574 

0.180299 

0.569418 

0.569418 

0.085725 

0.62 

0.63 

0.616273 

0.097598 

0.185776 

0.577010 

0.577010 

0.088177 

0.63 

0.64 

0.625614 

0.100668 

0.191317 

0.584531 

0.584531 

0.090649 

0.64 

0.65 

0.634935 

0.103783 

0.196921 

0.591979 

0.591979 

0.093138 

0.65 

0.66 

0.644235 

0.106942 

' 0.202586 

0.599354 

0.599354 

0.095643 

0.66 

0.67 

0.653514 

0.110147 

0.208312 

0.606656 

0.606656 

0.098165 

0.67 

0.68 

0.662772 

0.113396 

0.214097 

0.613884 

0.613884 

0.100701 

0.68 

0.69 

0.672008 

0.116689 

0.219940 

0.621036 

0.621036 

0.103251 

0.69 

0.70 

0.681222 

0.120026 

0.225841 

0.628113 

0.628113 

0.105815 

0.70 

0.71 

0.690414 

0.123407 

0.231797 

0.635114 

0.635114 

0.108390 

0.71 

0.72 

0.699584 

0.126833 

0.237809 

0.642038 

0.642038 

0.110976 

0.72 

0.73 

0.708730 

0.130302 

0.243874 

0.648884 

0.648884 

0.113573 

0.73 

0.74 

0.717854 

0.133814 

0.249993 

0.655652 

0.655652 

0.116178 

0.74 

0.75 

0.726954 

0.137370 

0.256162 

0.662342 

0.662342 

0.118792 

0.75 

0.76 

0.736031 

0.140969 

0.262382 

0.668952 

0.668952 

0.121413 

0.76 

0.77 

0.745084 

0.144611 

0.268652 

0.675483 

0.675483 

0.124041 

0.77 

0.78 

0.754112 

0.148296 

0.274969 

0.681933 

0.681933 

0.126673 

0.78 

0.79 

0.763116 

0.152024 

0.281333 

0.688302 

0.688302 

0.129310 

0.79 

0.80 

0.772096 

0.155793 

0.287743 

0.694590 

0.694590 

0.131950 

0.80 

0.81 

0.781050 

0.159606 

0.294198 

0.700797 

0.700797 

0.134592 

0.81 

0.82 

0.789979 

0.163460 

0.300696 

0.706921 

0.706921 

0.137236 

0.82 

0.83 

0.798883 

0.167356 

0.307236 

0.712962 

0.712962 

0.139880 

0.83 

0.84 

0.807761 

0.171294 

0.313817 

0.718921 

0.718921 

0.142523 

0.84 

0.85 

0.816612 

0.175274 

0.320438 

0.724796 

0.724796 

0.145164 

0.85 

0.86 

0.825438 

0.179295 

0.327097 

0.730588 

0.730588 

0.147802 

0.86 

0.87 

0.834237 

0.183357 

0.333794 

0.736295 

0.736295 

0.150437 

0.87 

0.88 

0.843009 

0.187460 

0.340527 

0.741918 

0.741918 

0.153067 

0.88 

0.89 

0.851753 

0.191603 

0.347294 

0.747455 

0.747455 

0.155691 

0.89 

0.90 

0.860471 

0.195787 

0.354096 

0.752908 

0.752908 

0.158308 

0.90 

0.91 

0.869160 

0.200012 

0.360929 

0.758276 

0.758276 

0.160918 

0.91 

0.92 

0.877822 

0.204276 

0.367794 

0.763558 

0.763558 

0.163518 

0.92 

0.93 

0.886456 

0.208581 

0.374689 

0.768754 

0.7687 54 

0.166109 

0.93 

0.94 

0.895061 

0.212925 

0.381613 

0.773864 

0.773864 

0.168688 

0.94 

0.95 

0.903638 

0.217309 

0.388565 

0.778888 

0.778888 

0.171256 

0.95 

0.96 

0.912186 

0.221732 

0.395542 

0.783825 

0.783825 

0.173811 

0.96 

0.97 

0.920704 

0.226194 

0.402545 

0.788676 

0.788676 

0.176351 

0.97 

0.98 

0.929194 

0.230694 

0.409571 

0.793439 

0.793439 

0.178877 

0.98 

0.99 

0.937653 

0.235234 

0.416621 

0.798116 

0.798116 

0.181387 

0.99 
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a = 0.00 


n 

S(a,x) 

C(a,x) 

Ss(a,x) 

n 

0.946083 

0.239812 

0.423691 


0.962852 

0.249082 

0.437891 

rin 

0.979498 

0.2 58503 

0.452162 

1.06 

0.996021 

0.268073 

0.466493 

1.08 

1.012417 

0.277790 

0.480876 

1.10 

1.028685 

0.287652 

0.495299 

1.12 

1.044824 

0.297658 

0.509754 

1.14 

1.060831 

0.307806 

0.524231 

1.16 

1.076705 

0.318093 

0.538720 

1.18 

1.092444 

0.328518 

0.553212 

1.20 

1.108047 

0.339078 

0.567696 

1.22 

1.123512 

0.349772 

0.582165 

1.24 

1.138837 

0.360597 

0.596608 

1.26 

1.154021 

0.371552 

0.611017 

1.28 

1.169061 

0.382634 

0.625382 

1.30 

1.183958 

0.393841 

0.639695 

1.32 

1.198709 

0.405172 

0.653947 

1.34 

1.213313 

0.416623 

0.668129 

1.36 

1.227768 

0.428193 

0.682233 

1.38 

1.242073 

0.439880 

0.696250 

1.40 

1.256227 

0.451681 

0.710173 

1.42 

1.270228 

0.463595 

0.723994 

1.44 

1.284076 

0.475618 

0.737704 

1.46 

1.297768 

0.487749 

0.751297 

1.48 

1.311305 

0.499985 

0.764764 

1.50 

1.324684 

0.512324 

0.778099 

1.52 

1.337904 

0.524765 

0.791295 

1.54 

1.350965 

0.537303 

0.804345 

1.56 

1.363865 

0.549938 

0.817242 

1.58 

1.376604 

0.562667 

0.829981 

1.60 

1.389180 

0.575487 

0.842555 

1.62 

1.401593 

0.588396 

0.854958 

1.64 

1.413842 

0.601392 

0.867184 

1.66 

1.425925 

0.614472 

0.879229 

1.68 

1.437842 

0.627634 

0.891088 

1.70 

1.449592 

0.640876 

0.902755 

1.72 

1.461175 

0.654194 

0.914225 

1.74 

1.472589 

0.667588 

0.925495 

1.76 

1.483835 

0.681053 

0.936560 

1.78 

1.494911 

0.694588 

0.947417 

1.80 

1.505817 

0.708191 

0.958062 

1.82 

1.516552 

0.721859 

0.968491 

1.84 

1.527116 

0.735589 

0.978702 

1.86 

1.537508 

0.749379 

0.988692 

1.88 

1.547728 

0.763227 

0.998458 

1.90 

1.557775 

0.777129 

1.007997 

1.92 

1.567650 

0.791084 

1.017309 

1.94 

1.577351 

0.805090 

1.026391 

1.96 

1.586879 

0.819143 

1.035242 

1.98 

1.596233 

0.833241 

1.043861 


Sc(a,x) 

Cs (a,x) 

Cc(a,x) 

a 

0.802706 

0.802706 

0.183879 

1.00 

0.811625 

0.811625 

0.188809 

1.02 

0.820195 

0.820195 

0.193659 

1.04 

0.828416 

0.828416 

0.198421 

1.06 

0.836288 

0.836288 

0.203086 

1.08 

0.843812 

0.843812 

0.207647 


0.850989 

0.850989 

0.212096 

1.12 

0.857818 

0.857818 

0.216425 

1.14 

0.864303 

0.864303 

0.220627 

1.16 

0.870444 

0.870444 

0.224694 

1.18 

0.876243 

0.876243 

0.228618 

1.20 

0.881702 

0.881702 

0.232393 

1.22 

0.886825 

0.886825 

0.236011 

1.24 

0.891612 

0.891612 

0.239465 

1.26 

0.896069 

0.896069 

0.242748 

1.28 

0.900197 

0.900197 

0.245854 

1.30 

0.904001 

0.904001 

0.248775 

1.32 

0.907484 

0.907484 

0.251506 

1.34 

0.910650 

0.910650 

0.254040 

1.36 

0.913503 

0.913503 

0.256370 

1.38 

0.916048 

0.916048 

0.258492 

1.40 

0.918290 

0.918290 

0.260399 

1.42 

0.920234 

0.920234 

0.262086 

1.44 

0.921884 

0.921884 

0.263548 

1.46 

0.923246 

0.923246 

0.264779 

1.48 

0.924326 

0.924326 

0.265775 

1.50 

0.925130 

0.925130 

0.266530 

1.52 

0.925663 

0.925663 

0.267042 

1.54 

0.925931 

0.925931 

0.267304 

1.56 

0.925942 

0.925942 

0.267314 

1.58 

0.925700 

0.925700 

0.267068 

1.60 

0.925214 

0.925214 

0.266562 

1.62 

0.924490 

0.924490 

0.265793 

1.64 

0.923534 

0.923534 

0.264758 

1.66 

0.922354 

0.922354 

0.263454 

1.68 

0.920957 

0.920957 

0.261879 

1.70 

0.919350 

0.919350 

0.260031 

1.72 

0.917541 

0.917541 

0.257908 

1.74 

0.915537 

0.915537 

0.255507 

1.76 

0.913345 

0.913345 

0.252829 

1.78 

0.910974 

0.910974 

0.249871 

1.80 

0.908431 

0.908431 

0.246632 

1.82 

0.905724 

0.905724 

0.243113 

1.84 

0.902860 

0.902860 

0.239313 

1.86 

0.899848 

0.899848 

0.235231 

1.88 

0.896695 

0.896695 

0.230868 

1.90 

0.893410 

0.893410 

0.226225 

1.92 

0.890000 

0.890000 

0.221302 

1.94 

0.886473 

0.886473 

0.216099 

1.96 

0.882838 

0.882838 

0.210620 

1.98 
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a = 

3.00 




D 

S(a,x) 

C(a,x) 

Ss(a,x) 

Sc(a,x) 

Cs(a,x) 

Cc(a,x) 

X 

2.00 

1.605413 

0.847382 

1.052246 

0.879102 

0.879102 

0.204864 

2.00 

2.05 

1.627601 

0.882905 

1.072184 

0.869372 

0.869372 

0.189279 

2.05 

2.10 

1.648699 

0.918641 

1.090657 

0.859184 

0.859184 

0.172016 

2.10 

2.15 

1.668706 

0.954552 

1.107670 

0.848660 

0.848660 

0.153119 

2.15 

2.20 

1.687625 

0.990598 

1.123240 

0.837917 

0.837917 

0.132642 

2.20 

2.25 

1.705457 

1.026744 

1.137392 

0.827070 

0.827070 

0.110649 

2.25 

2.30 

1.722207 

1.062049 

1.150160 

0.816230 

0.816230 

0.087210 

2.30 

2.35 

1.737881 

1.099178 

1.161585 

0.805503 

0.805503 

0.062407 

2.35 

2.40 

1.752485 

1.135393 

1.171718 

0.794988 

0.794988 

0.036325 

2.40 

2.45 

1.766029 

1.171557 

1.180615 

0.784779 

0.784779 

0.009058 

2.45 

2.50 

1.778520 

1.207635 

1.188342 

0.774966 

0.774966 

- 0.019294 

2.50 

2.55 

1.789971 

1.243591 

1.194966 

0.765627 

0.765627 

- 0.048625 

2.55 

2.60 

1.800394 

1.279390 

1.200564 

0.756835 

0.756835 

- 0.078827 

2.60 

2.65 

1.809803 

1.314999 

1.205214 

0.748658 

0.748658 

- 0.109785 

2.65 

2.70 

1.818212 

1.350383 

1.209000 

0.741150 

0.741150 

- 0.141382 

2.70 

2.75 

1.825638 

1.385509 

1.212008 

0.734362 

0.734362 

- 0.173501 

2.75 

2.80 

1.832097 

1.420347 

1.214327 

0.728334 

0.728334 

- 0.206020 

2.80 

2.85 

1.837608 

1.454864 

1.216046 

0.723099 

0.723099 

- 0.238818 

2.85 

2.90 

1.842190 

1.489031 

1.217257 

0.718680 

0.718680 

- 0.271774 

2.90 

2.95 

1.845865 

1.522819 

1.218050 

0.715092 

0.715092 

- 0.304768 

2.95 

3.00 

1.848653 

1.556198 

1.218516 

0.712344 

0.712344 

- 0.337682 

3.00 

3.05 

1.850576 

1.589143 

1.218743 

0.710434 

0.710434 

- 0.370399 

3.05 

3.10 

1.851659 

1.621626 

1.218819 

0.709353 

0.709353 

- 0.402807 

3.10 

3.15 

1.851926 

1.653623 

1.218827 

0.709087 

0.709087 

- 0.434796 

3.15 

3.20 

1.851401 

1.685109 

1.218848 

0.709611 

0.709611 

- 0.466262 

3.20 

3.25 

1.850110 

1.718062 

1.218958 

0.710897 

0.710897 

- 0.497104 

3.25 

3.30 

1.848081 

1.746460 

1.219231 

0.712908 

0.712908 

- 0.527229 

3.30 

3.35 

1.845339 

1.776282 

1.219734 

0.715603 

0.715603 

- 0.556548 

3.35 

3.40 

1.841914 

1.805509 

1.220529 

0.718934 

0.718934 

- 0.584980 

3.40 

3.45 

1.837833 

1.834123 

1.221672 

0.722851 

0.722851 

- 0.612451 

3.45 

3.50 

1.833125 

1.862107 

1.223215 

0.727298 

0.727298 

- 0.638892 

3.50 

3.55 

1.827821 

1.889446 

1.225202 

0.732217 

0.732217 

- 0.664244 

3.55 

3.60 

1.821948 

1.916124 

1.227670 

0.737545 

0.737545 

- 0.688454 

3.60 

3.65 

1.815538 

1.942129 

1.230651 

0.743218 

0.743218 

- 0.711478 

3.65 

3.70 

1.808622 

1.967449 

1.234189 

0.749172 

0.749172 

- 0.733280 

3.70 

3.75 

1.801229 

1.992074 

1.238243 

0.755341 

0.755341 

- 0.753832 

3.75 

3.80 

1.793390 

2.015995 

1.242883 

0.761657 

0.761657 

- 0.773112 

3.80 

3.85 

1.785138 

2.039203 

1.248095 

0.768055 

0.768055 

- 0.791108 

3.85 

3.90 

1.776501 

2.061692 

1.253877 

0.774469 

0.774469 

- 0.807815 

3.90 

3.95 

1.767513 

2.083456 

1.260220 

0.780836 

0.780836 

- 0.823236 

3.95 

4.00 

1.758203 

2.104492 

1.267112 

0.787093 

0.787093 

- 0.837380 

4.00 

4.05 

1.748603 

2.124796 

1.274532 

0.793183 

0.793183 

- 0.850265 

4.05 

4.10 

1.738744 

2.144368 

1.282455 

0.799049 

0.799049 

- 0.861913 

4.10 

4.15 

1.728655 

2.163207 

1.290852 

0.804639 

0.804639 

- 0.872355 

4.15 

4.20 

1.718369 

2.181313 

1.299688 

0.809903 

0.809903 

- 0.881625 

4.20 

4.25 

1.707913 

2.198690 

1.308925 

0.814799 

0.814799 

- 0.889765 

4.25 

4.30 

1.697320 

2.215340 

1.318521 

0.819285 

0.819285 

- 0.896819 

4.30 

4.35 

1.686617 

2.231268 

1.328430 

0.823327 

0.823327 

- 0.902839 

4.35 

4.40 

1.675834 

2.246480 

1.338604 

0.826896 

0.826896 

- 0.907877 

4.40 

4.45 

1.664999 

2.260983 

1.348993 

0.829967 

0.829967 

- 0.911990 

4.45 

4.50 

1.654140 

2.274784 

1.359546 

0.832520 

0.832520 

- 0.915238 

4.50 

4.55 

1.643285 

2.287893 

1.370210 

0.834542 

0.834542 

- 0.917682 

4.55 

4.60 

1.632460 

2.300319 

1.380932 

0.836025 

0.836025 

- 0.919387 

4.60 

4.65 

1.621692 

2.312074 

1.391658 

0.836965 

0.836965 

- 0.920416 

4.65 

4.70 

1.611005 

2.323169 

1.402336 

0.837365 

0.837365 

- 0.920833 

4.70 

4.75 

1.600425 

2.333619 

1.412915 

0.837232 

0.837232 

- 0.920704 

4.75 

4.80 

1.589975 

2.343435 

1.423343 

0.836578 

0.836578 

- 0.920092 

4.80 

4.85 

1.579679 

2.352634 

1.433573 

0.835422 

0.835422 

- 0.919061 

4.85 

4.90 

1.569559 

2.361231 

1.443559 

0.833785 

0.833785 

- 0.917672 

4.90 

4.95 

1.559636 

2.369241 

1.453257 

0.831692 

0.831692 

- 0.915984 

4.95 
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a = 0.0 

a 

S(a,x) 

C(a,x) 

Ss(a,x) 

Sc(a,x) 

Cs(a,x) 

Co (a,x) 

a 

5.0 

1.549931 

2.376683 

1.462629 

0.829174 

0.829174 

- 0.914055 

5.0 

5.1 

1.531253 

2.389932 

1.480248 

0.822998 

0.822998 

- 0.909685 

5.1 

5.2 

1.513671 

2.401128 

1.496171 

0.815559 

0.815559 

- 0.904957 

5.2 

5.3 

1.497315 

2.410428 

1.510219 

0.807196 

0.807196 

- 0.900210 

5.3 

5.4 

1.482300 

2.418001 

1.522286 

0.798271 

0.798271 

- 0.895715 

5.4 

5.5 

1.468724 

2.424017 

1.532337 

0.789153 

0.789153 

- 0.891680 

5.5 

5.6 

1.456668 

2.428654 

1.540411 

0.780208 

0.780208 

- 0.888243 

5.6 

5.7 

1.446198 

2.432093 

1.546615 

0.771778 

0.771778 

- 0.885477 

5.7 

5.8 

1.437359 

2.434514 

1.551118 

0.764177 

0.764177 

- 0.883396 

5.8 

5.9 

1.430184 

2.436101 

1.554141 

0.757673 

0.757673 

- 0.881960 

5.9 

6.0 

1.424688 

2.437032 

1.555951 

0.752486 

0.752486 

- 0.881081 

6.0 

6.1 

1.420867 

2.437487 

1.556847 

0.748774 

0.748774 

- 0.880640 

6.1 

6.2 

1.418707 

2.437638 

1.557147 

0.746635 

0.746635 

- 0.880491 

6.2 

6.3 

1.418174 

2.437654 

1.557179 

0.746103 

0.746103 

- 0.880475 

6.3 

6.4 

1.419223 

2.437695 

1.557261 

0.747148 

0.747148 

- 0.880434 

6.4 

6.5 

1.421794 

2.437916 

1.557700 

0.749681 

0.749681 

- 0.880216 

6.5 

6.6 

1.425816 

2.438462 

1.558772 

0.753556 

0.753556 

- 0.879690 

6.6 

6.7 

1.431205 

2.439468 

1.560714 

0.758580 

0.758580 

- 0.878754 

6.7 

6.8 

1.437868 

2.441058 

1.563721 

0.764523 

0.764523 

- 0.877337 

6.8 

6.9 

1.445702 

2.443345 

1.567933 

0.771125 

0.771125 

- 0.875412 

6.9 

7.0 

1.454597 

2.446431 

1.573438 

0.778106 

0.778106 

- 0.872992 

7.0 

7.1 

1.464433 

2.450404 

1.580266 

0.785181 

0.785181 

- 0.870138 

7.1 


1.475089 

2.455340 

1.588389 

0.792070 

0.792070 

- 0.866950 

7.2 


1.486436 

2.461301 

1.597728 

0.798508 

0.798508 

- 0.863573 

7.3 

m 

1.498345 

2.468338 

1.608153 

0.804253 

0.804253 

- 0.860185 

7.4 


1.510682 

2.476485 

1.619494 

0.809097 

0.809097 

- 0.856992 

7.5 

7.6 

1.523314 

2.485766 

1.631542 

0.812875 

0.812875 

- 0.854224 

7.6 

7.7 

1.536109 

2.496190 

1.644067 

0.815465 

0.815465 

- 0.852123 

7.7 

7.8 

1.548937 

2.507753 

1.656821 

0.816796 

0.816796 

- 0.850932 

7.8 

7.9 

1.561671 

2.520440 

1.669549 

0.816848 

0.816848 

- 0.850891 

7.9 

8.0 

1.574187 

2.534223 

1.682002 

0.815651 

0.815651 

- 0.852221 

8.0 

8.1 

1.586367 

2.549063 

1.693945 

0.813283 

0.813283 

- 0.855119 

8.1 

8.2 

1.598099 

2.564910 

1.705163 

0.809866 

0.809866 

- 0.859747 

8.2 

8.3 

1.609278 

2.581704 

1.715474 

0.805560 

0.805560 

- 0.866230 

8.3 

8.4 

1.619807 

2.599376 

1.724733 

0.800556 

0.800556 

- 0.874643 

8.4 

8.5 

1.629597 

2.617850 

1.732836 

0.795068 

0.795068 

- 0.885015 

8.5 

8.6 

1.638570 

2.637042 

1.739723 

0.789323 

0.789323 

- 0.897319 

8.6 

8.7 

1.646655 

2.656859 

1.745382 

0.783554 

0.783554 

- 0.911477 

8.7 

8.8 

1.653792 

2.677208 

1.749846 

0.777988 

0.777988 

- 0.927362 

8.8 

8.9 

1.659934 

2.697987 

1.753190 

0.772840 

0.772840 

- 0.944797 

8.9 

9.0 

1.665040 

2.719093 

1.755531 

0.768304 

0.768304 

- 0.963561 

9.0 

9.1 

1.669084 

2.740421 

1.757019 

0.764545 

0.764545 

- 0.983401 

9.1 

9.2 

1.672049 

2.761864 

1.757832 

0.761695 

0.761895 

- 1.004032 

9.2 

9.3 

1.673930 

2.783317 

1.758188 

0.759846 

0.759846 

- 1.025149 

9.3 

9.4 

1.674729 

2.804673 

1.758237 

0.759050 

0.759050 

- 1.046436 

9.4 

9.5 

1.674463 

2.825829 

1.758252 

0.759315 

0.759315 

- 1.067577 

9.5 

9.6 

1.673157 

2.846686 

1.758424 

0.760610 

0.760610 

- 1.088262 

9.6 

9.7 

1.670845 

2.867146 

1.758948 

0.762861 

0.762861 

- 1.108198 

9.7 

9.8 

1.687570 

2.887117 

1.760001 

0.765960 

0.765960 

- 1.127116 

9.8 

9.9 

1.663384 

2.906514 

1.761734 

0.769768 

0.769768 

- 1.144780 

9.9 
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a = 0.0 


D 

S(a,x) 

C(a,x) 

Ss(a,x) 

Sc(a,x) 

Cs (a,x) 

Co(a,x) 

n 

RS™ 

1.658348 

2.925257 

1.764264 

0.774121 

0.774121 

- 1.160693 

1 

w$bwm 

1.645995 

2.960495 

1.772009 

0.783717 

0.783717 

- 1.188486 


Bfjtl 

1.831117 

2.992341 

1.783435 

0.793207 

0.793207 

- 1.208906 

HU 

10.6 

1.614391 

3.020438 

1.798136 

0.801126 

0.801126 

- 1.222301 

10.6 

10.8 

1.596541 

3.044571 

1.815188 

0.806305 

0.806305 

- 1.229384 

10.8 

11.0 

1.578307 

3.064674 

1.833309 

0.808042 

0.808042 

- 1.231365 

11.0 

11.2 

1.560416 

3.080823 

1.851074 

0.806192 

0.806192 

- 1.229749 

11.2 

11.4 

1.543557 

3.093231 

1.867138 

0.801168 

0.801168 

- 1.226093 

11.4 

11.6 

1.528354 

3.102236 

1.880441 

0.793861 

0.793861 

- 1.221795 

11.6 

11.8 

1.515347 

3.108282 

1.890362 

0.785483 

0.785483 

- 1.217920 

11.8 

12.0 

1.504971 

3.111902 

1.896801 

0.777369 

0.777369 

- 1.215101 

12.0 

12.2 

1.497547 

3.113694 

1.900180 

0.770772 

0.770772 

- 1.213515 

12.2 

12.4 

1.493270 

3.114295 

1.901355 

0.766667 

0.766667 

- 1.212940 

12.4 

12.6 

1.492206 

3.114357 

1.901479 

0.765611 

0.765611 

- 1.212878 

12.6 

12.8 

1.494297 

3.114523 

1.901808 

0.767672 

0.767672 

- 1.212715 

12.8 

13.0 

1.499362 

3.115401 

1.903509 

0.772434 

0.772434 

- 1.211892 

13.0 

13.2 

1.507111 

3.117544 

1.907480 

0.779074 

0.779074 

- 1.210064 

13.2 

13.4 

1.517161 

3.121428 

1.914223 

0.786503 

0.786503 

- 1.207205 

13.4 

13.6 

1.529047 

3.127441 

1.923777 

0.793541 

0.793541 

- 1.203664 

13.6 

13.8 

1.542249 

3.135866 

1.935725 

0.799106 

0.799106 

- 1.200141 

13.8 

14.0 

1.558211 

3.146877 

1.949275 

0.802373 

0.802373 

- 1.197601 

14.0 

14.2 

1.570362 

3.160532 

1.963393 

0.802899 

0.802899 

- 1.197139 

14.2 

14.4 

1.584141 

3.176778 

1.976969 

0.800680 

0.800680 

- 1.199810 

14.4 

14.6 

1.597016 

3.195456 

1.988992 

0.796136 

0.796136 

- 1.206464 

14.6 

14.8 

1.608505 

3.216307 

1.998707 

0.790038 

0.790038 

- 1.217599 

14.8 

15.0 

1.618194 

3.238987 

2.005723 

0.783378 

0.783378 

- 1.233264 

15.0 

15.2 

1.625750 

3.263084 

2.010062 

0.777209 

0.777209 

- 1.253022 

15.2 

15.4 

1.630030 

3.288135 

2.012152 

0.772478 

0.772478 

- 1.275983 

15.4 

15.6 

1.633592 

3.313842 

2.012742 

0.769886 

0.769886 

- 1.300900 

15.6 

15.8 

1.633696 

3.339098 

2.012785 

0.769782 

0.769782 

- 1.326313 

15.8 

16.0 

1.631302 

3.364005 

2.013281 

0.772121 

0.772121 

- 1.350723 

16.0 

16.2 

1.626566 

3.387889 

2.015122 

0.776476 

0.776476 

- 1.372767 

16.2 

16.4 

1.619732 

3.410325 

2.018956 

0.782119 

0.782119 

- 1.391369 

16.4 

16.6 

1.611121 

3.430948 

2.025095 

0.788139 

0.788139 

- 1.405854 

16.6 

16.8 

1.601113 

3.449466 

2.033469 

0.793588 

0.793588 

- 1.415997 

16.8 

17.0 

1.590136 

3.465672 

2.043656 

0.797628 

0.797628 

- 1.422016 

17.0 

17.2 

1.578646 

3.479446 

2.054945 

0.799663 

0.799663 

- 1.424502 

17.2 

17.4 

1.567107 

3.490764 

2.066462 

0.799422 

0.799422 

- 1.424302 

17.4 

17.6 

1.555975 

3.499691 

2.077307 

0.796993 

0.796993 

- 1.422384 

17.6 

17.8 

1.545680 

3.506380 

2.086694 

0.792806 

0.792806 

- 1.419686 

17.8 

18.0 

1.536608 

3.511063 

2.094072 

0.787554 

0.787554 

- 1.416991 

18.0 

18.2 

1.529091 

3.514039 

2.099206 

0.782079 

0.782079 

- 1.414833 

18.2 

18.4 

1.523390 

3.515665 

2.102205 

0.777243 

0.777243 

- 1.413459 

18.4 

18.6 

1.519692 

3.516336 

2.103502 

0.773786 

0.773786 

- 1.412834 

18.6 

18.8 

1.518099 

3.516473 

2.103774 

0.772219 

0.772219 

- 1.412699 

18.8 

19.0 

1.518630 

3.516504 

2.103836 

0.772746 

0.772746 

- 1.412668 

19.0 

19.2 

1.521219 

3.518847 

2.104509 

0.775242 

0.775242 

- 1.412339 

19.2 

19.4 

1.525722 

3.517896 

2.106493 

0.779276 

0.779276 

- 1.411403 

19.4 

19.6 

1.531921 

3.520003 

2.110261 

0.784185 

0.784185 

- 1.409741 

19.6 

19.8 

__ 

1.539537 

3.523468 

2.115990 

0.789185 

0.789185 

.. . 

- 1.407478 

19.8 
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a* 0.0 


a 

S(a,x) 

C(a,x) 

Ss(a,x) 

Sc(a,x) 

Cs (a,x) 

Cc(a,x) 


20.0 

1.548242 

3.528528 

2.123538 

0.793493 

0.793493 

- 1.404991 

20.0 

20.2 

1.557670 

3.535349 

2.132474 

0.796448 

0.796448 

- 1.402875 


20.4 

1.567434 

3.544019 

2.142152 

0.797616 

0.797616 

- 1.401867 

ESI 

20.6 

1.577143 

3.554548 

2.151814 

0.796849 

0.796849 

- 1.402734 

20.6 

20.8 

1.586415 

3.566871 

2.160714 

0.794304 

0.794304 

- 1.406157 

20.8 

21.0 

1.594891 

3.580848 

2.168228 

0.790413 

0.790413 

- 1.412619 

21.0 

21.2 

1.602252 

3.596273 

2.173957 

0.785811 

0.785811 

- 1.422315 

21.2 

21.4 

1.608229 

3.612885 

2.177780 

0.781230 

0.781230 

- 1.435105 

21.4 

21.6 

1.612610 

3.630375 

2.179868 

0.777386 

0.777386 

- 1.450508 

21.6 

21.8 

1.615252 

3.648406 

2.180653 

0.774867 

0.774867 

- 1.467752 

21.8 

22.0 

1.616084 

3.666617 

2.180759 

0.774043 

0.774043 

- 1.485858 

22.0 

22.2 

1.615104 

3.684649 

2.180895 

0.775013 

0.775013 

- 1.503754 

22.2 

22.4 

1.612383 

3.702148 

2.181747 

0.777592 

0.777592 

- 1.520401 

22.4 

22.6 

1.608061 

3.718787 

2.183871 

0.781348 

0.781348 

- 1.534916 

22.6 

22.8 

1.602336 

3.734276 

2.187608 

0.785672 

0.785672 

- 1.546668 

22.8 

23.0 

1.5954 59 

3.748370 

2.193034 

0.789879 

0.789879 

- 1.555336 

23.0 

23.2 

1.587722 

3.760881 

2.199954 

0.793311 

0.793311 

- 1.560928 

23.2 

23.4 

1.579446 

3.771685 

2.207937 

0.795445 

0.795445 

- 1.563749 

23.4 

23.6 

1.570965 

3.780723 

2.216386 

0.795968 

0.795968 

- 1.564337 

23.6 

23.8 

1.562621 

3.788004 

2.224639 

0.794827 

0.794827 

- 1.563365 

23.8 

24.0 

1.554739 

3.793603 

2.232066 

0.792227 

0.792227 

- 1.561537 

24.0 

24.2 

1.547624 

3.797657 

2.238173 

0.788600 

0.788600 

- 1.559484 

24.2 

24.4 

1.541544 

3.800359 

2.242676 

0.784530 

0.784530 

- 1.557684 

24.4 

24.6 

1.536724 

3.801951 

2.245540 

0.780663 

0.780663 

- 1.556412 

24.6 

24.8 

1.533333 

3.802710 

2.246982 

0.777600 

0.777600 

- 1.555728 

24.8 

25.0 

1.531483 

3.802940 

2.247434 

0.775809 

0.775809 

- 1.555507 

25.0 
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a = 0.50 


D 

S{a,x) 

C(a,x) 

Ss(a,x) 

Sc (a,x) 

Cs (a,x) 

Cc(a,x) 

a 

H 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 


Kxzfl 

0.000588 

0.002440 

0.000048 

0.000588 

0.000088 

0.000000 


HI 

0.010177 

0.004808 

0.000102 

0.010175 

0.000351 

0.000002 


□Cl 

0.028764 

0.007340 

0.000431 

0.028760 

0.000780 

0.000008 


0.04 

0.038351 

0.000803 

0.000767 

0.038340 

0.001401 

0.000019 

0.04 

0.05 

0.047036 

0.012261 

0.001108 

0.047016 

0.002187 

0.000036 

0.05 

0.06 

0.057510 

0.014724 

0.001725 

0.057485 

0.003144 

0.000063 

0.06 

0.07 

0.067101 

0.017102 

0.002347 

0.067046 

0.004272 

0.000100 

0.07 

0.08 

0.076680 

0.010887 

0.003065 

0.076500 

0.005568 

0.000148 

0.08 

0.00 

0.086257 

0.022140 

0.003878 

0.086141 

0.007031 

0.000211 

0.00 

0.10 

0.005831 

0.024630 

0.004786 

0.005671 

0.008650 

0.000288 

0.10 

0.11 

0.105402 

0.027138 

0.005780 

0.105180 

0.010448 

0.000382 

0.11 

0.12 

0.114060 

0.020648 

0.006887 

0.114603 

0.012307 

0.000404 

0.12 

0.13 

0.124532 

0.032168 

0.008070 

0.124181 

0.014501 

0.000626 

0.13 

0.14 

0.134001 

0.034700 

0.000366 

0.133653 

0.016750 

0.000770 

0.14 

0.15 

0.143645 

0.037245 

0.010746 

0.143107 

0.010167 

0.000054 

0.15 

0.16 

0.153104 

0.030803 

0.012221 

0.152542 

0.021721 

0.001152 

0.16 

0.17 

0.162730 

0.042376 

0.013788 

0.161057 

0.024418 

0.001375 

0.17 

0.18 

0.172278 

0.044063 

0.015440 

0.171350 

0.027254 

0.001624 

0.18 

0.10 

0.181810 

0.047566 

0.017203 

0.180720 

0.030225 

0.001000 

0.10 

0.20 

0.101337 

0.050186 

0.010040 

0.100067 

0.033328 

0.002203 


IlFLL* 

0.200858 

0.052823 

0.020087 

0.100388 

0.036558 

0.002536 

KKil 

0.22 

0.210371 

0.055478 

0.023016 

0.208682 

0.030011 

0.002807 

0.22 

0.23 

0.210878 

0.058151 

0.025137 

0.217040 

0.043384 

0.003200 

0.23 

0.24 

0.229377 

0.060844 

0.027340 

0.227187 

0.046071 

0.003713 

0.24 

0.25 

0.238868 

0.083557 

0.020651 

0.236304 

0.050660 

0.004160 

0.25 

0.26 

0.248351 

0.066200 

0.032043 

0.245571 

0.054474 

0.004656 

0.26 

0.27 

0.257826 

0.080045 

0.034525 

0.254715 

0.058380 

0.005177 

0.27 

0.28 

0.267202 

0.071822 

0.037005 

0.263825 

0.062385 

0.005731 

0.28 

0.20 

0.276740 

0.074621 

0.030754 

0.272001 

0.066483 

0.006310 

0.20 

0.30 

0.286106 

0.077443 

0.042501 

0.281040 

0.070671 

0.006042 

0.30 

0.31 

0.205634 

0.080280 

0.045335 

0.200043 

0.074043 

0.007508 

0.31 

0.32 

0.305062 

0.083158 

0.048256 

0.200007 

0.070206 

0.008200 

0.32 

0.33 

0.314480 

0.086053 

0.051263 

0.308831 

0.083726 

0.000016 

0.33 

0.34 

0.323887 

0.088072 

0.054356 

0.317715 

0.088220 

0.000777 

0.34 

0.35 

0.333284 

0.001017 

0.057533 

0.326558 

0.002800 

0.010574 

0.35 

0.36 

0.342668 

0.004880 

0.060706 

0.335358 

0.007436 

0.011405 

0.36 

0.37 

0.352042 

0.007886 

0.064141 

0.344114 

0.102132 

0.012272 

0.37 

0.38 

0.361403 

0.100011 

0.067570 

0.352825 

0.106884 

0.013174 

0.38 

0.30 

0.370753 

0.103063 

0.071081 

0.361480 

0.111680 

0.014110 

0.30 

0.40 

0.380000 

0.107042 

0.074674 

0.370107 

0.116543 

0.015082 

0.40 

0.41 

0.380414 

0.110150 

0.078348 

0.378677 

0.121442 

0.016087 

0.41 

0.42 

0.308725 

0.113286 

0.082102 

0.387108 

0.126382 

0.017128 

0.42 

0.43 

0.408022 

0.116452 

0.085036 

0.305668 

0.131360 

0.018202 

0.43 

0.44 

0.417306 

0.110646 

0.080848 

0.404087 

0.136372 

0.010300 

0.44 

0.45 

0.426576 

0.122860 

0.003838 

0.412454 

0.141416 

0.020450 

0.45 

0.46 

0.435832 

0.126123 

0.007006 

0.420768 

0.146486 

0.021624 

0.46 

0.47 

0.445072 

0.120406 

0.102050 

0.420028 

0.151581 

0.022831 

0.47 

0.48 

0.454208 

0.132720 

0.106260 

0.437232 

0.156607 

0.024060 

0.48 

0.48 

0.463500 

0.136064 

0.110563 

0.445381 

0.161830 

0.025330 

0.40 
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S(a,x) G(a,x) Ss(a,x) Sc(a,x) Cs(a,x) Cc(a,x) 



0.472704 

0.481883 

0.491047 

0.500193 

0.509323 

0.518436 

0.527532 

0.536609 

0.545669 

0.554711 

0.563735 

0.572739 

0.581724 

0.590690 

0.599637 

0.608563 

0.617469 

0.626355 

0.635219 

0.644063 

0.652885 

0.661686 

0.670465 

0.679221 

0.687955 

0.696666 

0.705355 

0.714019 

0.722661 

0.731278 

0.739872 

0.748441 

0.756985 

0.765505 

0.773999 

0.782468 

0.790912 

0.799329 

0.807720 

0.816085 

0.824423 

0.832734 

0.841018 

0.849274 

0.857503 

0.865704 

0.873877 

0.882021 

0.890137 

0.898224 


0.139439 

0.142846 

0.146283 

0.149752 

0.153253 

0.156785 

0.160350 

0.163947 

0.167576 

0.171237 

0.174932 

0.178659 

0.182419 

0.186211 

0.190037 

0.193896 

0.197789 

0.201714 

0.205673 

0.209665 

0.213691 

0.217750 

0.221842 

0.225969 

0.230128 

0.234321 

0.238548 

0.242808 

0.247102 

0.251429 

0.255790 

0.260184 

0.264611 

0.269072 

0.273566 

0.278094 

0.282654 

0.287248 

0.291874 

0.296534 

0.301226 

0.305951 

0.310709 

0.315500 

0.320323 

0.325178 

0.330066 

0.334986 

0.339938 

0.344922 


0.114931 
0.119372 
0 .. 123885 
0.128469 
0.133124 

0.137848 

0.142641 

0.147502 

0.152429 

0.157422 

0.162479 

0.167601 

0.172785 

0.178031 

0.183337 

0.188704 

0.194129 

0.199612 

0.205151 

0.210746 

0.216396 

0.222099 

0.227855 

0.233661 

0.239518 

0.245424 

0.251378 

0.257379 

0.263425 

0.269516 

0.275651 

0.281828 

0.288046 

0.294304 

0.300600 

0.306935 

0.313306 

0.319712 

0.326153 

0.332626 

0.339132 

0.345668 

0.352233 

0.358827 

0.365448 

0.372095 

0.378786 

0.385461 

0.392179 

0.398917 


0.453472 
0.461506 
0.469480 
0.477395 
0.4 8 5249 

0.493042 

0.500772 

0.508439 

0.516042 

0.523581 

0.531053 

0.538459 

0.545798 

0.553069 

0.560272 

0.567405 

0.574468 

0.581460 

0.588381 

0.595229 

0.602005 

0.608708 

0.615337 

0.621891 

0.628370 

0.634773 

0.641101 

0.647352 

0.653525 

0.659621 

0.665639 

0.671578 

0.677439 

0.683219 

0.688921 

0.694542 

0.700082 

0.705542 

0.710921 

0.716218 

0.721434 

0.726568 

0.731619 

0.736588 

0.741475 

0.746278 

0.750999 

0.755636 

0.760191 

0.764662 


0.166979 

0.172139 

0.177307 

0.182482 

0.187659 

0.192837 

0.198013 

0.203183 

0.208347 

0.213500 

0.218641 

0.223768 

0.228878 

0.233969 

0.239039 

0.244085 

0.249107 

0.254101 

0.259066 

0.264000 

0.268902 

0.273769 

0.278600 

0.283394 

0.288148 

0.292861 

0.297532 

0.302160 

0.306742 

0.311278 

0.315766 

0.320205 

0.324594 

0.328932 

0.333217 

0.337448 

0.341626 

0.345747 

0.349812 

0.353820 

0.357769 
0.361659 
0.36 54 89 
0.369258 
0.372966 

0.376612 

0.380194 

0.383714 

0.387169 

0.390559 


0.026640 

0.027971 

0.029332 

0.030723 

0.032142 

0.033589 

0.035063 

0.036564 

0.038091 

0.039642 

0.041219 

0.042819 

0.044441 

0.046086 

0.047752 

0.049439 

0.051144 

0.052869 

0.054611 

0.056371 

0.058146 

0.059937 

0.061741 

0.063559 

0.065390 

0.067231 

0.069083 

0.070945 

0.072815 

0.074693 

0.076577 

0.078467 

0.080362 

0.082260 

0.084161 

0.086063 

0.087966 

0.089869 

0.091770 

0.093669 

0.095564 

0.097456 

0.099341 

0.101220 

0.103092 

0.104955 

0.106809 

0.108653 

0.110484 

0.112304 
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Ss(a,x) Sc(a,x) Gs(a,x) Gc(a,x) 


0.906282 

0.922309 

0.938217 

0.954003 

0.969667 

0.985207 

1.000620 

1.015905 

1.031060 

1.046084 

1.060975 

1.075731 

1.090352 

1.104835 

1.119178 


0.349938 

0.360064 

0.370316 

0.380693 

0.391193 

0.401815 

0.412557 

0.423420 

0.434400 

0.445497 

0.456709 

0.468035 

0.479473 

0.491021 

0.502678 


0.405675 

0 . 41924 ? 

0.432885 

0.446578 

0.460319 

0.474096 

0.487901 

0.501725 

0.515558 

0.529391 

0.543215 

0.557021 

0.570800 

0.584543 

0.598243 


0.769049 

0.777573 

0.785763 

0.793618 

0.801139 

0.808326 

0.815179 

0.821701 

0.827892 

0.833753 

0.839288 

0.844497 

0.849384 

0.853951 

0.858201 


0.393884 

0.400337 

0.406523 

0.412439 

0.418083 

0.423452 

0.428544 

0.433359 

0.437894 

0.442149 

0.446125 

0.449821 

0.453238 

0.456376 

0.459238 


0.114109 

0.117676 

0.121177 

0.124604 

0.127948 

0.131203 

0.134360 

0.137411 

0.140350 

0.143168 

0.145859 

0.148414 

0.150827 

0.153092 

0.155200 



1.133381 

1.147443 

1.161360 

1.175134 

1.188761 

1.202241 

1.215572 

1.228753 

1.241784 

1.254663 


0.514443 

0.526313 

0.538286 

0.550361 

0.562537 

0.574810 

0.587180 

0.599645 

0.612202 

0.624850 


0.611889 

0.625475 

0.638991 

0.652429 

0.665782 

0.679042 

0.692201 

0.705252 

0.718188 

0.731001 


0.862137 

0.865763 

0.869082 

0.872099 

0.874817 

0.877241 

0.879376 

0.881226 

0.882796 

0.884092 


0.461824 

0.464137 

0.466179 

0.467952 

0.469459 

0.470704 

0.471690 

0.472421 

0.472900 

0.473132 


0.157145 

0.158921 

0.160522 

0.161941 

0.163172 

0.164210 

0.165048 

0.165682 

0.166106 

0.166316 


1.267388 

1.279959 

1.292375 

1.304635 

1.316737 


0.637586 

0.650409 

0.663316 

0.676306 

0.689377 


0.743684 

0.756232 

0.768637 

0.780894 

0.792996 


0.885119 

0.885883 

0.886390 

0.886645 

0.886655 


0.473121 

0.472872 

0.472391 

0.471681 

0.470749 


0.166306 

0.166071 

0.165608 

0.164913 

0.163981 


1.328681 

1.340466 

1.352091 

1.363555 

1.374858 

1.385998 

1.396975 

1.407789 

1.418438 

1.428923 

1.439242 

1.449394 

1.459381 

1.469200 

1.478852 

1.488336 

1.497652 

1.506800 

1.515779 

1.524589 


0.702526 

0.715751 

0.729051 

0.742422 

0.755864 

0.769373 

0.782948 

0.796586 

0.810285 

0.824043 

0.837858 

0.851727 

0.865649 

0.879620 

0.893640 

0.907704 

0.921812 

0.935961 

0.950148 

0.964371 


0.804938 

0.816713 

0.828318 

0.839746 

0.850993 

0.862054 

0.872925 

0.883602 

0.894080 

0.904357 

0.914429 

0.924293 

0.933945 

0.943384 

0.952607 

0.961612 

0.970398 

0.978961 

0.987303 

0.995420 


0.886426 

0.885964 

0.885277 

0.884370 

0.883251 

0.881926 

0.880404 

0.878690 

0.876792 

0.874717 

0.872474 

0.870069 

0.867509 

0.864803 

0.861959 

0.858983 

0.855883 

0.852668 

0.849344 

0.845920 


0.469599 

0.468239 

0.466673 

0.464907 

0.462948 

0.460803 

0.458477 

0.455977 

0.453310 

0.450483 

0.447503 

0.444376 

0.441110 

0.437712 

0.434189 

0.430549 

0.426798 

0.422944 

0.418994 

0.414955 


0.162809 

0.161394 

0.159731 

0.157820 

0.155656 

0.153238 

0.150563 

0.147629 

0.144436 

0.140980 

0.137263 

0.133281 

0.129036 

0.124527 

0.119753 

0.114715 

0.109413 

0.103849 

0.098022 

0.091936 
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a =( 

5.50 




a 

S(a,x) 

C(a,x) 

Ss(a,x) 

Sc(a,x) 

Cs(a,x) 

Cc(a,x) 

X 

2.00 

1.533230 

0.978629 

1.003313 

0.842404 

0.410836 

0.085590 

2.00 

2.05 

1.554092 

1.014406 

1.022059 

0.833255 

0.400231 

0.068604 

2.05 

2.10 

1.573895 

1.050345 

1.039398 

0.823693 

0.389278 

0.050045 

2.10 

2.15 

1.592639 

1.086410 

1.055337 

0.813834 

0.378090 

0.029957 

2.15 

2.20 

1.610325 

1.122566 

1.069893 

0.803791 

0.366776 

0.008393 

2.20 

2.25 

1.626957 

1.158776 

1.083092 

0.793674 

0.355444 

- 0.014584 

2.25 

2.30 

1.642538 

1.195005 

1.094969 

0.783591 

0.344195 

- 0.038905 

2.30 

2.35 

1.657075 

1.231218 

1.105566 

0.773641 

0.333129 

- 0.064491 

2.35 

2.40 

1.670575 

1.267379 

1.114932 

0.763922 

0.322337 

- 0.091258 

2.40 

2.45 

1.683045 

1.303455 

1.123125 

0.754523 

0.311908 

- 0.119115 

2.45 

2.50 

1.694496 

1.339411 

1.130208 

0.745526 

0.301922 

- 0.147963 

2.50 

2.55 

1.704939 

1.375214 

1.136250 

0.737010 

0.292453 

- 0.177701 

2.55 

2.60 

1.714386 

1.410830 

1.141324 

0.729042 

0.283569 

- 0.208221 

2.60 

2.65 

1.722851 

1.446228 

1.145508 

0.721685 

0.275329 

- 0.239414 

2.65 

2.70 

1.730348 

1.481374 

1.148883 

0.714992 

0.267785 

- 0.271165 

2.70 

2.75 

1.736893 

1.516239 

1.151535 

0.709008 

0.260981 

- 0.303359 

2.75 

2.80 

1.742504 

1.550792 

1.153550 

0.703772 

0.254952 

- 0.335880 

2.80 

2.85 

1.747199 

1.585003 

1.155015 

0.699312 

0.249728 

- 0.368610 

2.85 

2.90 

1.750996 

1.618844 

1.156019 

0.695650 

0.245326 

- 0.401431 

2.90 

2.95 

1.753917 

1.652288 

1.156650 

0.692799 

0.241760 

- 0.434228 

2.95 

3.00 

1.755982 

1.685306 

1.156996 

0.690763 

0.239033 

- 0.466886 

3.00 

3.05 

1.757214 

1.717874 

1.157142 

0.689540 

0.237141 

- 0.499293 

3.05 

3.10 

1.757635 

1.749966 

1.157174 

0.689120 

0.236073 

- 0.531341 

3.10 

3.15 

1.757271 

1.781559 

1.157171 

0.689485 

0.235810 

- 0.562924 

3.15 

3.20 

1.756144 

1.812630 

1.157212 

0.690610 

0.236327 

- 0.593943 

3.20 

3.25 

1.754282 

1.843157 

1.157370 

0.692466 

0.237592 

- 0.624300 

3.25 

3.30 

1.751709 

1.873120 

1.157715 

0.695015 

0.239568 

- 0.653907 

3.30 

3.35 

1.748454 

1.902499 

1.158311 

0.698215 

0.242212 

- 0.682678 

3.35 

3.40 

1.744543 

1.931276 

1.159218 

0.702019 

0.245477 

- 0.710539 

3.40 

3.45 

1.740004 

1.959434 

1.160490 

0.706376 

0.249309 

- 0.737416 

3.45 

3.50 

1.734866 

1.986957 

1.182174 

0.711229 

0.253653 

- 0.763247 

3.50 

3.55 

1.729157 

2.013831 

1.164311 

0.716522 

0.258451 

- 0.787975 

3.55 

3.60 

1.722908 

2.040043 

1.166937 

0.722192 

0.263639 

- 0.811551 

3.60 

3.65 

1.716147 

2.065579 

1.170081 

0.728177 

0.269155 

- 0.833936 

3.65 

3.70 

1.708904 

2.090430 

1.173765 

0.734412 

0.274933 

- 0.855095 

3.70 

3.75 

1.701210 

2.114585 

1.178005 

0.740832 

0.280909 

- 0.875003 

3.75 

3.80 

1.693095 

2.138036 

1.182809 

0.747371 

0.287015 

- 0.893643 

3.80 

3.85 

1.684589 

2.160777 

1.188180 

0.753965 

0.293187 

- 0.911005 

3.85 

3.90 

1.675723 

2.182801 

1.194116 

0.760550 

0.299361 

- 0.927087 

3.90 

3.95 

1.666527 

2.204103 

1.200606 

0.767064 

0.305474 

- 0.941893 

3.95 

4.00 

1.657032 

2.224681 

1.207634 

0.773446 

0.311466 

- 0.955436 

4.00 

4.05 

1.647267 

2.244532 

1.215181 

0.779640 

0.317279 

- 0.967735 

4.05 

4.10 

1.637264 

2.263656 

1.223220 

0.785592 

0.322858 

- 0.978814 

4.10 

4.15 

1.627053 

2.282052 

1.231719 

0.791250 

0.328153 

- 0.988705 

4.15 

4.20 

1.616662 

2.299723 

1.240645 

0.796568 

0.333116 

- 0.997445 

4.20 

4.25 

1.606122 

2.316671 

1.249957 

0.801503 

0.337705 

- 1.005076 

4.25 

4.30 

1.595461 

2.332900 

1.259614 

0.806018 

0.341881 

- 1.011643 

4.30 

4.35 

1.584708 

2.348415 

1.269569 

0.810079 

0.345612 

- 1.017198 

4.35 

4.40 

1.573892 

2.363222 

1.279774 

0.813659 

0.348868 

- 1.021796 

4.40 

4.45 

1.563040 

2.377328 

1.290180 

0.816734 

0.351627 

- 1.025492 

4.45 

4.50 

1.552180 

2.390742 

1.300734 

0.819288 

0.353872 

- 1.028348 

4.50 

4.55 

1.541339 

2.403474 

1.311385 

0.821308 

0.355589 

- 1.030424 

4.55 

4.60 

1.530541 

2.415533 

1.322079 

0.822786 

0.356772 

- 1.031784 

4.60 

4.65 

1.519814 

2.426931 

1.332765 

0.823723 

0.357419 

- 1.032493 

4.65 

4.70 

1.509181 

2.437680 

1.343389 

0.824121 

0.357533 

- 1.032614 

4.70 

4.75 

1.498666 

2.447793 

1.353901 

0.823989 

0.357124 

- 1.032212 

4.75 

4.80 

1.488294 

2.457286 

1.364252 

0.823341 

0.356204 

- 1.031349 

4.80 

4.85 

1.478086 

2.466171 

1.374395 

0.822194 

0.354791 

- 1.030089 

4.85 

4.90 

1.468064 

2.474466 

1.384284 

0.820573 

0.352909 

- 1.028492 

4.90 

4.95 

1.458249 

2.482187 

1.393877 

0.818503 

0.350583 

- 1.026616 

4.95 
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a» 1.00 

a 

S(a,x) 

C(a,x) 

Ss(a,x) 

Sc(a,x) 

Cs (a,x) 

Cc(a,x) 

a 

n 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 



0.016829 

0.009194 

0.000168 

0.016828 

0.000108 

0.000001 

0.02 

WSm 

0.033656 

0.018392 

0.000673 

0.033647 

0.000432 

0.000006 


0.06 

0.050477 

0.027596 

0.001514 

0.050447 

0.000970 

0.000019 

0.06 

0.08 

0.067292 

0.036808 

0.002690 

0.067220 

0.001721 

0.000046 

0.08 

0.10 

0.084097 

0.046033 

0.004200 

0.083957 

0.002682 

0.000089 

0.10 

0.12 

0.100890 

0.055273 

0.006044 

0.100648 

0.003850 

0.000154 

0.12 

0.14 

0.117668 

0.064531 

0.008219 

0.117285 

0.005221 

0.000243 

0.14 

0.16 

0.134430 

0.073811 

0.010723 

0.133858 

0.006789 

0.000361 

0.16 

0.18 

0.151172 

0.083114 

0.013556 

0.150359 

0.008551 

0.000511 

0.18 

0.20 

0.167893 

0.092444 

0.016714 

0.166778 

0.010500 

0.000697 

0.20 

0.22 

0.184590 

0.101803 

0.020194 

0.183108 

0.012628 

0.000922 

0.22 

0.24 

0.201260 

0.111195 

0.023994 

0.199339 

0.014931 

0.001188 

0.24 

0.26 

0.217902 

0.120622 

0.028112 

0.215463 

0.017398 

0.001498 

0.26 

0.28 

0.234513 

0.130087 

0.032542 

0.231472 

0.020024 

0.001855 

0.28 

0.30 

0.251090 

0.139592 

0.037282 

0.247356 

0.022798 

0.002260 

0.30 

0.32 

0.267631 

0.149139 

0.042328 

0.263109 

0.025713 

0.002716 

0.32 

0.34 

0.284134 

0.158732 

0.047676 

0.278722 

0.028758 

0.003223 

0.34 

0.36 

0.300507 

0.168372 

0.053320 

0.294186 

0.031925 

0.003783 

0.36 

0.38 

0.317017 

0.178062 

0.059258 

0.309494 

0.035204 

0.004397 

0.38 

0.40 

0.333392 

0.187804 

0.065483 

0.324639 

0.038584 

0.005064 

0.40 

0.42 

0.349719 

0.197600 

0.071991 

0.339613 

0.042055 

0.005786 

0.42 

0.44 

0.365997 

0.207452 

0.078777 

0.354409 

0.045607 

0.006562 

0.44 

0.46 

0.382223 

0.217362 

0.085834 

0.369019 

0.049229 

0.007391 

0.46 

0.48 

0.398394 

0.227332 

0.093158 

0.383437 

0.052911 

0.008272 

0.48 

0.50 

0.414509 

0.237364 

0.100742 

0.397656 

0.056641 

0.009205 

0.50 

0.52 

0.430566 

0.247459 

0.108580 

0.411669 

0.060410 

0.010188 

0.52 

0.54 

0.446561 

0.257619 

0.116666 

0.425470 

0.064207 

0.011218 

0.54 

0.56 

0.462494 

0.267846 

0.124994 

0.439052 

0.068021 

0.012294 

0.56 

0.58 

0.478361 

0.278140 

0.133556 

0.452411 

0.071842 

0.013414 

0.58 

0.60 

0.494160 

0.288504 

0.142346 

0.465539 

0.075659 

0.014574 

0.60 

0.62 

0.509890 

0.298938 

0.151357 

0.478432 

0.079463 

0.015771 

0.62 

0.64 

0.525549 

0.309444 

0.160581 

0.491084 

0.083242 

0.017003 

0.64 

0.66 

0.541133 

0.320022 

0.170013 

0.503490 

0.086988 

0.018265 

0.66 

0.68 

0.556641 

0.330674 

0.179643 

0.515646 

0.090691 

0.019554 

0.68 

0.70 

0.572071 

0.341401 

0.189464 

0.527546 

0.094341 

0.020865 

0.70 

0.72 

0.587421 

0.352203 

0.199470 

0.539167 

0.097930 

0.022196 

0.72 

0.74 

0.602689 

0.363081 

0.209651 

0.550564 

0.101447 

0.023540 

0.74 

0.76 

0.617873 

0.374036 

0.220001 

0.561674 

0.104886 

0.024893 

0.76 

0.78 

0.632970 

0.385068 

0.230510 

0.572512 

0.108237 

0.026251 

0.78 

0.80 

0.647980 

0.396178 

0.241172 

0.583077 

0.111493 

0.027608 

0.80 

0.82 

0.662899 

0.407366 

0.251977 

0.593363 

0.114646 

0.028960 

0.82 

0.84 

0.677726 

0.418633 

0.262918 

0.603370 

0.117688 

0.030300 

0.84 

0.86 

0.692459 

0.429978 

0.273987 

0.613093 

0.120612 

0.031624 

0.86 

0.88 

0.707096 

0.441403 

0.285174 

0.622531 

0.123413 

0.032925 

0.88 

0.90 

0.721635 

0.452906 

0.296472 

0.631682 

0.126083 

0.034198 

0.90 

0.92 

0.736075 

0.464489 

0.307871 

0.640545 

0.128617 

0.035438 

0.92 

0.94 

0.750413 

0.476150 

0.319365 

0.649117 

0.131009 

0.036638 

0.94 

0.96 

0.764648 

0.487890 

0.330944 

0.657397 

0.133253 

0.037792 

0.96 

0.98 

0.778777 

0.499710 

0.342599 

0.665384 

0.135346 

0.038894 

0.98 
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a * 1 

.00 



Hi 

D 

S(a,x) 

C(a,x) 

Ss(a,x) 

Sc(a,x) 

Cs(a,x) 



n 

0.792801 

0.511607 

0.354322 

0.673079 

0.137281 

0.039939 

R9 

ifi 

0.806715 

0.523583 

0.366105 

0.680479 

0.139056 

0.040920 


EiSfl 

0.820520 

0.535637 

0.377939 

0.687586 

0.140666 

0.041831 

1 .04 

1.06 

0.834212 

0.547768 

0.389816 

0.694399 

0.142107 

0.042666 

1.06 

1.08 

0.847791 

0.559975 

0.401728 

0.700919 

0.143378 

0.043418 

1.08 

1.10 

0.861255 

0.572260 

0.413665 

0.707146 

0.144474 

0.044082 

1.10 

1.12 

0.874602 

0.584620 

0.425619 

0.713081 

0.145393 

0.044652 

1.12 

1.14 

0.887831 

0.597055 

0.437584 

0.718725 

0.146134 

0.045122 

1.14 

1.16 

0.900940 

0.609564 

0.449549 

0.724080 

0.146695 

0.045485 

1.16 

1.18 

0.913928 

0.622147 

0.461507 

0.729148 

0.147074 

0.045736 

1.18 

1.20 

0.926793 

0.634802 

0.473450 

0.733929 

0.147270 

0.045868 

1.20 

1.22 

0.939534 

0.647530 

0.485371 

0.738427 

0.147282 

0.045877 

1.22 

1.24 

0.952149 

0.660328 

0.497260 

0.742644 

0.147111 

0.045755 

1.24 

1.26 

0.964637 

0.673197 

0.509111 

0.746582 

0.146755 

0.045499 

1.26 

1.28 

0.976997 

0.686134 

0.520916 

0.750244 

0.146216 

0.045101 

1.28 

1.30 

0.989228 

0.699139 

0.532667 

0.753633 

0.145494 

0.044557 

1.30 

1.32 

1.001327 

0.712212 

0.544356 

0.756753 

0.144589 

0.043862 

1.32 

1.34 

1.013294 

0.725349 

0.555978 

0.759607 

0.143502 

0.043010 

1.34 

1.36 

1.025127 

0.738552 

0.567524 

0.762199 

0.142236 

0.041996 

1.36 

1.38 

1.036826 

0.751817 

0.578988 

0.764532 

0.140792 

0.040816 

1.38 

1.40 

1.048389 

0.785145 

0.590362 

0.766612 

0.139171 

0.039464 

1.40 

1.42 

1.059815 

0.778533 

0.601640 

0.768441 

0.137376 

0.037937 

1.42 

1.44 

1.071104 

0.791981 

0.612817 

0.770026 

0.135410 

0.036229 

1.44 

1.46 

1.082253 

0.805486 

0.623884 

0.771369 

0.133274 

0.034337 

1.46 

1.48 

1.093261 

0.819049 

0.634837 

0.772477 

0.130973 

0.032257 

1.48 

1.50 

1.104129 

0.832686 

0.645669 

0.773355 

0.128509 

0.029984 

1.50 

1.52 

1.114855 

0.846337 

0.656375 

0.774006 

0.125886 

0.027515 

1.52 

1.54 

1.125437 

0.860061 

0.666948 

0.774438 

0.123107 

0.024847 

1.54 

1.56 

1.135876 

0.873835 

0.677384 

0.774656 

0.120176 

0.021976 

1.56 

1.58 

1.148170 

0.887658 

0.687678 

0.774664 

0.117098 

0.018900 

1.58 

i.eo 

1.156318 

0.901529 

0.697824 

0.774469 

0.113875 

0.015615 

1.60 

1.62 

1.166320 

0.915446 

0.707818 

0.774078 

0.110514 

0.012118 

1.62 

1.64 

1.176174 

0.929407 

0.717655 

0.773495 

0.107017 

0.008408 

1.64 

1.66 

1.185881 

0.943411 

0.727332 

0.772727 

0.103391 

0.004482 

1.66 

1.68 

1.195439 

0.957456 

0.736842 

0.771781 

0.099640 

0.000339 

1.68 

1.70 

1.204848 

0.971540 

0.746184 

0.770662 

0.095768 

- 0.004025 

1.70 

1.72 

1.214107 

0.985662 

0.755354 

0.769378 

0.091781 

- 0.008609 

1.72 

1.74 

1.223215 

0.999820 

0.764347 

0.767934 

0.087685 

- 0.013416 

1.74 

1.76 

1.232173 

1.014012 

0.773161 

0.766338 

0.083484 

- 0.018446 

1.76 

1.78 

1.240978 

1.028236 

0.781792 

0.764595 

0.079185 

- 0.023701 

1.78 

1.80 

1.249632 

1.042491 

0.790239 

0.762714 

0.074792 

- 0.029180 

1.80 

1.82 

1.258134 

1.058775 

0.798498 

0.760700 

0.070312 

- 0.034885 

1.82 

1.84 

1.266482 

1.071085 

0.806567 

0.758560 

0.065749 

- 0.040815 

1.84 

1.86 

1.274677 

1.085421 

0.814445 

0.756302 

0.061111 

- 0.046971 

1.86 

1.88 

1.282718 

1.099781 

0.822129 

0.753932 

0.056402 

- 0.053351 

1.88 

1.90 

1.290606 

1.114161 

0.829618 

0.751457 

0.051629 

- 0.059956 

1.90 

1.92 

1.298339 

1.128562 

0.836911 

0.748884 

0.046797 

- 0.066785 

1.92 

1.94 

1.305918 

1.142980 

0.844006 

0.746221 

0.041913 

- 0.073836 

1.94 

1.96 

1.313342 

1.157414 

0.850903 

0.743473 

0.036983 

- 0.081108 

1.96 

1.98 

1.320612 

1.171861 

0.857600 

0.740647 

0.032012 

- 0.088600 

1.98 
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a = 1.00 


HI 

S(a,x) 

C(a,x) 

Ss(a,x) 

Sc(a,x) 

Cs(a,x) 

Cc(a,x) 

m 

2.00 

1.327726 

1.186321 

0.864099 

0.737752 

0.027007 

- 0.096311 

2.00 

2.05 

1.344834 

1.222511 

0.879472 

0.730250 

0.014383 

- 0.116527 

2.05 

2.10 

1.360972 

1.258735 

0.893602 

0.722458 

0.001676 

- 0.138056 

2.10 

2.15 

1.376141 

1.294962 

0.906502 

0.714480 

- 0.011023 

- 0.160854 

2.15 

2.20 

1.390343 

1.331163 

0.018191 

0.706415 

- 0.023623 

- 0.184867 

2.20 

2.25 

1.403582 

1.367306 

0.928698 

0.698363 

- 0.036036 

- 0.210034 

2.25 

2.30 

1.415863 

1.403362 

0.938059 

0.690416 

- 0.048179 

- 0.236287 

2.30 

2.35 

1.427191 

1.439302 

0.946317 

0.682663 

- 0.059972 

- 0.263551 

2.35 

2.40 

1.437575 

1.475095 

0.953522 

0.675188 

- 0.071339 

- 0.291745 

2.40 

2.45 

1.447021 

1.510711 

0.959729 

0.668068 

- 0 . 0822 X 1 

- 0.320781 

2.45 

2.50 

1.455542 

1.546122 

0.964999 

0.661374 

- 0.092523 

- 0.350568 

2.50 

2.55 

1.463146 

1.581298 

0.969400 

0.655173 

- 0.102216 

- 0.381010 

2.55 

2.60 

1.469848 

1.616212 

0.972999 

0.649521 

- 0.111240 

- 0.412007 

2.60 

2.65 

1.475660 

1.650835 

0.975873 

0.644470 

- 0.119548 

- 0.443457 

2.65 

2.70 

1.480596 

1.685140 

0.978096 

0.640063 

- 0.127103 

- 0.475253 

2.70 

2.75 

1.484673 

1.719101 

0.979749 

0.636337 

- 0.133875 

- 0.507289 

2.75 

2.80 

1.487907 

1.752690 

0.980911 

0.633320 

- 0.139838 

- 0.539459 

2.80 

2.85 

1.490315 

1.785884 

0.981664 

0.631032 

- 0.144978 

- 0.571653 

2.85 

2.90 

1.491918 

1.818657 

0.982090 

0.629487 

- 0.149285 

- 0.603767 

2.90 

2.95 

1.492733 

1.850985 

0.982268 

0.628692 

- 0.152756 

- 0.635694 

2.95 

3.00 

1.492782 

1.882846 

0.982279 

0.628644 

- 0.155399 

- 0.667331 

3.00 

3.05 

1.492086 

1.914217 

0.982201 

0.629335 

- 0.157223 

- 0.698577 

3.05 

3.10 

1.490668 

1.945076 

0.982110 

0.630751 

- 0.158249 

- 0.729334 

3.10 

3.15 

1.488550 

1.975405 

0.982078 

0.632868 

- 0.158500 

- 0.759510 

3.15 

3.20 

1.485756 

2.005183 

0.982174 

0.635660 

- 0.158009 

- 0.789015 

3.20 

3.25 

1.482310 

2.034393 

0.982463 

0.639093 

- 0.156811 

- 0.817765 

3.25 

3.30 

1.478239 

2.063016 

0.983008 

0.643128 

- 0.154948 

- 0.845681 

3.30 

3.35 

1.473566 

2.091036 

0.983862 

0.647721 

- 0.152466 

- 0.872692 

3.35 

3.40 

1.468319 

2.118440 

0.985078 

0.652825 

- 0.149415 

- 0.898730 

3.40 

3.45 

1.462524 

2.145211 

0.986700 

0.658387 

- 0.145850 

- 0.923736 

3.45 

3.50 

1.456209 

2.171338 

0.988769 

0.664354 

- 0.141827 

- 0.947658 

3.50 

3.55 

1.449400 

2.196809 

0.991317 

0.670667 

- 0.137406 

- 0.970448 

3.55 

3.60 

1.442125 

2.221612 

0.994374 

0.677267 

- 0.132648 

- 0.992068 

3.60 

3.65 

1.434414 

2.245739 

0.997959 

0.684094 

- 0.127617 

- 1.012488 

3.65 

3.70 

1.426293 

2.269181 

1.002089 

0.691085 

- 0.122375 

- 1.031683 

3.70 

3.75 

1.417792 

2.291931 

1.006773 

0.698178 

- 0.116986 

- 1.049636 

3.75 

3.80 

1.408939 

2.313983 

1.012014 

0.705312 

- 0.111515 

- 1.066339 

3.80 

3.85 

1.399763 

2.335332 

1.017808 

0.712426 

- 0.106023 

- 1.081789 

3.85 

3.90 

1.390293 

2.355973 

1.024148 

0.719459 

- 0.100571 

- 1.095991 

3.90 

3.95 

1.380558 

2.375906 

1.031018 

0.726356 

- 0.095218 

- 1.108956 

3.95 

4.00 

1.370585 

2.395128 

1.038400 

0.733060 

- 0.090022 

- 1.120703 

4.00 

4.05 

1.360404 

2.413639 

1.046269 

0.739518 

- 0.085034 

- 1.131255 

4.05 

4.10 

1.350043 

2.431440 

1.054595 

0.745683 

- 0.080307 

- 1.140643 

4.10 

4.15 

1.339531 

2.448533 

1.063345 

0.751508 

- 0.075886 

- 1.148902 

4.15 

4.20 

1.328894 

2.464922 

1.072481 

0.756952 

- 0.071815 

- 1.156073 

4.20 

4.25 

1.318161 

2.480609 

1.081964 

0.761977 

- 0.068130 

- 1.162200 

4.25 

4.30 

1.307359 

2.495602 

1.091748 

0.766552 

- 0.064867 

- 1.167332 

4.30 

4.35 

1.296515 

2.509906 

1.101788 

0.770648 

- 0.062053 

- 1.171523 

4.35 

4.40 

1.285654 

2.523528 

1.112035 

0.774243 

- 0.059713 

- 1.174828 

4.40 

4.45 

1.274804 

2.536478 

1.122439 

0.777318 

- 0.057865 

- 1.177304 

4.45 

4.50 

1.263988 

2.548764 

1.132950 

0.779862 

- 0.056523 

- 1.179013 

4.50 

4.55 

1.253233 

2.560397 

1.143516 

0.781865 

- 0.055695 

- 1.180016 

4.55 

4.80 

1.242561 

2.571388 

1.154086 

0.783327 

- 0.055384 

- 1.180375 

4.60 

4.85 

1.231998 

2.581749 

1.164608 

0.784249 

- 0.055589 

- 1.180154 

4.65 

4.70 

1.221565 

2.591494 

1.175033 

0.784640 

- 0.056302 

- 1.179415 

4.70 

4.75 

1.211284 

2.600636 

1.185312 

0.784511 

- 0.057513 

- 1.178222 

4.75 

4.80 

1.201177 

2.609190 

1.195398 

0.783879 

- 0.059204 

- 1.176635 

4.80 

4.85 

1.191265 

2.617171 

1.205246 

0.782767 

- 0.061356 

- 1.174714 

4.85 

4.90 

1.181567 

2.624596 

1.214815 

0.781198 

- 0.063943 

- 1.172518 

4.90 

4.95 

1.172102 

2.631482 

1.224066 

0.779202 

- 0.066937 

- 1.170103 

4.95 
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o * 2.00 

D 

S(a,x) 

C(a,x) 

Ss(a,x) 

Sc(a,x) 

Cs (a,x) 

Cc(a,x) 

n 

■ 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.00 


0.022728 

0.035405 

0.000568 

0.022718 

- 0.000260 

- 0.000004 

0.05 

ISrfl 

0.045429 

0.070816 

0.002269 

0.045353 

- 0.001042 

- 0.000035 

0.10 

0.15 

0.068075 

0.106239 

0.005091 

0.067820 

- 0.002347 

- 0.000118 

0.15 

0.20 

0.090640 

0.141681 

0.009019 

0.090038 

- 0.004182 

- 0.000280 

0.20 

0.25 

0.113096 

0.177147 

0.014029 

0.111927 

- 0.006553 

- 0.000549 

0.25 

0.30 

0.135418 

0.212643 

0.020089 

0.133407 

- 0.009466 

- 0.000953 

0.30 

0.35 

0.157578 

0.248174 

0.027163 

0.154405 

- 0.012932 

- 0.001522 

0.35 

0.40 

0.179550 

0.283743 

0.035209 

0.174849 

- 0.016961 

- 0.002288 

0.40 

0.45 

0.201308 

0.319356 

0.044179 

0.194670 

- 0.021563 

- 0.003282 

0.45 

0.50 

0.222828 

0.355016 

0.054019 

0.213805 

- 0.026748 

- 0.004539 

0.50 

0.55 

0.244082 

0.390725 

0.064670 

0.232196 

- 0.032526 

- 0.006093 

0.55 

0.60 

0.265048 

0.426486 

0.076069 

0.249789 

- 0.038908 

- 0.007981 

0.60 

0.65 

0.285700 

0.462299 

0.088150 

0.266536 

- 0.045901 

- 0.010242 

0.65 

0.70 

0.306016 

0.498166 

0.100843 

0.282396 

- 0.053512 

- 0.012915 

0.70 

0.75 

0.325971 

0.534085 

0.114074 

0.297332 

- 0.061745 

- 0.016039 

0.75 

0.80 

0.345544 

0.570056 

0.127766 

0.311315 

- 0.070604 

- 0.019656 

0.80 

0.85 

0.364712 

0.606077 

0.141844 

0.324322 

- 0.080086 

- 0.023808 

0.85 

0.90 

0.383455 

0.642143 

0.156227 

0.336336 

- 0.090189 

- 0.028535 

0.90 

0.95 

0.401752 

0.678252 

0.170837 

0.347348 

- 0.100905 

- 0.033879 

0.95 

1.00 

0.419584 

0.714399 

0.185593 

0.357355 

- 0.112223 

- 0.039882 

1.00 

1.05 

0.436930 

0.750577 

0.200417 

0.366361 

- 0.124128 

- 0.046582 

1.05 

1.10 

0.453775 

0.786780 

0.215231 

0.374375 

- 0.136602 

- 0.054020 

1.10 

1.15 

0.470099 

0.823000 

0.229958 

0.381415 

- 0.149622 

- 0.062230 

1.15 

1.20 

0.485888 

0.859229 

0.244523 

0.387504 

- 0.163161 

- 0.071248 

1.20 

1.25 

0.501125 

0.895458 

0.258856 

0.392670 

- 0.177187 

- 0.081106 

1.25 

1.30 

0.515795 

0.931676 

0.272887 

0.396948 

- 0.191665 

- 0.091832 

1.30 

1.35 

0.529886 

0.967872 

0.286552 

0.400379 

- 0.206557 

- 0.103452 

1.35 

1.40 

0.543385 

1.004035 

0.299791 

0.403007 

- 0.221820 

- 0.115987 

1.40 

1.45 

0.556280 

1.040151 

0.312547 

0.404883 

- 0.237407 

- 0.129455 

1.45 

1.50 

0.568560 

1.076208 

0.324770 

0.406060 

- 0.253270 

- 0.143868 

1.50 

1.55 

0.580215 

1.112192 

0.336412 

0.406596 

- 0.269355 

- 0.159235 

1.55 

1.60 

0.591238 

1.148088 

0.347434 

0.406553 

- 0.285608 

- 0.175560 

1.60 

1.65 

0.601621 

1.183881 

0.357800 

0.405993 

- 0.301973 

- 0.192838 

1.65 

1.70 

0.611357 

1.219556 

0.367482 

0.404983 

- 0.318390 

- 0.211064 

1.70 

1.75 

0.620440 

1.255096 

0.376457 

0.403591 

- 0.334800 

- 0.230224 

1.75 

1.80 

0.628867 

1.290485 

0.384709 

0.401885 

- 0.351142 

- 0.250299 

1.80 

1.85 

0.636634 

1.325706 

0.392226 

0.399934 

- 0.367356 

- 0.271266 

1.85 

1.90 

0.643738 

1.360742 

0.399004 

0.397809 

- 0.383380 

- 0.293094 

1.90 

1.95 

0.650179 

1.395574 

0.405046 

0.395578 

- 0.399154 

- 0.315748 

1.95 

2.00 

0.655957 

1.430186 

0.410358 

0.393308 

- 0.414620 

- 0.339186 

2.00 

2.05 

0.661072 

1.464559 

0.414955 

0.391067 

- 0.429720 

- 0.363365 

2.05 

2.10 

0.665526 

1.498676 

0.418856 

0.388918 

- 0.444399 

- 0.388231 

2.10 

2.15 

0.669323 

1.532517 

0.422086 

Q ..386922 

- 0.458605 

- 0.413729 

2.15 

2.20 

0.672466 

1.566066 

0.424674 

0.385139 

- 0.472286 

- 0.439800 

2.20 

2.25 

0.674961 

1.590303 

0.426655 

0.383623 

- 0.485398 

- 0.466379 

2.25 

2.30 

0.676814 

1.632211 

0.428069 

0.382425 

- 0.497897 

- 0.493397 

2.30 

2.35 

0.678032 

1.664771 

0.428958 

0.381594 

- 0.509744 

- 0.520784 

2.35 

2.40 

0.678622 

1.696966 

0.429370 

0.381170 

- 0.520906 

- 0.548464 

2.40 

2.45 

0.678595 

1.728779 

0.429353 

0.381193 

- 0.531353 

- 0.576362 

2.45 
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a = t 

>.00 




D 

S(a,x) 

C(a,x) 

Ss(a,x) 

Sc(a,x) 

Cs (a,x) 

Cc(a,x) 

a 

2.50 

0.677959 

1.760191 

0.428963 

0.381694 

- 0.541060 

- 0.604398 

2.50 

2.55 

0.676726 

1.731186 

0.428252 

0.382701 

- 0.550007 

- 0.632492 

2.55 

2.60 

0.674908 

1.821748 

0.427278 

0.384236 

- 0.558180 

- 0.660563 

2.60 

2.65 

0.672517 

1.851860 

0.426099 

0.386316 

- 0.565569 

- 0.688530 

2.65 

2.70 

0.669567 

1.881505 

0.424774 

0.388951 

- 0.572171 

- 0.716310 

2.70 

2.75 

0.666072 

1.910670 

0.423362 

0.392148 

- 0.577988 

- 0.743824 

2.75 

2.80 

0.662047 

1.939339 

0.421922 

0.395906 

- 0.583025 

- 0.770991 

2.80 

2.85 

0.657507 

1.967497 

0.420511 

0.400220 

- 0.587295 

- 0.797733 

2.85 

2.90 

0.652470 

1.995131 

0.419186 

0.405079 

- 0.590815 

- 0.823974 

2.90 

2.95 

0.646953 

2.022228 

0.418002 

0.410468 

- 0.593607 

- 0.849642 

2.95 

3.00 

0.640972 

2.048776 

0.417012 

0.416365 

- 0.595698 

- 0.874666 

3.00 

3.05 

0.634548 

2.074763 

0.416267 

0.422746 

- 0.597118 

- 0.898978 

3.05 

3.10 

0.627698 

2.100177 

0.415813 

0.429580 

- 0.597904 

- 0.922518 

3.10 

3.15 

0.620442 

2.125009 

0.415694 

0.436834 

- 0.598094 

- 0.945226 

3.15 

3.20 

0.612801 

2.149248 

0.415951 

0.444470 

- 0.597732 

- 0.967048 

3.20 

3.25 

0.604794 

2.172887 

0.416619 

0.452448 

- 0.596862 

- 0.987937 

3.25 

3.30 

0.596443 

2.195917 

0.417731 

0.460724 

- 0.595534 

- 1.007848 

3.30 

3.35 

0.587768 

2.218332 

0.419314 

0.469252 

- 0.593798 

- 1.026744 

3.35 

3.40 

0.578792 

2.240124 

0.421391 

0.477983 

- 0.591708 

- 1.044592 

3.40 

3.45 

0.569537 

2.261288 

0.423980 

0.486868 

- 0.589317 

- 1.061365 

3.45 

3.50 

0.560023 

2.281820 

0.427094 

0.495857 

- 0.586681 

- 1.077045 

3.50 

3.55 

0.550275 

2.301717 

0.430742 

0.504896 

- 0.583856 

- 1.091614 

3.55 

3.60 

0.540313 

2.320974 

0.434926 

0.513935 

- 0.580896 

- 1.105066 

3.60 

3.65 

0.530161 

2.339591 

0.439644 

0.522923 

- 0.577859 

- 1.117397 

3.65 

3.70 

0.519842 

2.357567 

0.444892 

0.531807 

- 0.574798 

- 1.128610 

3.70 

3.75 

0.509377 

2.374900 

0.450656 

0.540540 

- 0.571766 

- 1.138715 

3.75 

3.80 

0.498791 

2.391593 

0.456922 

0.549072 

- 0.568815 

- 1.147725 

3.80 

3.85 

0.488105 

2.407846 

0.463669 

0.557357 

- 0.565995 

- 1.155660 

3.85 

3.90 

0.477341 

2.423062 

0.470874 

0.565352 

- 0.563353 

- 1.162546 

3.90 

3.95 

0.466523 

2.437845 

0.478507 

0.573016 

- 0.560933 

- 1.168412 

3.95 

4.00 

0.455673 

2.451998 

0.486538 

0.580310 

- 0.558775 

- 1.173291 

4.00 

4.05 

0.444812 

2.465528 

0.494932 

0.587201 

- 0.556918 

- 1.177224 

4.05 

4.10 

0.433963 

2.478440 

0.503650 

0.593657 

- 0.555395 

- 1.180251 

4.10 

4.15 

0.423146 

2.490740 

0.512652 

0.599651 

- 0.554236 

- 1.182418 

4.15 

4.20 

0.412384 

2.502437 

0.521897 

0.605160 

- 0.553467 

- 1.183775 

4.20 

4.25 

0.401696 

2.513540 

0.531339 

0.610165 

- 0.553109 

- 1.184373 

4.25 

4.30 

0.391103 

2.524057 

0.540933 

0.614651 

- 0.553180 

- 1.184265 

4.30 

4.35 

0.380625 

2.533998 

0.550633 

0.618610 

- 0.553692 

1.183507 

4.35 

4.40 

0.370282 

2.543374 

0.560392 

0.622034 

- 0.554652 

- 1.182154 

4.40 

4.45 

0.360092 

2.552198 

0.570163 

0.624922 

- 0.556065 

- 1.180265 

4.45 

4.50 

0.350074 

2.560481 

0.579899 

0.627279 

- 0.557930 

- 1.177898 

4.50 

4.55 

0.340246 

2.568236 

0.589554 

0.629110 

- 0.560241 

- 1.175110 

4.55 

4.60 

0.330624 

2.575476 

0.599084 

0.630429 

- 0.562988 

- 1.171959 

4.60 

4.65 

0.321227 

2.582217 

0.608444 

0.631250 

- 0.566158 

- 1.168501 

4.65 

4.70 

0.312068 

2.588473 

0.617595 

0.631593 

- 0.569733 

- 1.164791 

4.70 

4.75 

0.303165 

2.594258 

0.626497 

0.631482 

- 0.573691 

- 1.160883 

4.75 

4.80 

0.294531 

2.599590 

0.635114 

0.630943 

- 0.578008 

- 1.156829 

4.80 

4.85 

0.286180 

2.604485 

0.643411 

0.630006 

- 0.582657 

- 1.152677 

4.85 

4.90 

0.278125 

2.608959 

0.651359 

0.628703 

- 0.587605 

- 1.148476 

4.90 

4.95 

0.270380 

2.613030 

0.658929 

0.627070 

- 0.592819 

- 1.144267 

4.95 
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o = 3.00 


S(a,x) C(a,x) Ss(a,x) Sc(a,x) Cs(a,x) Cc(a,x) 



0.000000 

0.002350 

0.004885 

0.008991 

0.009255 

0.011461 

0.013595 

0.015645 

0.017595 

0.019433 


0.000000 

0.033165 

0.066323 

0.009467 

0.132589 

0.165681 

0.198737 

0.231749 

0.264709 

0.297610 


0.000000 

0.000059 

0.000234 

0.000521 

0.000915 

0.001407 

0.001986 

0.002640 

0.003354 

0.004111 


0.000000 

0.002349 

0.004677 

0.006965 

0.009194 

0.011344 

0.013399 

0.015341 

0.017156 

0.018830 


0.000000 

- 0.000412 

- 0.001648 

- 0.003704 

- 0.006574 

- 0.010248 

- 0.014717 

- 0.019967 

- 0.025981 

- 0.032742 


0.000000 

- 0.000007 

- 0.000055 

- 0.000185 

- 0.000439 

- 0.000856 

- 0.001476 

- 0.002338 

- 0.003481 

- 0.004941 


0.021145 

0.022718 

0.024140 

0.025397 

0.026479 


0.330443 

0.363202 

0.395877 

0.428461 

0.460945 


0.004893 

0.005681 

0.006454 

0.007189 

0.007864 


0.020353 

0.021714 

0.022907 

0.023927 

0.024772 


- 0.040229 

- 0.048418 

- 0.057285 

- 0.066802 

- 0.076940 


- 0.006755 

- 0.008957 

- 0.011581 

- 0.014657 

- 0.018216 


0.027373 

0.028068 

0.028553 

0.028818 

0.028853 


0.493320 

0.525579 

0.557711 

0.589709 

0.621562 


0.008456 

0.008942 

0.009298 

0.009500 

0.009528 


0.025442 

0.025939 

0.026268 

0.026439 

0.026461 


- 0.087665 

- 0.098944 

- 0.110741 

- 0.123019 

- 0.135736 


- 0.022286 

- 0.026891 

- 0.032055 

- 0.037799 

- 0.044141 


0.028649 

0.028196 

0.027487 

0.026513 

0.025268 

0.023745 

0.021937 

0.019840 

0.017448 

0.014758 

0.011766 

0.008469 

0.004865 

0.000953 

- 0.003269 

- 0.007800 

- 0.012840 

- 0.017788 

- 0.023241 

- 0.028998 

- 0.035055 

- 0.041408 

- 0.048052 

- 0.054983 

- 0.062195 

- 0.069681 

- 0.077434 

- 0.085447 

- 0.093711 

- 0.102218 


0.653261 

0.684797 

0.716160 

0.747340 

0.778328 

0.809112 

0.839682 

0.870028 

0.900140 

0.930007 

0.959617 

0.988961 

1.018027 

1.046804 

1.075282 

1.103450 

1.131296 

1.158810 

1.185982 

1.212800 

1.239255 

1.265335 

1.291031 

1.316332 

1.341230 

1.365714 

1.389775 

1.413405 

1.436594 

1.459334 


0.009358 

0.008971 

0.008346 

0.007468 

0.006318 

0.004885 

0.003156 

0.001121 

- 0.001225 

- 0.003886 

- 0.006864 

- 0.010157 

- 0.013761 

- 0.017667 

- 0.021865 

- 0.026342 

- 0.031081 

- 0.036062 

- 0.041264 

- 0.046663 

- 0.052230 

- 0.057938 

- 0.083755 

- 0.069647 

- 0.075581 

- 0.081520 

- 0.087427 

- 0.093266 

- 0.098997 

- 0.104583 


0.026347 

0.026113 

0.025777 

0.025358 

0.024879 

0.024364 

0.023838 

0.023329 

0.022865 

0.022475 

0.022190 

0.022041 

0.022057 

0.022270 

0.022711 

0.023408 

0.024391 

0.025686 

0.027321 

0.029318 

0.031701 

0.034490 

0.037700 

0.041349 

0.045446 

0.050002 

0.055022 

0.060509 

0.066461 

0.072876 


- 0.148853 

- 0.162326 

- 0.176110 

- 0.190161 

- 0.204432 

- 0.218876 

- 0.233444 

- 0.248089 

- 0.262763 

- 0.277416 

- 0.292001 

- 0.306471 

- 0.320779 

- 0.334879 

- 0.348728 

- 0.362283 

- 0.375504 

- 0.388351 

- 0.400790 

- 0.412786 

- 0.424309 

- 0.435331 

- 0.445827 

- 0.455776 

- 0.465161 

- 0.473967 

- 0.482184 

- 0.489804 

- 0.496826 

- 0.503249 


- 0.051097 

- 0.058678 

- 0.066896 

- 0.075756 

- 0.085261 

- 0.095411 

- 0.106202 

- 0.117628 

- 0.129678 

- 0.142338 

- 0.155589 

- 0.169412 

- 0.183781 

- 0.198668 

- 0.214041 

- 0.229866 

- 0.246105 

- 0.262718 

- 0.279660 

- 0.296886 

- 0.314348 

- 0.331994 

- 0.349773 

- 0.367630 

- 0.385511 

- 0.403360 

- 0.421120 

- 0.438733 

- 0.456143 

- 0.473294 
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a * 3 

.00 




D 

S(a,x) 

C(a,x) 

Ss(a,x) 

Se(a,x) 

Cs(a,x) 

Ce(a,x) 

D 

2.50 

- 0.110958 

1.481618 

- 0.109986 

0.079745 

- 0.509079 

- 0.490129 

2.50 

2.55 

- 0.119922 

1.503438 

- 0.115168 

0.087057 

- 0.514323 

- 0.506595 

2.55 

2.60 

- 0.129098 

1.524786 

- 0.120092 

0.094800 

- 0.518995 

- 0.522637 

2.60 

2.65 

- 0.138477 

1.545657 

- 0.124724 

0.102954 

- 0.523109 

- 0.538204 

2.65 

2.70 

- 0.148047 

1.566043 

- 0.129027 

0.111501 

- 0.526685 

- 0.553246 

2.70 

2.75 

- 0.157796 

1.585940 

- 0.132971 

0.120415 

- 0.529745 

- 0.567717 

2.75 

2.80 

- 0.167712 

1.605340 

- 0.136525 

0.126672 

- 0.532315 

- 0.581571 

2.80 

2.85 

- 0.177783 

1.624241 

- 0.139659 

0.139241 

- 0.534423 

- 0.594767 

2.85 

2.90 

- 0.187996 

1.642637 

- 0.142349 

0.149092 

- 0.536101 

- 0.607268 

2.90 

2.95 

- 0.198337 

1.660525 

- 0.144570 

0.159190 

- 0.537382 

- 0.619037 

2.95 

3.00 

- 0.208792 

1.677902 

- 0.146303 

0.169500 

- 0.538302 

- 0.630043 

3.00 

3.05 

- 0.219349 

1.694764 

- 0.147531 

0.176984 

- 0.538900 

- 0.640260 

3.05 

3.10 

- 0.229993 

1.711110 

- 0.148239 

0.190603 

- 0.539215 

- 0.649664 

3.10 

3.15 

- 0.240709 

1.726938 

- 0.148416 

0.201317 

- 0.539288 

- 0.658235 

3.15 

3.20 

- 0.251483 

1.742248 

- 0.148056 

0.212084 

- 0.539161 

- 0.665958 

3.20 

3.25 

- 0.262301 

1.757039 

- 0.147155 

0.222863 

- 0.538876 

- 0.672824 

3.25 

3.30 

- 0.273147 

1.771311 

- 0.145712 

0.233612 

- 0.538477 

- 0.678825 

3.30 

3.35 

- 0.284007 

1.785065 

- 0.143732 

0.244289 

- 0.538007 

- 0.683960 

3.35 

3.40 

- 0.294865 

1.798302 

- 0.141221 

0.254851 

- 0.537508 

- 0.688232 

3.40 

3.45 

- 0.305707 

1.811026 

- 0.138190 

0.265260 

- 0.537022 

- 0.691647 

3.45 

3.50 

- 0.316518 

1.823238 

- 0.134652 

0.275474 

- 0.536592 

- 0.694216 

3.50 

3.55 

- 0.327281 

1.834943 

- 0.130626 

0.285455 

- 0.536256 

- 0.695956 

3.55 

3.60 

- 0.337983 

1.846143 

- 0.126133 

0.295166 

- 0.536053 

- 0.696884 

3.60 

3.65 

- 0.348608 

1.856844 

- 0.121195 

0.304573 

- 0.536020 

- 0.697026 

3.65 

3.70 

- 0.359142 

1.867050 

- 0.115840 

0.313643 

- 0.536191 

- 0.696407 

3.70 

3.75 

- 0.369570 

1.876768 

- 0.110097 

0.322345 

- 0.536597 

- 0.695058 

3.75 

3.80 

- 0.379876 

1.886005 

- 0.103997 

0.330652 

- 0.537269 

- 0.693013 

3.80 

3.85 

- 0.390048 

1.894767 

- 0.097576 

0.338539 

- 0.538233 

- 0.690309 

3.85 

3.90 

- 0.400070 

1.903061 

- 0.090868 

0.345684 

- 0.539511 

- 0.686984 

3.90 

3.95 

- 0.409929 

1.910897 

- 0.083912 

0.352969 

- 0.541125 

- 0.683080 

3.95 

4.00 

- 0.419611 

1.918282 

- 0.076746 

0.359479 

- 0.543091 

- 0.678642 

4.00 

4.05 

- 0.429103 

1.925227 

- 0.069411 

0.365501 

- 0.545422 

- 0.673714 

4.05 

4.10 

- 0.438392 

1.931740 

- 0.061947 

0.371029 

- 0.548129 

- 0.668344 

4.10 

4.15 

- 0.447465 

1.937833 

- 0.054396 

0.376058 

- 0.551218 

- 0.662579 

4.15 

4.20 

- 0.456310 

1.943517 

- 0.046799 

0.380586 

- 0.554691 

- 0.656469 

4.20 

4.25 

- 0.464915 

1.948802 

- 0.039197 

0.384616 

- 0.558547 

- 0.650063 

4.25 

4.30 

- 0.473269 

1.953701 

- 0.031631 

0.388155 

- 0.562782 

- 0.643409 

4.30 

4.35 

- 0.481361 

1.958225 

- 0.024140 

0.391213 

- 0.567388 

- 0.636556 

4.35 

4.40 

- 0.489180 

1.962389 

- 0.016763 

0.393802 

- 0.572353 

- 0.629554 

4.40 

4.45 

- 0.496716 

1.966204 

- 0.009537 

0.395939 

- 0.577663 

- 0.622448 

4.45 

4.50 

- 0.503961 

1.969685 

- 0.002497 

0.397644 

- 0.583300 

- 0.615285 

4.50 

4.55 

- 0.510904 

1.972845 

0.004324 

0.398938 

- 0.589243 

- 0.608110 

4.55 

4.60 

- 0.517537 

1.975698 

0.010894 

0.399848 

- 0.595469 

- 0.600964 

4.60 

4.85 

- 0.523854 

1.978260 

0.017186 

0.400401 

- 0.601952 

- 0.593889 

4.65 

4.70 

- 0.529845 

1.680545 

0.023172 

0.400626 

- 0.608663 

- 0.586922 

4.70 

4.75 

- 0.535506 

1.982566 

0.028832 

0.400556 

- 0.615572 

- 0.580100 

4.75 

4.80 

- 0.540829 

1.984344 

0.034144 

0.400224 

- 0.622648 

- 0.573454 

4.80 

4.85 

- 0.545809 

1.965890 

0.039092 

0.399666 

- 0.629856 

- 0.567015 

4.85 

4.90 

- 0.550442 

1.987220 

0.043664 

0.398918 

- 0.637162 

- 0.560810 

4.90 

4.95 

- 0.554723 

1.688352 

0.047848 

0.398016 

- 0.644530 

- 0.554862 

4.95 
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o « 4.00 


■ 


S(a,x) C(a,x) Ss(a,x) Se(a,x) Cs(a,x) Cc(a,x) 


0.000000 

- 0.009461 

- 0.018925 

- 0.028396 

- 0.037879 

- 0.047375 

- 0.056890 

- 0.068425 

- 0.075985 

- 0.085573 

- 0.095192 

- 0.104844 

- 0.114532 

- 0.124259 

- 0.134028 

- 0.143840 

- 0.153698 

- 0.163603 

- 0.173558 

- 0.183562 

- 0.193617 

- 0.203725 

- 0.213885 

- 0.224098 

- 0.234364 

- 0.244682 

- 0.255052 

- 0.265473 

- 0.275944 

- 0.286463 

- 0.297028 

- 0.307837 

- 0.318287 

- 0.328977 

- 0.339702 

- 0.350459 

- 0.361244 

- 0.372054 

- 0.382884 

- 0.393730 

- 0.404585 

- 0.415448 

- 0.426307 

- 0.437161 

- 0.448003 

- 0.458827 

- 0.489626 

- 0.480393 

- 0.491121 

- 0.501804 


0.000000 

0.020669 

0.041329 

0.061971 

0.082585 

0.103162 

0.123664 

0.144172 

0.164585 

0.184626 

0.205185 

0.225352 

0.245421 

0.265380 

0.285222 

0.304937 

0.324518 

0.343954 

0.363239 

0.382382 

0.401316 

0.420092 

0.438682 

0.457078 

0.475272 

0.493256 

0.511022 

0.528582 

0.545866 

0.562636 

0.579756 

0.596321 

0.612625 

0.628661 

0.644423 

0.659904 

0.675099 

0.690003 

0.704608 

0.718612 

0.732908 

0.746592 

0.759959 

0.773007 

0.785730 

0.798126 

0.810192 

0.821924 

0.833322 

0.844382 


0.000000 

- 0.000236 

- 0.000646 

- 0.002126 

- 0.003777 

- 0.005896 

- 0.008479 

- 0.011524 

- 0.016025 

- 0.018978 

- 0.023377 

- 0.028214 

- 0.033482 

- 0.039173 

- 0.045277 

- 0.051784 

- 0.058681 

- 0.065956 

- 0.073696 

- 0.081584 

- 0.089907 

- 0.098545 

- 0.107481 

- 0.116695 

- 0.126166 

- 0.135873 

- 0.145792 

- 0.155898 

- 0.166168 

- 0.176574 

- 0.187089 

- 0.197886 

- 0.208336 

- 0.219008 

- 0.229674 

- 0.240302 

- 0.250863 

- 0.261324 

- 0.271656 

- 0.281827 

- 0.291806 

- 0.301565 

- 0.311073 

- 0.320302 

- 0.329224 

- 0.337812 

- 0.346041 

- 0.353888 

- 0.361329 

- 0.368345 


0.000000 

- 0.009457 

- 0.018893 

- 0.028290 

- 0.037626 

- 0.046883 

- 0.056039 

- 0.065074 

- 0.073969 

- 0.082703 

- 0.091255 

- 0.099607 

- 0.107736 

- 0.115624 

- 0.123249 

- 0.130593 

- 0.137635 

- 0.144355 

- 0.150735 

- 0.156755 

- 0.162397 

- 0.167643 

- 0.172476 

- 0.176879 

- 0.180836 

- 0.184333 

- 0.187355 

- 0.189891 

- 0.191927 

- 0.193455 

- 0.194465 

- 0.194951 

- 0.194906 

- 0.194327 

- 0.193211 

- 0.191559 

- 0.189372 

- 0.186654 

- 0.183410 

- 0.179649 

- 0.175380 

- 0.170615 

- 0.165369 

- 0.159657 

- 0.153498 

- 0.146912 

- 0.139922 

- 0.132550 

- 0.124824 

- 0.116770 


0.000000 

- 0.000204 

- 0.000816 

- 0.001831 

- 0.003246 

- 0.005052 

- 0.007241 

- 0.009801 

- 0.012719 

- 0.015980 

- 0.019568 

- 0.023463 

- 0.027648 

- 0.032090 

- 0.036795 

- 0.041712 

- 0.046825 

- 0.052109 

- 0.057537 

- 0.063082 

- 0.068718 

- 0.074416 

- 0.080148 

- 0.085889 

- 0.091609 

- 0.097283 

- 0.102884 

- 0.108387 

- 0.113768 

- 0.119003 

- 0.124071 

- 0.128950 

- 0.133623 

- 0.138071 

- 0.142280 

- 0.146235 

- 0.149926 

- 0.153344 

- 0.156480 

- 0.159332 

- 0.161895 

- 0.164170 

- 0.166159 

- 0.167868 

- 0.169302 

- 0.170470 

- 0.171386 

- 0.172061 

- 0.172512 

- 0.172757 


0.000000 

- 0.000003 

- 0.000027 

- 0.000092 

- 0.000217 

- 0.000421 

- 0.000725 

- 0.001146 

- 0.001700 

- 0.002404 

- 0.003274 

- 0.004321 

- 0.005559 

- 0.006998 

- 0.008647 

- 0.010512 

- 0.012599 

- 0.014912 

- 0.017451 

- 0.020217 

- 0.023205 

- 0.026411 

• 0.029828 

- 0.033447 

- 0.037257 

- 0.041244 

- 0.045392 

- 0.049686 

- 0.054104 

- 0.058626 

- 0.063230 

- 0.067891 

- 0.072583 

- 0.077278 

- 0.081949 

- 0.086566 

- 0.091099 

- 0.096517 

- 0.099789 

- 0.103882 

- 0.107765 

- 0.111406 

- 0.114774 

- 0.117839 

- 0.120569 

- 0.122936 

- 0.124913 

- 0.126471 

- 0.127587 

- 0.128237 
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d 



a = 

4.00 




m 

S(a,x) 

C{a,x) 

Ss(a,x) 

Sc(a,x) 

Cs(a,x) 

Cc(a,x) 

a 

2.50 

- 0.512433 

0.855103 

- 0.374916 

- 0.108417 

- 0.172814 

- 0.128399 

2.50 

2.55 

- 0.523001 

0.865484 

- 0.381027 

- 0.099796 

- 0.172706 

- 0.128055 

2.55 

2.60 

- 0.533500 

0.875524 

- 0.386663 

- 0.090938 

- 0.172454 

- 0.127187 

2.60 

2.65 

- 0.543924 

0.885222 

- 0.391811 

- 0.081876 

- 0.172084 

- 0.125781 

2.65 

2.70 

- 0.554262 

0.894579 

- 0.396461 

- 0.072644 

- 0.171620 

- 0.123824 

2.70 

2.75 

- 0.564509 

0.903595 

- 0.400607 

- 0.063275 

- 0.171089 

- 0.121306 

2.75 

2.80 

- 0.574654 

0.912271 

- 0.404244 

- 0.053805 

- 0.170518 

- 0.118222 

2.80 

2.85 

- 0.584691 

0.920607 

- 0.407369 

- 0.044268 

- 0.169936 

- 0.114566 

2.85 

2.90 

- 0.594610 

0.928605 

- 0.409982 

- 0.034701 

- 0.169370 

- 0.110339 

2.90 

2.95 

- 0.604403 

0.936268 

- 0.412087 

- 0.025137 

- 0.168850 

- 0.105540 

2.95 

3.00 

- 0.614062 

0.943597 

- 0.413689 

- 0.015613 

- 0.168403 

- 0.100176 

3.00 

3.05 

- 0.623579 

0.950596 

- 0.414797 

- 0.006162 

- 0.168059 

- 0.094254 

3.05 

3.10 

- 0.632944 

0.957267 

- 0.415420 

0.003181 

- 0.167844 

- 0.087783 

3.10 

3.15 

- 0.642150 

0.963614 

- 0.415574 

0.012385 

- 0.167787 

- 0.080778 

3.15 

3.20 

- 0.651188 

0.969642 

- 0.415273 

0.021417 

- 0.167914 

- 0.073254 

3.20 

3.25 

- 0.660050 

0.975354 

- 0.414535 

0.030248 

- 0.168250 

- 0.065231 

3.25 

3.30 

- 0.668728 

0.980755 

- 0.413382 

0.038848 

- 0.168819 

- 0.056729 

3.30 

3.35 

- 0.677213 

0.985852 

- 0.411835 

0.047190 

- 0.169643 

- 0.047773 

3.35 

3.40 

- 0.685498 

0.990649 

- 0.409920 

0.055249 

- 0.170744 

- 0.038389 

3.40 

3.45 

- 0.693574 

0.995152 

- 0.407663 

0.063003 

- 0.172141 

- 0.028606 

3.45 

3.50 

- 0.701435 

0.999368 

- 0.405092 

0.070430 

- 0.173850 

- 0.018454 

3.50 

3.55 

- 0.709071 

1.003304 

- 0.402236 

0.077512 

- 0.175887 

- 0.007965 

3.55 

3.80 

- 0.716477 

1.006966 

- 0.399127 

0.084233 

- 0.178263 

0.002827 

3.60 

3.65 

- 0.723645 

1.010363 

- 0.395797 

0.090579 

- 0.180990 

0.013885 

3.65 

3.70 

- 0.730568 

1.013502 

- 0.392278 

0.096540 

- 0.184075 

0.025173 

3.70 

3.75 

- 0.737239 

1.016391 

- 0.388604 

0.102108 

- 0.187523 

0.036653 

3.75 

3.80 

- 0.743653 

1.019040 

- 0.384809 

0.107277 

- 0.191336 

0.048287 

3.80 

3.85 

- 0.749802 

1.021456 

- 0.380928 

0.112046 

- 0.195515 

0.060036 

3.85 

3.90 

- 0.755681 

1.023649 

- 0.376993 

0.116414 

- 0.200057 

0.071860 

3.90 

3.95 

- 0.761285 

1.025629 

- 0.373040 

0.120384 

- 0.204956 

0.083720 

3.95 

4.00 

- 0.766608 

1.027406 

- 0.369101 

0.123964 

- 0.210204 

0.095576 

4.00 

4.05 

- 0.771646 

1.028988 

- 0.365208 

0.127161 

- 0.215791 

0.107391 

4.05 

4.10 

- 0.776393 

1.030387 

- 0.361394 

0.129987 

- 0.221703 

0.119125 

4.10 

4.15 

- 0.780846 

1.031614 

- 0.357688 

0.132456 

- 0.227925 

0.130743 

4.15 

4.20 

- 0.785002 

1.032678 

- 0.354120 

0.134584 

- 0.234439 

0.142207 

4.20 

4.25 

- 0.788856 

1.033591 

- 0.350715 

0.136389 

- 0.241225 

0.153484 

4.25 

4.30 

- 0.792405 

1.034364 

- 0.347501 

0.137894 

- 0.248260 

0.164541 

4.30 

4.35 

- 0.795648 

1.035009 

- 0.344499 

0.139120 

- 0.255522 

0.175348 

4.35 

4.40 

- 0.798582 

1.035536 

- 0.341732 

0.140092 

- 0.262983 

0.185870 

4.40 

4.45 

- 0.801204 

1.035957 

- 0.339217 

0.140837 

- 0.270616 

0.196088 

4.45 

4.50 

- 0.803515 

1.036285 

- 0.336972 

0.141381 

- 0.278394 

0.205972 

4.50 

4.55 

- 0.805512 

1.036530 

- 0.335010 

0.141755 

- 0.286286 

0.215502 

4.55 

4.60 

- 0.807196 

1.036704 

- 0.333342 

0.141987 

- 0.294263 

0.224658 

4.60 

4.65 

- 0.808567 

1.036821 

- 0.331977 

0.142107 

- 0.302292 

0.233422 

4.65 

4.70 

- 0.809624 

1.036890 

- 0.330921 

0.142148 

- 0.310342 

0.241780 

4.70 

4.75 

- 0.810370 

1.036925 

- 0.330176 

0.142140 

- 0.318382 

0.249721 

4.75 

4.80 

- 0.810804 

1.036937 

- 0.329742 

0.142114 

- 0.326381 

0.257234 

4.80 

4.85 

- 0.810930 

1.036939 

- 0.329616 

0.142101 

- 0.334306 

0.264314 

4.85 

4.90 

- 0.810749 

1.036941 

- 0.329795 

0.142132 

- 0.342127 

0.270958 

4.90 

4.95 

- 0.810265 

1.036957 

- 0.330268 

0.142235 

- 0.349814 

0.277164 

4.95 
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S(a,x) C(a,x) Ss(a,x) Sc(a,x) Cs(a,x) Cc(o,x) 






0.000000 

- 0.019175 

- 0.038332 

- 0.057450 

- 0.076510 

- 0.095492 

- 0.114376 

- 0.133140 

- 0.151762 

- 0.170219 

- 0.188486 

- 0.206538 

- 0.224349 

- 0.241890 

- 0.259133 

- 0.276047 

- 0.292601 

- 0.308763 

- 0.324500 

- 0.339777 


0.000000 

0.014319 

0.028595 

0.042782 

0.056839 

0.070721 

0.084388 

0.097799 

0.110914 

0.123696 

0.136108 

0.148118 

0.159693 

0.170804 

0.181425 

0.191531 

0.201103 

0.210122 

0.218574 

0.226450 


0.000000 

- 0.000958 

- 0.003819 

- 0.008547 

- 0.015079 

- 0.023332 

- 0.033197 

- 0.044547 

- 0.057235 

- 0.071094 

- 0.085946 

- 0.101597 

- 0.117846 

- 0.134485 

- 0.151301 

- 0.168085 

- 0.184629 

- 0.200734 

- 0.216213 

- 0.230893 


0.000000 

- 0.019143 

- 0.038077 

- 0.056593 

- 0.074490 

- 0.091576 

- 0.107669 

- 0.122601 

- 0.136221 

- 0.148399 

- 0.159021 

- 0.168001 

- 0.175276 

- 0.180807 

- 0.184584 

- 0.186624 

- 0.186971 

- 0.185697 

- 0.182896 

- 0.178692 


0.000000 

0.000284 

0.001138 

0.002570 

0.004591 

0.007217 

0.010465 

0.014351 

0.018893 

0.024102 

0.029987 

0.036546 

0.043769 

0.051636 

0.060110 

0.069142 

0.078667 

0.088605 

0.098858 

0.109312 


0.000000 

0.000009 

0.000076 

0.000258 

0.000619 

0.001222 

0.002142 

0.003454 

0.005246 

0.007608 

0.010638 

0.014442 

0.019129 

0.024810 

0.031599 

0.039608 

0.048945 

0.059711 

0.071996 

0.085879 





- 0.354559 

- 0.368811 

- 0.382498 

- 0.395583 

- 0.408031 

- 0.419807 

- 0.430876 

- 0.441205 

- 0.450761 

- 0.459513 

- 0.467433 

- 0.474493 

- 0.480669 

- 0.485939 

- 0.490285 

- 0.493691 

- 0.496145 

- 0.497640 

- 0.498171 

- 0.497738 

- 0.496346 

- 0.494004 

- 0.490726 

- 0.486530 

- 0.481440 

- 0.475482 

- 0.468690 

- 0.461101 

- 0.452756 

- 0.443702 


0.233741 

0.240445 

0.246562 

0.252097 

0.257059 

0.261461 

0.265319 

0.268653 

0.271490 

0.273857 

0.275788 

0.277318 

0.278488 

0.279339 

0.279920 

0.280279 

0.280467 

0.280538 

0.280549 

0.280558 

0.280622 

0.280802 

0.281158 

0.281750 

0.282637 

0.283880 

0.285534 

0.287658 

0.290303 

0.293522 


- 0.244621 

- 0.267264 

- 0.288717 

- 0.278897 

- 0.287754 

- 0.295265 

- 0.301441 

- 0.306320 

- 0.309971 

- 0.312493 

- 0.314007 

- 0.314660 

- 0.314616 

- 0.314053 

- 0.313162 

- 0.312136 

- 0.311169 

- 0.310449 

- 0.310152 

- 0.310440 

- 0.311451 

- 0.313302 

- 0.316078 

- 0.319835 

- 0.324596 

- 0.330349 

- 0.337050 

- 0.344622 

- 0.352957 

- 0.361921 


- 0.173226 

- 0.166662 

- 0.159177 

- 0.150965 

- 0.142225 

- 0.133162 

- 0.123981 

- 0.114882 

- 0.106056 

- 0.097679 

- 0.089909 

- 0.082882 

- 0.076709 

- 0.071471 

- 0.067219 

- 0.063973 

- 0.061718 

- 0.060409 

- 0.059969 

- 0.060292 

- 0.061247 

- 0.062681 

- 0.064421 

- 0.066285 

- 0.068083 

- 0.069620 

- 0.070711 

- 0.071178 

- 0.070858 

- 0.069611 


0.119843 

0.130308 

0.140559 

0.150436 

0.159778 

0.168418 

0.176197 

0.182959 

0.188560 

0.192870 

0.195779 

0.197198 

0.197064 

0.195342 

0.192025 

0.187138 

0.180739 

0.172914 

0.163780 

0.153481 

0.142184 

0.130078 

0.117367 

0.104265 

0.090993 

0.077770 

0.064812 

0.052319 

0.040478 

0.029450 


0.101421 

0.118664 

0.137629 

0.158311 

0.180681 

0.204680 

0.230222 

0.257194 

0.285453 

0.314830 

0.345134 

0.376150 

0.407648 

0.439382 

0.471098 

0.502538 

0.533445 

0.563569 

0.592673 

0.620535 

0.646955 

0.671762 

0.694811 

0.715992 

0.735230 

0.752483 

0.767749 

0.781057 

0.792472 

0.802088 
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a = 

6.0 




n 

S(a,x) 

C(a,x) 

Ss(a,x) 

Sc(a,x) 

Cs(a,x) 

Cc(a,x) 

a 


0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

n 


- 0.004652 

0.000663 

- 0.000232 

- 0.004645 

0.000800 

0.000027 

!i 


- 0.009277 

0.001317 

- 0.000923 

- 0.009215 

0.003191 

0.000213 

KgS 


- 0.013845 

0.001956 

- 0.002052 

- 0.013640 

0.007151 

0.000717 

BSfl 


- 0.018330 

0.002572 

- 0.003588 

- 0.017851 

0.012643 

0.001695 

m 

un 

- 0.022703 

0.003158 

- 0.005489 

- 0.021788 

0.019614 

0 . 00329 ? 

KH 

0.6 

- 0.026937 

0.003707 

- 0.007700 

- 0.025396 

0.027999 

0.005670 

0.6 


- 0.031004 

0.004214 

- 0.010159 

- 0.028634 

0.037715 

0.008950 


0.8 

- 0.034878 

0.004674 

- 0.012797 

- 0.031468 

0.048670 

0.013269 

0.8 

0.9 

- 0.038531 

0.005084 

- 0.015539 

- 0.033880 

0.060755 

0.018745 

0.9 

1.0 

- 0.041936 

0.005440 

- 0.018307 

- 0.035861 

0.073850 

0.025486 

1.0 

1.1 

- 0.045068 

0.005741 

- 0.021021 

- 0.037421 

0.087823 

0.033587 

1.1 

1.2 

- 0.047900 

0.005989 

- 0.023604 

- 0.038580 

0.102532 

0.043125 

1.2 

1.3 

- 0.050408 

0.006183 

- 0.025982 

- 0.039373 

0.117825 

0.054166 

1.3 

1.4 

- 0.052566 

0.006327 

- 0.028086 

- 0.039848 

0.133543 

0.066754 

1.4 

1.5 

- 0.054351 

0.006426 

- 0.029857 

- 0.040067 

0.149520 

0.080915 

1.5 

1.6 

- 0.055739 

0.006486 

- 0.031244 

- 0.040099 

0.165586 

0.096657 

1.6 

1.7 

- 0.056709 

0.006516 

- 0.032211 

- 0.040026 

0.181569 

0.113966 

1.7 

1.8 

- 0.057239 

0.006525 

- 0.032733 

- 0.039935 

0.197297 

0.132805 

1.8 

1.9 

- 0.057309 

0.006526 

- 0.032802 

- 0.039919 

0.212600 

0.153117 

1.9 

2.0 

- 0.056901 

0.006532 

- 0.032424 

- 0.040074 

0.227314 

0.174824 

2.0 

2.1 

- 0.055996 

0.006559 

- 0.031623 

- 0.040495 

0.241279 

0.197825 

2.1 

2.2 

- 0.054579 

0.006623 

- 0.030440 

- 0.041274 

0.254351 

0.221997 

2.2 

2.3 

- 0.052636 

0.006746 

- 0.028931 

- 0.042498 

0.266394 

0.247201 

2.3 

2.4 

- 0.050154 

0.006946 

- 0.027169 

- 0.044244 

0.277289 

0.273278 

2.4 

2.5 

- 0.047122 

0.007248 

- 0.025240 

- 0.046582 

0.286934 

0.300052 

2.5 

2.6 

- 0.043532 

0.007675 

- 0.023243 

- 0.049563 

0.295248 

0.327335 

2.6 

2.7 

- 0.039378 

0.008253 

- 0.021287 

- 0.053226 

0.302171 

0.354928 

2.7 

2.8 

- 0.034655 

0.009009 

- 0.019489 

- 0.057591 

0.307665 

0.382621 

2.8 

2.9 

- 0.029361 

0.009972 

- 0.017973 

- 0.062660 

0.311717 

0.410204 

2.9 

3.0 

- 0.023498 

0.011170 

- 0.016862 

- 0.068415 

0.314338 

0.437463 

3.0 

3.1 

- 0.017069 

0.012635 

- 0.016278 

- 0.074814 

0.315566 

0.464186 

3.1 

3.2 

- 0.010080 

0.014396 

- 0.016342 

- 0.081800 

0.315460 

0.490171 

3.2 

3.3 

- 0.002540 

0.016486 

- 0.017162 

- 0.089293 

0.814105 

0.515221 

3.3 

3.4 

0.005540 

0.018937 

- 0.018837 

- 0.097193 

0.311606 

0.539158 

3.4 

3.5 

0.014144 

0.021780 

- 0.021452 

- 0.105387 

0.308089 

0.561817 

3.5 

3.6 

0.023255 

0.025048 

- 0.025073 

- 0.113744 

0.303696 

0.583056 

3.6 

3.7 

0.032854 

0.028772 

- 0.029747 

- 0.122123 

0.298584 

0.602756 

3.7 

3.8 

0.042915 

0.032982 

- 0.035498 

- 0.130373 

0.292919 

0.620821 

3.8 

3.9 

0.053413 

0.037708 

- 0.042328 

- 0.138340 

0.286874 

0.637185 

3.9 


0.064319 

0.042980 

- 0.050214 

- 0.145866 

0.280626 

0.651809 



0.075600 

0.048825 

- 0.059108 

- 0.152799 

0.274348 

0.664682 

Wmum 


0.087223 

0.055268 

- 0.068938 

- 0.158991 

0.268208 

0.675823 


Bwl 

0.099148 

0.062334 

- 0.079607 

- 0.164307 

0.262365 

0.685276 

llfl 


0.111337 

0.070044 

- 0.091001 

- 0.168624 

0.256962 

0.693115 

StiM 


0.123748 

0.078418 

- 0.102982 

- 0.171841 

0.252124 

0.699434 

IN?* 

4.6 

0.136336 

0.087472 

- 0.115399 

- 0.173874 

0.247957 

0.704349 

4.6 

4.7 

0.149054 

0.097221 

- 0.128088 

- 0.174665 

0.244541 

0.707994 

4.7 

4.8 

0.161855 

0.107675 

- 0.140875 

- 0.174184 

0.241930 

0.710516 

4.8 

4.9 

0.174690 

0.118843 

- 0.153583 

- 0.172424 

0.240152 

0.712071 

4.9 

















880 THEORY OF LINEAR ANTENNAS [Appendix] 





a = 

7.0 




D 

S ( a , x ) 

C ( a , x ) 

Ss ( a ,' x ) 

Sc ( a , x ) 

Cs ( a , x ) 

Cc ( a , x ) 

a 


0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

0.000000 

m 


0.009388 

0.003518 

0.000469 

0.009372 

0.000538 

0.000018 

BSfl 

IHiWB 

0.018789 

0.007048 

0.001874 

0.018664 

0.002144 

0.000143 

US 

IBM 

0.028217 

0.010604 

0.004205 

0.027795 

0.004795 

0.000481 

BSS 

■&¥ 

0.037885 

0.014198 

0.007451 

0.036685 

0.008453 

0.001132 

m 

■H 

0.047206 

0.017844 

0.011591 

0.045255 

0.013065 

0.002192 

m 

0.6 

0.056793 

0.021554 

0.016600 

0.053424 

0.018567 

0.003748 

0.6 


0.066457 

0.025341 

0.022447 

0.061114 

0.024880 

0.005880 


0.8 

0.076211 

0.029220 

0.029094 

0.068247 

0.031915 

0.008653 

0.8 

0.9 

0.086066 

0.033203 

0.036495 

0.074748 

0.039573 

0.012122 

0.9 

1.0 

0.096032 

0.037306 

0.044598 

0.080541 

0.047746 

0.016329 

1.0 

1.1 

0.106119 

0.041542 

0.053345 

0.085557 

0.056322 

0.021299 

1.1 

1.2 

0.116335 

0.045927 

0.062667 

0.089728 

0.065182 

0.027044 



0.126690 

0.050474 

0.072490 

0.092991 

0.074208 

0.033559 


■ 1 

0.137190 

0.055200 

0.082730 

0.095288 

0.083279 

0.040822 

m 


0.147841 

0.060120 

0.093299 

0.096570 

0.092278 

0.048796 


1.6 

0.158647 

0.065251 

0.104099 

0.096793 

0.101090 

0.057428 

1.6 

1.7 

0.169614 

0.070807 

0.115027 

0.095924 

0.109607 

0.066650 

1.7 

1.8 

0.180742 

0.076207 

0.125972 

0.093940 

0.117732 

0.076379 

1.8 

1.9 

0.192034 

0.082065 

0.136821 

0.090828 

0.125374 

0.086520 

1.9 

2.0 

0.203488 

0.088201 

0.147457 

0.086589 

0.132457 

0.096966 

2.0 

2.1 

0.215104 

0.094629 

0.157760 

0.081234 

0.138917 

0.107600 

2.1 

2.2 

0.226878 

0.101367 

0.167609 

0.074791 

0.144705 

0.118300 

2.2 

2.3 

0.238805 

0.108433 

0.176884 

0.067301 

0.149790 

0.128935 

2.3 

2.4 

0.250879 

0.115843 

0.185470 

0.058819 

0.154154 

0.139374 

2.4 

2.5 

0.263091 

0.123813 

0.193254 

0.049416 

0.157799 

0.149484 

2.5 

2.6 

0.275433 

0.131760 

0.200134 

0.039175 

0.160743 

0.159135 

2.6 

2.7 

0.287893 

0.140300 

0.206012 

0.028195 

0.163021 

0.168201 

2.7 

2.8 

0.300458 

0.149249 

0.210804 

0.016586 

0.164683 

0.176564 

2.8 

2.9 

0.313112 

0.158621 

0.214440 

0.004470 

0.165796 

0.184117 

2.9 

3.0 

0.325841 

0.168430 

0.216862 

- 0.008021 

0.166439 

0.190764 

3.0 

3.1 

0.338626 

0.178689 

0.218031 

- 0.020746 

0.166702 

0.196424 

3.1 

3.2 

0.351447 

0.189412 

0.217923 

- 0.033562 

0.166688 

0.201032 

3.2 

3.3 

0.364283 

0.200609 

0.216535 

- 0.046317 

0.166502 

0.204542 

3.3 

3.4 

0.377112 

0.212290 

0.213882 

- 0.058863 

0.166257 

0.206926 

3.4 

3.5 

0.389909 

0.224465 

0.209999 

- 0.071051 

0.166068 

0.208177 

3.5 

3.6 

0.402848 

0.237139 

0.204942 

- 0.082738 

0.166045 

0.208307 

3.6 

3.7 

0.415304 

0.250319 

0.198785 

- 0.093789 

0.166299 

0.207348 

3.7 

3.8 

0.427847 

0.264008 

0.191620 

- 0.104078 

0.166930 

0.205355 

3.8 

3.9 

0.440250 

0.278209 

0.183555 

- 0.113493 

0.168029 

0.202396 

3.9 

4.0 

0.452481 

0.292922 

0.174714 

- 0.121938 

0.169674 

0.198560 

4.0 

4.1 

0.464510 

0.308145 

0.165234 

- 0.129335 

0.171929 

0.193950 

4.1 

MSM 

0.478308 

0.323873 

0.155260 

- 0.135623 

0.174840 

0.188681 


SSI 

0.487838 

0.340101 

0.144946 

- 0.140767 

0.178436 

0.182878 


Sal 

0.499069 

0.358819 

0.134448 

- 0.144750 

0.182723 

0.176673 

m 


0.509971 

0.374018 

0.123924 

- 0.147579 

0.187689 

0.170201 


4.6 

0.520511 

0.391683 

0.113528 

- 0.149286 

0.193299 

0.163599 

4.6 

4.7 

0.530656 

0.409798 

0.103407 

- 0.149921 

0.199501 

0.157000 

4.7 

4.8 

0.540374 

0.428347 

0.093699 

- 0.149560 

0.206221 

0.150530 

4.8 

4.9 

0.549635 

0.447307 

0.084530 

- 0.148294 

0.213367 

0.144306 

4.9 











PROBLEMS 


Chapter II 

1. ( a ) Investigate the terminal-zone problem 
of a two-wire line terminated in an antenna with 
its halves displaced laterally by a distance equal 
to the line spacing, as shown in unbroken lines 
in Fig. II. 1. Assume all wires to have the same 
radius a; the line spacing is b; the length of each 
half of the antenna is h. It is assumed that the 
following inequalities are satisfied: a 4 <^6 ! , 
b h, b <4 ^ 0 . 

( b ) Repeat (a) with a high-impedance stub 
(shown dashed in Fig. II. 1) terminating the line 
in parallel with the antenna. 

2. (a) Investigate the terminal-zone problem 
of a two-wire line terminated in the symmetric 
V-antenna shown in unbroken lines in Fig. II.2. 
Assume a, b, and h to have the same significance 
and to satisfy the same inequalities as in Problem 1. 

( b ) Repeat (a) with a high-impedance stub 
(shown dashed in Fig. II.2) terminating the line 
in parallel with the antenna. 

3. Investigate the terminal-zone problem of a 
coaxial line terminated in a ground-plane antenna 
as shown in Fig. II.3. Assume currents and charges 
on the outer surface of the coaxial sheath to be 
negligible. The radii of all antennas are the same 
as the radius a of the inner conductor of the 
coaxial line; the inner radius of the sheath is 
b ; all antennas have a length h. 

4. Investigate the terminal-zone problem of an 
antenna center-driven from a four-wire line. 
Connect the antenna as a symmetric end load 
successively without and with a properly adjusted 
high-impedance stub. 

5. Analyze the terminal-zone problem for the 
V-antenna driven from a two-wire line as shown 
in Fig. II.5. 

6. Determine the even and odd parts as 
functions of z of the scalar and vector potentials 
defined by 



i c h 

e Mo R 

4>(z) 

cr 

i 

i ° 

ii 

R 


1 r 

e ~$Pq r 

AJz) 

= — I(z') 

- D - dZ ’’ 

'brt’o J -h 

R 


in terms of the even and odd parts of the charge 
per unit length and of the current. 

7. (a) Show that the vector potential of a 
cylindrical center-driven antenna can be written 
in the form 

A, = v'C 2 + 1 sin (P 0 1 z I - tan- 1 C), 

2t> 0 

where 

G 0 (h) + G,(h)l w + • • • 

F„(h) + F,(h)l W +■■■■ 

Show that the zeroth-order vector potential is 

, ,, „ jV% sin p„(h - | z |) 

C l)o 2v 0 cos /S„/« - 

(b) Determine the scalar potential associated 
with the vector potential defined by each of the 
above formulas. 

8. Carry out the iteration and obtain the 
series solution for I z proceeding from the simpler 
form (11.13) instead of from (11.16). Discuss 
advantages and disadvantages of the two forms, 
including consideration of the question of 
accuracy. 

9. Investigate the advantages and disadvantages 
of using 

(a) a complex expansion parameter in place 
of the real magnitude < F il ; 

(b) the real part of '¥(z r ) instead of its 
magnitude; 

(c) the real part or magnitude of x V(z r ) — 'V(h) 
instead of Y(z r ). 

10. (a) Derive the following integral equation 
for the current in a perfectly conducting two-wire 
line immersed in air: 

f I x (w')G(w, w') dw' 

2m'o Jo 

= A cos + B sin (i 0 w 

where WJ.w) is the vector potential difference. 
Determine G(w, w') and show that the scalar 
potential difference V(w) satisfies the relation 


dW x { w ) ,j8* 

■ =J-V(w). 

aw co 


R = V (z — z') + a\ 
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dw 
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(ib ) Obtain a solution for I x ( w ) using the method 
of iteration with I x (w')/I x (w ) = 1 as the distri¬ 
bution function. Show the relation between the 
zeroth-order solution and conventional line theory. 
Establish the relation between the expansion 
parameter and the characteristic impedance. 
Assume the following boundary conditions: 

F(w) = V‘ at w = s, 

I(w) = 0 at w = 0 (open end). 

11. Repeat Problem 10 using the distribution 
function 

IJyZ) sin fiw' 

I^w) sin fiw 

appropriate to a sinusoidal distribution on the 
open-end line. 

12. The real instantaneous current and charge 
on an antenna with finite radius and zero base- 
separation referred to a driving voltage of the 
form (E 0 )i ns t = V 0 sin to/ have the form 

(Winst = I'z cos to/ + 1" sin to/, 

(?*)inst = -q'z sin to/ + q” z cos to/, 

where 

, _ I < "-L d l± 

to dz to dz 

(a) Using the first-order distribution curves 

for I ", l' z , q" z , q' z , plot the relative instantaneous 
currents and charges (/") inat , (Oinst. W'z) inst- 
(^z)lnst at wl ~ 7r . 3 tt/ 2 using an appropriate 

relative scale for h and q,. Use (l„h = 5w/4 and 
fl = 10 and 20. Plot curves of the zeroth-order 
current and charge for comparison. 

(b) Describe a half-cycle for first-order I", 
q" z and l' z , q' z , and compare with the corresponding 
zeroth-order distributions. 

13. (a) Determine the impedance and the 
resonant half-length h r at the input resonance 
near h = A„/4 of a copper antenna for which 
h/a = 1.1 x 10* at a frequency of 150 Mhz. 
Assume the antenna driven by the equivalent of a 
slice generator. If the current in the generator is 
1 amp, what power is supplied to the antenna? 
Sketch the distribution of current in the antenna. 

( b ) Determine the impedance and the resonant 
length s r at the input resonance near s = A 0 /4 
of a two-wire line that is open at x — s r and closed 
at x = 0. It is driven by a slice generator at the 
center of the closed end. All conductors are of 
the same wire as the antenna in (a); the line 
spacing ft is 2 cm. If the current in the generator 
is 1 ampere, what power is supplied to the line? 
Sketch the distribution of current on the line. 


(c) Compare the distributions of current in and 
the power supplied to the antenna in (a) and the 
line in (b). Explain why the power is so different 
when the currents are so nearly the same. 

14. Repeat Problem 13 with h and s adjusted 
for the antiresonance near A 0 /2 and with an emf 
of 100 volts maintained by the generator in each 
case. 

15. The following data apply to an actual 
commercial radio transmitter: 

Carrier frequency: 1360 khz. 

Tower: height, 260 ft; side (square cross section), 
2 ft; material, steel. 

Ground system: 30-ft square screen with 
120 buried radial wires. 

Feeder: four-wire open line of length 200 ft and 
characteristic impedance 500 ohms. 

Current at base of antenna: 1.02 amps. 

Radiated power (authorized): 500 watts. 

Measured input resistance at base of antenna: 
481 ohms. 

Determine the following: 

(o) The electrical length of the antenna; 

(b) The equivalent radius and f2 for the antenna 
(see Sec. 1.7); 

(c) The theoretical input impedance, assuming 
the earth and ground system to be equivalent 
to an infinite perfect conductor; 

(d) The theoretical power radiated; 

(e) The input impedance and admittance of 
the feeding line, neglecting line losses; 

(/) The standing-wave ratio on the line. 
Compare the theoretical input resistance with the 
measured value. Compare the theoretical, actual, 
and rated radiated powers. 

16. (a) Plot the standing-wave ratio on a 
transmission line used to center-drive an antenna 
as the frequency is varied from 280 to 320 Mhz. 
For the antenna /t/a = 1.1 x 10*; h is adjusted 
for antiresonance at 300 Mhz. The characteristic 
impedance of the line is Z c == R c = 300 ohms at 
300 Mhz where f) is the phase constant and a 
the attenuation constant of the line. (Neglect 
the small variation in Z c and a with frequency.) 

lb) Repeat (a) for an antenna with h/a = 75. 

(c) Repeat (a) for an antenna of length such 
that the antenna is resonant instead of antiresonant 
at 300 Mhz. 

(d) If the line is 9.5 m long, what is the efficiency 
of transmission at 300 Mhz with each of the three 
antennas? 

(e) Compare and discuss the significance of 
the results in (a) to (d). (Neglect base-separation, 
end, and coupling effects.) 

17. A base-driven antenna erected vertically 
over the ocean (treat as a perfect conductor) has 
a length h = 0.05A„; D = 2 In (2h/a) = 20. What 
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is the impedance of the antenna? What is the volt¬ 
age across the driving terminals ? What reactance 
must be connected in series to make a resistive 
load? What must be the input current if 100 
watts are to be radiated? (Neglect end and 
coupling effects.) 

18. A center-driven antenna of half-length 
h — X„j2 and with hja = 75 is driven at 600 Mhz 
by a generator at the end of a two-wire line that is 
3.8 wavelengths long. For the line, a = 3 x 10 -3 
neper/m; R e = 400 ohms. 

(a) What is the impedance seen by the gener¬ 
ator? What must be the voltage applied to the 
line if 10 watts are to be radiated? (Assume line 
spacing negligible.) 

(f>) Design a matching network to obtain a 
flat line. What gain in efficiency is thereby 
achieved? (Neglect base-separation, end, and 
coupling effects. Neglect ohmic losses in the 
antenna and radiation losses from the line.) 

19. A symmetric cylindrical antenna of radius 
a is connected as end load in the plane of the line 
to a two-wire line. The distance between centers 
of the line conductors is b. The following numerical 
data apply: 

a/2 0 = 0.004, blX 0 = 0.02, = 0.5 m. 

Determine the terminal impedance that would 
be measured on the line using conventional 
methods as the half-length h of the antenna is 
increased so that fl 0 h varies from 2 to 3.5. Use 
available graphical data where possible; show all 
steps. 

20. A lumped capacitance is connected across 
the terminals of the antenna in Problem 19 of 
such value that the antiresonant resistance of the 
combination is equal to the antiresonant resistance 
the same antenna would have if driven by a slice 
generator instead of the line. Determine the re¬ 
quired capacitance and compare the resistance 
of the combination with the resistance of the same 
antenna driven by a slice generator over the range 
Poh = 2 to pjt = 3.5. 

21. (a) Using the experimental data of Table 
38.5 and Figs. 38.12a, b,c, prepare curves of the 
ideal input resistance and reactance R„ and X„ 
of a thick antenna (a/A 0 = 1.59 x 10~ a ) driven 
by an idealized slice generator or discontinuity 
in scalar potential. (Note that R„ and X„ are 
obtained from R sa and X, a in the limit as the 
ratio bla approaches unity. By plotting R, a and 
X, a as functions of bja and then extrapolating to 
b/a = 1, R„ and X 0 are obtained.) Plot £2 = 
2 In (2/i/a) with R 0 and X Q . 

(b) Prepare curves of C 0 and B„ for the same 
antenna, using the data of Table 38.5 and Fig. 


38.18a, b, or using values computed from R 0 and 
X„ determined in (a). 

22. From R 0 , X 0 , G 0 and B 0 as obtained in 
Problem 21 determine the following: 

(а) The resonant length, resistance, and con¬ 
ductance and the associated value of £2; 

(б) The resistance and reactance at fl 0 h = ir/2 
and the associated value off); 

(c) The antiresonant length, resistance, and 
conductance, and the associated value of £2. 

(i d ) Using the limiting experimental values 
obtained above for a thick antenna and the corre¬ 
sponding theoretical values in Tables 30.1 and 
30.2 for thinner antennas, plot curves of the eight 
quantities in (a), (6), and (c) as functions of £2 
in the range from Cl — 20 down to the values of 
Cl obtained above. 

23. Discuss the validity and the significance of 
the following statements: The variational method 
of Storer (Sec. 39) is essentially the same as the 
emf method (Sec. 40). The greater accuracy of 
Storer’s formula (39.20) as compared with the 
emf formula (40.12) is entirely due to the greater 
accuracy of the distribution of current assumed as 
trial function by Storer as compared with the 
sinusoidal current of the emf method. 

24. Discuss the following statement: The 
variational method (Sec. 39) is useful as a method 
for determining the impedance of an antenna 
only if a good approximation of the distribution 
of current is known either from experimental 
measurement or from a theoretical analysis 
based on a different method, for example, the 
method of iteration (Secs. 11 ff). 

Chapter III 

1. Two identical, parallel antennas are con¬ 
nected by two-wire lines to lumped impedances 
and generators as shown in Fig. III.l. Determine 
the impedance seen by V‘ in each of the following 
cases. Ignore terminal-zone effects, as well as 
ohmic losses in antennas, lines, and connecting 
wires. Use Cl = 21n (2/i/a) = 15 for the antennas; 
R c <= 276.3 ohms for the lines; the frequency is 
150 Mhz. 

(а) p 0 h = 7t/2, b a = 0.2A 0 , V‘ 0 = 0, s t = A„/4, 
^2 — X 0 /4, Zi = 0, Z 2 = co; 

(б) PJi = tt/2, b a = 0.4/„, V*, = F*, 5, = A„/2, 
s 2 = Xq/ 2, Z, = jX,i, Z. = —jX, 2 ; 

(c) = 3.4, b a = 0.1A„, F| 0 = 0, s, = A 0 /2, 
s 2 = X 0 /2, Zi = 0, Z 2 ~ 0; 

(d) /?„/, = 3.4, b a = 0.1A 0 , V 2 % = 0, ii = A 0 /2, 

s 2 = X 0 /4, Zi = 0 , Z 2 = 0 ; 

(e) P 0 h = 3.4, b a = 0.5A 0 , V‘ 0 = -V‘ 0 , 

Si = Xq / 2 , 52 — 2 o/ 2 , Zj = 0 , Z2 = 0 . 
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2. Determine the apparent impedance Z >a of 
antenna 1 as a termination for the two-wire line 
in parts (c), ( d ), and (e) of Problem 1 if b/a for the 
lines is 10 and a is as for the antennas. 

3. An important directional array consists 
of two parallel antennas as shown in Fig. III.l 
with h = A 0 /4, b = 0.1 A 0 , V‘ = 0, s 2 adjustable, 
Zj = 0. The current in antenna (2) is to lag that 
in antenna (1) by 0.4 period so that the radiation 
fields due to the two currents are in opposite 
phase at distant points in the direction toward 
the driven antenna from the parasite (used as a 
director). Determine Z CD looking into the line, 
s 2 , the relative magnitudes of the currents at 
A and C, and the impedance Z AB . Neglect terminal- 
zone effects; assume A = 15 for the antennas, 
R c = 400 ohms for the line. Neglect ohmic 
losses. 

4. A modification of the directional array of 
Problem 3 involves the following: h = A„/4, 
b = 0.25A 0 , V‘ — 0, s, adjustable, Z 2 = 0. The 
current in antenna (2) is to lead that in antenna 
(1) by 0.25 period so that the radiation fields of 
the two antennas are in phase at distant points 
in the direction from parasite (used as a reflector) 
to the driven antenna. Determine Z CD looking 
into the line, s 3 , the relative magnitudes of the 
currents at A and C, and the impedance Z AB . 
Assume fl = 15; R e = 400. 

5. Determine the effect on the impedance Z AB 
in Problems 3 and 4 if antenna (1) is a very 
closely spaced folded dipole instead of a simple 
dipole. Assume that the significant interaction 
between the antennas involves only the symmetric 
currents in the folded dipole. 

6. Investigate the impedance terminating the 
transmission line in Fig. III.6 if fl = 15,/= 150 
Mhz, (l„b = 2irbl?. 0 = 0.3, and for the transmission 
line, R c = 440 ohms, the attenuation constant 
a = 2.26 x 10~ 3 neper/m, 

(a) neglecting all terminal-zone effects; 

( b ) taking account of terminal-zone effects. 

7. Determine the distributions and magni¬ 
tudes of the symmetric and antisymmetric currents 
in the antenna of Fig. III.6 under the conditions 
specified in Problem 6(a). What power is dissipated 
as heat and what power is radiated? What is the 
efficiency of the antenna as a radiator? How are 
these affected by terminal-zone effects? 

8. Investigate the impedance terminating the 
transmission line in Fig. III.8 under the same 
conditions specified in Problem 6(a) and ( b ). 

9. Determine the distributions and magnitudes 
of the symmetric and antisymmetric currents 
and the heat losses per watt of radiated power in 
the antenna of Problem 8. 

10. Determine the impedances at the terminals 


AB of the arrays shown in Fig. III. 10. Assume the 
spacing b of the line so small that terminal-zone 
effects are negligible. The electrical distance 
between the antennas is p o b a = 3.0, but the 
electrical length of the transmission line connecting 
the terminals of one antenna with those of the 
other is -n. For each antenna, fl = 10 and ft„h = 
3.157. Sketch zeroth-order distributions of current 
on the antennas and lines. 

11. Determine the impedance terminating the 
two-wire line at AB in the array of Fig. III.l 1 
in which the electrical distance between the identi¬ 
cal driven antennas is ft 0 b, = 1.0 and the electrical 
distance ji„b 2 between the plane containing the 
driven antennas and the plane containing the 
parasites is chosen to produce maximum field 
in the direction away from the parasites (re¬ 
flectors). All antennas have the same electrical 
length, jijt — tt/ 2. Terminal-zone effects are 
negligible. 

12. A three-element array consists of a central 
driven antenna No. 1 of electrical half length 
fiji = tt/2 and two parasites 2 and 3, used, 
respectively, as reflector and director. The re¬ 
flector, No. 2, is adjusted in length so that X 33 — 
20; it is at a distance 6 i 2 /A 0 = 0.17 from the driven 
element. The director, No. 3, is adjusted in length 
so that X 33 = —10; it is at a distance b, 3 IX 0 — 
0.046; for all antennas fl = 10. 

(a) Determine the electrical half-lengths fl„h 3 
and p 0 h 3 . 

(b) What is the input impedance Z 10 of the 
array if line spacings and terminal-zone effects 
are negligible? (Use a mean value for mutual 
impedances of antennas of different lengths; use 
the self-impedance appropriate to the length of 
each antenna). 

13. Six identical parallel center-driven antennas 
are uniformly spaced about the circumference of 
a circle of diameter D = 2A 0 /tt. For each antenna 
fl = 12.5, and flji = 2.888. All antennas are 
driven in phase with currents of equal magnitudes. 
What is the input impedance of each antenna. 
Neglect terminal-zone effects. 

14. An array consists of five parallel identical 
antennas spaced A 0 /2 along a line. For each 
antenna fl„h = irjl and fl = 12.5. If all are driven 
by equal voltages in phase, determine the relative 
input currents. (Note: For separations b greater 
than A 0 , it is a good approximation to use the 
zeroth-order values of mutual impedance as 
given in Table 8.1. The best value of the self¬ 
impedance is that obtaining in the presence of 
the nearest antenna.) 

15. A Tchebyscheff broadside array (Chapter 
VI) consisting of eight parallel antennas in line 
(with fljt = w/2, fl = 10, j3 0 b = it) is to have the 
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currents in all elements in phase but their ampli¬ 
tudes are to be tapered outward from the central 
pair in the ratios 1 : 0.76 : 0.41 : 0.15 in both 
directions. 

(a) Determine the input impedance of each 
antenna (See note in Problem 14). 

(b) Obtain the impedances that must be con¬ 
nected in series with the outer elements in order 
to obtain the required currents with equal voltages 
applied to all antennas. 

(c) As applied to a practical transmitter 
criticize the method of connecting impedances 
in series with some of the antennas. 

(d) Design a network for driving the antennas 
as required that does not have the disadvantages 
of the series impedances. 

16. A three-antenna array for broadcast 
transmission with a predetermined horizontal 
field pattern is arranged as shown in Fig. III.16. 
For all antennas p Q h = ir/2 and D = 10. The 
ground system is sufficiently extensive so that the 
earth may be assumed to be a perfectly conducting 
plane for determining impedances. The operating 
frequency is 1280 khz. The electrical distances 
between the three antennas are [l 0 b l2 = 286°, 

= 182°, fi a b 23 = 303°. The relative currents 
required for the desired field pattern are 

y = y = 1.6 Z60°. 

/ 2 r 2 

(a) Determine the input impedance of each 
antenna. 

(b) Design a network for driving the three 
antennas from a single generator using a matched 
300-ohm line. 

17. A corner-reflector array consists of five 
parasitic elements arranged in a V with a 120° 
angle. The distances between elements is A„/6. 
The center-driven antenna is at a distance A„/3 
from the apex of the V as shown in Fig. III. 17. 
All antennas have half-lengths h = A 0 /2. The 
ratio of half-length to radius is h/a = 75 or 

a = 10. 

(a) Determine the impedance of the array if 
it is driven by a discontinuity in scalar potential. 

(b) Determine the magnitudes and phases of 
all currents referred to the current in the driven 
element. 

18. A corner-reflector antenna consists of a 
half-wave dipole (O = 10) with a large 90° 
metal-sheet reflector. Determine the impedance 
of the antenna as a function of the distance b 
from the driven antenna to the apex of the V 
from b = 0.1A„ to b — 0.5A 0 assuming the reflect¬ 
ing sheets to be infinite. 

19. A Yagi-Uda antenna (Fig. III. 19) consists 
of a center-driven dipole, a reflector at a distance 


of 0.15A 0 , and three directors equally spaced at 
0.1A 0 . The electrical half-length of the driven 
dipole is (3„h=irl2; that of the reflector is 
= 2; that of each of the identical directors 
Pob ilT = 1-25. For all elements, £2 = 2 In (2hja) = 
10. Determine the driving-point impedance 
and the currents at the center of each antenna. 

20. Repeat Problem 19 with the driven dipole 
replaced by a Amen folded dipole of equal length 
with its two members separated by a distance 
0.052„. 

21. Determine the zeroth-order impedance of 
a collinear antenna consisting of five identical 
elements each A 0 /2 in length. The middle unit 
is center-driven from a two-wire line of very small 
spacing; the outer units are connected together 
and to the central unit by high-impedance two- 
wire-line stubs, also with very small spacing. 
Let H = 10 for each element. 

22. (a) Determine the impedance and the distri¬ 
bution of current on the folded half-dipole 
(or folded unipole) in Fig. III.22. The electrical 
length of each conductor is fifi = w/2 with 
h/a = 75. The distance between centers is A o /A 0 = 
0.02. The ground plane is effectively infinite 
and perfectly conducting. Assume b/a for the 
coaxial line so small that transmission-line end 
effects are negligible. 

( b) Repeat (a) with [l„h = 1. 

(c) What is the apparent impedance in (a) if the 
ratio of b/a for the coaxial line is 10? 

23. A sectionalized tower antenna is represented 
schematically in Fig. III.23. It consists essentially 
of the following parts: (1) Generator F x drives a 
A„/4 closed-end section of line of length A„/4 with 
an extension of length A 0 /4. (2) Generator F 2 
maintains a voltage across the insulating gap 
at the center of the large conducting cylinder and 
excites the entire antenna as a sleeve dipole. 
(3) Generator V, excites the horizontally polarized 
FM antenna at the top. Ignoring the presence of 
the FM antenna but not of its feed cable, determine 
the following: 

(a) The approximate impedance seen by the 
generator F, and the approximate distribution 
of the in-phase and quadrature components of 
current due to this generator. (Hint: Show that 
for F, the antenna is approximately equivalent 
to a base-driven antenna of length A 0 /2. Assume 
Q = 10 .) 

( b ) The impedance seen by F 2 (assuming Z e 
for the coaxial line to be 50 ohms) and the distri¬ 
bution of the in-phase and quadrature components 
of current along the antenna. (Hint: Show that 
the current due to F 2 is a superposition of currents 
on two asymmetrically driven antennas of length 
A„ driven A 0 /4 from each end. Use Fig. 11.26.11 
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to determine the required ratio of currents; 
assume fi = 10.) 

(c) Sketch the resultant distributions of current 
with (1) V ± and V, equal and in phase, (2) V, and 
V 2 equal and in phase quadrature, (3) V, and V 2 
equal and 180° out of phase. 

24. Investigate the problem of determining the 
impedance of an apex-driven right-angled V- 
antenna in the presence of a similar parasitic 
V-antenna, as shown in Fig. III.24. {Hint: Reduce 
the analysis to that of two approximately inde¬ 
pendent integral equations like that for an isolated 
V-antenna by first determining the impedances 
when both antennas are driven (1) so that currents 
in the apices are equal and in phase and (2) so 
that these currents are equal and 180° out of 
phase. Assume conditions which permit the 
assumption that the distributions of current in 
the two antennas are approximately the same. 
Specify under what conditions this is a good 
approximation. Note that the distributions are 
symmetric with respect to the apices.) 

25. (a) Formulate the simultaneous integral 
equations for the distributions of current in two 
parallel, nonstaggered antennas that are not of 
equal length and are center-driven by arbitrary 
voltages. 

(ft) Specialize the integral equations by requiring 
(1) the driving voltages to maintain equal currents 
in phase at the driving points; (2) the driving 
voltages to maintain equal currents in phase- 
opposition at the driving points. Investigate the 
approximate solution of these equations, especially 
for the case when the lengths of the two antennas 
do not differ too greatly from 2„/2, in a manner 
paralleling that carried out in the text for the 
collinear array. 

Note that all the currents in this case are even 
functions. 

26. Determine the impedance of a center-driven 
antenna of electrical half length f} 0 h = 3.84 with 
fi = 2 In (2hla) = 12.5 in the presence of an 
identical parallel self-resonant parasite (X i 2 = 0) 
as a function of the distance b between their 
axes. Determine the currents in each antenna. 

Chapter IV* 

1. Determine the zeroth-order distribution of 
current on a receiving antenna with a conjugate- 
matched center load and optimum length for 
the transfer of power. 

2. Investigate the desirability of determining 
the distribution of current and the effective 
length of a center-loaded receiving antenna using 

* Problems involving receiving arrays are with the 
problems of Ch. VI on arrays. 


one expansion parameter for u 0 (z ) and another 
expansion parameter for r 0 (z). 

3. A television receiving antenna consists of a 
single horizontal dipole center loaded by a trans¬ 
mission line. The antenna is for use on channels 
1 to 6 with video carriers of frequencies 45.25, 
55.25, 61.25, 67.25, 77.25, 83.25 Mhz. The sound 
carrier frequency in each channel is 4.5 Mhz 
higher than the video. The electrical half-length 
ji 0 h of the antenna is adjusted to be tt/ 2 for a 
middle frequency of 66 Mhz; fi = 2 In (2 hi a) = 10. 

(a) Determine the open-circuit voltage per 
unit field K„ (Z L — oo)/£ (or the generator voltage 
in the equivalent circuit) when the antenna is 
parallel to the field for each video and sound 
carrier frequency. 

(b) Determine the relative powers to the video 
load at all six frequencies if the load is always 
conjugate matched. End effects are negligible. 

4. Repeat the preceding problem if [S a h — n 
at the middle frequency of 66 Mhz and fi = 10. 

5. (a) Many radio receivers in the broadcast 
band are operated with a short piece of wire 
for an antenna and no ground connection. 
Discuss the operation of such a receiving antenna 
and formulate the problem analytically, using a 
simplified model. 

(b) Good reception is often possible if the 
antenna terminal is grounded and the chassis 
of the receiver is not. Explain. 

(c) Discuss the operation of a receiving antenna 
on an automobile and on an aircraft. 

6. A half-wave dipole receiving antenna has 
a conjugate matched load. It is due north of a 
distant transmitting antenna that maintains a 
vertically polarized electric field of 1 mv/m at the 
receiving antenna. The receiving antenna is 
inclined 36.9° toward the south. The plane 
containing the receiving antenna and the line 
joining it to the distant transmitter is inclined 45° 
from the vertical. Determine the power in the load 
of the receiving antenna if fi = 2 In (2A/a) = 10, 
h — 3 0 /4. The frequency is 10 Mhz. 

7. A receiving antenna for which fi = 2 In (2A/a) 
= 15 is placed in a circularly polarized electric 
field of magnitude lOO^uv/m. The plane of polari¬ 
zation is the yz-plane. 

(a) Determine the orientation of the antenna 
and its half-length h for which the maximum 
open-circuit voltage is maintained across the load 
terminals at the center. What is this maximum 
voltage? 

(b) What will be the voltage across the terminals 
of a receiver connected as a load to the terminals 
of the antenna in (a) if its impedance is Z L = 
100,000 + jX L and X L is adjusted for maximum 
voltage across R L ? 
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(c) What will be the voltage across Z L if the 
conditions of ( b ) obtain but the antenna is inclined 
at 53° from the .xy-plane? 

8. A receiving antenna of half-length h = A„/4 
and radius such that Cl = 2 In (2 hja) = 20 is 
center-loaded by an impedance Z L = 4.5 + /60 
ohms. The current in Z L is zero when the antenna 
lies along a horizontal east-west axis. As the 
antenna is rotated in the vertical plane containing 
north and south, a maximum current of 60 ua is 
observed in Z L when the antenna is vertical, a 
minimum value of 20 //a when the antenna is 
horizontal. 

(a) What is the polarization of the electric 
field at the receiving antenna ? 

( b ) What is its magnitude in volts per meter? 
Give maximum and minimum values. 

(c) In what direction is the distant transmitter? 

9. A center-loaded receiving antenna of opti¬ 
mum length for transfer of power to a conjugate- 
matched load is connected to the load by a section 
of transmission line of length A 0 . For the antenna 
H = 2 In (2 hja) = 12.5; for the line, b/a = 10; 
the antenna and the line are made of the same 
size conductor. With due regard for transmission¬ 
line end and coupling effects, what must be the 
value of the lumped impedance terminating the 
line? Assume all conductors perfect. (Hint: 
Replace the actual line with end effects by a uni¬ 
form line with terminal-zone networks at each end.) 

10. The electric field at a particular location 
in space is given by (£,) inst = 0, (£,) inst = 
E v cos cut = kEy cos cot, (£,)j nst = £, sin cot, where 
k = £,/£,. A symmetric receiving antenna with 
conjugate-matched load and optimum length from 
the point of view of power transfer to the 
load is rotated step by step about the *-axis 
through its mid-point. If £ s is 1 /<v/m, determine 
the power to the load as the antenna is turned 
from parallel to the z-axis to parallel to the y-axis 
in appropriate steps for each of the following 
values of k: k = 0, 0.25, 0.50, 0.75, 1.0. Assume 
Cl = 2 In (2 hi a) = 10. Plot power to the load as a 
function of 0 with k as parameter. 

11. Plot the effective length per wavelength 
/j,.(0 a )/A o in the complex plane for O — 12.5,15, 20 
with 0 2 = tt/ 2. (The curve for Q = 10 is given in 
Fig. 9.6c.) Discuss the significance of the fact 
that no curve can be plotted for fl = oo. 

12. Two identical symmetric antennas each 
of half-length h are crossed at right angles and 
are connected in series with each other and a 
lumped load impedance Z L . This crossed array 
is used in a horizontal position as an omnidirec¬ 
tional receiver for a horizontally polarized electric 
field. Verify that the array is omnidirectional 
by plotting the current in the load as a function of 


the angle of rotation about the vertical axis through 
the center of the array. Assume Cl = 12.5, when 
h is adjusted for antiresonance. Choose Z L for 
maximum transfer of power. 

13. A straight receiving antenna of radius a 
has a lumped load Z L connected in series with the 
antenna at a distance h, from one end and a 
distance h, from the other end. Derive a formula 
for the current in Z L when the antenna is parallel 
to a linearly polarized electric field E. (Hint: 
Apply Thevenin’s theorem as for the center-loaded 
antenna and use Sec. III.29 in determining the 
impedance of the antenna. The problem is thus 
reduced to finding the open-circuit voltage and 
this involves essentially only the determination 
of an effective length in terms of the current.) 

14. Investigate the formulation of the preceding 
problem when the antenna is oriented arbitrarily 
with respect to the electric field. 

15. A horizontal television receiving antenna 
consists of a symmetric, right-angled, apex-loaded 
V with legs of length h. Determine the open- 
circuit voltage V 0 (Z L = oo) for use in an equiva¬ 
lent circuit in which this voltage is in series with 
the load impedance Z L and the impedance of the 
antenna as given in Sec. 111.25. Assume the 
incident electric field to be horizontally polarized. 
Discuss the directional properties of this antenna 
using the zeroth-order effective length. 

16. Two identical antennas are placed side by 
side at a distance b that is very small compared with 
the wavelength. Identical lumped loads Z L are 
connected at the centers of the two antennas and 
these are oriented to be parallel to and at each 
instant in the same surface of constant phase 
of the electric field £ of a distant transmitter. 
Determine the effective voltages and impedances 
in the equivalent circuits for the two antennas. 

17. (a) Referring to the antennas in the pre¬ 
ceding problem, what is the effect of bending 
their ends together to form conducting bridges 
joining the antennas at each end? 

(b) When the ends of the antennas are joined 
to form a narrow rectangle of conductors as 
in (a), the load Z L at the center of one of the long 
sides of the rectangle is replaced by a short circuit. 
Determine the effective voltage and impedances 
in an equivalent circuit involving the load Z L 
at the center of the other long side of the rectangle. 
Consider especially the case when the length of the 
rectangle is such that the impedance looking 
into each half from the center is very great. 

18. Determine the absorption cross sections 
for the following antennas with 0 2 = 90°; 
neglect the ohmic resistance of the antenna: 

(a) Cl = 20, h = A./4, Z L = Z„*; 

(b) Same as (a) with 0 = 10; 
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(c) Same as (a) with h = A 0 /2. 

(d) What is the effective reradiation or scattering 
cross section in each of the above cases ? 

Chapter V 

1. Prove that the vector potential (as defined by 
the Helmholtz integral) of a center-driven short 
antenna ((Jjj/t 2 1) is in first approximation a 
function of R 0 alone. 

2. Determine the far-zone field of an electrically 
short antenna (filh- 1) with the following 
distributions of current: 

(a) I, = 7 0 (1 — | zjh |) for f) co; 

(b) I, = /ofe-^l - | z\h \"e~ d ) with <5 = 1.46, 
n = 4 for O = 10. 

3. Using the theorem of images, prove that the 
impedance of a base-driven thin cylindrical 
antenna of full length h and radius a erected on a 
perfectly conducting half-space is exactly one-half 
the impedance of the isolated center-driven 
antenna of half-length h and radius a. Assume each 
antenna to be driven by a slice generator. Note 
that the generator must also have its image. 

4. The length 2h of a center-driven multiple 
half-wave antenna is increased in steps as follows: 
h/X 0 = 0.25, 0.75, 10.75, 20.75, 50.75, 100.75. For 
each length determine the following for the 
essentially sinusoidally distributed quadrature 
component of current: 

(a) The angle 0„, for the principal ear (nearest 
0 = 0 °). 

(b) The nulls 0 O which bound this ear, and the 
null beam width. 

(c) The radiation resistance of the antenna with 
respect to the quadrature component of current. 

(d) The fraction of the total radiated power 
due to the quadrature component of current 
associated with the principal ear. 

Discuss the directional properties of the multiple 
half-wave antenna as its length is increased. 

5. Determine the radiating efficiency for the 
quadrature component of current in the antenna 
in Problem 4 if it is made of No. 14 copper wire 
and operated at 300 Mhg. 

6. A thin cylindrical antenna 100.75 wavelengths 
long is perpendicular to and base-driven over an 
infinite perfectly conducting plane. The component 
of current in phase quadrature with the driving 
voltage is distributed essentially sinusoidally along 
the antenna, (a) Determine the angles 0 ra giving the 
direction of the maximum field of the principal 
ear nearest to 0 = 0, and of one ear approximately 
half-way between the principal ear and the ear 
at 0 = 90°. ( b ) Determine the pair of angles 0 O 
for the nulls bounding each of these three ears, 
(c) Determine the relative magnitudes of the 
maximum electric field for each of the three ears. 


{d) Determine the fraction of the total power 
radiated that is associated with each of the three 
ears. 

7. Determine the reradiated far-zone field due 
to the zeroth-order current 

/ t \ jAirU cos /?„z — cos jj 0 h 

2 ° = 

for unloaded receiving antennas of electrical 
half lengths f) 0 h = n, 2n. Compare these fields 
with those of center-driven antennas of the same 
length with sinusoidal currents. 

8. A right-angled apex-driven V-an(enna has 
identical legs each of electrical length (t 0 h = n. 
Assuming the distribution of current to be sinu¬ 
soidal, investigate the near-zone electric field in 
the plane of the V. 

9. A two-element broadside array consists of 
two identical center-driven antennas each of 
length A 0 /2 placed parallel to each other at a 
distance b = A 0 /2. The currents in the two are 
equal, in phase, and distributed essentially 
sinusoidally. Investigate the near-zone electric 
field in (a) the plane of the antennas, ( b ) the plane 
perpendicular to the plane of the antennas and 
passing midway between them. 

10. Repeat Problem 9 for the bilateral end-fire 
array in which the currents are equal but 180° 
out of phase. 

11. Investigate the near-zone field of a uni¬ 
directional couplet consisting of two parallel 
identical antennas of length 2 h — A 0 /2 driven so 
that the currents are equal and 90° out of phase. 
Assume the distributions of current to be 
sinusoidal. 

12. Prepare curves of the electric lines of an 
antenna of length 3A„/2 with sinusoidal current 
corresponding to those of Fig. 11.6 for the antenna 
of length A 0 /2. 

13. Discuss the excitation of a slot antenna by a 
two-wire line and by a current-carrying conductor 
across its center as analogs of a center-driven 
antenna. 

14. Compare the definition h, = bjf} 0 for the 
effective length of a transmitting antenna that 
has an actual length in the range 0 g; h Si 2 IP 
and is erected vertically on an infinite perfect 
ground with the conventional definition (Terman, 
Radio Engineers' Handbook, p. 841, footnote 1), 
“The effective height of a grounded vertical-wire 
antenna is the height that a vertical wire would 
be required to have to radiate the same field 
along the horizontal as is actually present if the 
wire carries a current that is constant along its 
entire length and of the same value as at the base 
of the actual antenna.” Discuss the differences. 



[Problems, VI] 


THEORY OF LINEAR ANTENNAS 


891 


advantages, and disadvantages of the two 
definitions. 

15. Investigate the use of an effective length 
for a transmitting antenna that uses the first 
two terms in the Fourier series (13.12). For what 
lengths of antenna is this a good approximation? 
Is it a more convenient function in determining 
field pattern and radiation resistance than 

F m (0,M)? 

16. In broadcast engineering the effective height 
of a transmitting antenna is often given by the 
equation 


' 1 25// m ’ 

where h t is in meters, E is the electric field in 
microvolts per meter at a distance d in kilometers 
from the antenna, l m is the current in amperes at an 
antinode, and / is the frequency in kilocycles per 
second. 

(a) Derive this equation together with restric¬ 
tions on its generality. 

( b ) Discuss its application to a top-loaded 
antenna which has an actual electrical length 
of 132° and a very large top load equivalent to 58°. 

17. Verify formula (16.7) and plot field patterns 
of |£q | for [l„h = 77 and 5 tt/ 4 for an antenna with 
£) = 2 in (2hja) = 15 using the numerical values 
of the parameters A and B given in Table II.39.1. 
Compare with Figs. 14.2, 14.3, and 16.1. 

18. Derive the formula for the magnitude of 
F o ( 0 ) for an unbalanced center-driven antenna 
when the current ratio factor k is complex. 
Calculate and plot the factor as a function of 
0 for k = 0.5 + y'0.5 with h -- 3A 0 /4. 

19. Determine the vertical field pattern of the 
tower antenna described in Problem III.23 
using the currents there determined for ( 1 ) 
V , = V„ (2) V 2 = /V t , (3) V, = —Fj. 

20. Derive the far-zone vertical field factor 

F( 0 , fi 0 h, /? 0 /c) = ( 1 /sin 0 )[cos fS n k cos (p 0 h cos 0 ) 

— cos 0 sin fS 0 k sin (fl 0 h cos 0) — cos /3 0 (A 4 - /c)J 

for a top-loaded antenna over a perfectly con¬ 
ducting infinite plane. The assumed distribution 
of current is I, = / 0 [sin fi„(h + k — z)]/sin (SJh 
+ k), where p 0 h is the actual electrical height of 
the antenna and ft 0 k is the equivalent electrical 
length of a compact top load that contributes 
negligibly to the far-zone field. 

21. (a) Using the formula given in Problem 20, 
calculate and plot the far-zone electric field of a 
top-loaded antenna over an infinite conducting 
plane. Use / 3 a h = 132° and /i 0 k = 58°. 

(. b ) Discuss the validity of making use of either 
of the two definitions of effective height for 


transmission given in Sec. 13 or of the formula 
in Problem 16 for representing the far-zone field 
of the antenna specified in (a). 

(c) Ignoring restrictions on the use of the three 
formulas for effective height of a transmitting 
antenna referred to in ( b ), calculate and plot the 
far-zone electric field using each of these formulas. 
Compare with the field plotted in (a). In particular, 
compare the fields along the surface of the con¬ 
ducting plane. Discuss the results critically. 

22. Derive the following formula for the 
radiation resistance referred to maximum sinu¬ 
soidal current of a top-loaded antenna over a 
perfectly conducting infinite plane with a distri¬ 
bution of current given by 

I. = I m sin fi 0 (h + k - z) 
and with negligible radiation from the top load: 

R‘ m = (£ 0 / 877 )^—cos fS 0 (h + k) Cin 4fS 0 h 
+ 2[1 + cos p 0 (h 4- £)] Cin Ifiji 
4- sin 2 p 0 (h + k)(Si 4ft„h -2 Si 2fl a h) 

4 - 2 sin 2 /5 0 /i[(sin 2yS 0 /i)/2/S 0 A - 1]}. 

(Note that this formula reduces to one half of 
( 12 . 6 a) when k ~ 0 , as it should.) 

23. Calculate the radiation resistance of the 
antenna described in Problem 21(a) and compare 
it with R' m (h + k) — R‘ m (k) obtained from the 
radiation resistance R‘ m (h 4- k) of an antenna of 
electrical length pji, = [i 0 (h 4- A:) = 132° 4- 58° 
= 190° over a conducting plane, minus the 
radiation resistance R e m (k) of an antenna of 
electrical length f) 0 k = 58° over a conducting 
plane. Discuss the results. 

Chapter VI 

1. The complete normalized space factor of a 
two-element broadside array with center-driven 
elements one wavelength long and separated by a 
half wave-length is given by 

o(0, <K) = F„,(0, fa) o(0, O; AU, 0 

= F m (0, 180°) a(0,O; 2, A, 0). 

It is desired to construct a three-dimensional 
or space model of the field pattern. For this 
purpose evaluate a(0, O) as a function of 0 in 
the planes 0=0, 30°, 60°, 90° and as a function 
of O in the plane 0 = 90° and on the cones 
0 = 60° and 30°. Construct a three-dimensional 
drawing of one quadrant of the model showing 
the contours actually evaluated. 
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2. The complete normalized space factor of a 
two-element unilateral end-fire array with center- 
driven elements one half-wavelength long and 
separated by a quarter wavelength is given by 

4©, ®) = F m (0, 90°) rr(0, i, i). 

Determine the patterns as functions of 0 for 
0 = 0, 45°, 90°, 135°, 180° and as functions of 
O for 0 = 90° and 0 = 45°. Sketch a space 
model of the complete pattern. 

3. Repeat Problem 1 for the two-element 
bilateral end-fire array given by 

40, 0 ) = F m (®, 180°) 40, O; 2, *, *). 

4. A unilateral end-fire array consists of four 
half-wave dipoles numbered 1 to 4 from end to 
end and separated by a distance A 0 /4 between 
elements. The elements are driven so that the 
currents are all equal in magnitude but with J ol 
leading I oa by 90°, 1 02 leading I 03 by 90°, and 
I„ 3 leading I 0i by 90°. 

(а) Construct the complete field factor a(0, O) 
in terms of tabulated functions. (Hint: Since the 
tables in Chapter VI include only the factor for 
the two-element end-fire array, the four-element 
array may be treated as a two-element array of 
two-element couplets or as a two-element array 
of overlapping two-element bilateral end-fire 
arrays.) 

(б) Plot the horizontal field factor in the plans 
0 = 90° as a function of O. 

5. A rectangular array of sixteen half-wave 
dipoles is shown in Fig. VI.5. Adjacent rows are 
A 0 /2 apart, adjacent columns are A 0 /4 apart. 
The array is driven so that the currents in the four 
units in any column are equal and in phase, but 
the currents of column 1 lead those of column 2 
by 90°, those of column 2 lead those of column 3 
by 90°, and so on. 

(a) Construct the complete field factor (/) in 
its simplest form, (ii) in terms of tabulated 
functions. 

(b) Plot the pattern in the plane 0 = 90° as a 
function of <5. 

(c) Determine the values of O for all nulls 
in the horizontal field pattern. (Hint: Note that 
the nulls of the broadside factor and of the end- 
fire factor taken independently yield nulls in the 
product.) 

(d) Determine the values of <J> for all extremes 
in the horizontal plane and the magnitudes of 
these extremes. 

(e) Determine the voltage that must be applied 
at the terminals of each antenna in order to obtain 
the required equal currents. Use H = 2 In (2 h/a) 
= 10. (Note that for separations greater than A 0 
zeroth-order mutual impedances are satisfactory. 


6. An array consists of two curtains of six- 
element half-wave dipoles. The elements in each 
curtain form a parallel pair one half-wavelength 
apart of three-element collinear antennas; all 
six currents are in phase. The two curtains are 
separated by a distance A 0 /4 and the currents in 
the six antennas of one curtain lead the currents 
in the six elements of the other curtain by 90°. 

(a) Construct the complete field factor. 

( b ) Plot the pattern in the plane 0 = 90° as a 
function of O and in the planes 0=0, 180° as a 
function of 0. 

7. A curtain of four half-wave dipoles with 
elements separated by distances A 0 /2 is mounted 
so that the plane of the curtain is parallel to and 
a distance A 0 /4 in front of a plane, highly con¬ 
ducting, sheet-reflector, as shown in Fig. VI.7. 
The currents in all elements are equal in magnitude. 
Assume the effect of the reflector to be the same 
as if it were perfectly conducting and infinite 
in extent. (This is a fair approximation in the 
half-space containing the driven elements except 
in directions parallel or nearly parallel to the 
plane of the reflector and behind the reflector.) 

(a) Determine and plot the horizontal field 
patterns when the progressive phase increase from 
antenna 1 to 2, 2 to 3, and 3 to 4 is 60° each. 

(b) Determine the direction of the principal 
ear in each case and its null width. 

(c) Discuss the usefulness of the array for 
lobe sweeping or lobe shifting. 

(d) Determine the driving voltage required for 
each antenna if D = 2 In (2/i/a) = 10 for each 
element. 

8. A nonuniform broadside array consists of 
four half-wave dipoles separated by distances 
A 0 /2, driven in phase and with current amplitudes 
in the ratios I : 2 : 2 : 1. 

(a) Construct the complete field factor. (Hint: 
Treat as a superposition of four-element and 
two-element uniform arrays. 

(b) Plot the field pattern as a function of 4> 
in the plane 0 = 90°. 

(c) What voltages must be applied in order to 
obtain the desired currents. Assume D = 2 In (2/i/a) 
= 15. (Note that for separations exceeding 
A 0 /2 the zeroth-order mutual impedance is 
satisfactory.) 

9. Repeat Problem 8 with the ratios of currents 
2 : 1 : 1 : 2. 

10. Repeat Problem 8 with the ratios of currents 
1 : 4 : 4 : 1. 

11. The antenna system of WIBG consisted 
(in 1941) of five parallel and vertical 250-ft 
antennas spaced 248 ft (/?„/> = 90°) apart in a 
straight line over an extensive ground network. 
The antennas are denoted by A through E from 
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one end of the array to the other. The approximate 
currents in amperes are 

I A = 3.6Z-75 0 , I B = 10.55 Z145°, 

I c = 14.9Z0 0 , I D = 10.55Z —145°, 

I E = 3.6Z75°. 

(a) Determine the field factor of this array. 
(Hint: Treat it as a superposition of the fields 
of two two-element arrays and a single central 
unit.) 

(b) Plot the horizontal field pattern in volts 
per meter at 10 km as a function of <t> in the plane 
0 = 90°. Plot the minor lobe structure on an 
enlarged scale. Show the line of the array and the 
relative locations of antennas A and E. Treat the 
earth as a perfect conductor. 

(c) What voltage or impedance must be con¬ 
nected between each antenna and ground in order 
to maintain the required currents? The mean 
ratio of length to equivalent radius for the 
antennas is approximately 75. 

0 d ) What is the total power supplied to the 
array? 

12. Determine and plot the horizontal field 
pattern of the array described in Problem III. 12. 

13. Determine and plot the horizontal and 
vertical field patterns of the circular array described 
in Problem III. 13. Assume sinusoidal currents. 

14. A broadside array of four half-wave dipoles 
spaced a distance A 0 /2 is made unidirectional 
by four parasitic half-wave dipoles of which each 
is placed A 0 /4 behind one of the driven elements. 
For each antenna, (2 = 2 In (2/i/a) = 10. 

(a) Determine the currents in the parasites. 

C b ) Determine the field factor of the array. 
(Note that this may be obtained by superimposing 
the fields of a four-element broadside array, 
a two-element broadside array consisting of the 
two inner parasites, and a second two-element 
broadside array consisting of the two outer 
parasites.) 

(c) Evaluate and plot the field pattern. 

15. A three-element horizontal Yagi-Uda array 
consists of a center-driven antenna 1 of electrical 
length fi a h x = 77-/2, a director (antenna 2) of 
electrical length p o h z = 1.49 at a distance b d = 
0.06A„, and a reflector (antenna 3) of electrical 
length fi 0 h 3 = irjl at a distance b r = 0.2A„. 
Assume (2 = 10 for all three antennas. 

(a) Determine the currents at the centers of all 
three antennas if 100 volts are applied to the 
driven unit. 

(b) Determine and plot the field pattern in the 
two principal planes. 

(c) Specify the front-to-back ratio and the 
gain over a single antenna. 


16. In the experimental study of Yagi-Uda 
arrays described in Sec. VI.6, the spacing of the 
directors was fixed at A 0 /3 for which an optimum 
length of the directors near 0.43A„ was obtained 
when the number of directors was small and 
(2 = 11.4. 

(a) Verify that the self-reactance of each director 
is nearly —80 ohms for this length and ratio of Ilia. 

(b) Show that the approximate conditions for 
optimum, 6/A 0 = 0.33 X 22 == —80 ohms, are in 
general agreement with the results obtained 
in Sec. 4 for the field in the direction toward the 
parasite but with much smaller values of 
and 2>/A 0 . 

(c) Using theoretical values for 2>/A„ and X 22 
interpolated to (2 = 11.4 from data in Sec. VI.4 
and the approximate experimental value 6/A 0 = 
0.33 with X 22 = —80 ohms, draw curves of 6/A 0 
for maximum field toward the parasite as a 
function of X 22 . Draw a similar curve of 2>/A 0 
as a function of A/A 0 , where h is the half-length 
corresponding to a self-reactance X 22 . Discuss 
the practical value of these curves. 

17. Determine and plot the horizontal field 
pattern of the three-antenna broadcast array 
described in Problem III. 16. 

18. Determine and plot the horizontal field 
pattern of the corner-reflector array described 
in Problem III.17. 

19. Determine and plot the field patterns in 
the two principal planes of the Yagi-Uda antenna 
described in Problem III.19. What is the null 
beam width ? 

20. Design a directional array using two 
directors and a reflector consisting of three 
parasites in a plane, as shown in Fig. VI.20. 
Select appropriate distances and lengths. Deter¬ 
mine the current in each antenna, the impedance 
of the array, and its horizontal field pattern. 
Specify the null beam width and the level of minor 
lobes nearest the principal beam. 

21. Apply Schelkunoff’s method of shifting 
nulls to obtain a more highly directive array with 
reduced minor lobes from the four-element 
uniform end-fire array of half-wave dipoles 
characterized by N = 4, n E = t E = 1 /4. 

(a) Determine the field pattern in the horizontal 
plane with uniformly spaced nulls. 

(b) Determine the relative currents required 
in the antennas. 

(c) Determine the relative voltages that must 
be applied to the antennas to obtain the desired 
currents neglecting ohmic losses, and assuming 
(2 = 2 In (2h/a) = 10 for each antenna. 

(d) If the antennas are made of copper, deter¬ 
mine the ohmic losses in the array as compared 
with those in the corresponding uniform array 
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to which the same power is supplied. Assume 
sinusoidal currents in evaluating ohmic resistance. 

22. Repeat Problem 21 for the more closely 
spaced array with N = 4, n E = t E = 1/8. 

23. Design a six-element Tchebyscheff broad¬ 
side array that has a minor lobe level of 20 db 
when the half-wave dipole antennas are spaced 
A 0 /2. Determine the relative currents required, 
the field pattern, and the necessary relative 
driving voltages. Assume Q = 2 In (2h/a) — 10 
for each antenna. Compare the field pattern and, 
in particular, the beam width and minor-lobe level 
with the six-element uniform array. 

24. Design a five-element Tchebyscheff array 
with antennas spaced A 0 /4 that has the same null 
beam width as a uniform five-element broadside 
array with conventional A 0 /2 spacing of elements. 
Determine the currents required and the driving 
voltages for half-wave dipoles with D = 2 In (2 h/a) 
= 10. Plot the horizontal field pattern together 
with that of the uniform array adjusted to have 
a principal beam of equal amplitude. What is 
the minor-lobe level in the Tchebyscheff array? 
How does it compare with that of the greatest 
minor lobe of the uniform array? 

25. The eight-element Tchebyscheff array 
analyzed in Sec. 13 is to be made unidirectional 
with a parasitic curtain of eight reflectors. Design 
the curtain, assuming that the driven elements 
are A 0 /2 dipoles with Q = 2 In (2/i/a) = 10. Plot 
the horizontal field pattern. 

26. Investigate the combination of Tchebyscheff 
broadside arrays with the spaced-null end-fire 
arrays discussed in Sec. 10 to provide unidirec¬ 
tional square arrays. 

27. A common television antenna includes two 
arrays each consisting of a folded dipole with a 
parasitic reflector, as shown in Fig. VI.27. The 
array of longer antennas is used to receive the 
low band of frequencies in the range from 44 Mhz 
to 88 Mhz including TV channels 1 through 6; the 
array of shorter antennas is used to receive the 
high band in the range from 174 Mhz to 216 Mhz 
including channels 7 through 13. 

(a) Design each array for the middle frequency 
in its band with the parasite adjusted in length and 
in distance from the loaded antenna in order to 
yield maximum voltage in the equivalent circuit 
of the loaded receiving antenna. Assume Q = 10 
for each conductor; the two elements of the folded 
dipole are separated by a distance 0.05A 0 . 

(b) Determine the gain of each array over a 
single dipole for the middle frequency and the 
extreme frequencies in each band. 

(c) Determine the equivalent voltage and the 
impedance of the array and the power to a 
300-ohm load per unit electric field. 


28. Investigate the gain over a half-wave dipole 

of a center-driven antenna of electrical half-length 
f}„h = 3.84 operated at constant power in the 
presence of an identical center-tuned parallel 
parasite at a distance b. Assume Q = 12.5 for 
both antennas; let be maintained equal 

to zero for the parasite. Obtain the field ratio 
as a function of or />/A„ over a range from 
f} 0 b = 0.3 to fi„b = 2.5. (Note that the impedance 
of this array is to be determined in Problem 
III.26.) 

29. Study the operation of the array described 
in Problem 28 when used for reception with a 
conjugate matched load replacing the generator. 
Compare the maximum obtainable effective 
open-circuit voltage for this array with that ( a) 
for the same array with flfi = jr/2, instead of 
3.84, and ( b ) for a single half-wave dipole with a 
conjugate matched load. Which array is more 
desirable for use with a television receiver? 

30. A receiving array consists of two identical 
horizontal half-wave dipoles (O = 10) with their 
terminals connected by a section of 300-ohm 
two-wire line of length A„/4, as shown in Fig. 
VI.30. A 300-ohm load is connected across the 
terminals AB of one of the antennas. Determine 
the voltage drop across the load when the antenna 
is in a linearly polarized electric field of 10/iv/m 
parallel to the antennas. Neglect ohmic losses 
and assume the transmission-line spacing suffi¬ 
ciently small to make end and coupling effects 
negligible. 

31. Investigate the behavior of the array in 
Problem 30 as a receiver for the television band 
from 174 to 216 Mhz. 

32. Investigate the possibility and the desir¬ 
ability of modifying the array in Fig. VI.30 so 
that if it were driven by a generator across AB 
the currents in the two antennas would be equal 
and 90° out of phase. No change is to be made 
in the antennas or their relative positions. What 
would be the properties of the array thus modified 
as a receiving antenna with a 300-ohm load at a 
frequency for which Poh = w/2? 

33. Repeat Problem 30 if the array is con¬ 
structed with a more widely spaced transmission 
line connecting the antennas. The length of the 
section of line is still A 0 /4 but the line spacing 
is b = 0.05A 0 so that end and coupling effects 
are not negligible. Also b/a = 10, where the radius 
a of the conductors is the same as for the antennas. 
The 300-ohm line from AB to the load is equiva¬ 
lent to a lumped load at the center of a copper 
bridge made of wire of the same size as the A 0 /4 
section of line. 

34. Discuss the advantages or disadvantages 
of the so-called “double-vee” TV antenna shown 
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in Fig. VI.34 over the corresponding array 
described in Problem 30; the antenna in Fig. 
VI.34 is like that in Fig. VI.30 except that the 
antennas are turned to form two quadrant or 90° 
V-antennas. Note that the horizontal quadrant 
antenna is omnidirectional in the horizontal plane. 
Determine the directional properties in the hori¬ 
zontal plane. Determine the directional properties 
in the horizontal plane of the array in Fig. VI.34 
using the results derived in Problem III.24 to 
evaluate the relative magnitudes and phases 
of the currents. Determine the maximum voltage 
drop across a 300-ohm load and compare with 
the corresponding voltage obtained in Problem 30 
for the array of Fig. VI.30. 

35. Assign appropriate lengths to the directors, 
the folded dipole, and the reflector of the Yagi- 
Uda array in Fig. VI.35 and determine the receiv¬ 
ing properties of the array when a two-wire line 
leading to the receiver load is connected across 
AB. Assume appropriate data as required to 
permit the greatest possible transfer of power 
to the load for the given field. 

36. Investigate the receiving properties of the 
double folded A 0 /2 dipole shown in Fig. VI.36. 
The outputs 1 and 3 of dipole A A' and 2 and 4 of 
dipole BB' form a four-wire line leading to the 
receiver. Discuss how the two terminals LL' 
of the load Z L = 300 ohms should be connected 
to the four-wire line in order to get maximum 
current in the load. Specify appropriate constants 
and dimensions for the antennas and lines. 
Determine the current in the load as the antenna 
is rotated through 90° in a linearly polarized 
horizontal electric field of 10 microvolts per meter. 

37. Determine the gain over a single dipole of 
the so-called “double doublet TV antenna with 
reflector” shown in Fig. VI.37. The array repre¬ 
sented consists of two parasitic reflectors a quarter- 
wavelength behind a pair of identical antennas 
connected together by a short section of trans¬ 
mission line A 0 /8 in length and center loaded 
across AB by the transmission line to the distant 
receiver. What are the equivalent voltage and the 
impedance of the array for use in an equivalent 
series circuit? Assume Q = 2 In (2hja) — 10 for 
the antennas and Z c = 300 ohms for the section 
of line? Assume the load to be conjugate-matched 
for the array and the single dipole with which it 
is compared. 

38. Determine the approximate current entering 
and leaving the end-loaded transmission line at 
A and B in the eight-element array shown in 
Fig. VI.38 per microvolt per meter of linearly 
polarized electric field parallel to the antennas 
in the array originating at a large distance in front 
of the array, that is, in the direction away from 


the parasites. The four forward antennas are 
connected by sections of transmission line that are 
electrically one-half wavelength long although 
the spatial separation of the antennas is only 
A 0 /4; assume the lines to be lossless. The parasitic 
curtain is A 0 /4 behind the four loaded antennas. 
Assume the electrical half-length of all antennas 
to be /? 0 A = w/2 with Q = 2 In (2 hja) = 10. The 
impedance looking into the line at AB is the 
complex conjugate of the impedance of the array 
as seen from AB. State what approximations are 
made. 

Chapter VII 

1. Carry out the steps involved in obtaining 
the solutions (1.7a) from the equation (1.6e). 

2. Investigate the solution of the problem of 
the vertical electric dipole over a plane conducting 
earth if both z- and /--components of the polariza¬ 
tion potential are used. 

3. Obtain expressions for the real and imaginary 
parts of the plane-wave reflection coefficients 
in the general case. 

4. Represent graphically the coefficients of 
reflection that are required to determine the far- 
zone electric field over an infinite plane surface of 
(a) salt water (a e = 5 mho/m, e„ = 80) and (6) 
moist earth (u, = 2 x 10 -3 mho/m, e„ = 10.) 
The field is maintained by the current in an antenna 
erected vertically on the surface and operated 
at 880 khz. (Use Fig. 7.1a, b in conjunction with 
a few computed points.) What is the Brewster 
angle ? 

5. Repeat Problem 4 if the field is maintained 
by the currents in a horizontal loop antenna. 

6. Discuss the significance of the Brewster 
angle in the field patterns in Fig. 7.6a. Do this 
with the aid of graphs of the real and imaginary 
parts of the terms associated with the direct and 
reflected waves. 

7. For purposes of obtaining the far-zone field 
a given television transmitting antenna is equiva¬ 
lent to a horizontal loop antenna at a height of 
40 m. It is operated on channel 1 (44-50 Mhz). 
A folded-dipole receiving antenna is to be erected 
at a distance of r = 10 km. Investigate the varia¬ 
tion in the far-zone (1/R) electric field as a 
function of the height z = r cot 0 for the video 
carrier at 45.25 Mhz, if the earth between trans¬ 
mitter and receiver is (a) quite moist so that 
a, = 4 x 10“ 3 mho/m and = 10; ( b ) quite dry 
so that <T e = 4 x 10~ 5 mho/m, e„ = 4. Compare 
with the corresponding variation when cr, = co, 
c e r — 1. Assume the earth to be plane. 

8. Repeat Problem 7 for the video carrier at 
211.25 Mhz of channel 13. 
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9. Repeat Problem 7 if the transmitting antenna 
is equivalent to a vertical electric dipole. 

10. A television receiver constitutes a matched 
load terminating the 300-ohm line from the 
horizontal folded-dipole receiving antenna in 
Problem 7. Neglecting ohmic losses in the line 
and assuming the impedance of the antenna to be 
a pure resistance of 300 ohms, what must be the 
minimum power radiated by the horizontal-loop 
transmitting antenna if 100 ^v are to be maintained 
across the load? The receiving antenna is at a 
height of 15 m. Determine the minimum power 
for moist and dry earth and for a perfectly con¬ 
ducting infinite plane. 

11. Repeat Problem 10 if the transmitting 
antenna is equivalent to a vertical electric half¬ 
wave dipole and the receiving antenna also is 
vertical. 

12. Investigate in detail the possibility of 
determining the field patterns of antennas and 
arrays over an imperfectly conducting earth by 
measuring the field patterns of an array of two 
antennas or arrays in space with appropriate 
currents. 

13. The following data apply to Radio Station 
WABC* on Columbia Island in Long Island 
Sound. The transmitting antenna is a square 
steel structure 25 ft on a side and of height 
h = 410 ft, which is an electrical length of about 
fi„h = 132° at the operating frequency of 880 khz. 
It is top-loaded with a flat metal structure 85 ft 
square that is connected to the tower through an 
inductive reactance. The equivalent electrical 
length of the flat top and series reactance is 
fl 0 k = 58°, so that the over-all equivalent length 
of the antenna is jlj,h + k) = 190°. The input 
current is 22.2 amp when the antenna is fed with 
50 kw. The conductivity of the salt water to which 
the antenna is grounded is 5 mho/m; the con¬ 
ductivity of the land bordering Long Island 
Sound is about 2 x 10~ 3 mho/m. The field strength 
at a distance of 1.6 km (4.7 wavelengths) over 
salt water when the input current is 22.2 amp is 
measured to be 1.67 v/m. 

(a) Using the value of radiation resistance R e m 
obtained in Problem V.23 for the WABC antenna 
when erected on a perfectly conducting plane, 
determine the maximum sinusoidal current /„ 
for use in the zeroth-order distribution, /, = 

sin jl 0 (h + k — z), 0 ij z SS h, when the radi¬ 
ated power is 50 kw. Plot the distribution of 
current along the antenna. 

( b ) Compute and plot the magnitude of the 
far-zone vertical field factor of the antenna as if 


* As reported in E. K. Cohan, “18 months 
experience with WABC’s island transmitter,” 
Electronic Industries (May 1943), p. 70. 


it were erected on an infinite expanse of salt 
water with a e — 5 mho/m, e eT = 80. Use the 
reflection coefficient determined in Problem 4. 

(e) Repeat (ft) with the antenna erected on an 
infinite plane earth with cr„ = 2 x 10~ 3 mho/m, 
e„ = 10. Use the reflection coefficient determined 
in Problem 4. 

14. For analytical purposes the WABC antenna 
described in Problem 13 is to be replaced by an 
infinitesimal electric dipole or short end-loaded 
antenna located at the elevation of maximum 
current on the actual antenna. Determine this 
location and the uniform current required in the 
short antenna in order to radiate the same power 
as the actual antenna, namely, 50 kw, when the 
conducting plane is assumed to be perfectly 
conducting. 

15. Using a short end-loaded antenna with the 
current properties obtained and at the elevation 
determined in Problem 14 as an approximate 
equivalent of the actual antenna, determine the 
magnitude of the far-zone field factor when the 
conducting plane is an infinite expanse of (a) salt 
water with a e = 5 mho/m, e er = 80; ( b ) moist 
earth with cr = 2 X 10~ 3 mho/m, e„ = 10. Com¬ 
pare the far-zone vertical field patterns of the 
short elevated dipole with those of the actual 
antenna, especially from the point of view of 
broadcast transmission. 

16. Obtain and plot the magnitudes of the space- 
wave term, the surface-wave term, and the total 
vertical field of the elevated doublet determined 
in Problem 14 as a function of the actual radial 
distance r measured along the conducting surface 
from the point directly below the doublet, using 

(a) salt water with a e = 5 mho/m, e„ = 80; 

(b) moist earth with a e = 2 x 10~ 3 mho/m, 
e„ = 10; (c) a perfect conductor. 

17. For the short elevated antenna of Problem 
14 determine the orientation and shape of the 
polarization ellipse of the electric field on the 
conducting surfaces specified in the preceding 
problem at a radial distance of 125 km from the 
transmitter. 

18. Compare the results obtained in Problem 
16 for the elevated short antenna with measured 
electric fields obtained for the actual WABC 
antenna, as shown in Fig. VII.18. Do this for 
radial directions (a) entirely over salt water and 
(6) almost entirely over land, (c) Explain the 
behavior of the measured contours of constant 
electric field in Fig. VII. 18, especially in directions 
along the shore toward Cape Cod and toward 
Philadelphia. (Note that the three circles in Fig. 
VI. 18 are the estimated contours of constant elec¬ 
tric field which would obtain over a uniform 
earth in all directions.) 
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19. Formulate the general analysis of the vertical 
dipole by the same method used in the text for 
the horizontal dipole. 

20. A television transmitter is equivalent to a 
vertical magnetic dipole with a moment p, at a 
height of 30 m above a plane moist earth with 
a e = 4 x 10 -3 mho/m and <l„ = 10. A portable 
receiving antenna that can be raised to a height 
of 10 m consists of a vertical and a horizontal 
dipole with separate leads to identical matched 
receivers. Observations of the responses in the 
two receivers are to be made at a series of locations 
on a radial line from the transmitter. Predetermine 
the relative responses in the two receivers as r 
is increased from quite close to the transmitter 
to distant points as a function of height at a 
succession of values of r. 

21. A receiving antenna consists of a straight 
wire of electrical length f) 0 h = ir/2 and radius a 
such that f2 = 2 In (2 h/a) — 10. A lumped imped¬ 
ance is connected between the base of the antenna 
and a conducting network buried in moist earth 
with a e = 4 x 10~ 3 mho/m and e„ = 10. Assume 
the impedance of the antenna to be essentially 
the same as if it were over a perfectly conducting 
plane and the load Z L to be conjugate-matched 
to this value. Determine and plot as a function 
of 0 2 the power to the load as the antenna is 
tilted toward and away from the distant vertical 
transmitter through an angle 0 2 given by 0 rg © 2 
JS 45°, 0 = 0; 0 ^ 0 2 5S 45°, O = where 
0 2 is measured from the vertical and O = 0 is 
in the direction away from, O = n is in the 
direction toward, the transmitter. Assume the 
current in the vertical, base-driven transmitting 
half-wave dipole to be 4 amp and the distance to 
the receiver to be 10 km. The frequency is 10 Mhz. 
Assume the exciting field along the entire receiving 
antenna to be the same as the field at its base. 

22. Investigate the validity of the assumption 
that the exciting field along the receiving antenna 
in Problem 21 is the same as at its base. 

23. A cylindrical antenna of half-length h l 
adjusted for antiresonance and radius — 2.5 mm 
is placed vertically with its center at a height of 
9 m. The antenna is center-driven at a frequency 
/ = 200 Mhz from a two-wire copper line of 
length j, = 9 m and line spacing b = 2 cm. The 
radius of the wire is a, = 2.5 mm. The power 
supplied the line is 100 watts. 

A horizontal cylindrical receiving antenna of 
half-length h t = 0.6 m and radius a 2 = 0.66 mm 
is stretched below a blimp at a height of 3.3 km 
at a horizontal distance of 7.5 km over salt water 
from the transmitter. A conjugate-matched load 
Z L is connected at the center of the receiving 
antenna. 


Determine the power in the load Z L . State and 
justify any approximations made. 

24. Investigate the electromagnetic field of an 
infinitesimal dipole over a conducting plane 
earth when inclined at an arbitrary angle from 
the vertical. (Hint: Resolve the dipole moment 
into vertical and horizontal components.) 

25. The impedance of a vertical base-driven 
antenna of length h with 12 = 2 In (2 h/a) = 15 is 
to be measured using a circular ground screen of 
diameter D near 10A„. Determine the expected 
differences in ohms and the percent differences 
between the resistances and reactances to be 
measured on the finite ground screen and the 
ideal ones for an infinite ground screen (D = co) 
under the following conditions; also determine 
the precise value of D near 10A„: 

(a) D is chosen so that the expected difference 
in the resistances is zero; 

(b) D is chosen so that the expected difference 
in the reactance is zero; 

(c) D is chosen so that the expected differences 
are equal. 

In each case use h = /i(resonant), A„/4, Manti- 
resonant), A„/2. Which value of D is to be 
preferred? Explain. 

26. The impedance of a cylindrical antenna with 
hemispherical end and axial length h —0.2 m 
and radius a — 2.66 mm is to be measured over a 
circular ground screen of diameter D = 10 m by 
varying the frequency from 300 to 700 Mhz. 
The antenna projects from a hole of radius b at 
the center of the screen as a projection of the 
inner conductor of the feeding coaxial line. The 
radius of the inner conductor of the coaxial 
line is the same as the radius of the antenna; 
the inner radius b of the outer conductor of the 
line is given by b/a = 4; the line is filled with 
styrofoam with relative dielectric constant e r ~ 1. 

Determine and plot the theoretical apparent 
resistance R, a and reactance X sa of the antenna 
together with the theoretical values for R 0 and 
X„ for D = oo. Account must be taken of the 
transmission-line end effect and of the finite size 
of the ground screen. 

Chapter VIII 

1. It is stated in some books that the vector 
II = RIIj, n 0 = 0,11^= 0, will satisfy the vector 
wave equation 

grad div II — curl curl II + II = 0 

provided the radial component n„ satisfies 
equation (2.10). Prove that this is not true. 

2. Prove that II s jR satisfies the scalar wave 
equation. 
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3. The voltage K(/{) for the dominant mode 
of the biconical transmission line is defined by 

f *- 0 0 

(4.13) as the line integral V(R) = E ej Rd@. 

J&O 

How is this voltage related to the scalar potential 
difference between the end points of the path of 
integration ? 

4. Compare the definition and behavior of the 
total radial current, the total charge per unit 
radial distance, the charge density, the current 
density, the electric field, and the magnetic field 
of the dominant mode of the biconical line with 
the corresponding quantities for a two-wire line 
and a coaxial line. 

5. Modify the solution for the dominant mode 
in a biconical line to take account of an imperfect 
dielectric between the perfectly conducting 
cones. 

6. Modify the solution for the dominant mode 
in a biconical line to take account of imperfectly 
but highly conducting cones. 

7. Investigate the possibility of terminating 
a biconical line of finite length / with 0 O near 90° in 
such a manner that the distributions of dominant¬ 
mode current and charge on the cones are the same 
as if the cones extended to infinity. 

8. Investigate the possibility of analyzing the 
biconical line of finite length but with 0„ near 
7r/2 in a manner analogous to that used for the 
two-wire line in Chapter II. What condition is 
required to make radiation negligible? Can 
terminal-zone effects be treated in an analogous 
manner ? If so, formulate the analysis. 

9. Obtain the dominant-mode solution for a 
radial transmission line consisting of two parallel 
circular metal planes excited across their centers 
by a line source. 

10. Using the method of Chapter II, investigate 
the terminal-zone problem of a coaxial line when 
terminated in a conical line. Design a lumped 
network that may be used in conjunction with the 
dominant or TEM modes on the two lines. 


Consider the special case when characteristic 
impedances are equal. (Neglect ohmic resistance.) 

11. Compare the impedance of a biconical 

antenna (angle 0 O ) with that of a base-driven 
cylindrical antenna (length-to-radius ratio h/a) 
with the same value of O, that is, O c = 2 In (2/0 „) 
= = 2 In (2 h/a), by plotting together. Select a 

value of fi that permits convenient use of available 
numerical data. Compare critical values. Compare 
the broad-band properties. 

12. Investigate the analysis of the thin biconical 
antenna using the method of Chapter II (for the 
cylindrical antenna of fixed radius a) with a radius 
a(z) = kz, where k is a small constant, and an 
average expansion parameter. 

13. Study the orders of magnitude of the terms 
in the numerator and denominator in (11.15) to 
determine whether a true second-order Schelkunoff 
solution requires I 2 (l) added to the numerator. 

14. In their paper “The general problem of 
antenna radiation,” reference II.2, p. 127, G. E. 
Albert and J. L. Synge state: “Many writers have 
proceeded as if antenna problems could be dis¬ 
cussed without reference to a gap. To do so, 
however, is to leave out the essential part of the 
radiating system. The gap is the only source of 
radiant energy.” Demonstrate for antennas driven 
from biconical, coaxial, and open-wire lines that 
this statement is incorrect by showing that 

(a) the electromagnetic field at distant points is 
determined by the current in the antenna; 

(b ) the true source of radiant energy is an 
electrical generator; 

(c) the essential requirement for the transfer 
of power from a generator to an antenna is a 
transmission line with nonvanishing characteristic 
impedance and not a gap. 

15. Prepare a summary in the form of a syste¬ 
matic tabulation of the important properties of the 
several methods of analyzing single and coupled 
transmitting and receiving antennas referred to 
in this volume from the point of view of deter¬ 
mining all essential qualities of antennas. 



BIBLIOGRAPHY 


Chapter I. Essentials of Electromagnetic Theory 

GENERAL REFERENCES AND SUMMARIES 


Papers 

1. Brillouin, L., “Antennae for ultra-high 
frequencies,” Elec. Commun. 21, No. 4 (1944); 
22, No. 1 (1945). 

2. Hertz, H., “Ueber sehr schnelle electrische 
Schwingungen,” Wied. Ann. 31, 421 (1887). 

3. Hertz, H., “Die Krafte electrischer Schwin¬ 
gungen behandelt nach der Maxwell’schen 
Theorie,” Wied. Ann. 36, 1 (1888). 

4. Roubine, E., “Les recentes theories de 
1’antenne,” L'Onde Electrique, Nos. 238-241, 
Jan.—April 1947. 

5. Schelkunoff, S. A., “A general radiation 
formula,” Proc. I. R. E. 27, 660 (Oct. 1939). 

6. Schelkunoff, S. A., “Some equivalence 
theorems of electromagnetics and their application 
to radiation problems,” Bell System Tech. J. 15, 
92 (Jan. 1936). 

7. Sinclair, George, “Theory of models of 
electromagnetic systems,” Proc. l.R.E. 36, 1364 
(Nov. 1938). 

8. Zinke, O., “Grundlagen der Strom- und 
Spannungsverteilung auf Antennen,” Arch. 
Electrotech. 35, 67 (1941). 

Books 

10. Aharoni, J., Antennae (Clarendon Press, 
Oxford, 1946). 

11. Becker, R., Theorie der Elektrizitdt 
(Teubner, Leipzig and Berlin; vol. 1, 1930; vol. 
2, 1933). 

12. Bremmer, H., Terrestrial radio waves 
(Elsevier, New York, 1949). 

13. Brillouin, M., Propagation de Pelectricite 
(Hermann, Paris, 1904), pp. 314-395. 

14. Briickmann, H., Antennen, ihre Theorie 
und Technik (Hirzel, Leipzig, 1939). 

15. Burrows, C. R., and S. S. Atwood, Radio 
wave propagation (Academic Press, New York, 
1949). 

16. Courant, R., and D. Hilbert, Methoden der 
mathematischen Physik (Springer, Berlin, 1931; 
2 vols.; English edition, Interscience Publishers, 
New York, 1943). 

17. Dwight, H. B., Tables of integrals and other 
mathematical data (Macmillan, New York, 1947). 

18. Frank, R., and R. von Mises, Differential- 
gleichungen der Physik (Rosenberg, New York, 
1943; 2 vols.). 

19. Franz, K., and H. Larsen, Ausstrahlung, 


Ausbreitung, und Aufnahme elektromagnetischer 
Wellen (Springer, Berlin, 1956). 

20. Fry, D. W., and F. K. Goward, Aerials for 
centimetre wave-lengths (Cambridge University 
Press, Cambridge, 1950). 

21. Glas, E. T., On radiation problems concern¬ 
ing vertical antennas (Royal Administration of 
Swedish Telegraphs, Stockholm, 1943). 

22. Gundlach, F. W., Grundlagen der Hochst- 
frequenztechnik (Springer, Berlin, 1950). 

23. Hamel, G., Integralgleichungen (Springer, 
Berlin, 1937). 

24. Harvard Computation Laboratory, Tables 
of inverse hyperbolic functions (Harvard University 
Press, Cambridge, 1949). 

25. Harvard Computation Laboratory, Tables 
of generalized sine and cosine integral functions 
(Harvard University Press, Cambridge, 1949; 
2 vols.). 

26. Hertz, H., Ausbreitung der electrischen 
Kraft (Barth, Leipzig, 1892). 

27. Hobson, E. W., The theory of spherical and 
ellipsoidal harmonics (Cambridge University Press, 
Cambridge, 1931). 

28. Jahnke, E., and F. Emde, Funktionentafeln 
(Teubner, Leipzig, 1938). 

29. Jeffreys, H. and B. S.: Methods of mathe¬ 
matical physics (Cambridge University Press, 
Cambridge, 1946). 

30. Jordan, E. C., Electromagnetic waves and 
radiating systems (Prentice-Hall, New York, 1950). 

31. King, R. W. P., Electromagnetic engineering 
(McGraw-Hill, New York, 1945), vol. 1. 

31a. King, R. W. P., Transmission-line theory 
(McGraw-Hill, New York, 1955). 

316. King, R. W. P., H. R. Mimno, and A. H. 
Wing, Transmission lines, antennas, and wave 
guides (McGraw-Hill, New York, 1945). 

32. Knudsen, H. L., Bidrag tel teorien for 
antennesystemer med hel eller delvis rotations- 
symmetri (I Kommission hos Teknisk Forlag, 
Copenhagen, 1953). 

33. Kraus, J. D., Antennas (McGraw-Hill, 
New York, 1950). 

33 a. Kraus, J. D., Electromagnetics (McGraw- 
Hill, New York, 1953). 

34. Kiipfmuller, K., Theoretische Elektrotechnik 
(Springer, Berlin, 1932). 

35. McLachlan, N. W., Bessel functions for 
engineers (Oxford University Press, New York, 
1934). 



902 


THEORY OF LINEAR ANTENNAS [Bibliography] 


36. M.I.T. Radar School, Principles of radar 
(McGraw-Hill, New York, 1946). 

37. Moullin, E. B., Radio aerials (Clarendon 
Press, Oxford, 1950). 

38. Ollendorff, F., Grundlagen der Hoch- 
frequenztechnik (Springer, Berlin, 1926). 

39. Peirce, B. O., A short table of integrals 
(Ginn, New York, 1929). 

40. Pidduck, F. B., Currents in aerials and 
high-frequency networks (Clarendon Press, Oxford, 
1946). 

41. Pierce, G. W., Electric oscillations and 
electric waves (McGraw-Hill, New York, 1920). 

42. Radio Research Laboratory, Harvard 
University, Very high frequency techniques 
(McGraw-Hill, New York, 1947; 2 vols.). 

43. Ramo, S., and J. R. Whinnery, Fields 
and waves in modern radio (Wiley, New York, 
1944). 

44. Rothe, R., F. Ollendorff, and K. 
Pohlhausen, Theory of functions (Technology 
Press, M.I.T., Cambridge, 1933). 

45. Schelkunoff, S. A.: Advanced antenna 
theory (Wiley, New York, 1952). 

46. Schelkunoff, S. A., Electromagnetic waves 
(Van Nostrand, New York, 1943). 

47. Schelkunoff, S. A. and H. T. Friis, Antenna 
theory and practice (Wiley, New York, 1952). 

48. Silver, S., Microwave antenna theory and 
design (McGraw-Hill, New York, 1949). 


49. Slater, J. C., Microwave transmission 
(McGraw-Hill, New York, 1942). 

50. Smith, R. A., Aerials for metre and deci¬ 
metre wavelengths (Cambridge University Press, 
Cambridge, 1949). 

51. Sommerfeld, A., Vorlesungen iiber Theoret- 
ische Physik, Band III, Elektrodynamik; Band VI, 
Partielle Differentialgleichungen der Physik 
(Dieterich’sche Verlagsbuchhandlung, Wiesbaden, 
1947, 1948; English editions, Academic Press, 
New York, 1950, 1949). 

52. Stratton, J., Electromagnetic theory 
(McGraw-Hill, New York, 1941). 

53. Strutt, M. J. O., Moderne Kurzwellen- 
Empfangstechnik (Springer, Berlin, 1939). 

54. Uda, S., and Y. Mushiake, Yagi-Uda 
Antenna (Research Inst, of Electrical Com¬ 
munication, Tohoku University, Sendai, Japan). 

55. Watson, G. N., Theory of Bessel functions 
(Macmillan, New York, ed. 2, 1945). 

56. Watson, W. H., Physical principles of wave 
guide transmission and antenna systems (Clarendon 
Press, Oxford, 1947). 

57. Wiarda, G., Integralgleichungen (Teubner, 
Leipzig and Berlin, 1930). 

58. Williams, H. P., Antenna theory and design 
(Pitman, London, 1950; 2 vols.). 

59. Zuhrt, H., Elektromagnetische Strahlungs- 
felder (Springer-Verlag, Berlin, Gottingen, Heidel¬ 
berg, 1953). 


Chapter II. Linear Radiators as Circuit Elements 


1. Aharoni, J., “A general theory of antennae.” 
Phil. Mag. 35, 427-459 (1944). 

2. Albert, G. E., and J. L. Synge, “The general 
problem of antenna radiation and the fundamental 
integral equation, with application to an antenna 
of revolution—Part I,” Quart. Appl. Math. 6, 
117 (1948). 

3. Altar, W., F. B. Marshall, and L. P. Hunter, 
“Probe Error in Standing-Wave Detectors,” 
Proc. I.R.E. 34, 33P (1946). 

4. Angelakos, D., “Current and charge distri¬ 
butions on antennas and open-wire lines,” 
doctoral dissertation, Cruft Laboratory, Harvard 
University, (January 1950). 

5. Barzilai, Giorgio, “Experimental determin¬ 
ation of the distribution of current and charge 
along cylindrical antennas,” Proc. I.R.E. 37, 
825 (1949). 

6. Bechmann, R., “On the calculation of 
radiation resistance of antennas and antenna 
combinations,” Proc. I.R.E. 19, 1471 (1931). 

7. Boudoux, Pierre, “Current distribution and 
radiation properties of a shunt-excited antenna,” 
Proc. I.R.E. 28, 271 (1940). 

8. Bouwkamp, C. J., “Concerning a new 
transcendent, its tabulation and application in 
antenna theory,” Quart. Appl. Math. 5, 394 (1947). 

9. Bouwkamp, C. J., “Hallen’s theory for a 
straight, perfectly conducting wire, used as a 
transmitting or receiving aerial,” Physica 9, 
609-631 (1942). 


10. Brillouin, L., “Sur l’origine de la resistance 
de rayonnement,” Radioelectricite 3, 147 (1922). 

11. Brillouin, L., “The antenna problem,” 
Quart. Appl. Math. 1, 201 (1943). 

12. Brown, G. H., and O. M. Woodward, Jr., 
“Experimentally determined impedance character¬ 
istics of cylindrical antennas,” Proc. I.R.E. 33, 
257 (1945). 

13. Burgess, R. E., “Aerial characteristics,” 
Wireless Eng. 21, 154-160 (1944). 

14. Carson, J. R., “Electromagnetic theory 
and the foundations of electric circuit theory,” 
Bell System Tech. J. 6, 1-17 (1927). 

15. Conley, P., “Antennas and open-wire 
lines—III—Image-line measurements,” J. Appl. 
Phys. 20, 1022 (1949). 

16. Conley, P., “Impedance measurements 
with open-wire lines,” Cruft Laboratory Technical 
Report No. 35, Harvard University (March 1948); 
doctoral dissertation, Harvard University (1948). 

17. Essen, L., and M. H. Oliver, “Aerial 
impedance measurements,” Wireless Eng. 22, 
587 (1945). 

18. Gans, R., “La distribution du courant dans 
les antennes,” Rev. Sci. 85, 643-648 (1947). 

19. Gans, R., and M. Bemporad, “Zur Theorie 
der geradlinigen Antenne,” Arch. Elek. Ueber- 
tragung 7, 169-180 (1953). 

20. Graffi, Dario, “Sulla impedenza de radi- 
azione della antenna,” Alta Frequenza 12, 3-25 
(1943). 



[Bibliography] THEORY OF LINEAR ANTENNAS 


21. Gray, M. C., “A modification of Hallen’s 
solution of the antenna problem,” /. Appl. Phys. 
15, 61 (1944). 

22. Grosskopf, J., “Zur Theorie der geraden 
Antenne,” Arch. Elek. Uebertragung 4, 175 (1950). 

23. Hallen, Erik, “On antenna impedances,” 
Acta Polytech. No. 16— Trans. Roy. Inst. Technol. 
Stockholm 1947, 18 pp. (1947). 

24. Hallen, Erik, “Properties of a long 
antenna,” J. Appl. Phys. 19, 1140 (1948). 

25. Hallen, Erik, “Theoretical investigations 
into transmitting and receiving antennae,” Nova 
Acta Regiae Soc. Sci. Upsaliensis [4] 11, 1 (1938). 

26. Hara, G., “Strahlungsleistung und Strom- 
verteilung einer geraden Antenne,” Hochfrequenz- 
techn. u. Elektroak. 44, 185 (1934). 

26a. Harrington, R. F., “On the cylindrical 
antenna,” El. Engr. Dept., Syracuse University 
(March 1954). 

27. Hartig, E. O., “Circular apertures and 
their effects on half-dipole impedances,” doctoral 
dissertation, Harvard University (June 1950). 

28. Heilmann, A., “Ueber den Scheinwiderstand 
von Empfangsantennen,” TFT 29, 357 (1940). 

29. Infeld, L., “The influence of the width of 
the gap upon the theory of antennas,” Quart. 
Appl. Math. 5, 113 (1947). 

30. Kaufmann, H., "Der Eingangswiderstand 
der Dipol-Antennen,” Hochfrequenztechn. u. 
Elektroak. 60, 160 (1942). 

31. Kennedy, P. A., and R. King, "Experi¬ 
mental and theoretical impedances and admitt¬ 
ances of center-driven antennas,” Cruft Labora¬ 
tory Technical Report No. 155 (April 1953). 

32. King, D. D., “Microwave impedance 
measurements with application to antennas—I,” 
J. Appl. Phys. 16, 435 (1945). 

33. King, D. D., “Impedance measurements 
on transmission lines,” Proc. I.R.E. 35, 509-514 
(1947). 

34. King, D. D., “The measured impedance 
of cylindrical dipoles,”/. Appl. Phys. 17, 844 (1946). 

35. King, D. D., and R. King, “Microwave 
impedance measurements with application to 
antennas—II,” J. Appl. Phys. 16, 435, 445 (1945). 

36. King, D. D., and R. King, “Terminal 
functions for antennas,”/. Appl. Phys. 15, 186-192 
(1944). 

37. King, L. V., “On the radiation field of a 
perfectly conducting base insulated cylindrical 
antenna over a perfectly conducting plane earth, 
and the calculation of radiation resistance and 
reactance,” Trans. Roy. Soc. ( London ) [A] 236 
381-422 (1937). 

38. King, R., “Antennas and open-wire lines, 
I,” /. Appl. Phys. 20, 832 (1949). 

39. King, R., “A generalized coupling theorem 
for ultra-high frequency circuits,” Proc. I.R.E. 28, 
84-87 (1940). 

40. King, R., “An alternative method of 
solving Hallen’s integral equation, /. Appl. Phys. 
24, 140-147 (1953). 

41. King, R., “End correction for a coaxial 


903 

line when driving an antenna over a ground 
screen,” Cruft Laboratory Technical Report No. 
174 (June 1953); Trans. I.R.E., PGAP, AP-3, 66 
(1955). 

42. King, R., “General amplitude relations 
for transmission lines with unrestricted line 
parameters, terminal impedance, and driving 
point,” Proc. I.R.E. 29, 640 (1941). 

43. King, R., “Theory of electrically short 
transmitting and receiving antennas,” /. Appl. 
Phys. 23, 1174-1187 (1952). 

44. King, R., “Transmission-line theory and 
its applications,” /. Appl. Phys. 14, 577-600 (1943). 

45. King, R., and F. G. Blake, Jr., “The self¬ 
impedance of a symmetrical antenna,” Proc. I.R.E. 
30, 335 (1942). 

46. King, R., and C. W. Harrison, Jr., “The 
distribution of current along a symmetrical 
center-driven antenna,” Proc. I.R.E. 31, 548 (1943). 

47. King, R., and C. W. Harrison, Jr., “The 
impedance of short, long, and capacitively loaded 
antennas with a critical discussion of the antenna 
problem,” /. Appl. Phys. 15, 170 (1944). 

48. King, R., and D. Middleton, “The cylin¬ 
drical antenna; current and impedance,” Quart. 
Appl. Math. 3, 302-335 (1946). 

49. King, R., and D. Middleton, “Correction 
and supplement to our paper ‘The cylindrical 
antenna: current and impedance,’ ” Quart. Appl. 
Math. 4, 199 (1946). 

50. King, R., and K. Tomiyasu, “Terminal 
impedance and generalized two-wire-line theory,” 
Proc. I.R.E. 37, 1134 (1949). 

51. King, R., and T. W. Wintemitz, “The 
cylindrical antenna with gap,” Quart. Appl. 
Math. 5, 403 (1947). 

52. Labus, J., “Berechnung der Strahlungs- 
energie von Dipolantennen (Telefunkenricht- 
antennen) nach der Poyntingschen Methode,” 
ENT9, 61 (1932). 

53. Labus, J., “Rechnerische Ermittlung der 
Impedanz von Antennen,” Hochfrequenztechn. u. 
Elektroak. 41, 17 (1933). 

54. Lanczos, C., “A new solution of the antenna 
problem,” presented at fall 1947 convention of 
I.R.E. at San Francisco, Boeing Aircraft Co., 
Seattle, Washington, Document D-9152. 

55. Lange, P., “Messungen an Dipolen im 
Dezimeterwellengebiet,” Hochfrequenztechn. u. 
Elektroak. 58, 25 (1941). 

56. Laport, Edmund A., “Some notes on the 
influence of stray capacitance upon the accuracy 
of antenna resistance measurements,” Proc. I.R.E. 
22, 657 (1934). 

57. Levin, M. L., “A contribution to the theory 
of antennae.” Compt. rend. acad. sci. URSS ( n.s .) 
54, 595-597 (1946). 

58. Meier, A. S., and W. P. Summers, 
“Measured impedance of vertical antennas 
over finite ground planes,” Ohio State University 
Research Foundation, Antenna Laboratory, 
Report No. 233-3 (October 1946); Proc. I.R.E. 
37, 609 (1949). 



904 THEORY OF LINEAR ANTENNAS [Bibliography] 


59. Middleton, D., and R. King, “The thin 
cylindrical antenna; A comparison of theories,” 

J. Appl. Phys. 17, 273 (1946). 

60. Morita, T., “Current distributions on trans¬ 

mitting and receiving antennas,” Proc. I.R.E. 38, 
898 (1950); doctoral dissertation, Harvard 

University (December 1948). 

61. Nomura, Y., and T. Hatta, “The theory of 
a linear antenna, I,” Technol. Repts., Tohoku 
Univ. 17, 1 (1952). 

62. Palmer, L. S., and K. G. Gillard, “The 
distribution of ultra-high-frequency currents in 
long transmitting and receiving antennae,” J. Inst. 
Elect. Engrs. (London) 13, 285 (1938). 

63. Papas, C. H., “On the infinitely long 
cylindrical antenna,” J. Appl. Phys. 20, 437 (1949). 

64. Pistolkors, A. A., “The radiation resistance 
of beam antennas,” Proc. I.R.E. 17, 562 (1929). 

65. Pocklington, H. C., “Electric oscillations 
in wires,” Camb. Phil. Soc. 9, 324 (1897). 

66. Rayleigh, Lord, “Electrical vibrations on 
a thin anchor-ring,” Proc. Roy. Soc. (London) [A], 
87, 193 (1912). 

67. Rosseler, G., F. Vilbig, and K. Vogt, 
“Ueber das elektrische Verhalten von Vertikal- 
Antennen in Abhangigkeit von ihrem Durch- 
messer,” TFT 28, 170 (1939). 

68. Schelkunoff, S. A., “Antenna theory and 
experiment,” J. Appl. Phys. 15, 54 (1944). 

69. Schelkunoff, S. A., “Concerning Hatlen’s 
integral equation for cylindrical antennas,” 
Proc. I.R.E. 33, 872 (1945). 

70. Schelkunoff, S. A., “On the antenna prob¬ 
lem,” Quart. Appl. Math. 1, 354 (1944). 

71. Schelkunoff, S. A., “Theory of antennas 
of arbitrary shape and size,” Proc. I.R.E. 29, 
493-521 (1941). 

72. Schelkunoff, S. A., and C. B. Feldman, 
“On radiation from antennas,” Proc. I.R.E. 30, 
511-516 (1942). 

73. Siegel, E., “Scheinwiderstand von besch- 
werten Antennen,” Hochfrequenztechn. u. Elek- 
troak 43, 167 (1934). 

74. Siegel, E., and J. Labus, “Scheinwiderstand 
von Antennen,” Hochfrequenztechn. u. Elektroak 
43, 167 (1934). 

75. Siegel, E., and J. Labus, “Sendeantennen,” 
Hochfrequenztechn. u. Elektroak 49, 87 (1937). 

76. Smeby, L. C., “Short-antenna character¬ 
istics,” Proc. I.R.E. 37, 1185 (1949). 

77. Smith, C. E., and E. M. Johnson, “Perform¬ 
ance of short antennas,” Proc. I.R.E. 35, 1026 
(1947). 

78. Storer, J. E., “Variational solution to the 
problem of the symmetrical cylindrical antenna,” 

Chapter III. Circuit Properties 

1. Abbott, F. R., and C. R. Fisher, “Measured 
directivity induced by a conducting cylinder of 
arbitrary length and spacing parallel to a monopole 
antenna” (abstract), Proc. I.R.E. 38, 1040 (1950). 

2. Affanasiev, K. J., “Simplifications in the 
consideration of mutual effects between half-wave 


Technical Report No. 101, Cruft Laboratory, 
Harvard University; and “Solution to thin wire 
antenna problemsby variational methods,” doctoral 
dissertation, Harvard University (June 1951). 

79. Storm, B., “Investigation into modern 
aerial theory and a new solution of Hallen’s 
integral equation for a cylindrical aerial,” disserta¬ 
tion, Imperial College, London (1953); summary 
in Wireless Engineer (July 1953). 

80. Synge, J. L., “The general problem of 
antenna radiation and the fundamental integral 
equation, with application to an antenna of 
revolution—Part II,” Quart. Appl. Math. 6, 133 
(1948). 

81. Tai, C. T., “A variational solution to the 
problem of cylindrical antennas,” Technical 
Report No. 12, SRI Project No. 188, Stanford 
Research Institute (August 1950). 

82. Tai, C. T., “A study of the emf method,” 
Technical Report No. 55, Cruft Laboratory, 
Harvard University; and J. Appl. Phys. 20, 717 
(1949). 

83. Tomiyasu, K., “Antennas and open-wire 
lines—Part II: Measurements on two-wire 
lines,” J. Appl. Phys. 20, 892 (1949). 

84. Tomiyasu, K., “The effect of a bend and 
other discontinuities on a two-wire transmission 
line,” Proc. I.R.E. 38, 679 (1950). 

85. Tomiyasu, K., “Problems of measurement 
on two-wire lines with application to antenna 
impedances,” Cruft Laboratory Technical Report 
No. 48 (June 1948). 

86. Tomiyasu, K., “The unbalance squelcher,” 
Rev. Sci. Instr. 19, 675 (1948). 

87. Webb, W., and R. Raymond, “Current 
distributions on some simple antennas,” J. Appl. 
Phys. 20, 330 (1949). 

88. Wells, N., “Aerial characteristics,” J. Inst. 
Elec. Engrs. (London) 89, Pt. Ill, 76 (1942); 
90, Pt. Ill, 24 (1943). 

89. Wheeler, H. A., “Fundamental limitations 
of small antennas,” Proc. I.R.E. 35, 1479 (1947). 

90. Whinnery, J. R., “Effect of input configur¬ 
ation on antenna impedance,” J. Appl. Phys. 21, 
945 (1950). 

91. Wiechowski, W., “Dampfungsberechnung 
bei Sendeantennen,” Hochfrequenztechn. u. Elek¬ 
troak 53, 50 (1939). 

92. Wilmotte, R. M., “Distribution of current 
in a transmitting aerial,” J. Inst. Elect. Engrs. 
( London ) 66, 617 (1928). 

93. Winternitz, T. W., “Input impedance of a 
two-wire open line and cylindrical center-driven 
antenna,” Proc. I.R.E. 38, 299 (1950); doctoral 
dissertation, Harvard University (1949). 

of Arrays of Linear Radiators 

dipoles in collinear and parallel orientations,” 
Proc. I.R.E. 34, 635, (correction) 863 (1946). 

3. Andrews, H., “The collinear antenna array,” 
doctoral dissertation, Harvard University (1953); 
Cruft Laboratory Technical Reports Nos. 178 
and 179. 



[Bibliography] 

4. Angelakos, D., “Current and charge distri¬ 
butions on antennas and open-wire lines,” 
doctoral dissertation, Cruft Laboratory, Harvard 
University (1950). 

5. Barzilai, “Mutual impedance of parallel 
aerials,” Wireless Engr. 25, 343 (November 1948). 

6. Barzilai, G., “Mutual impedance of parallel 
aerials,” Wireless Engr. 26, 73 (1949). 

7. Blasi, E. A., “The theory and application 
of the radiation mutual coupling factor,” Ph.D. 
thesis, Ohio State University (1953). 

8. Bouwkamp, C. J., “Calculation of the input 
impedance of a special antenna,” Philips Research 
Rep is. 2, 228 (1947). 

9. Bouwkamp, C. J., “On the theory of coupled 
antennas,” Philips Research Repts. 3, 213 (1948). 

10. Brown, G. H., “Ground plane antennas,” 
Electronics 16, 338 (1943). 

11. Brown, G. H., “‘Turnstile’ antenna,” 
Electronics 9, 14 (1936). 

12. Brown, G. H., and R. King, “High 
frequency models in antenna investigations,” 
Proc. l.R.E. 22, 457 (1934). 

13. Cafferata, H., “Driving-point impedance 
of a vertical cylindrical radiator and concentric 
ring of subsidiary radiators over perfectly con¬ 
ducting earth,” Marconi Rev. 12, 12, 57 (1949). 

14. Carter, P. S., “Circuit relations in radiating 
systems and applications to antenna problems,” 
Proc. l.R.E. 20, 1004 (1932). 

15. Chambers, L. L. G., Note on the input 
impedance of a pair of crossed dipoles (Admiralty 
Signal and Radar Establishment, Lythe Hill 
House, Haslemere, Surrey, England). 

16. Chang, Tung, “Impedance characteristics 
of antennas involving loop and linear elements,” 
doctoral dissertation, Harvard University, (June 
1947); Cruft Laboratory Technical Report No. 16. 

17. Cox, C. R., “Mutual impedance between 
vertical antennas of unequal heights,” Proc. l.R.E. 
35, 1367 (1947). 

18. Englund, C. R., and A. B. Crawford, “The 
mutual impedance between adjacent antennas,” 
Proc. l.R.E., 1277 (1929). 

19. Faflick, C. E., “Parasitic sleeve antenna and 
antennas of discontinuous radius,” doctoral 
dissertation, Harvard University (1954); Cruft 
Laboratory Technical Report No. 171. 

20. Grosskopf, J., “Ruckgespeiste Antennen,” 
Frequenz 3, 157 (1949). 

21. Guertler, R., “Impedance transformation 
in folded dipoles,” Proc. l.R.E. 38, 1042 (1950). 

22. Harrison, C. W., Jr., “A note on the 
mutual impedance of antennas,” J. Appl. Phys. 
14, 306 (1943). 

23. Harrison, C. W., Jr., “A theory for three- 
element broadside arrays,” Proc. l.R.E. 34, 204P 
(1946). 

24. Harrison, C. W., Jr., “Calculation of the 
impedance properties of parasitic antenna arrays 
involving elements of finite radius,” J. Am. Soc. 
Naval Engrs. 57, 224 (1945). 

25. Harrison, C. W., Jr., “Distribution of 


905 

current along asymmetrical antennas,” J. Appl. 
Phys. 16, 402 (1945). 

26. Harrison, C. W., Jr., “Folded antennas,” 
doctoral dissertation, Harvard University (1954); 
Cruft Laboratory Technical Report No. 193. 

27. Harrison, C. W., Jr., “Mutual and self¬ 
impedance for collinear antennas,” Proc. l.R.E. 
33, 398 (1945). 

28. Harrison, C. W., Jr., “Symmetrical antenna 
arrays,” Proc. l.R.E. 33, 892 (1945). 

29. Hatch, R. M., Jr., “Investigation of current 
distribution on asymmetrically-fed antennas by 
means of complementary slots,” Technical 
Report No. 8, SRI Project No. 188, Stanford 
Research Institute (February 1950). 

30. Hatch, R. M., Jr., “An investigation of 
the distribution of current on collinear parasitic 
antenna elements,” Technical Report No. 28, 
SRI Project No. 591, Stanford Research Institute 
(August 1952). 

31. King, R., “Asymmetrically driven antennas 
and the sleeve dipole,” Proc. l.R.E. 38,1154 (1950). 

32. King, R., “Coupled antennas and trans¬ 
mission lines,” Proc. l.R.E. 31, 626 (1943). 

33. King, R., “Self- and mutual impedances of 
parallel identical antennas,” Proc. l.R.E. 40, 
981-988 (1952). 

34. King, R., “Theory of collinear antennas,” 
J. Appl. Phys. 21, 1232 (1950). 

35. King, R., “Theory of N coupled parallel 
antennas,” J. Appl. Phys. 21, 94 (1950). 

36. King, R., “Theory of V-Antenna,” J. 
Appl. Phys. 22, 1111-1121 (1951). 

37. King, R., and C. W. Harrison, Jr., “Mutual 
and self-impedance for coupled antennas,” 
J. Appl. Phys. 15, 481 (1944). 

38. Kraus, J. D., “The corner-reflector 
antenna,” Proc. I R E. 28, 513 (1940). 

38a. Lewis, J. B., “Use of folded monopoles in 
antenna arrays,” Trans. l.R.E. AP-3 122 (1955). 

39. McPetrie, J. S., and J. A. Saxton, “Some 
experiments with linear aerials,” Wireless Engr. 
23, 107 (1946). 

39a. Monteath, G. D., “Wide-band folded slot 
aerials,” Proc. Inst. Elec. Engrs. ( London ) 97, 
Pt. Ill, 414 (1950). 

40. Morita, T., and C. E. Faflick, “The measure¬ 
ment of current distribution along coupled 
antennas, folded dipoles, and shunt-fed plates,” 
Cruft Laboratory Technical Report No. 67, 
Harvard University (1949). 

41. Moullin, E. B., “Theory and performance 
of corner reflectors for aerials,” J. Inst. Elec. 
Engrs. ( London) 92, Pt. Ill, 58 (1945). 

42. Murray, L. H., “Mutual impedance of two 
skew antenna wires,” Proc. l.R.E. 21, 154 (1933). 

43. Nagy, A. W., “An experimental study of 
parasitic wire reflectors on 2.5 meters,” Proc. 
l.R.E. 24, 233 (1936). 

44. Norgorden, O., and A. W. Walters, “Experi¬ 
mentally determined characteristics of cylindrical 
sleeve antennas,” J. Am. Soc. Naval Ergrs. 62, 
365 (1950). 


THEORY OF LINEAR ANTENNAS 



906 THEORY OF LINEAR ANTENNAS [Bibliography] 


45. Roberts, W. von B., “Input impedance of 
a folded dipole,” RCA Rev. 8, 289 (1947). 

46. Starkey, B. J., and E. Fitch, “Mutual 
impedance and self-impedance of coupled parallel 
aerials,” J. Inst. Elec. En^rs. (London ) 97, Pt. Ill, 
129 (1950). 

47. Starnecki, B., and E. Fitch, “Mutual 
impedance of two center-driven parallel aerials,” 
Wireless Engr. 25, 385 (1948). 

48. Storer, J. E., “Solution of thin wire antenna 
problems by variational methods,” doctoral 
dissertation, Cruft Laboratory, Harvard 
University (June 1951). 

49. Storer, J. E., and R. King, “Radiation 
resistance of a two-wire line,” Cruft Laboratory 
Technical Report No. 69, Harvard Univer¬ 
sity (March 1949); Proc. I.R.E. 39, 1408 
(1951). 

50. Tai, C. T., “Theory of coupled antennas 
and its application,” doctoral dissertation and 
Cruft Laboratory Technical Report No. 12, 
Harvard University (1947). 


51. Tai, C. T., “Coupled antennas,” Proc. 

I.R.E. 36, 487 (1948). 

52. Tang, C., “The collinear array with sections 
of two-wire line as coupling elements,” Cruft 
Laboratory Technical Report No. 196, Harvard 
University (1954). 

53. Taylor, J., “The sleeve antenna,” doctoral 
dissertation, Cruft Laboratory, Harvard Univer¬ 
sity (1950). 

54. Uda, S., and Y. Mushiake, “On the theory 
of antennae with discontinuous thickness,” 
Technol. Repts., Tohoku Univ. 14, 105 (1950). 

55. Uda, S., and Y. Mushiake, “Theoretical 
calculation of the input impedances of two parallel 
antennae,” Science Repts., Research Insts. Tohoku 
Univ. [B], 1 and 2, 91 (1951). 

56. Weinbaum, S., “On the solution of definite 
integrals occurring in antenna theory,” J. Appl. 
Phys. 15, 840 (1944). 

57. Zuhrt, H., “Eine strenge Berechnung der 
Dipolantennen mit rohrformigem Querschnitt,” 
Frequenz 4, 135, 178, (1950). 


Chapter IV. The Receiving Antenna as a Circuit Element 


1. Aden, A. L., “Electromagnetic scattering 
from metal and water spheres,” Cruft Laboratory 
Technical Report No. 106, Harvard University 
(August 1950). 

2. Burgess, R. E., “Aerial characteristics,” 
Wireless Engr. 21, 154 (1944). 

3. Dennhardt, A., and E. H. Himmler, 
“Effektivhohen von Empfangsantennen im Bereich 
von Sekundarstrahlen,” Hochfrequenztechn. u. 
Elektroak. 43. 152 (1934). 

4. Dieckmann, M., “Verfahren zur Ermittlung 
der wirksamen Hohe von Antennen und des 
Empfangswertes einer Anlage unter Mitbenutzung 
des Biot-Savartschen Feldes in umittelbarer 
Antennennahe,” Jahrb. drahtl. Tel. u. Tel. 31, 
65 (1928). 

5. Dike, S. H., “Difficulties with present 
solutions of the Hallen integral equation,” 
Radiation Laboratory Technical Report No. 
14, Johns Hopkins University (June 1951); 
Quart. Appl. Math. 10, 225 (1952); discussion: 
Proc. I.R.E. 41, 926 (1953). 

6. Dike, S. H., and D. D. King, “The cylindrical 
dipole receiving antenna,” Radiation Laboratory 
Technical Report No. 12, Johns Hopkins Univer¬ 
sity (May 1951); Proc. I.R.E. 40, 853 (1952); 
discussion: Proc. I.R.E. 41, 926 (1953). 

7. Discussion: “Multiple reflections between 
two tuned receiving antennae,” Inst. Elec. 
Engrs. {London) 84, 749 (1939). 

8. Feld, J. N., “The general reciprocity theorem 
in the theory of receiving and transmitting 
antennae,” Compt. rend. acad. sci. URSS (n.s.) 48, 
476 (1945). 

9. Fok, V., “The distribution of currents 
induced by a plane wave on the surface of a 
conductor,” Bull. acad. sci. URSS 10, 130 (1946). 

10. Friis, H. T., “A note on a simple trans¬ 
mission formula,” Proc. I.R.E. 34, 254 (1946). 


11. Grosskopf, J., “Zur Theorie der Emp¬ 
fangsantennen,” Frequenz 4, 249 (1950). 

12. Grosskopf, J., “Empfangsantennen,” 
Telegr.-Fernspr,-u. Funk-Techn. 27, 129 (1938). 

13. Harrison, C. W., Jr., and R. King, “The 
receiving antenna in a plane polarized field of 
arbitrary orientation,” Proc. I.R.E. 32, 35 (1944). 

14. Istvanffy, E., “Antenna impedance measure¬ 
ment by reflection method,” Proc. I.R.E. 37, 
604 (1949). 

15. King, D. D., “Impedance measurements 
on transmission lines,” Proc. I.R.E. 35, 509 (1947). 

16. King, D. D., “The measurement and 
interpretation of antenna scattering,” Proc. I.R.E. 
37, 770 (1949), and Cruft Laboratory Technical 
Report No. 50, Harvard University (1948). 

17. King, R., “An improved theory of the 
receiving antenna,” Proc. I.R.E. 40, 1113 (1952). 

18. King, R., “Theory of electrically short 
transmitting and receiving antenna,” J. Appl. 
Phys. 23, 1174 (1952). 

19. King, R., and C. W. Harrison, Jr., “The 
receiving antenna,” Proc. I.R.E. 32, 18 (1944). 

20. Magnus, W., and F. Oberhettinger, “Zur 
Theorie der geraden Empfangsantenne,” Hoch- 
frequenz-Techn. u. Elektroak. 57, 97 (1941). 

21. Morita, T., “The measurements of current 
and charge distributions on cylindrical antennas,” 
doctoral dissertation and Cruft Laboratory 
Technical Report No. 66, Harvard University 
(1948); Proc. I.R.E. 38, 898 (1950). 

22. Morita, T., E. O. Hartig, and R. King, 
“The measurement of antenna impedance using 
a receiving antenna (Supplement),” Cruft Labora¬ 
tory Technical Report No. 94, Harvard Univer¬ 
sity (1949); Proc. I.R.E. 39, 1458 (1951). 

23. Moritz, C., “Coupled receiving antennas,” 
doctoral dissertation, Harvard University (June 
1952). 



THEORY OF LINEAR ANTENNAS 


907 


[Bibliography] 

24. Miiller-Strobel, J., and J. Patry, “Berech- 34. Sevick, J., “Experimental and theoretical 

nung von Hilfsfunktionen fur gerade Empfangs- results on the back-scattering cross sections of 
antennen beliebiger Hohe,” Helv. Phys. Acta 17, coupled antennas,” Cruft Laboratory Technical 
455 (1944). Report No. 150, Harvard University (1952). 

25. Miiller-Strobel, J., and J. Patry, “Der 35. Sevick, J., and J. E. Storer, “A general 

Empfangsdipol. Ableitung einer Formel fur den theory of plane-wave scattering from finite 
Antennenstrom,” Schweiz. Arch, angew. Wiss. u. two-antenna problem,” Cruft Laboratory Tech- 
Tech. 12,201 (1946), nical Report No. 149, Harvard University 

26. Miiller-Strobel, J., and J. Patry, “Die gerade (1952). 

Empfangsantenne. Ableitung einer Naherungs- 36. Siegel, E., “Empfang von Wellen mit 
formel fur den Antennenstrom,” Helv. Phys. abgestimmter Antenne und aperiodischer Emp- 
Acta 17, 127 (1944). fang,” Hochfrequenztechn. u. Elektroak, 45, 

27. Neiman, M. S., “The principle of reciprocity 198 (1935). 

in antenna theory,” Proc. I.R.E. 31, 666 (1943). 37. Stevenson, A. F., “Relations between the 

28. Niessen, K. F., and G. De Vris, “Ueber transmitting and receiving properties of antennas,” 
die Empfangsimpedanz einer Empfangsantenne,” Quart. Appl. Math. 5, 369 (1948). 

I and II, Physica 6, 601, 617 (1939). 38. Tai, C. T., “Radar response from thin 

29. Palmer, L. S., W. Alson, and R. H. Barker, wires,” Stanford Research Institute Technical 

“Multiple reflections between two tuned receiving Report No. 18, SRI Project 188 (1951). 
antennae,” J. Inst. Elec. Engrs. (London) 83, 39. Van Vleck, J. H., F. Bloch, and M. 

424 (1938). Hamermesh, “Theory of radar reflection from 

30. Palmer, L. S., and K. G. Gillard, “The wires or thin metallic strips,” J. Appl. Phys. 18, 

distribution of ultra-high-frequency currents in 274 (1947). 

long transmitting and receiving antennae,” 40. Watson, W. H., “Wave-impedances and the 

J. Inst. Elec. Engrs. (London) 83, 415 (1938). effective cross sections of antennas,” Trans. 

31. Pippard, A. B„ O. J. Burrell, and F. F. Roy. Soc. Can. Ill ( 3)39, 33 (1945). 

Cromie, “The influence of re-radiation on measure- 41. Wilson, D. G., “The measurement of 

ments of the power gain of an aerial,” J. Inst. antenna impedance using a receiving antenna,” 

Elec. Engrs. (London) 93, Pt. Ill A, 720 (1946). doctoral dissertation and Cruft Laboratory 

32. Riidenberg, R., “Empfang elektrischer Technical Report No. 43, Harvard University 

Wellen in der drahtlosen Telegraphie,” Ann. (1947). 

Physik 25, 446 (1908); Jahrb. drahtl. Tel. u. Tel. 42. Yeh, Yung-Ching, “The received power of a 

6, 170 (1912). receiving antenna and the criteria for its design,” 

33. Sevick, J., “An experimental method of Proc. I.R.E. , 37 155 (1949). 

measuring back-scattering cross sections of 43. Zuhrt, H., “Eine strenge Berechnung der 

coupled antennas,” Cruft Laboratory Technical Dipolantennen mit rohrformigen Querschnitt,” 

Report No. 151, Harvard University (1952). Frequenz 4, 135, 178 (1950). 

Chapter V. The Electromagnetic Field of Center-Driven 
and Multiple Half-Wave Antennas 

1. Abraham, M., “Die electrischen Schwin- a linear transmitting antenna,” Philips Research 

gungen eines Stabformigen Leiters behandelt Repts. 4, 179 (1949). 

nach der Maxwellschen Theorie,” Ann. Physik 66 8. Brown, G. H., “A critical study of the 

435 (1898). characteristics of broadcast antennas as affected 

2. Ballantine, S. “On the radiation resistance by antenna current distribution,” Proc. I.R.E. 24, 

of a simple vertical antenna at wavelengths below 48 (1936). 

the fundamental,” Proc. I.R.E. 12, 823 (1924); 9. Editorial: “The radiation resistance of a 

discussion: 13, 251 (1925). half-wave dipole aerial,” Wireless Engr. 22, 153, 

3. Bechmann, R., “Calculation of electric 365 (1945). 

and magnetic field strengths of oscillating straight 10. Franz, K., “Berechnung des Strahlung- 

conductors,” Proc. I.R.E. 19, 461 (1931); cor- swiderstandes einiger Dipolantennen,” Elekt. 

rection: 681 (1931). Nachr.-Tech. 16,24(1939). 

4. Bechmann, R., “On the calculation of 11. Gihring, H. E., and G. H. Brown, “General 

radiation resistance of antennas and antenna considerations of tower antennas for broadcast 

combinations,” Proc. I.R.E. 19, 1471 (1931). use,” Proc. I.R.E. 23, 311 (1935). 

5. Bechmann, R., “Zur Abrahamschen Dar- 12. Hack, F., “Das elektromagnetische Feld 

stellung des Strahlungsfeldes eines stabformigen in der Umgebung eines linearen Oszillators,” 

Leiters,” Jahrb. drahtl. Tel. u. Tel. 38, 30 (1931). Ann. Phys. u. Chem. 14, 539 (1904). 

6. Booker, H. G., “Slot aerials and their 13. Hansen, W. W., and J. G. Beckerley, 

relation to complementary wire aerials,” J. Inst. “Concerning new methods of calculating radiation 
Elec. Engrs. (London) 93, Pt. Ill [A], 620 (1946). resistance with or without ground,” Proc. I.R.E. 

1. Bouwkamp, C. J., “On the effective length of 24, 1594 (1936). 



908 


THEORY OF LINEAR ANTENNAS 


[Bibliography] 


14. Harrison, C. W., Jr,, “An approximate repre¬ 
sentation of the electromagnetic field in the vicinity 
of a symmetrical radiator,” J. Appl. Phys. 15, 
544 (1944). 

15. Harrison, C. W., Jr., “The radiation field of 
long wires, with application to vee antennas,” 
J. Appl. Phys. 14, 537 (1943). 

16. Harrison, C. W., Jr., and R. King, “The 
radiation field of a symmetrical center-driven 
antenna of finite cross section,” Proc. I.R.E. 31, 
693 (1943). 

17. Hatch, R. M., “Current distributions on 
conducting sheets excited by arrays of slot 
antennas,” Cruft Laboratory Technical Report 
No. 103, Harvard University (1950). 

18. Kayano, T., K. Nakamura, and S. Sonohe, 
“The radiation characteristics of a vertical 
broadcasting antenna,” Nippon Elec. Comm. 
Eng., No. 9, 94 (1938). 

19. Kelvin, W., “The radiation field of an 
unbalanced dipole,” Proc. I.R.E. 34, 440 (1946). 

20. King, R., “The approximate representation 
of the distant field of linear radiators,” Proc. 

I.R.E. 29, 458 (1941). 

21. Levin, S. A., and C. J. Young, “Field 
distribution and radiation resistance of a straight 
vertical unloaded antenna radiating at one of 
its harmonics,” Proc. I.R.E. 14, 675 (1926); 
Errata: 15,8(1927); discussion: 15,245,439(1927). 


22. Moullin, E. B., “The radiation resistance 
of aerials whose length is comparable with the 
wavelength,” J. Inst. Elec. Eners. (London) 78, 
540, 563 (1936). 

23. Page, H., and G. D. Monteith, “The 
vertical radiation patterns of medium-wave 
broadcasting aerials,” Proc. Inst. Elec. Engrs. 
(London) 102, Pt. B, 279 (May 1955). 

24. Pedersen, P. O., Radiation from vertical 
antenna over flat, perfectly conducting earth 
(Ingeniarvidenskab. Skrifter [A], No. 38, 1935). 

25. Riazin, P., “Sur le calcul du rayonnement 
d’une antenne rectiligne a petite distance,” 
Tech. Phys. U.S.S.R. 4, 1 (1937). 

26. Riazin, P., “On the electromagnetic field 
from a vertical half-wave aerial above a plane 
earth,” Tech. Phys. U.S.S.R. 5, 29 (1938). 

27. Rtidenberg, R., “Der Empfang der elek- 
trischen Wellen in der drahtlosen Telegraphie,” 
Ann. Physik 25, 446 (1908). 

28. Stansel, F. R., “A study of the electro¬ 
magnetic field in the vicinity of a radiator,” 
Proc. I.R.E. 24, 802 (1936). 

29. Stratton, J. A., and H. A. Chinn, “The 
radiation characteristics of a vertical half-wave 
antenna,” Proc. I.R.E. 20, 1892 (1932). 

30. Van der Pol, B., “Radiation from 
antennae,” Proc. Phys. Soc. (London ) 29, 269 
(1917). 


Chapter VI. Electromagnetic Fields of Antenna Arrays 


1. Alfred, R. V., “Experiments with Yagi 
aerials at 600 Mc/sec,” J. Inst. Elec. Engrs. 
(London) 93, Pt. Ill [A], 1490 (1946). 

2. Barbiere, D., “A method for calculating 
the current distribution of Tschebyscheff arrays,” 
Proc. I.R.E. 40, 78 (1952). 

3. Bechmann, R., “Berechnung der Strahlung- 
scharakteristiken und Strahlungswiderstande von 
Antennensystemen,” Jahrb. drahtl. Tel. u. Tel. 36, 
182, 201 (1930). 

4. Bechmann, R., “On the calculation of 
radiation resistance of antennas and antenna 
combinations,” Proc. I.R.E. 19, 1471 (1931). 

5. Bontsch-Bruewitsch, M. A., “Die Strahlung 
der komplizierten rechtwinkeligen Antennen mit 
gleichbeschaflenen Vibratoren,” Ann. Physik 81, 
425 (1926). 

6. Brown, G. H., “Directional antennas,” 
Proc. I.R.E. 25, 78 (1937). 

7. Brown, G. H., and R. King, “High frequency 
models in antenna investigations,” Proc. I.R.E. 
22, 457 (1932). 

8. Carter, P. S., C. W. Hansell, and N. E. 
Lindenblad, “Development of directive trans¬ 
mitting antennas by R.C.A. Communications, 
Inc.,” Proc. I.R.E. 19, 1773 (1931). 

9. Chu, L. J., “Physical limitations of omni¬ 
directional antennas,” J. Appl. Phys. 19, 1163 
(1948). 

10. Cutler, C. C., A. P. King, and W. E. Kock, 
“Microwave antenna measurements,” Proc. I.R.E. 

35, 1462 (1947). 


11. Dawson, L. H., and N. M. Rust, “A wide¬ 
band linear-array aerial,” J. Inst. Elec. Engrs. 
(London) 93, Pt. Ill [A], 693 (1946). 

12. Dolph, C. L., “A current distribution for 
broadside arrays which optimizes the relationship 
between beam width and side-lobe level,” Proc. 
I.R.E. 34, 335 (1946). 

13. Duhamel, R. H., “Optimum patterns for 
end-fire arrays,” Proc. I.R.E. 41, 652 (1953). 

14. Ebel, A. J., “Directional radiation patterns,” 
Electronics 9, 30 (April 1936). 

15. Fishenden, R. M., and E. R. Wiblin, 
“Design of Yagi aerials,” J. Inst. Elec. Engrs. 
(London) 96, Pt. Ill, 5 (1949). 

16. Foster, R. M., "Directive diagrams of 
antenna arrays,” Bell. System Tech. J. 5, 292 
(1926). 

17. Franz, K., “Die Verbesserung des Obertra- 
gungsgrades durch Richtantennen,” Telefunken- 
Mitt. 21, 49 (1940). 

18. Gillson, J. L., “Parasitic-array patterns,” 
Q.S.T. 33, 11, 104 (1949). 

19. Goward, F. K., “An improvement in end- 
fire arrays,” J. Inst. Elec. Engrs. (London) 94, 
Pt. Ill, 415 (1947). 

20. Graf, H., “Richtcharakteristik und Strah- 
lungsleistung von Richtantennen," Frequenz 3, 
136(1949). 

21. Hansen, W. W., and L. M. Hollingsworth, 
“Design of ‘flat-shooting’ antenna arrays,” Proc. 
I.R.E. 27, 137 (1939). 



[Bibliography] THEORY OF LINEAR ANTENNAS 


22. Hansen, W. W., and J. R. Woodyard, 
“A new principle in directional antenna design,” 
Proc. I.R.E. 26, 333 (1938). 

23. Harris, E. F., “An experimental investi¬ 
gation of the corner reflector antenna,” Proc. 
I.R.E. 41, 645 (1953). 

24. Harrison, C. W., Jr., “A note on the 
characteristics of the two antenna array,” Proc. 
I.R.E. 31, 75 (1943). 

25. Harrison, C. W., Jr., “Radiation from vee 
antennas,” Proc. I.R.E. 31, 362 (1943). 

26. Kelvin, W., “The radiation field of an 
unbalanced dipole,” Proc. I.R.E. 34, 440 (1946). 

27. King, R., “The field of a dipole with a tuned 
parasite at constant power,” Proc. I.R.E. 36, 
872 (1948); Proc. Inst. Elec. Engrs. (London) 99, 
Pt. Ill, 6 (1952). 

28. Knudsen, H. L., “The field radiated by a 
ring-quasi array of an infinite number of tangential 
or radial dipoles,” Proc. I.R.E. 41, 781 (June 1953). 

28a. Knudsen, H. L., “Radiation resistance 
and gain of a homogeneous ring, quasi-array,” 
Proc. I.R.E. 42, 686 (April 1954). 

29. Kraus, J. D., “Antenna arrays with closely 
spaced elements,” Proc. I.R.E. 28, 76 (1940). 

30. Labus, J., “Die Strahlungsenergie der 
Dipolantenne mit Reflektor,” ENT 9, 319 (1932). 

31. McPetrie, J. S., L. H. Ford, and J. A. 
Saxton, “Polar diagrams of half-wave receiving 
aerials and a V-reflector,” Wireless Engr. 22, 
263 (1945). 

31a. McPetrie, J. S., and J. A. Saxton, “Some 
experiments with linear aerials,” Wireless Engr. 
23, 107 (1946). 

32. Medhurst, R. G., “Radiation from short 
aerials,” Wireless Engr. 25, 260 (1948). 

33. Morrison, J. L., “Single method for observ¬ 
ing current amplitude and phase relations in 
antenna arrays,” Proc. I.R.E. 25, 1310 (1937). 

34. Moullin, E. B., “Total output of curtain 
array of aerials,” J. Inst. Elec. Engrs. (London) 91, 
Pt. Ill, 23 (1944). 

35. Page, H., “Horizontal dipole transmitting 
arrays,” J. Inst. Elec. Engrs. (London ) 92, Pt. Ill, 
68 (1945). 

36. Palmer, L. S., W. Abson, and R. H. 
Banker, “Multiple reflections between two tuned 
receiving aerials,” J. Inst. Elec. Engrs. ( London ) 43, 
424(1938). 

37. Pistolkors, A. A., “The radiation resistance 
of beam antennas,” Proc. I.R.E. 17, 562 (1929). 

38. Reid, D. G., “The gain of an idealized 
Yagi arrav,” J. Inst. Elec. Engrs. ( London ) 93, 
Pt. Ill [A], 564 (1946). 

39. Riblet, H. J., “Discussion on ‘A current 
distribution for broadside arrays which optimizes 
the relationship between beam width and side-lobe 
level,’ by C. L. Dolph,” Proc. I.R.E. 35,489 (1947). 

40. Riblet, H. J., “Note on the maximum 
directivity of an antenna,” Proc. I.R.E. 36, 
620 (1948). 

41. Rumble, A. R., “Directional array field 
strength,” Electronics 10, 16 (August 1937). 


909 

42. Rutelli, G., “Oeber einige Eigenschaften 
aus Dipolen aufgebauten Antennen-systemen. 
Antenne fur Richt- oder Rundstrahlung in der 
Kurz- und Ultrakurz-wellentechnik,” Z. Tech. 
Phys. 21, 140 (1940). 

43. Sammer, F., “Die Wirkungsweise von 
Drahtreflektoren,” Telefunken-Ztg. 10, 61 (1929). 

44. Schelkunoff, S. A., “A mathematical 
theory of linear arrays,” Bell System Tech. J. 22, 
80 (1943). 

45. Schmidt, O., “Aerial arrays with horizontal 
beams without side lobes,” Bull, schweiz. elektro- 
tech. Ver. 38, 15 (1947). 

46. Southworth, G. C., “Certain factors 
affecting the gain of directive antennas,” Proc. 
I.R.E. 18, 1502(1930). 

47. Spangenberg, K., “Charts for the deter¬ 
mination of the root-mean-square value of the 
horizontal radiation pattern of two-element broad¬ 
cast antenna arrays,” Proc. I.R.E. 30, 237 (1942). 

48. Starkey, B. J., and E. Fitch, “Mutual 
impedance and self-impedance of coupled parallel 
aerials,” Proc. Inst. Elec. Engrs. (London ) 97, 
Pt. Ill, 129-137 (1950). 

49. Sterba, E. J., “Theoretical and practical 
aspects of directional transmitting systems,” 
Proc. I.R.E. 19, 1184 (July 1931). 

50. Stegen, R. J., “Excitation coefficients and 
beam widths of Tschebyscheff arrays,” Proc. I.R.E. 
41, 1671 (1953). 

51. Takenchi, H., “On the spacing between 
projector and reflector of a beam antenna,” 
Nippon Elec. Comm. Eng., No. 10, 189 (1938). 

52. Taylor, T. T., and J. R. Whinnery, “Applica¬ 
tions of potential theory to the design of linear 
arrays,” J. Appl. Phys. 22, 19 (1951). 

53. Tschebyscheff, P. L., “Sur les questions de 
minima, qui se rattachent a la representation 
approximative des fonctions,” Mem. acad. sci. 
St. Petersburg [6], 7, 199-291 (1859); Oeuvres 
(St. Petersburg, 1899), vol. 1, pp. 295-301. 

54. Tetelbaum, S., “On some problems of the 
theory of highly-directive antenna arrays,” Bull, 
acad. sci. URSS 10, 285-292 (1946). 

55. Thomson, W. T., “Development of the 
general antenna array equation,” J. Appl. Phys. 
15,420 (1944). 

56. Van der Pol, B., and T. J. Wayers, 
“Tschebyscheff polynomials and their relation 
to circular functions, Bessel functions and Lissa- 
jous figures,” Physica 1, 78 (1933). 

57. Walkinshaw, W., “Theoretical treatment 
of short Yagi aerials,” J. Inst. Elec. Engrs. ( London) 
93, Pt. Ill [A], 598 (1946). 

58. Wells, N., “Quadrant aerial,” J. Inst. Elec. 
Engrs. ( London) 91, Pt. Ill, 182 (1944). 

59. Wilmotte, R. M., “Directional antennae 
for broadcasting,” Electronics 5, 362 (1932). 

60. Wolff, I., “Determination of the radiating 
system which will produce a specified directional 
characteristic,” Proc. I.R.E. 25, 630 (1937). 

61. Yagi, H., “Beam transmission of ultra-short 
waves,” Proc. I.R.E. 16, 715 (1928). 



910 THEORY OF LINEAR ANTENNAS [Bibliography] 

62. Yagi, H., and S. Uda, “Projector of the 3rd Pan-Pacific Scientific Congress (Tokyo, 

sharpest beam of electric waves,” Proc. Imp. Acad. 1926). 

(Tokyo) 1, 49 (1926). 64. Zinke, O., “Fed-dipole groups as longitud- 

63. Yagi, H., and S. Uda, “A new elect- inal radiators for broad frequency bands,” 

ric wave projector and radio beam,” Proc. Funk u. Ton, 2, 435 (1948). 

Chapter VII. Antennas Over a Conducting Region 


1. Alpert, J. L., and V. V. Migulin, “Der 
Einfluss der Erdoberflache auf die Phasen- 
Struktur des elektromagnetischen Feldes einer 
Antenne,” Compt. rend. acad. sci. U.R.S.S. 26, 
881 (1940). 

2. Atkinson, F. V., “On Sommerfeld’s Radi¬ 
ation Condition,” Phil Mag. [7] 40, 645 (1949). 

3. Banos, A., Jr., and J. P. Wesley, “The 
horizontal electric dipole in a conducting half¬ 
space,” Parts I and II, Reports by Marine Physical 
Laboratory of the Scripps Institution of Ocean¬ 
ography, University of California, La Jolla, 
California (1953). 

4. Barrow, W. L., “On the impedance of a 
vertical half-wave antenna above an earth of 
finite conductivity,” Proc. I.R.E. 23, 150 (1935). 

5. Brown, G. H., “Radial ground system 
chart,” Electronics 11, 33 (January 1938). 

6. Brown, G. H., “The phase and magnitude 
of earth currents near radio transmitting 
antennas,” Proc. I.R.E. 23, 168 (1935). 

7. Brown, G. H., “Vertical vs. horizontal 
polarization,” Electronics 13, 20 (October 1940). 

8. Brown, G. H., and J. G. Leitch, “The fading 
characteristics of the top-loaded WCAV antenna,” 
Proc. I.R.E. 25, 583 (1937); discussion; 26, 
115-121 (1938). 

9. Brown, G. H., R. F. Lewis, and J. Epstein, 
“Ground systems as a factor in antenna efficiency,” 
Proc. I.R.E. 25, 753 (1937). 

10. Burgess, R. E., “Ground absorption with 
elevated vertical and horizontal dipoles,” Wireless 
Engr. 26, 133 (1949). 

11. Clemmow, P. C., “Radio propagation over 
a flat earth across a boundary separating two 
different media,” Trans. Royal Soc. (London) [A] 
246, 1 (1953). 

12. Clemmow, P. C., and C. M. Mumford: 
“ATable of V (J 7 r)e* 1 ' rp2 J e -l J ” x2 f or complex 

values of p,” Trans. Royal Soc. (London) [A] 245, 
189 (1952). 

13. Dunn, B. C., Jr., and R. King, “Current 
excited on a conducting plane by a parallel 
dipole,” Proc. I.R.E. 36, 221 (1948). 

14. Eckersley, T. L., and G. Millington, 

“Application of the phase integral method to the 
analysis of the diffraction and refraction of wireless 
waves round the earth,” Trans. Roy. Soc. (London) 
[A] 237, 273 (1938). 

15. Eckersley, T. L., and G. Millington, 

“The diffraction of wireless waves round the 
earth,” Phil. Mag. [7] 27, 517 (1939). 

16. Eckersley, T. L., and G. Millington, 

“The experimental verification of the diffraction 
analysis of the relation between height and gain 


for radio waves of medium lengths,” Proc. Phys. 
Soc. (London) 51, 805 (1939). 

17. Foster, R. M., “Mutual impedance of 
grounded wires lying on the surface of the earth,” 
Bell System Tech. J. 10, 408 (1931). 

18. Gray, M. C., “Horizontal polarized electro¬ 
magnetic waves over a spherical earth,” Phil. 
Mag. [7] 27, 421 (1939). 

19. Grosskopf, J., “Das Strahlungsfeld eines 
vertikalen Dipolsenders fiber geschichtetem 
Boden,” Hochfrequenztechnik u. Elektroak. 60, 
136 (1942). 

20. Grosskopf, J., “Ueber das Zennecksche 
Drehfeld im Bodenwellenfeld eines Senders,” 
Hochfrequenztech. u. Elektroak. 59, 72 (1942). 

21. Hansen, W. W., “Directional characteristics 
of any antenna over a plane earth,” J. Appl. Phys. 
7,460(1936). 

22. Hansen, W. W., and J. G. Beckerly, 
“Radiation from an antenna over a plane earth 
of arbitrary characteristics,” J. Appl. Phys. 7, 220 
(1936). 

23. v. Hoerschelmann, H., “Ueber die Wirkung- 
sweise des geknickten Marconischen Senders 
in der drahtlosen Telegraphie,” Jahrb. drahtl. Tel. 
u. Tel. 5, 14 and 188 (1912). 

24. Jacknow, W., “Ueber den Strahlung- 
swiderstand eines geraden linearen Strahlers 
bei gedampften fortschreitenden Wellen,” Elek. 
Nachr.-Tech. 17, 141 (1940). 

25. Janoch, W., “Zur Theorie der Langdraht- 
sendeantenna, insbesondere bei fortschreitenden 
Wellen,” Telefunken-Milt. 21, 55 (1940). 

26. Kahan, T., and G. Eckart, “On the existence 
of a surface wave in dipole radiation over a plane 
earth,” Proc. I.R.E. 38, 807 (1950); Compt. rend. 
226, 1513 (1948). 

27. Kato, Y., “The effect of the earth on the 
radiation impedance of short-wave antennas,” 
Nippon Elec. Comm. Eng., No. 11, 275 (1938). 

28. Latmiral, G., “Oberflachenstrahlung von 
Horizontalantennen und Messung der elektrischen 
Konstanten des Bodens,” Alta Frequenza 7, 509 
(1938). 

29. Leitner, A., and R. D. Spence, “Effect of 
circular ground plane on antenna radiation,” 
J. Appl. Phys. 21, 1001 (1950). 

30. Lewin, L., “Strahlungswiderstand eines 
horizontalen Dipols fiber der Erde,” Marconi 
Rev., No. 73, 13 (1939). 

31. Maas, G. J. van der, “A simplified calcul¬ 
ation for Dolph-Tchebycheff Arrays,” J. App. 
Phys. 25, 121 (1954). 

32. Mayer, R., “Ein Beitrag zur Berechnung 
von Erdverlusten bei Antennenanlagen,” Jahrb. 
drahtl. Tel. u. Tel. 29, 71 (1927). 



[Bibliography] THEORY OF LINEAR ANTENNAS 


33. Meier, A. S., and W. P. Summers, “Meas¬ 
ured impedance of vertical antennas over a finite 
ground plane,” Proc. I.R.E. 37, 609 (1949). 

34. Meissner, A., "Raumstrahlung von Hori- 
zontal-Antennen,” ENT 4, 482 (1927). 

35. Meissner, A., “Richtstrahlung mit hori- 
zontalen Antennen,” Jahrb. drahtl. Tel. u. Tel. 
30, 77 (1927). 

36. Niessen, K. F., “Berechnung der von 
einer Halbwellenlange-Antenne elektrischen Feld- 
starke als Funktion der Antenne samtlich je 
sekunde zugefUhrten Energie,” Physica 7, 586 
(1940). 

37. Niessen, K. F., “Erdabsorption bei hori- 
zontalen Dipolantennen,” Ann. Physik 32, 444 
(1938). 

38. Niessen, K. F., “On the approximate 
ground-absorption formula for vertical dipoles,” 
Physica 9, 915 (1942). 

39. Niessen, K. F., “The ratio between the 
horizontal and the vertical electric field of a 
vertical antenna of infinitesimal length,” Philips 
Research Repts. 1, 51 (1945). 

40. Niessen, K. F., “Ueber das Feld einer 
vertikalen Halbwellenantenne in beliebiger Hohe 
oberhalb einer ebenen Erde beliebiger Kon- 
stanten,” Ann. Physik. 31, 522 (1938). 

41. Niessen, K. F., “Ueber die Wirkung eines 
vertikalen Dipolsenders auf ebener Erde in einem 
Entfernungsbereich von der Ordnung einer 
Wellenlange,” Ann. Physik 28, 209 (1937). 

42. Niessen, K. F., “Zur Entscheidung zwischen 
horizontalen oder vertikalen elektrischen Dipolen 
zwechs minimaler Erdabsorption bei gegebener 
Bodenart und Wellenlange. Ann. Physik 33, 
404 (1938). 

43. Norton, K. A., ‘Physical reality of space 
and surface waves in the radiation field of radio 
antennas,” Proc. I.R.E. 25, 1192 (1937). 

44. Norton, K. A., “The calculation of ground- 
wave field intensity over a finitely conducting 
spherical earth,” Proc. I.R.E. 29, 623 (1941). 

45. Norton, K. A., “The polarization of down¬ 
coming radio waves,” FCC Mimeograph No. 
60047 (May 1942). 

46. Norton, K. A., “The propagation of radio 
waves over the surface of the earth and in the 
upper atmosphere,” Part I, Proc. I.R.E. 24, 1367 
(1936); Part II, Proc. I.R.E. 25, 1208 (1937). 

47. Ott, H., “Die Sattelpunktsmethode in 
der Umgebung eines Pols,” Ann. Physik 43, 395 
(1943). 

48. Papas, C. H., and R. King, “Surface 
currents on a conducting sphere excited by a 
dipole,” /. Appl. Phys. 19, 808 (1948). 

49. Papas, C. PL, and R. King, “Radiation 
from wide-angle conical antennas fed by a coaxial 
line,” Proc. I.R.E. 39, 49 (1951). 

50. Pekeris, C. L., “The field of a microwave 
dipole antenna in the vicinity of the horizon,” 
J. Appl. Phys. 18, 667 (1947). 

51. Proctor, R. F., “Input impedance of 
horizontal dipole aerials at low heights above the 


911 

ground,” J. Inst. Elec. Enqrs. ( London ) 97, Pi. Ill 
188 (1950). 

52. Raymond, R. C., and W. Webb, “Radiation 
resistances of loaded antennas,” J. Appl. Phys. 
20, 328 (1949). 

53. Rice, S. O., “Series for the wave function 
of a radiating dipole at the earth’s surface,” 
Bell System Tech. J. 16, 101 (1937). 

54. Sommerfeld, A., “Ueber die Ausbreitung 
der Wellen in der drahtlosen Telegraphie,” 
Ann. Physik 28, 665 (1909). 

55. Sommerfeld, A., and F. Renner, “Strah- 
lungsenergie und Erdabsorption bei Dipol¬ 
antennen,” Ann. Physik 41 , 1 (1942); summarized 
in Hochfrequenztech. u. Elektroak 59, 168 (1942). 

56. Storer, J. E., “Impedance of an antenna 
over a large circular screen,” J. Appl. Phys. 22 , 
1058 (1951); “Radiation pattern of an antenna 
over a circular ground screen,” J. Appl. Phys. 23 , 
588 (1952); and “Solution of thin wire antenna 
problems by variational methods,” Ph.D. thesis, 
Harvard University (June 1951). 

57. Strutt, M. J. O., “Strahlung von Antennen 
unter dem Einfluss der Erdbodeneigenschaften,” 
Ann. Physik 1 , 721 (1929); 4 , 1 (1930); 9, 67 
(1931). 

58. True, H., “Ueber die Erdstrome in der 
Nahe einer Sendeantenne fur drahtlose Tele¬ 
graphie,” Jahrb. drahtl , Tel. u. Tel. 5, 125 (1912). 

59. Van der Pol, B., “Theory of the reflection 
of the light from a point source by a finitely 
conducting flat mirror, with an application to 
radiotelegraphy,” Physica 2, 843 (1935). 

60. Van der Pol, B., “Ueber die Ausbreitung 
elektromagnetischer Wellen,” Z. Hochfrequenz¬ 
tech. 37, 152 (1931). 

61. Van der Pol, B., “Ueber die Wallenlangen 
und Strahlung mit Kapazitat und Selbstinduktion 
beschwerter Antennen,” Jahrb. drahtl. Tel. u. 
Tel. 13, 217 (1919). 

62. Van der Pol, B., and H. Bremmer, “Ergeb- 
nisse einer Theorie fiber die Fortpflanzung 
elektromagnetischer Wellen fiber eine Kugel 
endlicher Leitfahigheit,” Hochfrequenz. u. Elek¬ 
troak. 51, 181 (1938). 

63. Van der Pol, B., and H. Bremmer, “The 
propagation of radio waves over a finitely con¬ 
ducting spherical earth,” Phil. Mag. 25, 817 (1938). 

64. Van der Pol, B., and H. Bremmer, “The 
diffraction of electromagnetic waves from an 
electrical point source round a finitely conducting 
sphere with applications to radiotelegraphy and 
the theory of the rainbow,” Part I, Phil. Mag. 24 , 
141 (1937); Part II, Phil. Mag. 24 , 825 (Supple¬ 
ment, November 1937). 

65. Van der Pol, B., and K. F. Niessen, “Ueber 
die Raumwellen von einem vertikalen Dipolsender 
auf ebener Erde,” Ann. Physik 10 , 485 (1931). 

66. Van der Waerden, B. L., “On the method 
of saddle points,” Appl. Sci. Research B2, 33-46 
(1951). 

67. Vilbig, F., “Untersuchungen an Erdern von 
Funkenderanlagen,” V. D.E.-Fachber. 9,230 (1937). 



912 THEORY OF LINEAR ANTENNAS [Bibliography] 

68. Vilbig, F., and K. Vogt, “Untersuchungen a circular grounded screen,” J. Appl. Phys. 25, 


an Vertikal-Antennen mit horizontalen Dach- 
kapazitaten,” Hochfrequenztechn. u. Elektroak. 50, 
58 (1937). 

69. Violet, P. G., “Reflexion und Brechung 
elektrischer Wellen am Erdboden,” Hochfrequenz¬ 
techn. u. Elektroak 46, 192 (1935). 

70. Wait, J. R., “Current-carrying wire loops 
in a simple inhomogeneous region,” J. Appl. Phys. 
23, 497 (1952). 

71. Wait, J. R., and W. J. Surtees, “Impedances 
of a top-loaded antenna of arbitrary length over 

Chapter VIII. The Antenna 

1. Abraham, M., “Die electrischen Schwing- 
ungen um einen stabformigen Leiter behandelt 
nach der MaxwelPschen Theorie,” Wied. Ann. 66, 
435 (1898). 

2. Abraham, M., “Funktelegraphie und Elek- 
trodynamik,” Physik. Z. 2, 1 (1901). 

3. Albert, E., and J. L. Synge, “The general 
problem of antenna radiation,” Quart. Appl. Math. 
6,117 (1948). 

4. Arenberg, A. G., “Der Strahlungswiderstand 
eines kugelformigen, durch eine aussere elektro- 
motorische Kraft erregten Oszillators,” Compt. 
rend. acad. sci. URSS 25, 593 (1939). 

5. Barrow, W. L., L. J. Chu, and J. J. Jansen, 
“Biconical electromagnetic horns,” Proc. I.R.E. 
27, 769 (1939). 

6. Debye, P., “Der Lichtdruck auf Kugeln 
von beliebigem Material,” Ann. Physik 30, 
57 (1909). 

7. Hansen, W. W., “A new type of expansion 
in radiation problems,” Phys. Rev. 47, 139 (1935). 

8. Infeld, L., “The influence of the width of the 
gap in the theory of antennas,” Quart. Appl. 
Math. 5, 113 (1947). 

9. King, R., “The gap problem in antenna 
theory,” J. Appl. Phys. 26, 317 (1955). 

10. Mie, G., “Beitrage zur Optik triiber 
Medien, speziell kolloidaler Metallosungen,” 
Ann. Physik 25, 377 (1908). 

11. Moullin, E. B., “The radiation resistance 
of surfaces of revolution, such as cylinders, 
spheres and cones,” J. Inst. Elec. Engrs. (London) 
88 , Pt. Ill, 50 (1941). 

12. Page, L., “The electrical oscillations of a 
prolate spheroid: Part II, Prolate spheroid wave 
functions; Part III, The antenna problem,” 
Phys. Rev. 65, 98, 111 (1944). 

13. Page, L., and N. I. Adams, Jr., “The elec¬ 
trical oscillations of a prolate spheroid, Paper I,” 
Phys. Rev. 53, 819 (1938). 


553 (1954). 

72. Weyl, H., “Ausbreitung elektromagnet- 
ischer Wellen iiber einem ebenen Leiter,” Ann. 
Phys. 60, 481 (1919). 

73. Wise, W. H., “Asymptotic dipole radiation 
formulas,” Bell System Tech. J. 8, 662 (1929). 

74. Wise, W. H., “Note on dipole radiation 
theory,” J. Appl. Phys. 4 , 354 (1933). 

75. Wise, W. H., “The grounded condenser 
antenna radiation formula,” Proc. I.R.E. 19 , 
1684 (1931). 

; a Boundary-Value Problem 

14. Papas, C. H., and R. King, “Input imped¬ 
ance of wide-angle conical antennas fed by a 
coaxial line,” Proc. I.R.E. 37, 1269 (1949). 

15. Rice, S. O., “Sums of series of the form 

Y,a n J u+a (z)J n+ ^z)r Phil. Mag. 35, 686 (1944). 

0 

16. Ryder, R. M., “The electrical oscillations 
of a perfectly conducting prolate spheroid,” 
J. Appl. Phys. 13 , 327 (1942). 

17. Schelkunoff, S. A., “Principal and com¬ 
plementary waves in antennas,” Proc. I.R.E. 34 , 
23P (1946). 

18. Schelkunoff, S. A., “Theory of antennas 
of arbitrary size and shape,” Proc. I.R.E. 29, 
493 (1941). 

19. Schelkunoff, S. A., “Transmission theory 
of spherical waves,” Trans. A.I.E.E. 57, 744 
(1938). 

20. Smith, P. D. P., “The conical dipole of 
wide angle,” J. Appl. Phys. 19 , 11 (1948). 

21. Stratton, J. A., and L. J. Chu, “Steady-state 
solutions of electromagnetic field problems: 

I. Forced oscillations of a cylindrical conductor; 

II. Forced oscillations of a conducting sphere; 

III. Forced oscillations of a prolate spheroid,” 

J. Appl. Phys. 12, 230, 236, 241 (1941). 

22. Tai, C. T., “Application of a variational 
principle to biconical antennas,” J. Appl. Phys. 
20, 1076 (1949). 

23. Tai, C. T., “A variational solution to the 
problem of cylindrical antennas,” Technical 
Report No. 12, Project No. 188, Stanford Research 
Institute (1950). 

24. Tai, C. T., “On the theory of biconical 
antennas,”/. Appl. Phys. 19 , 1155 (1948). 

25. Zuhrt, H., “Eine strenge Berechnung der 
Dipolantennen mit rohrformigen Querschnitt,” 
Frequenz 4, 135, 178 (1950). 



LIST OF PRINCIPAL SYMBOLS 


A complete list of all symbols and of all meanings of every symbol listed is not provided. 
Only the more important symbols and meanings and especially those that occur in a number 
of sections are given. A page reference is provided for each, which locates the first occurrence 
of the symbol or, in some instances where this is more convenient, a typical reference. In 
general, symbols and meanings of symbols that are involved in only one or two sections are 
not listed. 


A 

A 

A 

A r 

A r , A e , A z 
A*, A 0 , A5, 
A*, Ay, A z 
A 21 *> A210 x > A 212 

A ev , Aq^ 
Au, A 2z 

Aiu, A 12z 
A 2 22, A 21z 
A(z) 

A 8 (z), A“(z) 
A c (0, A c , /i c , t c ) 
A„(&, O; Ap, n v , t„) 
Aj)(0, 4>; A fl , /Ifl, tg) 
Ag(@, ( 5; Njt, n E , t K ) 
Ai, A 2 

A II. ^1 ^11 

Au/, A{n, AY b ’, A 2 H, A 2 ’ ff 
A lx, A\ s , A \ l K 5 A 2Kt A\ k , A 2s 

a 

a(z) 

> A r , /i r , / r ) 
j A c , /j c , / c ) 

O, Ap, /ip, tp) 

a B ( 0,1>; A fl , n B , t B ) 

c*(0> Ap, /ip, /p) 


real or complex vector potential, 14 
complex coefficient in variational formulation of current 
in antenna, 254 
array factor in general, 580 
radiation- or far-zone vector potential, 15 
complex cylindrical components of A, 523 
complex spherical components of A, 15 
complex rectangular components of A, 15 
radiation zone components of vector potential in R, © 1( 
and z directions on antenna 2 due to currents in 
antenna 1, 464 

even and odd components of complex vector potential, 431 
z components of complex vector potential on conductors 
1 and 2, 264 

parts of A lz due to currents in conductors 1 and 2, 264 
parts of A 2z due to currents in conductors 2 and 1, 265 
complex array factor for nonuniform arrays, 651 
complex vector potential at coordinate z, 74 
symmetric and antisymmetric parts of A(z), 74 
array factor for collinear array, 590 
array factor for parallel array, 600 
array factor for broadside array, 601 
array factor for end-fire array, 601 
first and second-order terms in current formula, 85 
real and imaginary parts of A 1 and A 2 , 85 
Hallen forms of A x and A 2 with their real and imaginary 
parts, 93, 101 

King-Middleton forms of A x and A 2 with real and 
imaginary parts, 107 
radius of cylindrical conductor, 15 
normalized array factor, 580 

complex normalized array factor for nonuniform 
arrays, 651 

normalized array factor, 586 
normalized array factor for collinear array, 590 
normalized array factor for parallel array, 601 
normalized array factor for broadside array, 612 
normalized array factor for end-fire array, 612 
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a ft 

M w ), a l 


B 

B 

®0i 

®0» 

B x , By, B 2 

B e 

B r 

B e ,B m 
B n 
Ba, B d 

®u> 

b 

ba 

be 

be, b m 


effective radius of cylindrical antenna, 15 
effective radius of cage antenna, 370 
effective radius of symmetrical pair of antennas, 333 
semimajor axis of ellipse, 540 
semimajor axis of hyperbola, 540 
complex ratio of components of vector potential, 41 
real ratio of components of vector potential; criterion for 
inductive coupling, 42 

real or complex magnetic vector (magnetic flux density), 13 
complex coefficient in variational formulation of current 
in antenna, 254 

complex cylindrical components of B, 15 
complex spherical components of B, 529 
complex rectangular components of B, 700 
real or complex impressed or externally maintained 
magnetic vector, 28 

real or complex radiation-zone magnetic vector, 21 
angles of complex numerical distance, 759 
coefficients in impedance formula, 142 
susceptances of antenna driven by discontinuity in scalar 
potential and with terminals separated a distance 2 8, 149 
magnetic field components parallel and perpendicular to 
the plane of incidence, 770 
separation of two-wire line, 33 
separation of parallel antennas, 266 
separation of parallel antennas when line with separation b 
is involved, 264 

effective separation of closely spaced line, 274 

semiminor axis of ellipse, 540 

angles of complex numerical distance, 759 


C 

C, 

Cy, Cyg, Iff 

C(A, U), Cs(A, U), Cc(A, U) 
Q(A, U ), Cc r (A, U ) 
Ci(U), Cin(U ) 
C a (h, z), C b (h, z), C r (h, z) 
Cqa(h> Z) 
C„(/>, Z, A) 
C n (h, z), C vi (h, z, A) 
c(w) 

c 0 (^) 

Co 


Euler’s constant, 96 

lumped shunt capacitance, 193 

terminal-zone capacitances for coupled antennas, 315 

generalized sine and cosine integral functions, 95 

generalized cosine integral functions, 95 

integral cosine and modified integral cosine, 96 

94, 273, 525 

474 

396 

384 

capacitance per unit length at distance w from load end 
of terminated line, 41 
part of c(h>) due to charges on the line, 41 
capacitance per unit length of infinite line, 43 


D 

D 

D, Z>(®, PS 
D r 
(D n ) m 
d 


d, d 2 


real or complex auxiliary electric vector (electric 
displacement), 13 
diameter of ground screen, 808 
absolute directivity, 21, 497 
relative directivity, 593 
D-factors in formula for current, 110 
height of dipole over conducting plane, 708 
length of line section in which terminal effects are 
significant, 44 

distance between centers of collinear antennas, 425, 589 
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E real or complex electric vector, 13 

E e real or complex impressed or externally maintained electric 
vector, 22 

E r real or complex far- or radiation-zone electric vector, 21 
E r , E e , E z complex cylindrical components of E, 15 

E r , E 0 , £* complex spherical components of E, 529 
E x , E y , E z complex rectangular components of E, 700 

E„, Ej_ electric field components parallel and perpendicular to 
the plane of incidence, 770 
E'rad radiating efficiency, 284 
Ei(v) exponential integral, 524 
E„(h, z) 94 

E ql (h, z) 474 

E v (h, z, A) 394 

E n (h, z), E 12 (h, z, A) 384 

E r 2Wl radiation-zone component of electric field in ©! direction 
at antenna 2 due to currents in antenna 1, 464 
e e , e h eccentricities of ellipse and hyperbola, 541 

F, F m electromagnetic and mechanical forces, 14 

F complex surface-wave attenuation function, 760 
F 0 (z), F 0l zeroth-order term and difference term in formula for 

current in antenna, 82 

F 1 (z), F lz ; F m (z), F mz first- and wth-order terms and difference terms in formula 

for current, 82, 83 

F llt (z), F mI ,(z) first- and wth-order terms in formula for current; Hallen 
forms, 93, 94 

F 1b (z), F 2k (z), (F nz ) K first- and second-order terms and nth-order difference 
term in formula for current; King-Middleton 
forms, 107, 109 

F m (Q, f) 0 h), F 0 (@, Poh) field functions of linear antennas, 529 
/ electric scalar function, 20 

f r , f t plane-wave reflection and transmission coefficients, 707 
fe r < fmr radiation-zone reflection coefficients, 726 
fr’f'r’fr real an< ^ imaginary parts and magnitude of f r r , 727 
f (h) real part of complex radical, 22 

/ (P, B) magnitude of complex surface-wave attenuation function 

F, 760 

/ ( q ) height-gain function, 775 

/(z) current distribution function for antenna, 77 

G free-space Green’s function, 80 
G electrical length of top-loaded antenna, 744 
gain in decibels, 593 

G c characteristic conductance of infinite transmission line, 46 
G 0 , Gs conductance of antenna driven by discontinuity in scalar 
potential and with terminals separated a distance 
2<5, 149, 144 

(Go)!, (G 0 ) 2 first- and second-order approximations of G 0 , 119 
G„(z), G oz zeroth-order term and difference term in formula for 
current in antenna, 82 

Gj(z), G lz first-order term and difference term in formula for 

current, 82 

G m (z), G mz mth-order term and difference term in formula for 

current, 83 

G 1e {z), G mE (z) first- and mth-order terms in formula for current; Hallen 
forms, 93, 94 
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G lK (z), G 2 k (z), (G nt ) x first- and second-order terms and wth-order difference 
term in formula for current; King-Middleton 
forms, 107, 109 

g magnetic scalar function, 20 
g length of antenna including top load, 743 
g 0 conductance per unit length of infinite line, 43 
g(h) imaginary part of complex radical, 22 
g(w) conductance per unit length of terminated line, 41 
£- o (h 0 part of g(w) due to line, 41 
g(z, z') current distribution function, 77 
g B (z, z'), g s (z, z') current distribution functions in the Hallen and King- 
Middleton solutions, 90, 101 

g v (z, z') current distribution function for unloaded receiving 

antenna, 473 

H real or complex auxiliary magnetic vector (magnetic 
intensity), 13 

H electrical length of antenna, 744 

H principal factor in magnetization potential along con¬ 
ducting surface, 755 

H r far- or radiation-zone form of H, 724 
H q (z), H oz zeroth-order term and difference term in formula for 
current in receiving antenna, 463 

77 m (z), H mz /wth-order term and difference term in formula for current 
in receiving antenna, 463 
h half length of center-driven antenna, 28 
h r loss tangent, 22 

h t effective length of transmitting antenna, 567 
h x factor in reflection coefficients, 727 
h et ((d), h e (&) complex effective length of receiving antenna, 467 
h”( 0), A'(0), h e (&) real and imaginary parts and magnitude of complex 
effective length, 487 

h%\x) spherical Hankel functions of order n, 823 

I z , I x (w) complex total current in direction and at coordinate 
indicated by subscript; if these are not the same, the 
latter is put in parentheses, 15, 36 
(7 S ) 0 , (I z )i, (I z ) m zeroth-, first, and wth-order currents, 83 

I", /', I z real and imaginary parts and magnitude of I z , 85 
7 s (z), 7°(z) symmetric and antisymmetric currents at coordinate 
z, 74, 267 

7<°> 7 (1) 7 <m) currents in zeroth, first, and mth phase sequences, 353 
7 ev , 7 od even and odd currents, 431 

hv current in unloaded receiving antenna along z axis, 463 
Ig current in terminal at z = <5, 29 

Ii(R), I C (R) dominant- and complementary-mode currents in biconical 
antenna, 827, 829 

7 s (i?) total radial current in biconical antenna, 846 
7 W> 7 2<s currents in terminals at z = 5 of antennas 1 and 2, 286 
i imaginary unit in time dependence e~ iwt {i = —j), 705 
i real or complex vector volume density of current, 12 
if free-charge volume density of current, 15 
i z complex z component of i, 15 

i e real or complex vector volume density of impressed 
current, 22 




[Symbols] 


THEORY OF LINEAR ANTENNAS 


917 


J e (z), J s {z) integrals related to ohmic losses in antenna, 94 
j imaginary unit in time dependence e ial , 12 
j n (x) spherical Bessel function of order n, 823 

K electrical length of top load of antenna, 740 
K(z — z') kernel in variational formulation, 253 
K e , K m complex amplitude factors for dipoles, 703 
K a (z, z') complex kernel for antisymmetric antennas, 269 
K c (z, z') complex kernel for collinear antennas, 426 
K c (z, z'), K 3 (z, z') real kernels for real and imaginary parts, 124 
K ev (z, z'), K oi (z, z') complex kernels for collinear array, 432 
K^z, z'), K oe (z, z') complex kernels for collinear array, 432 
K v (z, z') complex kernel for V-antenna, 383 
K^ 0 (z, z'), K Zm (z, z') complex kernel for zeroth and mth phase sequence, 352 
K-y(z, z') complex kernel for cylindrical antenna, 76 
Kp(®, 4>) real radiation function referred to /„, 21 

k effective length of top load of antenna, 743 
k complex coefficient of coupling, 349 
A ratio of symmetric to antisymmetric voltages, 430 
k unit vector in direction of plane wave, 703 
k e , k h reciprocal eccentricities of ellipse and hyperbola, 541 
k q , k q complex and real charge-ratio factors, 53 
k 0 (w), k' 0 (w), k^w), k[(w) coefficients in generalized transmission-line equations, 40 

L e external inductance, 23 
L b inductance of connecting bridge, 63 
L t , L Te , L tc lumped terminal-zone inductances for antennas, 45, 55, 57 
LJ, Lf lumped terminal-zone inductances for coupled 
antennas, 315 

£.„(©) solution of Legendre equation, 828 

1 real or complex vector surface density of current, 12 
l complex function of angle of incidence, 750 
l e (w) external inductance per unit length at distance w from 
load end of terminated line, 41 

/», /|(w) parts of l e (w) due to currents in line and termination, 41 
Iq external inductance per unit length of infinite line, 43 

M real or complex vector volume density of current, 12 
M 1 (z), M 2 (z) first- and second-order terms in formula for current, 85 
M\{z), Mi(z); M|(z), M 2 (z) real and imaginary parts of Mj(z) and M 2 (z), 85 
M\jj, M\ l „; M\„, M 2ff Hallen form of M\(z), M™(z), etc., 93 
M ik (z), M 2k {z), M nK {z) King-Middleton forms of M^z), M 2 (z), etc., 109 
M ls (z), M 2 s (z); M 1o (z), M 2o (z) first- and second-order terms for symmetric and anti¬ 
symmetric currents, 268, 273 

m magnetic moment of current ring or magnetic dipole, 23 
m complex function of angle of refraction, 750 
m power to which uniform array factor is raised, 654 
m 1 (z) first-order term in solution for current in receiving 
antenna, 463 

m\(z), m^(z) real and imaginary parts of m 1 (z), 463 
m iff(z), rn lic (z) Hallen and King-Middleton forms of m 1 (z), 473, 474 

N, N c , N„, N b , N e number of antennas in unspecified, collinear, parallel, 
broadside, and end-fire arrays, 579, 587, 600, 601 
N, N 12 , N 21 complex indices of refraction, 699, 709 
n unit external normal, 12 

iq, n 2 unit external normals to region indicated by subscript, 13 
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n T , n c , n P , n B , n E distances in wavelengths between antennas in unspecified, 
collinear, parallel, broadside, and end-fire arrays, 586, 
590, 600, 601 

n„(x) spherical Neumann functions of order n, 823 

P real or complex vector volume density of polarization, 12 
P power, 118 

P e , P m complex numerical distances for elevated dipoles, 758 
P e , P m magnitudes of P e and P m , 759 
P L power in load, 496 

P m (z) wth-order function for coupled antennas, 269 
P n (p), /*„(—/*) Legendre functions of first kind and order n, 823, 824 

P r , P t radiated and total power, 284 

Pe> Pm complex numerical distances for dipole on the earth, 758 
p e , p m magnitudes of p e and p m , 759 
p(w), P'(*0» Pq( w ) parameters in generalized transmission-line theory, 41 

pj(z) first-order term in solution for current in receiving 
antenna, 463 

p\(z), p l i(z) real and imaginary parts of p x (z), 463 
Pih(z), p 1JE (z) Hallen and King-Middleton forms of Pi(z), 473, 474 

Q r quality factor of antenna, 171 
Q m (z) wth-order function for coupled antennas, 269 
Q n (ji ) Legendre function of second kind and order n, 823 

q complex charge per unit length, 15 
—q',q' real and imaginary parts of q, 119 
q el , ?mi numerical heights of transmitting dipoles, 760 
q e2 , q m2 numerical heights of receivers, 760 
q 0 shorthand for /J 0 cos @ 2 , 460 

q(z), q z complex charge per unit length at coordinate z on 
antenna, 73, 119 

q\z), q a (z) symmetric and antisymmetric parts of q(z), 73 

q L (w) complex charge per unit length at coordinate w on line, 39 
q T (u) complex charge per unit length at coordinate u on 
termination, 39 

R distance between two points, 14 
resistance, 23 
spherical coordinate, 699 

R distance between two points when it must be distinguished 
from resistance, 694 
R e external or radiation resistance, 23 
R i internal or ohmic resistance, 23 
R s surface resistance, 735 
R s , R a symmetric and antisymmetric resistances, 280 
R a , R b distances in line theory, 52 

R c characteristic resistance of infinite line, 46 
R d distance to source, 724 

R' e , R' e , R^, R^ complex and real distances in analysis of antenna over 
earth, 754 

R l load resistance for antenna, 284 
R r distance to image of source, 724 
R mi distance between antennas m and i, 372 
R sa apparent terminal resistance, 47 
Rs, R a resistance of symmetric load (antenna) across terminals 
separated by a distance 26 and when 6 = 0, 47, 149 
R%„ radiation resistance referred to maximum current, 148 
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external resistance associated with dominant-mode load 
of biconical antenna, 835 
Rp radiation resistance referred to I P , 21 
Rq radiation resistance referred to input current, 147 
Rf, internal or ohmic resistance of antenna, 147 
R S1 self-resistance of antenna in presence of another 
antenna, 297 

(Rs)oi modified zeroth-order resistance of antenna, 147 
R c (w) characteristic resistance of terminated line, 41 
R 0 spherical coordinate; distance from origin, 715 

distance from center of antenna to point on its surface, 259 
resistance of antenna driven by discontinuity in 
potential, 152 

R v R 2 , R n , R 22 distance from point on surface to point on axis of 
antenna, 74, 94, 266 

Rim Rih distances R 2 and R 2 with z = h, 78 
R 1t , Rtf', R ld , R 2d distances from conductors of line to load, 67, 52 

R 12 , R 21 mutual resistance of antenna 1 in presence of antenna 2 
and vice versa; distance from point on surface of 
antenna 1 to point on axis of antenna 2 and vice versa, 
289, 266 

R 0 , 0, spherical coordinates, 528 

R 0 , 0, unit vectors in directions of spherical coordinate axes, 21 
(Since Z = R -f jX, there are always R's with the same subscripts as Z. 

For these use the list of Z' s.) 

r l internal resistance per unit length, 23 
r al , r pi ohmic terms in antenna impedance formula, 143 
r 1 normalized resistance, 182 

r, 0, z cylindrical coordinates, 15 

?, e, z unit vectors in direction of cylindrical coordinate axes, 770 

S, S' complex Poynting vectors defined, respectively, in terms 
of H* and H, 21, 258 
5 area of surface, 23 

standing-wave ratio, 182 

S(A, U), Sc(A, U), Ss(A, U) generalized sine and cosine integral functions, 95 
Si(U) integral sine function, 96 
S a (h, z), S b (h, z), S T (h, z) 94, 273, 525 

S m shorthand for mb sin 0 cos $, 636 
S n (h, z), S 12 (h, z, A) 384 

S v (h, z. A) 396 

SIVR standing-wave ratio, 513 

s complex factor in reducing effective length for finite base 
separation to zero base separation, 487 

T, T m electromagnetic and mechanical torques, 14 
T complex energy-transfer function, 21 

T r time-average power transferred across closed surface; 

real part of l, 21 
Tj imaginary part of T, 562 
T M (z) Tchebyscheff polynomial of order M, 667 
T s , T' complex transmission coefficients for plane boundary, 712 
t time, 12 

t r , t c , t py t B , t E phase difference in fractions of a period between currents 
in adjacent antennas in unspecified, collinear, parallel, 
broadside, and end-fire arrays, 586, 590, 600, 601, 612 
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U, U complex and real induced-voltage function for receiving 
antenna, 460 

u distance from line-load junction measured along load 
conductor, 39 

u 6 (z), u 0 (z) distribution functions for current in unloaded receiving 
antenna, 464, 467 

V complex scalar potential difference, 32 

principal factor in polarization potential along boundary 
surface, 755 

V e complex externally maintained emf, 28 
V r principal factor in radiation-zone polarization potential 
along boundary surface, 724 

F <0) , F (1) ,... F (m) voltages in zeroth, first, and mth phase sequences, 353 
Vma complex voltage across terminals A and B, 32 
F 0 complex discontinuity in scalar potential, 79 
V d complex driving potential difference across terminals 
separated a distance 28 for balanced load, 76 
F§, V% symmetric and antisymmetric driving voltages, 267 
V(w) complex scalar potential difference at coordinate w, 36 
V L (w), V T (w) parts of F(w) at distance w from load due to charges in 
line and in termination, 36 
F(0) vertical field factor of circular array, 273 
v e effective phase velocity, 22 
v 0 group velocity, 541 

v pa , v vi phase velocities along major and minor axes of ellipse, 540 
v vl complex phase velocity in region 1, 710 
V a (z), v 0 (z) complex distribution functions for current distributed 
as in a driven antenna, 464 
characteristic phase velocity in free space, 14 

W shorthand for V U 2 + A 2 , 95 

W x ^-component of complex vector potential difference, 36 
W Q null beam width of array, 587 
W, half-power beam width of array, 586 
W(z), W expansion function and parameter using difference 
kernel, 124 

W x {w) x-component of complex vector potential difference on 
line at distance w from load, 36 

W XL (w), W XT (w) parts of W x (w) due to currents in line and termination, 36 
w width of strip, 20 

coordinate measured from load toward generator on line, 36 

X reactance, 23 
X* internal reactance, 23 
X s surface reactance, 735 

X sa apparent terminal reactance, 47 

X s , X 0 reactance of symmetric load (antenna) across terminals 
separated by a distance 28 and when 5 = 0, 47, 149 
X%u. external reactance associated with dominant-mode load 
of biconical antenna, 835 

XI, X<] external and internal reactances of antenna, 147 
(A^) 01 modified zeroth-order reactance of antenna, 147 

(Since Z = R + jX, there are always X’s with the same subscripts as Z. For 
these use the list of Z’s.) 

x term in reflection coefficients, 727 

arbitrary argument in array factor, 580 



[Symbols] 


THEORY OF LINEAR ANTENNAS 


921 


x 1 normalized load reactance, 182 
x, y, z rectangular coordinates, 18 

x, y, z unit vectors in directions of rectangular coordinate axes, 
697 

Y c characteristic admittance of infinite line, 46 
Y la apparent dominant-mode terminal admittance loading 
biconical antenna, 827 

Y m i, Y m2 field admittances at plane boundary, 726 

Y sa apparent terminal admittance loading a line, 47 
Y t terminal-zone admittance, 45 
Y d , Y 0 admittance between terminals separated by a distance 26 
for balanced load and with <5 = 0, 47, 149 
Y in (w) input admittance of transmission line of length w, 46 
y admittance per unit length of infinite line, 43 
y(w) admittance per unit length at distance w from load end of 
terminated transmission line, 41 
3’o( M ')> Yt( w ) parts of y(w) due to line and termination, 41 

Z impedance, 23 

Z e , Z l external and internal parts of impedance, 32 
Z s surface impedance, 735 
Z BA impedance across terminals A and B, 33 
Z c characteristic impedance of infinite line, 46 
Z c characteristic impedance of infinite biconical line, 827 
Z|„, Z“„ impedances of outer units in collinear array when driven 
symmetrically and antisymmetrically, 433 
ZJ C , Z% c impedance of central unit in collinear array when driven 
symmetrically and antisymmetrically, 427 
Z el , Z c2 field impedances at plane boundary, 726 

Z L effectively lumped load impedance; Z u with <5 = 0, 466 
Z Li load impedance across terminals separated by a distance 
26 for balanced load, 322 
Z s terminal impedance on transmission line, 480 
Z sa apparent terminal impedance on transmission line, 47 
Z sl , Z s2 like Z sli and Z s2S with <5 = 0, 286 
Z sli , Z s2< 5 self-impedances of antennas 1 and 2 in presence of other 
antennas and with their terminals separated by distances 
26, 286 

apparent self-impedance of antenna 1 in presence of other 
antennas, 317 

Z T lumped terminal-zone impedance, 45 
Z 6 impedance (of center-driven antenna) between terminals 
separated by a distance 2<5 for a balanced load, 29, 149 
Z 0 impedance (of antenna) driven by discontinuity in scalar 
potential or by a slice generator, 29, 149 
impedance at generator end of transmission line, 480 
Z x , Z 2 impedances in series with Z n and Z s2 , 346 
Z l6 , Z 2d input impedances of antennas 1 and 2 between terminals 
separated by distances 26, 286 
Zio, Z 20 like Z xd and Z 2(5 with <5 = 0, 312 
Z u , Z 22 coefficients of currents in coupled-circuit equations, 346 
Z n , Z 22 magnitudes of Z n and Z 22 , 623 
Z 12 , Z 21 mutual impedances like Z 126 and Z 21d with <5 = 0, 286 
Z 12 , Z 21 magnitudes of Z 12 and Z 21 , 623 
•^ 12 a apparent mutual impedance, 317 
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Z 12S , Z 2U mutual impedances with antenna terminals separated by 
distances 28, 286 

Z\ a , Z a sa apparent symmetric and antisymmetic impedances, 317 
ZJ, Z“ symmetric and antisymmetric impedances of antennas with 
terminals separated by distances 28, 278 
Zq, Zg like Z§ and Z a d with 6 = 0, 286 

(Z c ) av average characteristic impedance of nonuniform line, 838 
(Z e )g, (Z s ) 1 , (Z 6 ) m zeroth-, first-, and wth-order approximations of Z 6 , 142 

(Z 0 ) 1; (Z 0 ) 2 , (Z 0 ) m first-, second-, and wth-order approximations of Z 0 , 151 
(Za)*, (2 0 )oi modified zeroth-order approximations of Z a and Z 0 , 147, 
149 

z impedance per unit length of infinite line, 43 

complex variable in array factor for nonuniform array, 182 
z e , z l external and internal impedances per unit length, 28, 39 
z r reference value of coordinate z, 77 
z x normalized load impedance for line, 182 
z(w) impedance per unit length at distance w from load end of 
terminated line, 42 

2 0 (h>) part of z(w) due to currents in line, 42 


a s imaginary part of (3; real attenuation constant of simple 
medium, 22 

®i> *i) *i; « 2 > “L terms in impedance formula of antenna, 143, 144, 145 

(3 complex phase constant of dissipative medium, 22 
ji magnitude of p; phase constant of nondissipative 
medium, 38 

p s real part of f3; phase constant of dissipative medium, 22 
fl 0 phase constant of free space, 14 
P\, p'l, p\, f:l' 2 l terms in impedance formula of antenna, 143, 144 

T complex reflection coefficient, 182 
r 4 , r' complex reflection coefficients, 712 

Y complex propagation constant of infinite line, 43 
y shorthand for cos 0 O1 , 743 
y(»v) complex propagation constant of terminated line, 42 
yC?) complex correction term in integral equation for current, 
77 

Y H (z) complex correction term in Hallen form of integral 
equation, 93 

A(z) correction term in Hallen form of solution for current, 90 
8 half of distance between adjacent ends of antenna, 28 
8 C phase difference between adjacent collinear antennas, 589 
<5(z) Dirac delta function, 30 

e complex absolute dielectric constant, 21 

correction factor for base separation of antenna, 149 
e ellipsoidal coordinate, 540 

e', e" real and imaginary parts of complex dielectric constant, 21 
e e real effective absolute dielectric constant, 22 
e er real effective relative dielectric constant, 22 
e r complex relative dielectric constant, 21 
e', e, real and imaginary parts of e T , 21 

e 0 fundamental electric constant (dielectric constant or 
permittivity of free space), 13 
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? characteristic impedance of dissipative medium, 713 
i shorthand for zjh, 186 

characteristic resistance of nondissipative medium, 726 
magnitude of characteristic impedance of dissipative 
medium, 38 

real effective characteristic impedance or resistance of 
dissipative medium, 22 

£ 0 characteristic impedance or resistance of free space, 14 

T) complex surface density of charge, 12 

characteristic admittance of dissipative medium, 711 
rj complex essential surface density of charge, 12 
7] real surface density of charge, 12 
r\f complex surface density of free charge, 15 
rj o characteristic admittance or conductance of free space, 726 
r),„v complex essential vector surface density of moving charge, 
12 

0 complex angle, 709 

0 spherical coordinate (measured from vertical axis), 21 
0 unit vector in direction of spherical coordinate, 21 
0 B Brewster angle, 730 
©t, complex and real angles of incidence, 709 
Q m angle locating a maximum, 21, 538 
0 r , 0 r complex and real angles of reflection, 709 
O t , Q t complex and real angles of transmission (refraction), 709 
0 O angle locating a null, 538 

©i, 0 2 spherical angles orienting transmitting and receiving 
antennas in space, 464, 460 
©2 complement of 0 2 , 460 

0qj, 0 O2 spherical coordinates in regions 1 and 2, 715, 719 

6 complex terminal function, 182 
6 unit vector in direction of cylindrical coordinate, 770 
6 angle of tilt of electric field near earth, 773 
cylindrical coordinate, 15 
0 21 , 0 22 angles of Z 21 and Z 22 , 623 

X eigenvalue, 697 

complex variable of integration, 750 
A real variable of integration, 805 
wavelength in simple medium, 38 
A 0 wavelength in free space, 23 

p complex permeability, 707 
/x shorthand for cos 0 in Legendre function, 823 
ix, /x r absolute and relative permeabilities, 23 
/x 0 permeability of free space, 13 

v complex absolute reluctivity (reciprocal permeability), 21 
v real absolute reluctivity of medium without magnetic time 
lags, 22 

v r complex relative reluctivity, 21 
v' r , v" real and imaginary parts of v r , 21 

v 0 fundamental magnetic constant of free space (reluctivity 
or reciprocal permeability of free space), 13 

5 complex dielectric factor, 22 
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n e real or complex polarization potential or electric Hertz 
vector, 20 

n m real or complex magnetization potential or magnetic 
Hertz vector, 20 

ILj, H v , II 2 rectangular components of complex Hertz vector, 697 
n z real z-component of Hertz vector, 703 
n 2l z component of complex Hertz vector in region 1, 707 

n 22 z component of complex Hertz vector in region 2, 707 

(n 2l ) d z component of complex Hertz vector in region 1 due to 
current in source; direct component, 707 
(II 2l ) r z component of complex Hertz vector in region 1 due to 
currents in region 2; reflected component, 707 

p, p complex and real volume densities of electric charge, 12 
p ellipsoidal coordinate, 540 

p, p 0 , p s terminal attenuation function of transmission line in 
general, for generator and for load, 182, 231, 480 
p sa apparent terminal attenuation function of load, 231 
p complex essential volume density of charge, 12 
p m v complex essential vector volume density of moving charge, 
12 

a complex conductivity, 21 
a', a" real and imaginary parts of, 22 
a e real effective conductivity, 22 
o c real conductivity of conductor, 70 
°abs> °dis> °rad absorption, dissipation, reradiation across sections of 
antenna, 500 

<T|i, a back-scattering cross section for parallel polarization, 507 
a L back-scattering cross section for perpendicular polarization, 

507 

a average back-scattering cross section, 509 

O spherical coordinate (azimuth), 21 
®, ® 0 , <1), terminal phase function of transmission line in general, 
for generator, and for load, 182, 480 
®,„ apparent terminal phase function of load, 231 
4> unit vector in direction of the coordinate ®, 21 
angle locating a maximum, 21 
4> complex scalar potential, 14, 74 
complex angle, 714 

<f> difference angle in plane-wave representation, 704 
4> r radiation or far-zone complex scalar potential, 15 
<j> c distortion factor in transmission line, 46 
B) angle of complex surface-wave attenuation function F, 760 
4>(z) complex scalar potential at coordinate z, 74 
<J> s (z),<j>°(z) symmetric and antisymmetric components of <j>(z), 74 
t Pi(*'), tp x complex ratio of components of scalar potential on 
transmission line, 41, 42 

t Pi(*v), <Pi real ratio of components of scalar potential on transmission 
line; criterion for capacitive coupling, 41, 42 

*F expansion parameter, 77 
’F,, expansion parameter in Hallen solution, 93 
'* / < u (z), T 01 expansion function and expansion parameter for anti¬ 
symmetrically driven antennas, 273 
'P 6 (z) difference between 'P^ 1 (z) and *P sl (z), 273 
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\Tj* 

T ev> T od 

’aW. 

'i’n 

▼»(*>, ^ 
W 

T I0 , V s ,(r), «F m 


V 

4**c(*) 

+i<*) 


expansion parameters for collinear antenna, 433, 435 
expansion function and expansion parameter for collinear 
antenna, 427 

King-Middleton expansion function and expansion para¬ 
meter for cylindrical antenna, 101, 102 
expansion function and expansion parameter for 
symmetrically driven antennas, 267, 268 
expansion function and expansion parameter for unloaded 
receiving antenna, 433, 435 

expansion function for antenna with base separation 2(5, 77 
expansion functions and parameters for zeroth- and 
wth-phase sequences in circular array, 367 
angle orienting receiving antenna, 464 
visual angle for multiple half-wave antenna, 535 
argument in array factor for nonuniform arrays; equals 
2x, 654 

extreme value of y>, 654 

expansion function 'V KC (z) divided by zeroth-order current, 
427 

expansion function 'P zl (z) divided by zeroth-order current, 
101 


fl expansion parameter of Hallen, 90 

ft complex solid angle, 710 

Q(h, z) expansion function in Hallen form, 90 
co angular frequency, 12 

V nabla or del, 12 
V 2 Laplacian operator, 14 

* asterisk denoting complex conjugate, 21 

x denoting vector or cross product, 21 

denoting simple product of scalar quantities in long 
expressions in which the multiplicand and the multiplier 
are on separate lines, 77 
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Adams, N. I., 5 
Aden, A. L., 512 

Admittance, of antennas of different types. See 
under name of antenna 

apparent, of load on line, 47; of antenna 
terminating biconical line, 847 
characteristic, of medium, 711 
field, definition of, 711 
input, of section of line, 46, 47 
terminal-zone, 45 

transfer, for coupled antennas, 331, 332 
Alfred, R. V., 646, 647 
a-functions, 143; tables of, 145 
Analysis, methods of. See under Cylindrical 
antenna 

Andrews, H. W., 9, 449-455 
Angelakos, D. J„ 131, 132, 141, 209, 210, 219, 
392-395 

Angle, complex, 703; of tilt of electric field over 
conducting medium, 773 

Antenna, base-driven over conducting plane, 
65-67, 69; with sinusoidal current, 779 
Beverage, 794 

as boundary-value problem, discussion of, 5, 6, 
818-820 

bridged-parallel, description of, 343, 346; 

impedance graphs of, 345 
as circuit element, 26 

closely spaced, two parallel, 273-275; see also 
Cage antenna. Transmission-line radiators 
as complete transmitting system, 28 
conical, 818-820; over ground screen, 838; see 
also Biconical antenna 

over conducting earth, general discussion, 
695-696; see also Antenna on finite ground 
screen, Antenna parallel to perfectly con¬ 
ducting plane. Horizontal antenna with 
sinusoidal current over conducting earth, 
Horizontal infinitesimal dipole over con¬ 
ducting earth, Vertical antenna with sinu¬ 
soidal current over conducting earth, 
Vertical infinitesimal dipole over con¬ 
ducting earth 

crossed, analysis of, 396-398; arbitrarily 
driven, 397; impedance formulas of, 397 
definition of, 25, 26 

driven from two-wire line, summary of terminal- 
zone problem, 59-60 

driving, methods of. See Methods of driving 
antennas 

electrically short. See Short antenna 
on finite ground screen. See Antenna on finite 
ground screen 

ground-plane, 420-422; impedance of, graphs,423 


hemispherical, 818-820 
isolated, discussion of, 3-8 
loop, as current probe, 127, 130; impedance of 
small, 23; radiation resistance of small, 23; 
relation to magnetic dipole, 22, 23, 701, 
702 

methods of driving. See Methods of driving 
antennas 

as mid-point load for two-wire line, 55-59 
with minimum coupling to line, 61-64 
monopole. See Cylindrical antenna, Half-dipole 
with counterpoise 

mutually perpendicular. See Antenna, turnstile 
with parasite. See Antenna with single parasite 
parasitic, definition of, 263; reradiation from. 

See Scattering antenna 
reradiating. See Scattering antenna 
slot, discussion, 555-557, 560; graphs of field 
properties, 558, 559 
spheroidal, 5, 6, 818-819 
strip, 555, 556 

terminating biconical line, 846-848, coaxial line, 
65-69, two-wire line, 50-55 
turnstile, analysis, of circuit properties, 381, 
of field, 684, 685; field patterns, graphs, 686 
unbalanced, analysis of, 576, 578; graphs of 
field, 577 

See also Antenna with arbitrary cross section, 
Antenna on finite ground screen, Antenna 
parallel to perfectly conducting plane, 
Antenna with single parasite. Asymmetri¬ 
cally driven antennas, Biconical antenna. 
Cage antenna, Collinear array, Comer 
reflector. Cylindrical antenna, Folded 
antenna, Folded dipole, H-array, Half¬ 
dipole with counterpoise, Horizontal an¬ 
tenna with sinusoidal current over con¬ 
ducting earth, Multiple half-wave antenna, 
Receiving antenna, Scattering antenna. 
Short antenna, Sleeve dipole, Transmission- 
line radiator, V-antenna, Vertical antenna 
with sinusoidal current over conducting 
earth. See also under Dipole, Horizontal 
infinitesimal dipole over conducting earth. 
Vertical infinitesimal dipole over conducting 
earth 

Antenna with arbitrary cross section, analysis of, 
based on uniform-line theory, 838-839; 
based on tapered-line theory, 839-841 
apparent load admittance of, 838, 841 
characteristic impedance of, average, 838, 841; 
variable, 838 

impedance of, first-order, 841; Schelkunoff’s, 
841; zeroth-order, 839 
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Antenna on finite ground screen, 
analysis of, 803-813 
electromagnetic field of, 815 
impedance of, formulas, 813; graphs, 814 
on infinite imperfect earth, analysis, 815-816; 
formulas, 816, 817; graphs, 814 
Antenna parallel to perfectly conducting plane, 
current, in antenna, analysis of, 269, 272; 
in conducting plane, analysis of, 794, 
796-799, graphs of, 795, 798. See also 
Antisymmetrically driven antennas 
impedance of, 281; graphs, 279, 282 
methods of driving, 283 
ohmic losses in, 284 
radiating efficiency of, 284, 285 
radiation resistance of, 285, 286 
Antenna with single parasite, admittance of, 
input and transfer, 329, 332, 333 
circuits for, 326 

circuit properties of, analysis, 322-325 
antennas of unequal length, 325 
measurement of, 327, 328 
with parasite, loaded, 322; open-circuited, 
324, 325; short-circuited, 322 
closely spaced, 3J9 

comparison of theoretical and experimental 
data, 329 

current distribution in, antisymmetric com¬ 
ponent of, discussion, 333, 334; graphs, 
331 

discussion of, 328, 329 

measured and theoretical, graphs of, 330-331 
measurement of, 328, 329; block diagram of 
circuit, 327 

symmetric component of, discussion, 333; 
graphs, 331 

table of, theoretical and measured, 329 
field properties, analysis of, 622, 623 
array factor of, 623, graph, 632 
discussion of theoretical and experimental 
results, 627, 633 
electric field of, formula, 623 
field patterns of, formula, 623; graphs, 624, 

625, 628, 632, 637 

field ratio of, front-back, discussion of, 626, 
627, 633; formula, 623, graphs, 628, 629; 
measured graphs, 630 

measured field, discussion of, 635; pattern 
with director, 632; with reflector, 632; 
ratio of, 628 

gain of, with reflector or director, discussion of, 

626, 627; graphs, 629, 634 

impedance of, antisymmetric, 324; discussion of 
resistive component, 332 
coupling, end effect, and dielectric support, 
332, 333 

formulas, 322, 324, 325 
graphs, 323, 631, 634 
measured, 343 

parasite with infinite load, 324; tuned to 
self-resonance, 324; variable in length, 
324-326; with zero load, 322 


symmetric, 334 
tables, 329, 334 
terminal-zone correction, 333 
reactance of, graph, 323, 634 
resistance of, discussion, 633; graph, 323, 631; 
ohmic, 332 

variables available for adjustment, 377 
Antennas. See Antenna, Antisymmetrically driven 
antennas, Closely-spaced antennas. Crossed 
antennas, Parasitic antennas. See also 
Array 

Antiresonance, in antenna, definition of, 152, 153; 

lengths defining, 163, 210 
Antisymmetrically driven antennas, analysis of 
circuit properties, 269, 273 
current distribution in, analysis of, 269, 273, 
275, 277; graph of, 276 

expansion parameter for, 273, 274, graph of, 271 
field of. See End-fire array, two-element, with 
n E = i 

impedance of, formulas, 277-281; graphs, 279, 
282; measurement of, 347; modified zeroth- 
order, 278; tables of, 280 
integral equation for, 267 with 269 
see also Collinear array, Folded dipole, H-array, 
Transmission-line radiators 
Antisymmetric impedance. See under Asymmetri¬ 
cally driven antennas 

Aperture, effective, of antenna. See Cross section, 
dissipation 

Approximations in antenna theory, discussion of, 
10,11,24,25,819 

Array, with all elements in neutral plane, anaylsis 
of, 378-381 

driven, with elements of finite cross section, 
field of, 689, 690 

See also Antennas, Array of arrays, Broadside 
array, Circular array, Collinear array, 
End-fire array, H-array, Nonuniform array. 
Parallel array with elements in line. Para¬ 
sitic array. Receiving array, Uniform array 
Array factor. See Uniform arrays 
Array of arrays, broadside, with parasitic curtain, 
analysis of, 647-649 
field ratio of, formula, 649; graph, 650 
gain of, formula, 649; graph, 650 
resistance of, formula, 649; graph, 650 
combination broadside and end-fire, description 
of, 612, graphs of field factor, 618, 619 
Yagi-Uda, description of, 647; table of critical 
quantities, 648 

Arrays, using turnstile elements, 381 
Area, effective. See Cross section 
Asymmetrically driven antennas, analysis of, 
398-403 

approximate, 403-407 
broad-band properties of, 406, 407 
current distribution in, 402, 405 
expansion parameter for, 400 
impedance of, general formula, 402; as series 
combination, 404; graphs, 405; numerical 
values, 406 

integral equations for, 399 
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Attenuation, in conducting regions, 723 
Attenuation constant, 22 

Attenuation function, complex surface-wave, 760; 
graphs of, 761, tables of, 762 

B-vector, definition, 13 
Bafios, A., Jr., 695 
Barzilai, G., 8 

Base separation, efTect on impedance, 193; of 
coupled antennas, 286; factors and graphs 
to take account of, 149-151, 194-197 
Back-scattering, broadside, from two parallel 
antennas, 520; circuit for measuring, 511; 
cross section, see under Cross section 
Bechman, R., 4 
Bemporad, M., 81 

^-functions, formulas for, 143; graphs of, 146; 
tables of, 145 

Bessel functions, spherical, 823 
Beverage antenna, 794 

Biconical antenna, admittance, dominant-mode 
apparent terminal, definition of, 827; 
solution for antennas with unrestricted 
angles, 832, 833; with small angles, 
833-836 

analytical advantages of, 6 
boundary conditions, 824 
current in, associated with complementary 
interior modes, 829, with dominant mode, 
828 

electrically short, impedance formulas for, 836, 
838; graphs of, 840 

electromagnetic field of, complementary exterior 
modes, 825, 830 

complementary interior modes, 825, 829 
components of, 825 
dominant mode, 825-828 
matching of, 830, 831 

half of, driven over ground screen from coaxial 
line, 838 

Hertzian potentials for, 825 
impedance of, characteristic, formula for, 827, 
graphs of, 837 

input, 830; for antenna with small angle, 836; 

graphs of, 837, 840 
zeroth-order approximation, 836 
infinite set of equations for, 833 
interior and exterior regions defined, 825 
modes, complementary, analysis of, 828-830; 
definition of, 825 

dominant, analysis of, 826-828; definition 
of, 825 

voltage, associated with complementary interior 
modes, 830; with dominant mode, 827 
Blake, F. G„ 7 
Blasi, E. A., 349 
Bloch, F., 505, 508-511 
Bontsch-Bruewitsch, M. A., 8, 613 
Boundary conditions, between media, in terms of 
fields, 697; in terms of Hertzian potentials, 
for horizontal dipoles, 698; for vertical 
dipoles, 697 

for biconical antenna, 824 


for cylindrical antenna, 70 
general electromagnetic, 13 
mathematically convenient, 818 
Bouwkamp, C. J., 9, 422 
Braun, F., 1,2 
Bremmer, H., 10, 695 

Brewster angle, definition of, 730; determination 
of, 734, 735, 740; graph of, 736; for salt 
water and wet earth, 740 
Brillouin, L., 3, 6, 7 
Brillouin, M., 3 

Broadside array, array factor of, 601, 612; 
extremes, 601; graphs, 598, 599; tables, 
602, 603; zeros, 601 
beam width of, 613, 621; tables, 622 
circuit properties of, as special case of parallel 
array, 375; coupling and end effects, 376 
combination end-fire, 612; graphs of field 
patterns, 618, 619 
complete far-zone field of, 601 
directivity of, table, 620 
field patterns of, polar, 599; rectangular, 598 
gain of, table, 620 

with parasitic curtain. See Array of arrays 
radiation function of, 612 
radiation resistance of, 612, 613; table, 620 
three-element, analysis of, 375; conditions for 
equal currents in, 375, 376; impedance 
formulas and numerical values for, 375 
two-element, circuit properties of. See Coupled 
parallel pair, H-array, Symmetrically driven 
antennas 

Brown, G. H., 4, 8, 227, 842 
Bruckmann, H., 679 

Cage antenna, N-element, analysis of, 369, 370; 
effective radius of, 370; expansion para¬ 
meter for, 369, 370 

two element, analysis of, 273-275; expansion 
parameter for, 274; impedance of, graphs, 
279, 282, tables, 280 
Capacitance, of dielectric, disk, 333 
lumped, for terminal zone, definition, 45 
terminal-zone, for coaxial line, antenna over 
image plane, 68; measured and theoretical, 
table of, 252, graphs of, 251 
for coupled lines and antennas, 316, 317 
for two-wire line, antenna as end load, 50-55, 
graphs of, 51; antenna as mid-point load, 
57-59, graphs of, 56, 60; antenna over 
image plane, 59, 60; antenna with stub 
support, 59; antenna with parasite, 333 
See also Coupling and end effects 
in shunt with antenna, 193, 198; graphs of 
admittance and impedance, 199-203 
Capacitance per unit length, 41, 43; graph of, 34 
Carter, P. S., 4, 8 
Chambers, L. L. G., 397 
Chang, T„ 345, 346 

Characteristic impedance. See Impedance, charac¬ 
teristic 

Characteristic resistance. See Resistance, charac¬ 
teristic 
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Charge, distribution of, in cylindrical antenna, 
119-123; graphs of, 134, 135, 137, 139; 
measurement of, 130, 131, 136, 141; 
surface density of, definition, 12; for 
transmission line, 47; per unit length, 15 
volume density of, definition, 12 
Chu, L. J„ 6, 818 

Circular array, circuit properties of, analysis of 
four-element, 366-368; of N-element, 351— 

354; of three-element, 361-364; of two- 
element, 354, see also under Coupled 
parallel pair 

currents in, phase-sequence, 353 
diametral pairing for, 680-681 
field of, analysis, 679-682; graphs, 683 
integral equations of, for phase sequences, 352; 

simultaneous, 351, 352 
parallel-chord pairing for, 681, 682 
phase sequences in, 352-354 
Circuits, equivalent terminal-zone for antenna, 
as center load, 60, 206; as end load, 48, 

51, 206; with stub support, 60 
Coefficient, reflection. See Reflection coefficient 
transmission. See Transmission coefficient 
Collinear array, analysis, of circuit properties, see 
under Collinear array, three-element 
of field properties, 587-590 
array factor, 590; table of, 591 
currents in, 587, 589, 590; distribution of, see 
under Collinear array, three-element 
electric field of, formulas, 590; patterns, 592, 596 
field factor, approximate representation, 591; 
complete, 591; graphs of, 592, 596; table 
of, 591 

impedance, see under Collinear array, three- 
element 

Marconi-Franklin antenna, array factor, 591; 
beam width, 594-595, table of, 595; 
directivity, 593; gain, 593; radiation 
function, 591; radiation resistance, 593 
three-element, analysis of central unit, 422-430; 
of outer units, 430-436 
antisymmetric problem, 424, 431, 433, 436 
comparison of theory and experiment, 449- 
451 

complementary slots, 447-448 
currents, in central unit, 436; in outer unit, 
even, 437, odd, 440; with outer units 
coupled by lumped reactance, graphs, 453, 
measured graphs, 454; with outer units 
parasitic, graphs, 436, 439-442, measured 
graphs, 444, 448; ratio of, in parasite and 
central unit, formula, 439, graph, 440 
with elements coupled capacitively, 448-455; 
by coaxial sleeves, 455; by open-wire 
stubs, analysis, 442-447, impedance for¬ 
mulas and numerical values, 447, 455 
expansion parameter, for central unit, defi¬ 
nition of, 427, graphs of, 429; for outer 
units, even current, 433, odd current, 435 
general problem, discussion of, 424 
impedance, antisymmetric, formulas of, 437, 
graphs of, 438, table of, 441; input, with 


ANTENNAS 

outer units coupled by lumped capacitance, 
discussion of, 452, graphs of, 451; with 
outer units parasitic, formula of, 437, 
graphs of, 438, table of, 441; mutual, 
formula of, 441, graph of, 440, table of, 
441; symmetric, formulas of, 437, graphs 
of, 438, table of, 441; transfer, formula of, 
439, graph of, 440, table of, 441 
parasitic, 424 

ratio of currents in parasite to current in 
central unit, formula, 439; graph, 440 
symmetric problem, discussion, 424, 431, 433, 
436 

two-element, discussion of, 422, 423; field of, 
formula, 595, graph, 596; nonuniform, 595 
Complementary slot and strip antennas, dis¬ 
cussion, 555-557, 560; field properties, 
graphs of, 558, 559 

Conductance, of antennas of different types. See 
under name of antenna 
Conductivity, 22 
Conley, P„ 7, 208, 209, 215-220 
Continuity, equation of, 13; for potentials, 75 
Coordinates, confocal, 541, figures showing, 536, 
539; spherical, 527 

Comer reflector, antenna with, analysis, formulas, 
numerical values, 370, 371 
Correspondence between theory and experiment, 
general discussion, 24, 25 
Cosine, shifted, 469 

Cosine integral functions, C(A, U ), 95, 857; 
table, 858; C(0, U), 96 

Cc(A, U), 95, 857; table, 858; in terms of Cin, 
96; Cc(0, [/), 96 
Ci(U), 96, 857 

Cin(U), 96, 857; approximate formula for large 
arguments, 107, 143; table, 858 
Cs(A, U), 95, 857; table, 858; in terms of Si, 96; 
Cs(0, U), 96 

C a (h, z), definition, 94; graphs, 98, 270, 429; 
table, 428; in terms of tabulated functions, 
97 

C,Jh, z), graphs, 270 
C,(A, U), 95, 857 

Cc,(A, U), 95, 857; in terms of Ci, 96; Cc,(0, U), 
96 

symmetry relations for, 96 
see also Sine integral functions 
Coupled antennas, antenna coupled to folded 
dipole, 343 

arranged in circle. See Circular array 
closely spaced. See Cage antenna, Transmission¬ 
line radiators 

collinear. See Collinear array 
discussion of, 8, 9, 351 

four parallel, in square, analysis of, 366-368; 
circuit diagram, 365; expansion parameters, 
367; impedances, 368; phase sequences, 365 
general theory, arbitrary orientation and separa¬ 
tion, 456, 457, 459, 460 
integral equation, N simultaneous, 351 
parallel in line. See Broadside array, End-fire 
array, Parallel array, Parasitic array 
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Coupled Antennas— (contd.) 
theory, general, of N elements, 351 
three parallel in equilateral triangle, analysis of, 
361-364; expansion parameters, 362; im¬ 
pedances, 362, 363; integral equation, 361; 
phase sequences, 362, 363 
two arbitrarily oriented, analysis of, 454-460; 
conditions for loose coupling with, 457; 
induced voltages in, 457. See also Receiving 
antenna, Scattering antenna 
two parallel. See Coupled parallel pair 
two widely separated. See Receiving antenna, 
Scattering antenna 
Coupled parallel pair 
analysis of circuit properties, 266-269, 273 
antisymmetrically driven. See Asymmetrically 
driven antennas 

base separation of, effect on impedance, 286 
broadside arrangement. See Broadside array. 
Symmetrically driven antennas 
closely spaced, 273-275, 358 
coupling to feed lines and end effects. See 
Coupling and end effects 
current in, formulas for, 268, 269, 273; graphs 
of, 276 

discussion of, 263, 264 
driven in different manners, figures of, 265 
driven in phase. See Symmetrically driven 
antennas 

in phase opposition, see Antisymmetrically 
driven antennas. End-fire array 
in phase quadrature, 312; see also End-fire 
array 

electromagnetic field of. See Antenna with 
single parasite. Broadside array, End-fire 
array 

end-fire arrangement. See End-fire array, 
Asymmetrically driven antennas 
general theory, arbitrary separation, 456, 457, 
459, 460 

impedance, antisymmetric, graphs of, 279, 282; 
tables, of, 280 

approximate second-order, discussion of, 278, 
288, 290, 296, 312 

driving-point, driven in phase, graphs of, 279, 
282, tables of, 280; driven in phase opposi¬ 
tion, graphs of, 279, 282, tables of, 280; 
driven in phase quadrature, 312; one 
element parasitic, see under Antenna with 
single parasite 

mutual. See Coupled parallel pair, mutual 
impedance 

self-. See Coupled parallel pair, self-impedance 
symmetric, graphs of, 279, 282; tables of, 
280 

integral equations for, 266-269 
mutual impedance of, approximate second- 
order, derivation of, 288, 290, 296; graphs 
of, 291-295, 306-310; spiral graph of, 291; 
tables of, 298, 300, 302, 304, 305 
definition and formulas of, 286 
experimental, determination of, 346-350; 
graphs of, 350 


zeroth-order, formulas of, 288; graphs of, 
287, 311; tables of, 289; used with thick 
antennas when separated more than one 
wavelength, 288 

one element parasitic. See Antenna with 
single parasite 

potential, vector, on surface of, 264, 266 
self-impedance of, approximate second-order, 
derivation of, 288, 290; graphs of, 291-295, 
306-307; spiral graph of, 291; tables 
of, 297, 299, 301, 303, 305 
definition and formulas of, 286 
measurement of, 346-350; graphs, 350 
modified zeroth-order, 288 
as special case of circular array, 354 
symmetrically driven. See under Symmetrically 
driven antennas 

Coupling and end effects with antennas and lines, 
in biconical line, 847 

in line with load supported by dielectric disk, 
333; compensated by end effect, 333 
with coaxial line, 68; graphs, 251; table, 252 
in experimental determination of impedances 
of coupled antennas, 347, 348 
in H-array, centrally driven, 318, 319; laterally 
driven, 321, 322 
in parallel array, 376 
in transmission-line radiators, 335, 337 
with two parallel antennas, circuits for, 314 
as end loads, perpendicular to lines, 317, 318; 

in plane of individual lines, 313-317 
with no coupling between individual lines, 
318 

widely separated, 313 

with two-wire line, antenna as end load, 50-55; 
graphs of, 51 

antenna as mid-point load, 57-59; graphs 
of, 60 

antenna over image plane, 67-69 
antenna with parasite, 333 
V-antenna as load, 388-392 
Cox, C. R., 8 

Cross section, absorption, of antenna, 500; of 
oscillating electron, 501 

back-scattering, of antenna, average, formulas, 
507, 509; graphs, 508, 511 
broadside response, first-order formula, 510; 

graphs, 508 
definition of, 506, 507 
of dipole antenna, graphs, 516 
first-order, 510 

measured, canceling method, 515-517; right- 
angle method, 517; SWR method, 512-517 
dissipation, of antenna, 498, 500, graphs, 
495, 499; interpretation as area, 500, 
of oscillating electron, 500, 501 
equivalent, of ellipse, 17, 18; of regular polygon, 
20 

reradiation, of antenna, 500, 506, 507; of 
oscillating electron, 501 
scattering, definition of, 506, 507 
total, definition of, 506, 507 
Curl, definition of, 12 
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Current, on conducting plane below horizontal 
antenna, analysis of, 796-799; graphs of, 
795, 798 

density, surface, 12; volume, 12 
distribution of, in antennas of different types. 

See under name of antenna 
even and odd in collinear antennas, 424, 432, 
437, 439, 442 
impressed, 22 

sinusoidal on resonant antennas, graphs of, 536 
symmetric and antisymmetric, in collinear 
antennas, 424, 436, 437, 439; in parallel 
antennas, 267, 273 
in terminal zone of line, 49 
total, in conductor, 15 
in transmission line, 46 
Cylinder functions, spherical, 823 
Cylindrical antenna, admittance of, near anti- 
resonance, graphs, 162; measured graphs, 
247-250 

with capacitance in shunt, graphs, 199 
comparison of different theories, 262, 854; 

of theory and experiment, 249 
correction for terminal zone, summary, 205, 
208 

critical quantities, table, 168 
formula for, 144 

as function of base separation, graphs, 197 
graphs, 154, 156, 157, 160, 161 
King-Middleton. See most theoretical values 
listed 

measured graphs, 247-250 
Storm’s theory, table, 262 
tables of, 169-176 
Zuhrt’s theory, table, 854 
analysis, methods of. See Cylindrical antenna, 
methods of analysis 

a-functions, formulas of, 143; graphs of, 146; 
tables of, 145 

antiresonance, definition of, 153; for apparent 
impedance, 198 

antiresonant lengths, graphs of, 163, 217; 

measured as function of line spacing, 210 
base-separation correction, formulas for, 149, 
193, graphs of, 150, 194-197 
boundary conditions, 70, 72 
as boundary-value problem, 848-855 
charge distribution, first-order graphs of, 
120-122 

instantaneous, formulas for, 123, graphs of, 
122 

measured graphs of, 134, 135, 137-139 
measurement of, 127-131, 141 
measuring setup for, 129 
relation to current, 119 
symmetry conditions for, 73, 74 
zeroth-order, formulas of, 86, 87; graphs of, 
88 

conductance, at antiresonance, table of, 168 
graphs of, 154, 157, 160, 249, 843 
maximum, table of, 168 
near resonance, graphs of, 842, 843; table of, 
168, 182 


third-order formula for, 183, 184; point on 
measured graph, 249; table, 182 
see also under Cylindrical antenna, admittance 
critical quantities, graphs of, 163; tables of, 168 
projection to zero line-spacing, graphs of, 217 
effective length of, for reception. See Receiving 
antenna 

for transmission, 567, 568 
current distribution in, approximate second- 
order, 118, 119; graphs of, 116, 117 
in asymmetrically driven antenna. See 
Asymmetrically driven antenna 
components of, 85, 86, 123-127; graphs of, 
112-117, 128 
discussion of, 110, 111 
effect of base separation on, 87-89 
first-order, discussion of, 110, 111, 118; 

graphs, 112-115 
formal solution for, 78 
formulation of problem, 69, 70 
general formula for, 85 
Hallen’s formula for, 93 
instantaneous, 86, 123; graphs of, 122 
King : Middleton formula for, 107; with 
£)-factors, 110 

King’s alternative formulas for components, 
123-127 

in long antenna, discussion, 118; graphs, 115; 
measured graphs, 140 

measured graphs of, 132, 133, 135, 137-140 
measurement of, 127-141 
measuring setup for, 129 
parameters in variational theory, graph of, 
257; table of, 256 

series solution for, 84, 93, 94, 107, 110, 
123-127 

in short antenna. See Short antenna 

with stub-supported line, discussion of, 141; 

measured graphs of, 137-139 
with Styrofoam-supported line, discussion of, 
141; measured graphs of, 137-139 
symmetry conditions for, 73, 74 
zeroth-order, formulas of, 86, 87; graphs of, 
88 

current-distribution function, definition of, 77; 
in Hallen’s expansion, 90; in King- 
Middleton expansion, 101 
directivity of, 497; graphs, 495, 499; zeroth- 
order, 498; graph, 499 

driving, methods of. See Methods of driving 
antennas 

electromagnetic field of, first-order, using 
reciprocal theorem, 568-571; graphs, 488- 
493, 572 

first-order, using variational currents, 575 
modified zeroth-order, 571-575 
zeroth-order. See Cylindrical antenna with 
sinusoidal current 

expansion function and parameter, 77, 78 
gap at driving point, absence of, 844, 846-848 
Hallen’s solution, comparison with King- 
Middleton solution, graphs, 181, 843; with 
Schelkunoff’s solution, 841-843 
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Cylindrical antenna—( contd .) 
expansion in, 89, 90, 93, 94 
expansion parameter in, definition of, 90, 93; 
graphs of, 91, 92 

first-order integrals in, 94-97; graphs of, 
99, 100 

integral equation of, 76; approximations in, 
79-81; modification of Gans and Bemporad, 
80, 81 

ohmic resistance, effect on, table, 182 
hemispherical ends, significance of, 70; figure, 71 
impedance of, apparent, as function of line 
spacing, discussion, 208, 209, 227, 231-237, 
graphs, 207, 210, 247; as load on line, 
summaries of results, 198-215; as load on 
two-wire line, center load, 205-207, end 
load with stub support, 205, 206, 211, end 
load without support, 204, 206, 211, in 
plane perpendicular to line, 212, 220 
near antiresonance, discussion of, 152, 153; 
graphs of, 162, 163, 181, 843; measured 
graphs of, 212, 213, 240, 242, 243, 245-247, 
843; table of, 177 

with capacitance in shunt, discussion of, 193, 
198; graphs of, 200-203 
comparison of second-order values, of 
Hallen and King-Middleton formulas, 
graphs of, 182, 183, 843; of Hallen 
King-Middleton, and Schelkunoff formulas, 
discussion of, 842, 844, graphs of, 843; 
of King-Middleton and variational for¬ 
mulas, graphs of, 251 

comparison of theory and experiment, 206, 
207, 210, 212, 213, 225, 227, 238-242, 
244-247, 249, 251, 495, 843, 849 
correction, for base separation, 149, 193, 
graphs of, 150, 194-197; for terminal zone, 
summary of, 205, 208 

critical quantities, comparison of theoretical 
and experimental, 225, 227; discussion of, 
152, 153; graphs of, 164; tables of, 168 
from different theories, graphs of, 251, 843 
dimensions of coaxial line, effect on, 227-237 
distribution curves, typical, in measurement 
of, 229 

with finite base separation, graphs of, 194-197 
formulas for, 142-144, 151-152, 255, 839, 841 
graphs, with o/A 0 as parameter, 166, 167; 
with fi a h as parameter, 164, 165; circular, 
154, 155; first- and second-order, 150; 
with 12 as parameter, 158, 159, 162, 163 
independent, 8, 142 
internal, 28, 29, 70, 71 

King-Middleton, formulas, 151, 152; graphs 
and tables. See most theoretical values listed 
measured, as function of line spacing, graphs 
of, 207; center load, 207; on coaxial line, 
212, 213, 226, 239-247; on image-plane 
line, 216-219; on line in neutral plane, 212; 
with and without stub support, 206, 211; 
tables of, 232-238 

modified zeroth-order, 147-149; relation to 
emf method, 259 


near resonance, graphs showing, 212, 213, 
239,241,244,246,843 
resonance curves, typical, in measurement of, 
223, 229, 230 

Schelkunoff’s theory, formula in, 841, graphs 
of, 840, 843 

second-order, graphs and tables. See most 
theoretical values listed 
short antenna. See Short antenna 
Storm’s theory, tables, 261, 262 
tables, a/A 0 as parameter, 178-179; near 
antiresonance, 177; critical values, 168; 
measured, 232-238; fi as parameter, 
169-177 

terminating two-wire line, discussion of, 50 
third-order, extrapolated graph of, 843, 
points on measured graphs, 239, 241, 244, 
246; table of, 182 

by variational method graphs of, 251 
zeroth-order, 144-149, graph of, 146; 
modified, 147-149; relation to emf method, 
259 

Zuhrt’s theory, comparison with experiment, 
graphs of, 849, comparison with King- 
Middleton results, 855, table of, 854 
integral equation for. See Integral equation 
internal impedance, 70, 71 
King-Middleton solution, approximations in, 
79-81 

comparison of first- and second-order values, 
graphs of, 150 

comparison with Hallen’s solution, graphs, 
181, 843; with Schelkunoff’s solution, 
841-843; with Storm’s solution, tables, 261, 
262; with variational solution, graphs, 251; 
with Zuhrt’s solution, 855 
current-distribution function, 101 
D-factors, definition of, 110; graphs of, 108 
description of, 76-78, 81-86, 101-110 
expansion parameter in, definition of, 101— 
103, 108; discussion of properties, 104-107; 
graphs of, 105; table of, 106 
formulas for current in, 107, 110; for imped¬ 
ance, 142-144, 151, 152 
iteration in, 81-85 

modification of integral equation in, 76-78 
long, current distribution in, measured graph of, 
140, theoretical graphs of, 115; expansion 
parameter for, 107, graph of, 105 
methods of analysis, boundary value, 6, 7, 848- 
855 

emf, 3, 4, 258-259 

expansion, for short antenna, 186-193 
Hallen’s integral equation and expansion, 7, 
90-94 

King-Middleton, 7, 76-80, 101-110 
King’s alternative, for components, 123-127, 
183 

L. V. King’s integral equation, 7, 259-261 
Nomura and Hatta’s, 262 
Poynting-vector, 3, 4, 258-259 
retarded-potential, 7-9 
Schelkunoff’s nonuniform line, 839-841 



934 THEORY OF LINEAR ANTENNAS [Index] 


Cylindrical antenna—( contd .) 

transmission-line, 4, 5, 838-841 
Storm’s undetermined-coefficient, 261-262 
variational, of Storer and Tai, 7, 237, 252-258 
Zuhrt’s boundary-value, 848-855 
methods of driving. See Methods of driving 
antennas 

lengths, antiresonant, definition of, 153; graphs 
of, 163, 217 

resonant, definition of, 152; graphs of, 163 
ohmic resistance of, effect, table, 192 
potentials, scalar and vector, differential 
equations for, 72, 73, 75; solutions for, 
75, 76; on surface of, 74-76; symmetry 
conditions for, 73, 74 

Q, definition of, 171, 173, 177; table of, 182 
reactance, near antiresonance, discussion of, 
153; graphs of, 162, 163; measured graphs 
of, 212, 213, 240, 242, 243, 245-247 
with capacitance in shunt, graphs of, 202, 203 
graphs of, 150, 159, 162, 163, 165-167 
at h = A 0 /4, discussion of, 152, 153; graphs of, 
163; relation to 42.5 ohms, 152, 153; 
tables of, 168 

maximum, graphs of, 163; table of, 168 
measured, with coaxial line, 213, 226, 233, 
235, 237-246; with two-wire line, 206, 212 
minimum, graphs of, 163, table of, 168 
near resonance, discussion of, 152, 153; 
graphs of 162, 163; measured graphs of, 
212, 213, 239, 241, 244, 246 
tables of, 169-179; measured, 233,235,237,238 
see also under Cylindrical antenna, impedance 
resistance, near antiresonance, discussion of, 
153; graphs of, 181, 843; measured graphs 
of, 212, 213, 240, 242, 243, 245, 246; 
relation to extreme values of X , 153; 
table of 168, 

with capacitance in shunt, graphs of, 201, 202 
graphs of, 150, 158, 163, 166, 167; comparing 
Hallen and King-Middleton values, 181 
at h = 2 0 /4, discussion of, 152,153; graphs of, 
163; table of, 168, 182 

maximum, graphs of, 163, 843; table of, 168 
measured, with coaxial line, 226,232,234,236, 
238-246; as function of line spacing, 207, 
210; with two-wire line, 206, 210, 212 
ohmic, effect of, table, 182 
radiation, definition of, 149, 562; graph of, 564 
near resonance, discussion of, 152, 153; 
graphs of, 163, 843; measured graphs of, 
212, 213, 239, 241, 244, 246; table of, 168 
tables of, 169-179; measured,232,234,236,238 
third-order, table of, 182 
see also under Cylindrical antenna, 
impedance 

resonance, definition of, 152 
resonant lengths, graphs of, 163; measured as 
function of line spacing, 210 
Schelkunoff’s theory, comparison with solutions 
of Hallen and King-Middleton, 841-843 
description of, 839, 841 
impedance, graphs of, 840, 843 


susceptance, capacitance in shunt, graphs of, 199 
graphs of, 154, 157, 161, 162 
maximum, table of, 168 
minimum, table of, 168 
tables of, 169-176 

see also under Cylindrical antenna, 
admittance 

terminal functions for, definition of, 182 
graphs of, 180, 181 

measured apparent, graphs of, 220, 223, 226, 
230 

radiation field of. See Cylindrical antenna, 
electromagnetic field, Cylindrical antenna 
with sinusoidal current 
unbalanced, analysis of, 576, 578 
radiation field of, graphs, 577 
variational analysis of, 237, 252-258 
Zuhrt’s analysis of, 848-855 
comparison with experiment, 849; with 
King-Middleton results, 855 
impedance and admittance, tables of, 854 
See also Asymmetrically driven antenna. 
Short antenna 

Cylindrical antenna with sinusoidal current 
directional properties of, 530-532 
directivity of, definition, 498, 562; graphs, 495, 
499, 564; table, 563 

electric field of, antenna of arbitrary length, 549 
antiresonant antenna, analysis, 546, 547; 
graphs, 548 

complete, components of, 527; in confocal 
coordinates, formulas, 540, graphs, 542, 
543, 548; in cylindrical coordinates, 

526-528; elliptically polarized, 544, graphs, 
542, 543, 548; instantaneous, 538, 540, 544, 
549-551, 554, 555, graphs of, 552, 553 
measurement of, using complementary slots, 
555-557, 560; graphs, 558, 559 
near end of antenna, analysis of, 575, 576 
near-zone, formulas of, 533, 544; graphs of, 
542, 543, 548 

phase relations in, 538, 540, 541, 544-546; 

graphs, 542, 543, 548, 552, 553 
radiation or far-zone, formulas of, 529, 530; 
graphs of, 531; maxima, graphs of, 531, 
table of, 537; nulls, graphs of, 531, table of 
537 

resonant antenna, graphs of, 542, 543 
unbalanced antenna, 576, 578; graphs, 577 
field function or pattern. See Cylindrical antenna 
with sinusoidal current, electric field, 
radiation- or far-zone 
gain, definition of, 562; graphs of, 564 
magnetic field in, confocal coordinates, 540; 
in cylindrical coordinates, 524-526; instant¬ 
aneous, 538, 540, 544 
phase velocity near, 539 

radiation field, approximate representation of, 
566-568; in spherical coordinates, 528-529 
radiation function, definition of, 560; table of, 
563 

radiation resistance, formulas for, 148, 560-562; 
graphs of, 564; table of, 563 
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D-factors, in King-Middleton solution, 110 
D-vector, definition of, 13 
Debye, P., 3 

Delta function, definition of, 30; as generator for 
antenna, 252; graph of, 27 
Density, of charge, current, magnetization, 
polarization, 12 

Dielectric constant, 21; complex, 22; effective, 22; 

of free space, 13; relative, 21 
Dielectric factor, complex, 22 
Dielectric support, effect on antenna impedance, 
222, 225 

Differential equation, for current and voltage on 
line, 44, solution of, 44-50; for potentials 
on antenna, 75; for potential differences on 
line, 38, 43 
Dike, S. H„ 517 

Dipole, folded. See Folded dipole 
infinitesimal, electric, definition of, 698; electro¬ 
magnetic field of, 699, 700 
over conducting earth. See Horizontal infini¬ 
tesimal dipole. Vertical infinitesimal dipole 
potential of, 695, 699 

infinitesimal magnetic, definition of, 22, 701, 
702; electromagnetic field of, 702, 703 
over conducting earth. See Horizontal 
infinitesimal dipole, Vertical infinitesimal 
dipole 

potential of, 701, 702 

half-wave. See Cylindrical antenna. Multiple- 
half-wave antenna 
sleeve. See Sleeve dipole 
Dipole antenna. See Cylindrical antenna 
Dirac delta function, definition of, 30; as generator 
for antenna, 252; graph of, 27 
Directivity, absolute, definition of, 21; of antennas 
and arrays, see under name of antennaorarray 
Disk, magnetizable, as generator, 30 
Distortion factor, for transmission line, definition 
of, 46 

Distribution-curve-dip method of measuring im¬ 
pedance, 231 

Distribution curves, typical, in measuring 
impedance, 229 
Divergence, definition, 12 
Dolph, C. L„ 8, 662, 669, 674 

E- vector, definition of, 13 
Eckersley, T. L., 695 

Effective length, of driven antenna, 567, 568; of 
receiving antenna, 467, relation to field 
function of driven antenna, 570; see also 
under Receiving antenna 
Effective separation, of parallel antennas, 274 
Electric field, of antennas of arbitrary length with 
sinusoidal current, 546 

of antenna with finite cross section, approximate 
analysis of, 8, 572-574; first-order, from 
reciprocal theorem, 8, 570-571, graphs, 572 
of antennas of different types, see under name of 
antenna or array 

of antiresonant antenna, 546, 548 
components in terms of vector potential, 15 


of electric type, definition, 20 
far-zone or radiation, conditions for, 15; 
integrals for, 21; see also under name of 
antenna or array 
general integral for, 21 

impressed, definition of, 22; as external 
generator, 28, 29 

of magnetic type, definition of, 20 
near end of antenna, 575, 576 
near-zone, general integrals for, 21; of cylindrical 
antenna, see under Cylindrical antenna. 
Multiple half-wave antenna 
radiation. See Electric field, far-zone 
of sinusoidal distribution of current, com¬ 
ponents, figure showing, 527 
in cylindrical coordinates, 526-528 
elliptically polarized, 544-546; graphs of, 542, 
543 

field function, 530-532; graphs of, 531 
lines of instantaneous, construction of 
550-555; graphs of, 552, 553 
radiation field of, 528, 529; graphs, 531 
see also under Multiple-half-wave antenna 
Electromagnetic field, of different antennas and 
arrays, see under name of antenna or array, 
see also Electric field, Magnetic field 
Electron, oscillating, absorption cross section of 
500, 501 

comparison with Hertzian dipole, 501 
power absorbed by, 501 
reradiation cross section of, 501 
Emf of transmitting system, 28 
Emf method, 8, 258, 259; impedance of antenna 
using, 259; relation to King-Middleton 
method for determining impedance, 259 
End effects. See Coupling and end effects 
End-fire array, array factor of, 601, 612; extremes, 
601; graphs, 614-617; tables, 604, 605; 
zeros, 601 

beam width of, 613, 621; tables, 622 
bilateral, special case with n E = i; two- 
element, circuit properties, see Asymmetric¬ 
ally driven antennas, H-array 
circuit properties of, as special case of parallel 
array, 375 

combination broadside, 612; graphs of, 618, 619 
condition for unilateral, 376, 377 
directivity of, table, 620 
gain of, table, 620 
radiation function of, 612 
radiation resistance of, 612, 613; table, 620 
two-element, array factor of, graphs, 616, 617; 
tables, 608-611 (for bilateral, n E = £; for 
unilateral, n E = J) 
impedances of, 312 

Energy transfer function, definition of, 21; used 
to locate antenna, 25, 26 

Equation, of circuit analysis, 29. See also Differ¬ 
ential equation, Integral equation 
Expansion function in integral equation, for 
cylindrical antenna, 77 
with difference kernel, 124 
for Hallen’s solution, 90; graphs of, 92 
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Expansion function—( contd .) 
for King-Middleton solution, 101, 102, 104; 
graphs of, 103, 108 

Expansion parameter in series solution of integral 
equation, for cylindrical antenna, definition 
of, 77 

with difference kernel, 124 

Hallen’s, 90; graphs of, 91, 92 

King-Middleton, definition of, 102; graphs of, 
105; table of, 106 

for long antenna, discussion of, 107; graph 
of, 105 

for short antenna, 104,184,186; graphs of, 185 
for different antennas, see under name of antenna 
Exponential integral functions, E a (h, z), definition, 
94; graphs of, 98; in terms of tabulated 
functions, 97 

Faflick, C„ 9, 328, 339, 455 
Far- or radiation zone, condition for, 15; integrals 
of electromagnetic field for, 21 
Field, electric, electromagnetic, see Electric field, 
also under name of antenna or array 
far- or radiation zone, conditions for, 15, 528, 
529, in terms of vector potential, 21 
impressed, 22 

magnetic. See Magnetic field 
Field equations, Maxwell, 13 
Field factors, F m (@, FfQ, angles of 
zero and extreme values, 531; table of, 537 
of antenna with finite cross section, 570, 571; 
graphs of, 572 

definition of, for sinusoidal current, 530 
extreme values of, graphs, 531 
graphs of, 531 

for multiple half-wave antenna, 536; angles of 
maximum and zero, graphs of, 536, table 
of, 537; extreme values, graphs of, 539 
properties of, 530-532 

relation to effective length of receiving antenna, 
570 

for short antenna, 530 

zeros of, 530-532, graphs of, 531,536; tableof, 537 
Field patterns, of antennas and arrays. See Field 
factor, also under name of antenna or array 
vertical, of sinusoidal current, 531 
Fitch, E., 8, 311, 627, 630 
Folded antenna, admittance of, 358 
analysis of, 353-358 
description of, 352, 353 
effective radius of, 353, 357 
expansion parameter of, 357 
four-wire reentrant loop, impedance of, formula 
and table, 368 
integral equations for, 353 
radiating currents in, 353, 354 
three-element, admittance formulas of various, 
364, 366; analysis of, 364-365; impedance 
of, table, 366 

transmission-line currents in, 353, 354 
two-element, analysis and admittance of, 
358-361 

see also Folded dipole 


Folded dipole, admittance of, formula, 359; 
tables, 346, 359 
analysis of, 335, 336 

currents in, antisymmetric, 336, 342, 343; 
discussion of, 342; formulas for, 338; 
graphs of, 341, 344; measured, graphs 
of, 341, 344; ratio of, 338; symmetric, 336, 
342 

description of, 335, 336 

four-element, impedance of, formula and 
table, 369 

impedance of, equal conductors, formula, 337; 
graphs, 341, tables, 343, 346, 359; unequal 
conductors, tables, 361 
power dissipated as heat in, 338 
as special case of folded antenna, 358-360 
three-element, admittance formula, 365; analysis 
of, 364-366; impedance of, table, 366 
with unequal conductors, analysis of, 360-361; 
approximate analysis of, 339; impedance of 
two- and three-element, tables, 361 
Folded dipoles, coupled, mutual and self¬ 
impedances of, 343 

Force, electromagnetic, definition of, 14 
Fresnel coefficients, 712 

Gain, definition of, 562; see also under names of 
antennas and arrays 
Gans, R., 81 

Gap, antenna without, 28; problem, analysis of, 
844-848; significance of, 847; spark, 1. See 
also Base separation 

Generator, delta-function, 30, 252; disk, 29, 30; 

slice or belt, 818; theoretical, 28 
Geophysical exploration with electromagnetic 
waves, possibility of, 723 
Gray, M. C., 7, 695 
Grazing incidence, 767 
Green’s function, free space, 80 
Green’s theorem, symmetrical, 80 
Group velocity, for field of multiple half-wave 
antenna, 541 

H-array, centrally driven, analysis of, 318; coupling 
and end effects in, 318, 319 
description of, 318, 320 

laterally driven, analysis of, 319-321; coupling 
and end effects in, 321, 322 
H-vector, definition of, 13 
Hack, F„ 3, 552, 553 

Half dipole with counterpoise, analysis of, 420- 
422; description of 418-420; graphs, 423, 
numerical results, 422; methods of driving, 
418-420 

Hallen, E„ 3, 5, 7, 499, 841, 842, 855 
Hallen’s expansion, 89-94 
Hallen’s integral equation, 76, 79; alternative 
method for solving, 123-127; criticism of, 
79, 80; Gans and Bemporad’s modification 
of, 81; Hallen’s solution for current, 93 
94; King-Middleton method for solving, 
76-80, 101-110 
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Hamermesh, M., 505, 508-511 

Hankel function, spherical, forms for large and 
small arguments, 823 

Hansell, C. W., 4 

Harrison, C. W„ Jr., 7, 8, 9, 352, 353, 359-361, 
368, 369, 371 

Hartig, E. O., 7, 213, 215, 227-237, 239-250, 478, 
480, 485, 842, 854 

Hatch, R. M„ 447-449 

Height-gain function, definition of, 775; graph of, 
777; table of, 775 

Helmholtz integrals, for Hertz vectors, 20; 
one-dimensional, 14, for potentials, 14 

Hertz, H., 1, 2, 3, 4, 11 

Hertzian potentials, Hertz vectors, 696; radial, 
820; see also Potential, magnetization, 
polarization 

von Hoerschelmann, H., 10 

Horizontal antenna with sinusoidal current over 
conducting earth, 794 

current in perfectly conducting plane below 
antenna, analysis of, 794, 796, 797, 799; 
graphs of 795, 798 
impedance of, 800 
measured resistance, graph of, 806 

Horizontal infinitesimal dipole over conducting 
earth, electromagnetic fields of, comparison 
with vertical dipoles, 791-794; formulas 
for, 785-790; radiation-zone formulas of, 
790-791 

Hertzian potentials for, general formulas, 
779-783; radiation-zone formulas, 783-785 
radiation resistance of, analysis, 804-808; 
formulas for, 807; graphs of, 806 

Image plane, antenna over, 64-69, 215-219, 
221-223, 227, 231 

Image-plane line, description and theory of, 
215-219; used for measurements, 135, 
136, 141 

Impedance, of antenna used for reception, 
apparatus for measuring, 480; comparison 
with impedance of same antenna used for 
transmission, graphs, 213, 485; comparison 
of measured and theoretical values, 213, 
485; measuring technique, 480; theory of, 
480, 486 

apparent, for load on line, 47, 65; 198-215 
with base separation, discussion, 149, 193; 
graphs, 150, 194-197 

characteristic, of biconical line, formulas for, 
827, 836; graphs of, 837 
of free space, 14 
of simple medium, 22 
of transmission line, 46, 275 
of complete transmitting system, 29 
of different types of antennas, see under name of 
antenna 

external, of circuit element, 31; of generator 
independent, of antenna, definition of, 8, 142 
field, definition of, 711; matching of, 734 
graphs of, antenna on finite ground screen, 814; 
over infinite conducting earth, 814 


937 

antenna parallel to perfectly conducting plane, 
279, 282 

antenna with single parasite, 323, 631, 634 
antisymmetrically driven antennas, 279, 282 
asymmetrically driven antenna, 405 
biconical antenna, 837, 840 
broadside array, two element, 279, 282; 

with parasitic curtain, 650 
cage antenna, two element, 279, 282 
capacitance in shunt with antenna, 200-203 
collinear array, three-element, 438, 440 
coupled parallel pair, 279, 282, 291-295, 
306-310; measured, 350 
cylindrical antenna, near antiresonance, 212 
240, 242, 246, 247; with capacitance in 
shunt, 200-203; comparison of theory and 
experiment, 206, 207, 210, 212, 213, 225, 
227, 238-242, 244-247, 249, 251, 485, 495, 
843, 849; critical quantities, 164; different 
theories, comparison of, 181, 251, 843, 849; 
with finite base separation, 194-197; first- 
and second-order compared, 150; measured, 
206, 207, 211-213, 239-247, 485; Schel- 
kunoff’s theory, 840, 843; second-order, 
150, 155, 156, 158, 159, 162-167; short, 
190; third-order, 239, 241, 244, 246, 843; 
zeroth-order, 146 

end-fire array, bilateral two-element, 279, 282 

folded dipole, 341 

ground-plane antenna, 423 

parasitic array, 638, 639, 642-644 

receiving antenna, 485, 495 

short antenna, 190 

V-antenna, 393, 394 

internal, of circuit element, 31, of generator, 29; 

per unit length, 28, 29, 70,71 
measurement of. See under Measurement 
mutual, definition of, 286, 373, 441 
graphs of, for collinear antennas, 438, 440; 
for parallel antennas, 287, 291-295, 306- 
311, measured, 350 

tables of, for collinear antennas, 441; for 
parallel antennas, 289, 298, 300, 302, 304, 
305 

see also under Collinear array, Coupled 
antennas, Coupled parallel pair 
self-, of antenna in presence of another, 
definition, 286 

graphs of, for parallel antennas, 291-295, 306, 
307 

tables of, for parallel antennas, 297, 299, 301, 
303, 305 

tables of, antenna with single parasite, 329, 224 
antisymmetrically driven antennas, 280 
cage antenna, two-element, 280 
collinear array, three-element, 441 
coupled parallel pair, 280, 297, 299, 301, 303, 
305 

cylindrical antenna, near antiresonance, 177; 
critical quantities, 168; measured, 232-238; 
second-order, 168-179; Storm’s theory, 
261, 262; third-order, 182; Zuhrt’s theory, 
854 
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Impedance, tables of— (contd.) 
folded antenna, 366, 368 
folded dipole, 343, 359, 361, 366 
parasitic array, 647 
short antenna, 192 
terminal-zone, 45 

Incidence, angle of, 709; grazing, 767 
Index of refraction. See Refraction, index of 
Inductance, terminal-zone, for coaxial line, 
antenna over image plane, 66 
for connectors, 63, 317 

for coupled lines and antennas, antisymmetric¬ 
ally driven, 315; symmetrically driven, 315 
definition, 45, 46 

for two-wire line, antenna as end load, 55; 
antenna as mid-point load, 57; antenna over 
image plane, 59, 60; antenna with stub 
support, 59, 60 

see also Coupling and end effects 
Inductance per unit length, 41, 43; graph, 34 
Integral equation for current, in cylindrical 
antenna, 30, 31, 76, 81; approxima¬ 
tions in, 79-81; best form for, 76, 252; 
criticism of, 79-80; series solution of, 
81-86; variational form of, 252, 253 
in receiving antenna, 462 
in scattering antenna, 501, 502 
of Gans and Bemporad, 81 
of Hallen, 76, 79; methods of solving, by 
empirical fitting, 186-193; by iteration of 
complex equation, 76-80, 101-110; by 
iteration of two simultaneous real 
equations, 123-127; by undetermined co¬ 
efficients, 251, 262; in variational form, 
237, 252-258 
of L. V. King, 259-261 

Integral equations, simultaneous, for currents, in 
asymmetrically driven antenna, 399; in 
collinear array, 425, 426, 431, 434; in 
folded antenna, 353-358; in N parallel 
antennas, 351-353; in two parallel antennas, 
266-269; in V-antenna, 383, 384 
methods of solving, separation of radiating and 
transmission-line currents, 353-358; substi¬ 
tution of equations for driving voltages, 
371, 372; symmetrical components, 266- 
273, 351-353 
Isotropic radiator, 506 

Kelvin, W., 576 

King, D. D„ 214, 215, 221-227, 480, 511, 512, 516, 
842 

King, L. V., 7, 8, 259-261 
King-Middleton solution. See under Cylindrical 
antenna 

Knudsen, H. L., 684 

Labus, J., 4, 5 
Legendre’s equation, 823 

Legendre functions, first and second kinds, 824; 

integral products of, 831-832 
Leitner, A., 10 
Lewis, J. B., 343 


Linear radiator. See Cylindrical antenna 
Lindenblad, N. E., 4 
Loss tangent, 22 

McPetrie, J. S., 623, 626, 627, 630, 634 
Magnet, oscillating as generator, 28 
Magnetic field, components of, in terms of vector 
potential, 15; of electric type, definition, 20; 
general integral for, 21; of magnetic type, 
definition, 20; of sinusoidal distribution 
of current, 524-526, 540, graphs of, along 
antenna, 527; of slots, graphs of, 558, 559 
see also under names of antennas 
Magnetic moment of ring of current, 23 
Magnetization, volume density of, 12 
Magnetization potential or magnetic Hertzian 
potential. See under Potential 
Marconi, G., 1, 2, 3, 11 

Marconi-Franklin antenna. See Collinear array 
Matching of fields, across boundary of two 
regions, 734; perfect match and Brewster 
angle, 734; in solution of biconical antenna, 
830, 831; in Zuhrt’s solution of cylindrical 
antenna, 851 
Maxwell, J. C., 1, 3, 11 

Measurement, of back-scattering cross section, 
by canceling method, 515-517 
by right-angle method, 517 
by SWR method, 512-517 
of current and charge distributions, with coaxial 
line, 129, 130, 131 

with image-plane open-wire line, 135, 136, 141 
of impedance, with coaxial line, 221-227; block 
diagram for, 228; vertical slotted line for, 223 
with image-plane open-wire line, 215-219; 

block diagram for, 217 
with long two-wire line, 219, 221; block 
diagram for, 220; unbalance squelcher for, 
220 

of mutual impedance, from complex coefficient 
of coupling, 349 

with impedance-voltage-ratio method, 348 
with open-circuit-short-circuit method, 348 
with symmetric-antisymmetric method, 346, 
347 

Meiers, A. S., 10, 815 

Methods of driving antennas, with biconical line, 
846-848 

with coaxial line, over ground plane, 65-69, 845 
coupled to primary 
with delta-function generator, 27, 30 
by electric field across gap, 27 
gap problem and, 844, 846-848 
by oscillating magnet, 27-31 
parallel to conducting plane, 283 
by point source in radial line, 80, 81; 845, 846 
by rotationally symmetric field, 24, 844, 845 
significance of gap in, 847 
by single conductor over image plane, 62, 64-65 
by two-wire line, 50-55, 845; as center load on 
symmetrical, 55-60; with dielectric support, 
56; as end load, 48,50-55; with no coupling, 
61-64; with stub support, 59-60 
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Mie, G., 13 
Middleton, D., 7 
Millington, G., 695 
Model, requirements of theoretical, 25 
Morita, T., 9, 130, 131, 328, 329, 479, 485, 494, 
495, 499 

Moritz, C„ 349, 517, 519, 521 
Multiple half-wave antenna, directivity of, 562; 
graph, 564; table, 563 

electric field of, complete, components of, 527; 
in confocal coordinates, formulas of, 540, 
graphs of, 542, 543; in cylindrical co¬ 
ordinates, formulas of, 533 
elliptic polarization of, discussion, 544-546, 
graphs showing, 552, 553 
instantaneous, 534, 535, 544; lines of, con¬ 
struction, 550-555, graphs, 552, 553 
near-zone, formulas of, 533, 544; graphs, 
542, 543 

radiation or far-zone, formulas of, 529, 530; 
graphs of, 531; instantaneous, 535, 538; 
maxima of, graphs, 531, table, 537; nulls 
of, graphs, 531, table, 537 
electromagnetic field of, general discussion, 
522-523 

gain of, definition, 562, graph, 564 
group velocity of field near, 541 
impedance of. See under Cylindrical antenna 
magnetic field of, formulas, 533, 540; radiation 
or far-zone, 529 

phase velocity of field near, 539, 541, 544 
radiation function of, 560; table, 563 
radiation resistance of, formulas, 560-562; 

graph, 564; table, 563 
transfer of power in field of, 560-566 
Mutual impedance, definition of, 286, 273, 441. 
See also under Collinear array, Coupled 
antennas, Coupled parallel pair 

Network, equivalent. See Circuit, equivalent 
Neumann function, spherical, forms for large and 
small arguments, 823 
Niessen, K. F., 10, 695 
Noether, F., 695, 696 

Nonuniform arrays, broadside, derived from 
uniform arrays, 660, 661; array factors, 
graphs of, 666 

optimum. See Nonuniform arrays, broadside, 
Tchebyscheff 
optimum currents in, 665 
polynomials for use in, 661-665; Tchebyscheff, 
666-669 

Tchebyscheff, analysis of, 665-671; array 
factors for, 669-672; closely spaced, 
676-679, 683; comparison with uniform 
arrays, graphs, 673, 678; current in, 674, 
675; minor lobe level in, 674; nulls and 
extremes in, table, 672 
collinear, two-element, 595-596 
end-fire, apparent number of units in, 652 
array factors of, graphs, 657 
with assigned nulls, analysis and description 
of, 654-656, 658-660 


beam width decreased by shifting nulls, 655 
binomial, analysis of, 652, 654-656; graph of, 
653 

complex array polynomials for, 651, 652 
six-antenna, 658, 659; graphs of array 
factors, 657 

three-antenna, 656, 658, 659; graphs of 
array factors, 657 

parallel, analysis of, 595-601; array factor of, 
600; diffraction formula for use in, 579, 
graph of, 581, table of, 582-585 
Norton, K. A., 10, 695, 696, 746, 759, 760, 767, 
768 

Numerical distance, complex, for dipoles on 
boundary, 758; for elevated dipoles, 758 
Numerical height, definition of, 760 

Ohmic resistance of antenna, effect on impedance, 
182 

Omnidirectional antennas. See Antenna, turnstile; 
V-antenna 

Oscillation of antenna, forced, 3, 4; free, 3 
Oseen, C. W., 3 
Owen, W. E., 635 

Page, L., 5 
Papas, C. H., 6, 8 

Parallel array with elements in line, analysis, of 
circuit properties, 351, 371-374; of field 
characteristics, 595-601 
conditions to make uniform, 600 
coupling and end effects, 376 
currents in, distribution in each element, 371; 

relation between elements, 372, 595 
impedance of, 372-373 
integral equations for, 371 
laterally driven, 376 
methods of driving, 375 
nonuniform. See Nonuniform arrays 
parasitic. See Antenna with single parasite, 
Parasitic arrays 

with parasitic elements, analysis and discussion 
of, 377; three-element, current and imped¬ 
ance, 378 

two-element, array factor of, 612 
uniform, array factor, 601, beam width, 613, 
621, 622; extremes, 601; nulls, 601; 
directivity of, table, 620; gain of, table, 
620; radiation field of, 601; radiation 
function of, 612; radiation resistance of, 
formulas, 612, 613, tables, 620 
see also Broadside array, End-fire array 
Parasite, antenna as, definition of, 263 
Parasitic array, antenna with director and reflector, 
field of, power gain of, resistance of, 
graphs, 644 

antenna with several parasites, field ratio of, 
power gain of, resistance of, definitions, 
636; descriptions and discussions of arrays, 
640, 641, 645; graphs, 638, 639, 642, 643; 
zeroth-order analysis of, 635-636 
antenna with single parasite. See Antenna with 
single parasite 
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Parasitic array— (contd.) 

array of Yagi-Uda arrays, 647; table of critical 
quantities, 648 

parallel array with parasitic elements, analysis 
and discussion of, 377; equations and 
impedance of, 378, mutual impedances for, 
378 

Yagi-Uda array, 644, 645, 647; directivity of, 
table, 647; field of, graphs, 644, 646; 
optimum director length, table of, 647; 
resistance of, table, 647 
Permittivity. See Dielectric constant 
Phase, measurement of, 131 
Phase constant, complex, 22, real, 22 
Phase velocity, complex, 710; definition of, 22; 
formulas for; in field of multiple half-wave 
antennas, 540; graph of, 539 
Pierce, G. W., 4 
Pistolkors, A. A., 4, 613 
Pocklington, H. C., 3, 9, 11 
Polarization, volume density of, 12 
Polarization potential, or electric Hertzian 
potential. See under Potential 
Potential, in far- or radiation-zone, 15 

Hertzian, electric, and magnetic, boundary 
conditions for, with vertical dipole, 697; 
with horizontal dipole, 698 
definitions of, 20 
for electric dipole, 699 
Helmholtz equation for, 696, 697 
for horizontal dipole near boundary be¬ 
tween two media, 782, 783; far-zone form, 
784 

for magnetic dipole, 702 
for vertical dipole near boundary between 
two media, 715, 762; asymptotic form in 
region containing dipole, 718, 719; at 
distant points in interior of region 1 not 
containing dipole, 722; near surface in 
region 1 not containing dipole, 723; 
Sommerfeld’s formula, 750; Van der Pol’s 
formulas, 753 

magnetization, same as magnetic Hertzian 
potential 

polarization, same as electric Hertzian potential 

retarded, 8, 9 

scalar, definition of, 14; discontinuity in, 79; 
on surface of cylinder, 16-20; on surfaces 
of coupled antennas, 266; on surface of 
cylindrical antenna, 74-76; on two-wire 
line, 36 

vector, definition, 14; far- or radiation-zone, of 
antenna, 459-461, 464, 529, figure, 465; 
of sinusoidal distribution of current, 
522-529; on surface of cylinder, 16-20; 
on surfaces of coupled antennas, 264, 
266, 457; on surface of cylindrical 
antenna, 74-76; on surface of two-wire line, 
35, 36 

Potential difference, driving, for cylindrical 
antenna, 76 

scalar, for two-wire line, 36, 47 

vector, for two-wire line, 36, 47 


Power, in load of receiving antenna, analysis, 
496-498; measurement of, to matched load, 
498, graph, 495; transfer of, in field of 
antenna, 562-566 

Poynting vector, definition of, 21; discussion of, 
4, 500; incident on scatterer, 506; reflected 
or scattered, 506 

Poynting-vector method, 258-259 
Poynting-vector theorem, 4, 21; application in 
definition of antenna and complete trans- 
mitting-system, 25, 26; application in 
determination of radiation resistance, 21, 
560; application to transfer of power in 
field of antenna, 562-566 
Proctor, R. F., 806, 808 

Probes, charge or electric field, 129-131; current 
or magnetic field, 129, 130; shielded loop, 
129, 130, 131 

Q of antenna, definition, 171, 173, 177, table of, 
182 

Quadrant antenna, 688, 689; field of, graph, 
691 

r a -, /-^-functions, formulas, 143; graphs of, 146 
Radiation, from two-wire line, 285, 286; condition 
to make negligible, 38 

Radiation field, of antenna of finite cross section, 
approximate analysis, 572-574; from recip¬ 
rocal theorem, 570, 571, graphs of, 572 
of center-driven antenna, 528-530, 535, 538; 

approximate representation, 566-568 
general integrals for, 21 
of linear radiators, 528-532 
in terms of vector potential, 21 
see also under name of antenna or array 
Radiation function, definition of, 21; of cylindrical 
antenna, 560, table of, 563 
Radiation resistance, definition of, 21; of 
cylindrical antenna, formulas for, 148, 
560-562, graphs of, 564; table of, 563; of 
short antenna with triangular current, 565; 
of small loop antenna, 23; of two-wire line, 
285 

Radiation zone, condition for, 15 

Ratio functions for potentials on line, 41, 42 

Rayleigh, Lord, 3 

Rayleigh formula for internal resistance per unit 
length, 29 

Rayleigh-Carson reciprocal theorem, applied to 
cylindrical antenna, 568-571; applied to 
transmitting and receiving arrays, 689- 
694 

Reactance, of antennas of different types, see 
under name of antenna ; in terms of terminal 
functions, formula, 231 
Receiving antenna, analysis of, 456-460 
condition for loose coupling, 457, 459 
interception of power by, 500 
expansion parameter for, 470-472; graph of, 471 
orientation of, figure, 465 
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Receiving antenna—( contd .) 
symmetrically loaded, charge distribution in, 468 
current in, block diagram for circuit for 
measuring, 469; with conjugate matched 
load, 469; distributions of transmitting 
and receiving types, 467; experimental 
determination of, 479; first-order formula 
for, 473-475; first-order graphs of, 476, 
477; general formulas for, 462-464; 
measured, graphs of, 481^484; principal 
part of, 469; when resonant, 469; zeroth- 
order formula for, 468, 469 
current distribution functions, 472 
directional properties of, 494 
directivity of, formulas, 497-498; graph of, 495; 

table of, 497, zeroth-order, graphs of, 499 
dissipation cross section, definition of, 500; 
graph of, 495 

effective length of, correction for base 
separation, 487, graph of, 485; definition 
of, 467; formulas of, 486, 487; graphs of, 
488-493; independent of load resistance, 
497; measured normalized magnitude of, 
495; measurement of, 494, 496; normalized 
magnitude of, graphs, 492, 493; real and 
imaginary parts of, 487, graphs of, 488-491; 
of short antenna, 487, 496, table of, 496; 
zeroth-order, 470, graphs of, 493 
equivalent circuit of, determination of, 466; 

diagram for, 465; emf in, 466, 470 
impedance of, definition of, 480, 486; 

measured, graphs of, 485, 495 
integral equation for, 462 
orientation in electric field, 464, 466; in 
vector-potential field, 464 
power in load, 496, 497; measured in matched 
load, graph of, 495; used to determine 
effective length, 494 
short, analysis of, 475-479 
unloaded, analysis of, 456-461; current in, 
first-order graphs, 476, 477, measured 
graphs, 481-484; zeroth-order, graph, 471 
vector potential on, 459-461, 464 
Receiving antennas, parallel pair, analysis of, 
517-521; currents in, graph of, 519 
Receiving arrays, analysis of, 690-694; reciprocity, 
with equal and constant voltages, 693; 
with equal and constant powers, 694 
Reciprocal theorem, applied to arrays with con¬ 
stant voltages, 693; applied to arrays with 
constant powers, 694; applied to cylindrical 
antenna, 568-571; and properties of arrays, 
689-694 

Reciprocity, for antenna arrays, 689-694: for 
antennas, 568-571 

Reflection, angle of, 709; law of, 709 
Reflection coefficient, for angles near boundary 
surface, 741 
for antenna ends, 5 

for conductors, good, 735; very good, 740 
definition of, 710, 711 
general formulas for, 711 
graphs of, 728, 729 


minimum, 735 

interpretation of, in terms of fields parallel and 
perpendicular to plane of incidence, 727 
at normal incidence, 713 
with one medium air, 726, 727 
for radiation zone, 725 

separation of real and imaginary parts of, 727 
tables of, 730-734 

in terms of complex index of refraction, 713; 
of field impedances and admittances, 713; 
of transmission-line notation, 712 
see also under Horizontal infinitesimal dipoles. 
Vertical infinitesimal dipole 
Reflector, corner, analysis, formulas, numerical 
values, 370, 371 
Refraction, angle of, 709 
index of, definition, of generalized complex, 
712, 726; of real, for lossy medium, 742; 
numerical values for dry and wet earth, 
salt water, 741 
law of, 709 

Reluctivity, definition, 21 
Renner, F., 10, 800, 803, 804, 806, 807 
Reradiation from antennas. See Scattering 
antennas 

Resistance, of antennas of different types, see 
under name of antenna-, characteristic, of 
free space, definition of, 22, of two-wire 
line, graph, 34; internal, 29; external, of 
cylindrical antenna, 147, 148; radiation, 
see Radiation resistance; in terms of 
terminal functions, formula, 231 
Resonance, in antenna, definition of, 152; lengths 
defining, 163, 210 

Resonance-curve method for impedance measure¬ 
ment, 222, 224, 231 

Resonance curves, typical in measurement of 
impedance, graphs of, 223, 229 
Riazin, P., 4 
Riblet, H. J., 676 
Roberts, T. E., Jr., 140, 141 
Rudenberg, R., 4 
Rutherford, Lord, 1 
Ryder, R. M., 5 

Saddle point, definition of, 716; method of 
integration, 716 

Saxton, J. S., 623, 626, 627, 630, 634 
Scattering antennas, analysis of, 501-505 
cross section of, average back-scattering, angular 
distribution of, graphs, 511; contributions 
to, by forced and resonant currents, 510; 
definition of, 507, 508; first-order for 
broadside scattering, 510; graphs of, 508; 
measured graphs, 516, 520; measurement 
of, 512-515, 517; for parallel and per¬ 
pendicular polarizations, 507 
total scattering, definition, 506, 507 
current in, first-order formulas for, 503; forced 
and resonant parts of, 509, 510; modified 
zeroth-order, 504-506; symmetric and 
antisymmetric, 503; zeroth-order formulas 
for, 504 
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Scattering antennas, current in—( contd .) 

electric field, incident, 506; reflected, re¬ 
radiated, scattered, 506 
expansion parameters, 503-505 
parallel pair, discussion of, 521; broadside and 
end-fire back-scattering of, graphs, 520 
Poynting vector, incident, 506; reflected or 
scattered, 506 

standing waves produced by, graph of, 511 
Schelkunoff, S. A., 5, 6, 8, 387, 652, 655, 656, 824, 
835, 838, 840-843 

Self-impedance, of antenna in presence of another, 
definition, 286; see also under Collinear 
array, Coupled antennas, Coupled parallel 
pair 

Sevick, J., 517, 520, 521 
Shifted cosine distribution, 469 
Short antenna, analysis of, 184-192; 475-479 
charge distribution in, graphs of, 185 
current distribution in, analysis of, 187, 188, 
191, 478, 479; graphs of, 185, 190 
directivity of, 497; table, 497 
effective length of, for reception, formulas, 496; 

graph, 492; table, 496 
expansion parameter, 104 
impedance of, analysis, 184, 186-189, 191, 192; 

formulas, 192; graphs, 190; table, 192 
potentials and potential differences of, for 
triangular and adjusted currents, graph, 
185; for parabolic and adjusted currents, 
graph, 190 

radiation resistance of, 565 
receiving, analysis, 475-479; currents in, graph, 
190 

Siegel, E., 5 

Simple medium, definition, 21 
Sine integral functions, S(A, O), 95, 857; table of, 
858; 5(0, U), 96 

Sc(A, U), 95, 857; table of, 858; in terms of 
Si, 96; 5c(0, £/), 96 

5/(t/), 96, 857; approximate form for large 
arguments, 107, 143; table of, 858 
Ss(A, U), 95, 857; table of, 858 in terms of Ci 
and Cut, 96; Ss( 0, U), 96 
S a (h, z), definition of, 94; graphs of, 98, 272; 

in terms of tabulated functions, 97 
S b (h, z), graphs of, 272 
see also Cosine integral functions 
Sinusoidal current, in zeroth-order solution, 87 
Sleeve dipole, broad-band properties, 411 
currents in, formulas for, 409; graphs of, 
theoretical, 410, measured, 412, 413, 
measurement of, discussion, 417, 418 
description of, 407, 408 

impedance of, analysis and formulas, 408, 409, 
411; graphs, theoretical, 410, measured, 
414—416, 419; measurement of, discussion, 
417, 418 

variational analysis, 417 
Smith, P. D. P., 824 
Snell’s law, derivation of, 708, 709 
Sommerfeld, A., 10, 695, 746, 800, 803-807 


South worth, G. C., 8 

Spark discharges, near end of antenna, analysis of, 
575, 576 

Spence, R. D., 10 

Spherical wave, representation as bundle of plane 
waves, 703-707 
Starkey, B. J., 311, 627, 630 
Standing-wave ratio, in terms of terminal attenua¬ 
tion function, 182; use of, in measurement 
of back-scattering cross section, 513-515 
Stegen, R. J., 670 
Sterba, E. J., 8 

Storer, J. E„ 7, 9, 237, 252-258, 381, 417, 521, 574, 
808, 811, 814 
Storm, B., 261, 262 
Stratton, J. A., 6, 818 
Strutt, M. J. O., 10, 695, 696 
Stub support, lumped terminal-zone network for 
use with, 59 

Summers, W. P., 10, 815 
Surtees, W. J., 814 

Susceptance, of antennas of different types. See 
under name of antenna 

Symmetric impedance. See under Symmetrically 
driven antennas 

Symmetrically driven antennas, analysis of 
circuit properties, 267-269 
current distribution in, discussion of, 275, 276; 

formulas for, 268, 269; graphs of, 276 
expansion parameter for, 267-269, 274; graph 
of, 271 

field of. See Broadside array 
impedance of, formulas, 277, 278; graphs of, 
279, 282; measurement of, 347; modified 
zeroth-order, 278; tables of, 280 
see also Collinear array, Folded dipole, H-array, 
Transmission-line radiators 
Symmetry conditions, for center-driven cylindrical 
antenna, 73, 74 
Synge, J. L., 7, 9 


Tai, C. T., 7, 9, 254, 361, 370, 381, 824, 835, 837, 
840, 841 
Tang, C., 455 

Taylor, J., 8, 9, 412-417, 494, 495, 499 
Tchebyscheff arrays. See Nonuniform arrays 
Tchebyscheff polynomials, 666-669 
Terminal functions, for cylindrical antenna, 
definition of, 182, 285, 480; graphs of, 180, 
181; measured graphs of, 220, 223, 226, 
230; relation to reflection coefficient, 182; 
relation to standing-wave ratio, 182; used 
to express impedance, 231 
Terminal zone, discussion of length of, 44, 45; 
summary of steps to take account of, 
45-47, 49 

Theory and experiment, discussion of problem of, 
2, 3, 24, 25 

Thevenin’s theorem, applied to receiving antenna, 
466 

Tilt, angle of, for electric field at boundary, 773 
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Tomiyasu, K., 7, 208, 212, 214, 219-221, 842 
Torque, electromagnetic, definition of, 14 
Transmission, angle of, into conducting medium, 
709; plane of, 709 

Transmission coefficient, general formulas for, 
711; at normal incidence, 713; for radiation 
zone, 725, 726; in terms of complex 
index of refraction, 712; in terms of field 
admittances and impedances, 713; in 
transmission-line form, 712; see also under 
Horizontal infinitesimal dipole, Vertical 
infinitesimal dipole 

Transmission line, biconical, 827; coaxial, 130, 
221, 222,224, 225; equivalent of antenna, 5; 
instead of gap at driving point, 844, 
846-848; image-plane, 215-219; long two- 
wire, 219-221; radiation from two-wire, 
38, 275; relation to parallel antennas, 275; 
symmetrically driven, 58, 59, 215-219; 
two-wire with end load, 31-33 
Transmission-line circuits, 339 
Transmission-line equations, conventional, 43; 
electromagnetic foundations of, 35; gen¬ 
eralized, 36-43; for ideal line, 46; solution 
of, 44-47, 49 

Transmission-line radiators, analysis and descrip¬ 
tion of, 334, 339; circuit diagrams of, 336, 
340; end effects in, 335; folded dipole, 
see Folded dipole; impedance of, 335 
Transmitting system, antenna as, 24, 25, 28-30; 
complete, 24; definition of, 24; with external 
generator, 26, 27; Hertz’s, 1; Marconi’s, 1 
Turnstile antenna and array, see under Antenna, 
turnstile and Array, using turnstile elements 
Two-wire line, derivation of generalized equations 
for, 34-44; terminal impedance for, 31-33 

U-antenna, admittance of, 359; analysis of, 359 
Unbalance squelcher, description and application 
of, 219-221 
Uda, S., 377, 645, 646 

Uniform arrays, array factor of, general, 580, 586 
beam width, definition of, 586, half-power, 
586, 587; null, 586, 587; table of, 587 
extreme values of, approximate location, 
formulas for, 580, 586; graphical method 
for locating, 588; minor, 580, 586; principal, 
580 

graphs of, 581 
normalized, 580 

special forms and symbolism in applying to 
antenna arrays, 586 
table of, 582-585 
zeros of, 584 

collinear. See Collinear array 
conditions for, 600 
definition of, 597, 600 

parallel. See Parallel array with elements in line 

V-antenna, analysis, of circuit properties, 381-384; 
of field, 687-689 

coupling and end effects with, 388-396 


current distribution, as function of orientation 
relative to transmission line, graphs of, 
395 

description of, 381, 382 
expansion parameter for, 384-386 
electric field, horizontal, table of, 689; graphs, 
691 

field patterns of, 691 
generalized, right-angle, 418, 420-422 
impedance of, formulas for 386; as function of 
orientation relative to transmission line, 
graphs, 393, 394 
integral equation for, 383 
in plane of driving line, analysis of, 391-396; 
coupling and end effects, 391, 392; current 
distribution in, graphs of, 394; impedance 
of, graphs, 389, 393, 394 
perpendicular to plane of driving line, analysis 
of, 388-391; coupling and end effects in, 
388-391; impedance of, graphs, 389, 393 
reactance, using transmission-line methods, 387, 
388 

resistance of, graphs, 393 
Van der Pol, B., 4, 10, 695, 696, 746 
Van Vleck, J. H., 7, 505, 508-511, 517 
Vector potential. See under Potential 
Velocity, characteristic of free space, 14 
group, in field of multiple-half-wave antenna, 
541 

phase, complex, 710; definition of, 22; formula 
for, in field of multiple half-wave antenna, 
540; graph of, 539 

Vertical antenna with sinusoidal current over 
conducting earth, base-driven, impedance 
of, 799, 800; quasi-near-zone field of, 
776-779; radiation field of, 743-746, graph, 
747, tables, 746, 748, 749; relation of 
field to field of infinitesimal dipole, 776; 
relation of field to field of unbalanced 
isolated antennas, 745. See Cylindrical 
antenna, Collinear array if earth is perfectly 
conducting 

Vertical dipole, infinitesimal, isolated. See under 
Dipole 

Vertical infinitesimal dipole over conducting 
earth, array factors of, 740, 741 
attenuation in the earth, 723 
boundary conditions, application of, 709; 

when one medium is air, 726 
Brewster or polarizing angle for field of, 
definition, 730, 734; for good conductors, 
735, 740; for good dielectrics, 735; graphs 
of, 736; for salt water, 740; for wet earth, 
740 

conditions imposed if one medium is air, 726 
discussion of, 10 

electromagnetic field of, in air, along boundary 
surface, 741, 742; in conducting dielectric, 
742, 743; in radiation zone, 725, 740-741 
comparison with field of horizontal dipoles, 
791-794 

field factors, graphs of, 736-739 
at large numerical distances, 774, 775 



944 

Vertical infinitesimal dipole, electromagnetic 
field of— (contd.) 

quasi-near-zone, complete, 770-773; complex 
surface-wave attenuation function for, 
definition, 760, graphs, 761, tables, 762; 
definition of, 772; Norton’s practical 
formulas for, 759, 760; surface term, 
significance of, 767; radial components of, 
768-770; ratio of surface to space terms, 
graphs of, 771, tables of, 767,768; summary 
of, 760, 762, 763; vertical components of, 
763-767; Van der Pol's integrals, 752, 753, 
derivation of, 743-754, integration of, 
754-759 

radiation-zone, 725, 726 
field admittances and impedances, definition of, 

711 

height-gain function, definition of, 775; graph 
of, 777 

impedance of, zeroth-order, 806 
integration, asymptotic, to obtain potentials in 
region 1 containing dipole, 715-719; in 
region 2 not containing dipole, principal 
path in region 2, 720-722, principal path in 
region 1, 723-725 

matching of fields across boundary, 734 
numerical distance for, complex, for dipoles 
on boundary, 748; for elevated dipoles, 748 
potentials for, far- or radiation-zone in terms 
of V r and H T \ Hertzian in both regions, 
707, 714, 715, quasi-near-zone, 759 
radiation resistance of, analysis, 800-803, 
formulas, 803, graphs, 806 
reflection coefficients, see Reflection coefficients 
surface wave, complex attenuation function, 
definition of, 760; graphs of, 761; tables of, 
762 

polarization of, 771, 772 
significance of, 767 
tilt of, 773 
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Voltage, in equivalent circuit of receiving antenna, 
466, 470; phase-sequence in circular 

array, 353; symmetric and antisymmetric in 
collinear array, 436, in parallel antennas, 267 
Voltage function, induced, in receiving antenna, 
459, 460, 464 


Wait, J. R., 814 

Walkinshaw, W., 8, 635, 637-644, 649 
Wave, direct, 707, 767; generalized plane, 703; 
ground-reflected, 767; reflected, 706, 707, 
710; refracted, 706, 707, 710; space, 767; 
surface, 767, 773-774 
Wave equation, 14, 696, 697 
Waves, spherical, as bundle of plane waves, 
703-705, 707; electric type, 822, 825; 
equations for, 820; magnetic type, 822, 
825; TE, 822, 825; TM, 822, 825 
traveling, in antenna, 5 
Wells, N., 5, 688, 691 
Wesley, J. P., 695 
Weyl, H., 10, 695, 696, 746 
Whinnery, J. R., 8 
Wiblin, E. R„ 644-647 
Wilson, D. G„ 479, 480, 485 
Winternitz, T. W., 7, 194-197 
Wise, W. H., 695 
Woodward, O. M., Jr., 227, 842 
Wu, T. T„ 53 


Yagi, H., 377, 645, 646 


Zenneck, J., 10 
Zinke, O., 3 
Zuhrt, H., 6, 848-855 

Zuhrt’s theory of cylindrical antenna. See 
Cylindrical antenna 
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